Stephen et al. Journal of Inequalities and Applications (2021) 2021:125 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-021-02661-4 a SpringerOpen Journal

RESEARCH Open Access
()]

Check for
updates

On fixed points of rational contractions in
generalized parametric metric and fuzzy
metric spaces

Thounaojam Stephen', Yumnam Rohen', Nabil Mlaiki?" @, Mairembam Bina®, Nawab Hussain* and
Doaa Rizk’

"Correspondence:
nmlaiki@psu.edu.sa; Abstract
nmlaiki2012@gmail.com

>Department of Mathematics and We introduce the notion of generalized parametric metric spaces along with the

General Sciences, Prince Sultan study of its various properties. Further, we prove some new fixed point theorems for
%J]“S'\g“yf Riyadh, Saudi Arabia (o, yr)-rational-type contractive mappings in generalized parametric metric spaces. As
Full list of author information is a consequence, we deduce fixed point theorems for (e, ¥)-rational-type contractive
available at the end of the article mappings in partially ordered rectangular generalized fuzzy metric spaces.

MSC: 47H10; 54H25

Keywords: Fixed point; ac-admissible; (¢, ¥r)-rational contraction; Generalized
parametric metric spaces; Fuzzy metric spaces

1 Introduction

Hussain et al. [1] gave the definition of parametric metric spaces. They also studied the
existence of fixed points for mappings under different contractions in such spaces. A gen-
eralization of parametric metric spaces, parametric b-metric spaces, was given by Hussain
et al. [2]. Another extension of parametric metric spaces to three dimensions, parametric
S-metric spaces, was introduced by Nihal et al. [3]. Also, Priyobarta et al. [4] introduced
the notion of parametric A-metric spaces. Branciari [5] introduced generalized metric
spaces. Suzuki [6] and others have pointed out that the topology of a generalized metric
space has some drawbacks as a generalized metric need not be continuous, need not have
a compatible topology, and in a generalized metric space, a convergent sequence may be
a non-Cauchy sequence. Also, a generalized metric is not Hausdrof,f and a limit with re-
spect yo it is not unique. Various forms of parametric metric spaces can be found in [7-18]
and references therein. Also, there many applications in the literature [19-25].

First, we recall the following definitions.

Definition 1.1 ([1]) Consider a set Q # ¢. A function Pm : Q x Q x (0, +00) — [0, +00)
is called a parametric metric on € if

(i) Pm(z,n,x) =0 for all x > 0 implies ¢ = n;

(ii) Pm(¢,n,x) =P, ¢,x) for all x > 0;
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(ii) Pm(¢,n,x) < P&, w,x) + P(u,n,x) forall £,n, u € Q and x > 0.
The pair (€2, Pm) is said to be a parametric metric space.

Definition 1.2 ([5]) Consider a set 2 # ¢. A function d : Q x 2 — [0,+00) is called a
generalized metric on < if

(i) d(¢,n) =0implies ¢ =n

(ii) d(¢,n)=dn,¢);

(iii) d(¢,m) <d(&, ) +d(u, 1) +d(x,n)
for all distinct u, A € Q — {¢,n}. The pair (2, d) is said to be a generalized metric space.

Now we introduce generalized parametric metric spaces.

Definition 1.3 Consider a set Q # ¢. A function Pm : Q x Q x (0,+00) — [0,+00) is
called a generalized parametric metric on 2 if
(i) Pm(¢,n,x) =0 forall x > 0 implies ¢ = n;
(ii) Pm(¢,n,x) = Pm(n,,x) for all x > 0;
(iii) Pm(¢,n,x) < Pm(Z, ,x) + Pm(i, A, x) + Pm(A, n,x) for all distinct
wr € 2-{¢,n}
The pair (€2, Pm) is said to be a generalized parametric metric space.

Definition 1.4 Consider a sequence {¢,} in a generalized parametric metric space
(2, Pm).
1. {¢,} is called a convergent sequence converging to ¢ € € and expressed as
lim,,_, o0&y = ¢ if limy,_, oo Pm(E,, £, %) = 0 for all x > 0.
2. {¢,} is called a Cauchy sequence in 2 if limy,—, 0o P#(&y, &y %) = 0 for all x > 0.
3. (2,Pm) is said to be complete if every Cauchy sequence in it is convergent.

Definition 1.5 Let C be a self-mapping in a generalized parametric metric space (2, Pm).
If for every sequence {¢,} in Q satisfying ¢, — ¢ as n — 00, C(¢,) — C(¢), then we say
that C is a continuous mapping at ¢ in Q.

Following the definition of «-admissibility introduced in [26] and [27], we give the cor-
responding definition for generalized parametric metric space.

Definition 1.6 Suppose that Q # ¢, and let o : Q x Q x (0, +00) — [0, +00). A mapping
C:Q — Qis called an «-admissible mapping if (¢, n,x) > 1 gives «(C¢, Cn,x) > 1 for all
¢,neandx>0.

Definition 1.7 Let (2, Pm) be a generalized parametric metric space, and let o : €2 x € x
(0, +00) — [0, +00). Then 2 is called an «-regular generalized parametric metric space if
for any sequence {¢,} in € such that ¢, — ¢ and «(&,, &ue1,%) > 1, there is a subsequence
{Zn, } of {¢,) such that @(gy,,¢,x) > 1 forall k e Nand x > 0.

Proposition 1.8 Let {¢,} be a Cauchy sequence in a generalized parametric metric space
(2, Pm) and lim,,—, o Pm(¢y,a,x) = 0 for all a € Q. Then lim,,_, oo Pm(¢,, b,x) = Pm(a, b, x)
forall b € Q and x > 0. Particularly, sequence {¢,} does not converge to b if b # a.

We denote by F(C) the set of fixed points of mapping C.
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2 Main results
(o, ¥r)-rational type contractive mappings were used by Salimi et al. [28] and Hamid et al.
[29], to prove some fixed point theorems. Here we present their concept in generalized
parametric metric spaces. The mapping v is defined as before.

Let W be a collection of mappings v : [0, +00) — [0, +00) such that

(i) v is strictly increasing and upper semicontinuous;
(ii) forall£> 0, {y"(¢)}nen converges to 0 as n — 00;
(iii) ¥ (¢) <t forall ¢ > 0.

Definition 2.1 Let (2, Pm) be a generalized parametric metric space, and let o : Q x

Q x (0,+00) — [0, +00). A mapping let C: Q2 — Q is called an («, ¥)-rational contractive
mapping of type-/ if forall {,n € Q and ¥ € Y,

a¢,naPm(Ce,Cnx) < v ([J@n»), x>0, @D

where

€. 19) = max| Pt .20, Pontc, €., Pt o),

Pm(¢,Ce,x)Pm(n, Cn,x) Pm(, C¢,x)Pm(n, Cr],x)}
1+ Pm(c,n,x) " 1+ Pm(Cs,Cn,x)

Next, we prove a theorem that generalizes the results in [28, 29].

Theorem 2.2 Let (2, Pm) be a complete generalized parametric metric space, and let o
Q x Q x (0, +00) — [0, +00). Let C: Q2 — Q be an a-admissible mapping satisfying
(i) there exists ¢y € Q satisfying a(Zo, Clo,x) > 1 and a (%, C*59,%) > 1;
(i) Cisan (o, ¥)-rational contractive mapping of type-1.
(iti) C is continuous, or Q2 is a-regular.
Then there is a fixed point ¢* € Q of C, and {C" ¢y} converges to ¢*. Further, if forall ¢,n €
F(C) and x > 0, we have a(¢,n,x) > 1, then the fixed point of C in Q2 is unique.

Proof Let ¢y € Q satisfy a(Zo, Cto,x) > 1 and a(&, C2%,%) > 1. Let us construct the se-
quence {¢,} in Q by ¢, = C"¢p = Cgy,_y for n e N.If &y = g1 for some ng € N, then g, is
a fixed point of C. Thus suppose that ¢, # ;41 forall m € N.

As C is a-admissible, «(¢y, Co,%) = a(Co, 1,x) > 1 = a(CLy, Cl1,x) = a(L1,82,%x) > 1,
and thus a(C¢, Ce, x) = @(&2, £3,%) > 1,.... So by induction we have «(¢,, {441,%) > 1 for
alln>0.

Similarly, for a(&, C2¢o,x) > 1, we have a(&o, &2, %) = a(Zo, C220,x) > 1, a(C&o, Cly,x) =
a(¢1, ¢3,%) > 1. By induction we get «(&y, {ns2,%) > 1 for all m > 0. By (2.1) with ¢ = ¢, and

1 = {ne1 We get

Pm(Cne1s Snss %) < Pm(CEyy Clpi1, %)
< (8 Ena1, X)Pm(CLyy, Clppins %)

<9 ([T wrm),
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where

H(é‘m §n+1’x) = max{,’)m(grl’ {VH-l?x)’ ’Pm(;m Cé‘mx); ’Pm(;;ﬁl’ C;n+1¢x)r

,Pm(gm an’x),Pm(gn+l’ Cgr&hx) ,Pm(gm C{n;x)’P({nJrl’ C§n+1’x) }
1+ Pm(Lns Sni1s %) ’ 1+ Pm(Csy, Clpi1,%)

= max{'Pm({n, Cne1, %), Pm(Cs Cui1, %), Pm(Li1s Cnvas %),

Py Cne1, X) P8ty Snaas %) /Pm(gm§n+l:x)7?m(§n+lr§n+2’x)}
1+ ’PWI(CW §n+lrx) ’ 1+ Pm(;}’l+1’ §n+27x)

= max{Pm(n, {na1s %), P1(Eni, Enias %) . (2.2)
Let n(gm Cne15%) = Pmi(8e15 $nsas ). Then

Pm(Cns1 SnsarX) <V (l_[(é—m €n+1:x))

=y (,Pm(;ml: T2 x))
< Pm(Eui1, Cns2r %), (2.3)

which is impossible. Hence [ [(¢4, £uv1,%) = Pm(Lns Lns1, %) for all m € N, and

Pm(Cn+11§n+2:x) = W(l_[(é-m ;rwl:x))
= W(,Pm(é‘nré-n+1’x)' (24')

By property of ¥ we have

P(Cne1s Snas %) < P8y Epat, %) (2.5)

for every n € N. By (2.4) and (2.5) we have Pm ({41, nsa, %) < W Pm(Lo, {1, %) forall m € N.
By property of { we have

lim Pm(§n+l’ §n+2:x) =0. (26)

n—00

Consider now (2.1) with ¢ = ¢,,_; and n = £,+1. We have

Pm(;m §n+2:x) = 'PWZ(an_l, C§n+lrx)
< a(Cu-15 Lnr1,X)Pm(Cpy, Clppi1, X)
= ¢(H(§n71,§“n+1,x)>, (27)

where

H(é‘n—lv §n+l¢x)

= maX{Pm(gn—l’ Sni15 %), Pm(8p-1, CLu1, %), Pm1(Eni1, Clpirs ),
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,Pm(é‘n—lr C;,,_l,x),])m(an, C§n+l’x) Pr m(gn—l; C{n—l’x)'])m(é‘nﬂy C§n+17x) }
1+ Pm(gn—lr Cn+1)x) ’ 1 + ’PWI(C;n—I: T§n+1)x)

= max{lpm(é‘nlr Cn+1)x)f ’Pm(é‘n—ly é‘m X), Pm(;rul: §n+2;x)r

Pm(Cu-1, 8 X)Pm(Cnits Cnv2r %) Pi(Cp_ts $ns X) Pm(Ea15 Snv2s X) } (2.8)

1+ Pm(lu-1, Cne15 %) ’ 1+ Pm(Lu, Sni2sX)

BY (25): ’Pm(é‘rnl’ §n+2’x) < ,Pm(é‘n—l; {rnx)' Define ay = ,PWI(CM, §n+2:x) and bn = ,PWI({;,,,
Cnsi1,%). Then

bi’l— bn+ bn_ bn+
l—[(gn—l» §n+1,x) = max{ﬂn—l, bn—l, 1 1 1 1 }‘

)
l+a,1 1l+a,

bu_1b by1b . L
If [1(&u1s Cus1r %) = by oF #ﬂ'zl or %ﬂ:*l, then in (2.8) taking limsup as n — +00,

by (2.7) and the upper semicontinuity of » we have

0 <limsupa,
n—oo

< limsup ¥ (H(én_l, Cm,x))

n—00

= v (timsup [ (@1, Gen,))

n— 00

=¥(0)=0,
and hence
lim a, = lim P(Z,, ns2,%) = 0.
If [ 1(&n-1,&ns1,%) = @1, then by (2.8) we have
an < Y(an-1) < an

by property of . Also, {a,} being a positive decreasing sequence, it converges to some
t>0.Lett>0.Then

t =limsupa, = limsup ¥ (a,_1) = w(lim sup a,,,l) =y(t) <t,

n— 00 n—00 n— 00
a contradiction, and hence
lim a, = lim Pm(¢,, (i, %) = 0. (2.9)
n—0o0 n— 00

For n # m, we will show that ¢, # ¢,,. Conversely, let ¢, = ¢, for some m,n € N, n # m. Since
Pm(Lp, Epi1,%) >0 for each p € N, let m > n + 1. Taking ¢ = &, = &y and 1 = §pe1 = {ue1 in
(2.1) yields

Pm(Lns Cne1,%) = Pm(8y, CEyx) = Pra(Epny Clny %)
= Pm(CCm—l¢ Cé‘mvx)

Page 5 of 15
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< (&1 Cmr X) Pm(C o1, Clpy )
= ¢(H(§m71,4mrx)>, (2.10)

where

H((m—l’ ;m: x)

= max{Pm(;m_l, Cmr %), P&ty Cln1, %), Pm(Liny Clpy %),

Pm(é-m—b Cg‘m—l:x)lpm(é’m: Cé-m: x) Pm(é‘m—l: Cé-m—l’x)Pm(gm’ Cé‘mrx) }
1+ Pm(Cm-1, Emr %) ’ 1+ Pm(C&u-1, Clm %)

= maX{Pm(fm—b é‘mvx); ,Pm(é‘m—ly Cm,x)j Pm(é‘mv €m+l;x);

’Pm(é‘m—lx gmx x)lpm(é‘my Cm+lrx) ’Pm(é‘m—lx gmx x)lpm(é‘my Cm+lrx) }
1+ Pm(Cm1, Ems ) ' 1+ Pm(Cmy S5 %)

= max{Pm(Sm-1, Sms %), P1(Eny Cmi1, ) ). (2.11)
If [[(Cm-1> Em> %) = Pmi(Lim-1, Emy %), then (2.10) implies

,Pm(Cm C;Hlxx) = W(Pm(é-m—l, ;m,x))
= wm_n(Pm(gn: §n+1:x))~ (2.12)

If, on the other hand, [[(¢m-1, &> %) = Pm(Ems Cma1, %), then from (2.10) we have

,PWI(C;,,, §n+1,x) = 1#(731’”((% ;m+l;x))
= wm—n-d (PWI(;,,, §n+17 x)) (213)

By property of v, from (2.12) and (2.13) we have

,Pm(gm §n+1’x) < ’Pm(é‘m §n+1rx)r

which is true.

To prove that {¢,} is a Cauchy sequence, let k > 3, k € N, as the proof for k = 1,2 is
already done.

Case 1: Let k =2m + 1 and m > 1. Then by (iii) of Definition 1.3

,PWI(C;,,, §n+er) = ,PWI(C;,,, §n+2m+l)x)

= ,Pm(gn; §n+1:x) + Pm(;}’l+l: €n+2:x) L Pm(§n+2mr §n+2m+1:x)

n+2m

< Z v (Pm(%o, ¢1,%))
p=n

= Z Y? (Pm(5o,1,%)) — 0 asn— oo. (2.14)

p=n

Page 6 of 15
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Case 2: Let k = 2m and m > 2. Then by (iii) of Definition 1.3

,PWI(C;,,, §n+er) = ,PWI(C;,,, §n+2m1x)

= ,Pm(gru §n+2’x) + Pm(§n+27 §n+3’x) +--t Pm(§n+2m—lv §n+2mr x)

n+2m-1

Slpm({nxgﬁbx)"' Z l/fp(lpm(go’gl’x))

p=n+2

< P8y Cnaarx) + Z I/f‘n(PWl({o, Cl,x)) —0 asn— oco. (2.15)

p=n

Since lim,,_, o, a, = 0 because of (2.9), in both cases above, we have lim,,_, oo Pm (&, Cnsicr
x) = 0 forall k > 3. This shows that {¢,} is a Cauchy sequence in (€2, d). By the completeness
of (2, d) we have ¢* € Q satisfying

lim Pm (g, %, %) = 0. (2.16)
Since C is a continuous function, from (2.16) we get

lim Pm(Cg“n,Cg*,x) = lim Pm((ml,C;*,x) =0.

n—00 n—00

By Proposition 1.8, ¢* = C¢*, and hence C has a fixed point ¢*.
Next, considering regular €2, there exists a subsequence {,, } of {¢,} satisfying (¢, -1,
¢*,x) > 1forall k € N. From (2.1) with ¢ = ¢, and n = {* we have

Pm(Luer, CC* %) = Pm(CEyy, CL*,x)
< &(Lur ¢ %) Pm(Clyy, CCF, %)

< w(]_[(cnk,;“*,x)), 2.17)

where

[1Gmo¢%) (2.18)

= max{'PWl({nk, ¢*,%), Pm(Lu, Cluyr %), Pm(S*, CC* ),

Pm(Sn, Clnysx)Pm(C*, CE*,x) Pm(g“nk,Can,x)Pm(g*,Cg*,x)}
1+ Pm(Ly,, % %) ’ 1+ Pm(C¢y,, CL*, %)

= max{Pm(;,,k, ;‘*,x), Pm(Lug» Lns1r %), Pm(C%, TC*,x)

PG Clur1, ) Pm(*, CE*, %) Prm(Cys Sger1, ) Pma(8*, CC¥, ) } (2.19)

1+ Pm(Cn, £, %) ’ 1+ Pm(us1, CL*, %)

Taking the limit as k — oo in (2.19), we get [ [(n,, ¢ % %) = P(¢*, C¢*, ). Taking the limit
as k — oo in inequality (2.17), we get

Pm(s*,Cc*x) < (Pm(t*,Ce*x)) < Pm(¢*, Ct*,x),

which implies ¢* = C¢*, that is, C has a fixed point ¢*.

Page 7 of 15



Stephen et al. Journal of Inequalities and Applications (2021) 2021:125

Suppose ¢* and n* are two fixed points of C and ¢* # n*. Then «(¢*, n*,x) > 1. Taking
¢ =¢*and n =n*in (2.1), we get

Pm(c*,n%,x) = Pm(CL*,Cn*, x)
< oz(;“*, n*,x)Pm(T{*,Cn*,x)

< ¢'<I_I(§*,n*,x)),

where

H({*, n*,x) = max{Pm({*, n*x), Pm(¢c*,Ct*,x), Pm(n*, Cn*,x),

Pm(c*, C*, x)Pm(n*, Cn*,x) Pm(c*, Cc*,x)Pm(n*, Cn*,x) }
1+ Pm(*, % x) ’ 1+ Pm(CC*, Cn*,x)

= Pm(c*, " ). (2:20)

Hence we get Pm({*,n*,x) < Y (Pm(¢*,n*, %)) < Pm(¢*, n*,x), which is possible only if
Pm(c*, n*,x) =0, that is, {* = n*. So, a fixed point of C is unique. O

Definition 2.3 Let (2, Pm) be a generalized parametric metric space, and let C: Q —
Qand o : Q2 x Q x (0,+00) — [0,+00). We say that C is an («, )-rational contractive
mapping of type-Il if forall {,n € Q and ¥ € W,

a(¢,n,x)P(CE, Cn,x) < w(l‘[(c, n,x)>, (2.21)

where

[ @ nx = max{Pm(g, n,%), Pm(¢, CZ,x), Pm(n, Cn,x),

Pm(c,Ct,x)Pm(n, Cn,x)
1+ Pm(c,n,x) + Pm(c,Cn,x) + Pm(n, C¢,x)

/Pm(é-» Cﬁyx)Pm(C, 1, x) }
1+ Pm(¢,Ce,x) + Pm(n, Ce,x) + Pm(n, Cn,x) |

Theorem 2.4 Let (2, Pm) be a generalized parametric metric space, and let C : Q — Q
and o : Q2 x Q x (0,+00) — [0, +00). Let C be an o-admissible mapping satisfying
(i) there exists ¢y € Q satisfying a(Zo, Clo,x) > 1 and a (&, C?¢o,%) > 1;
(i) C is (o, V)-rational contractive mapping of type-II,
(iii) C is continuous, or Q is a-regular.
Then there is a fixed point ¢* € Q of C, and {C" ¢y} converges to ¢ *. Further, ifa(¢,n,x) > 1
forall ¢,n € F(C), then C has a unique fixed point in 2.

Proof Following the proof of Theorem 2.2, we can complete the proof. O

Example 2.5 Consider Q2 = [0, +00) and

x(¢+n)? ¢ #n,
0; é‘:n)

Pm(¢,n,%) =

Page 8 of 15
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forall £,n € Q and x > 0. Define C: Q2 — Q by

§¢% celo),

Ce=13¢0 CelL,2)

5 C€[2,00).
Also, define ¥ (¢) = % anda(¢,n,x) =1for¢,n € Qand x > 0. Clearly, (2, Pm) is a complete
generalized parametric metric space.
Considering the following:
(i) Let¢,n €10,1). Then

1

Ca(len i) L 2
a({,n,x)Pm(C;“,Cn,x)-x(g; +8n> —64x(§ +n°)

—_

5 {x@ + 77)2} 1//(737}’1({, ﬂ:x))

1/’(1_[(4» ﬂ,x))
(ii) Let¢,n € [1,2) with ¢ <n. Then

2
(¢, m,9Pm(CE, C, )-x( cogn) =g

x(¢ +n)* =¥ (Pm(s,n,x%))

(]_[(§ % ))

(iii) Let ¢,n € [2,+00) with ¢ < 7. Then

ﬁ MI»—*

(iv) Let ¢ €[0,1) and n € [1,2) (clearly, ¢ < 7). Then

2
a(g,n,x)Pm(C¢,Cn,x) = x(lf + %ﬁ)

(1) -
{

x(¢ +0)*} =y (Pm(s,n,%)

I /\

IA

[\JIP—‘ N =

(]_[ g, n,x)> w(]_[(e“,n,x)).
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(v) Let¢ €[0,1) and n € [2,+00) (clearly, ¢ < n). Then

(1, 1YV
a(g,n,2)Pm(Ct¢,Cn,x) = x(gé + 5)

IA

1.1\ 1 )
x(—c+—n> = e+

8 8
< S+ = 5 (P )
< S (TTem) = v ([Tenm).

(vi) Let ¢ €[0,1) and 5 € [2,+00) (clearly, ¢ < n). Then

a(¢,n,x)Pm(Ct,Cn,x) = x( iz)
<x (— % ) =—x(4“+n)2
1
5 (( +77)2 (PW!({, Tl»x))
1
= 5([Ten») = v([Te.n).

Therefore

a(s,n,x)Pm(C¢,Cn,x) <V (1_[@’ ﬂ,x))

for all ¢,n € Q with ¢ <nand all x > 0. Hence all the conditions of Theorem 2.2 hold, and
C has a unique fixed point.

3 Consequences

Here we derive various results in the literature as corollaries for generalized parametric
metric spaces. In particular, we deduce the results of Aydi et al. [30] and Karapinar [31].
Now we give the following definitions.

Definition 3.1 Let (€2, Pm) be a generalized parametric metric space, and let C: Q — Q
and o : 2 x Q x (0, +00) — [0, +00). We call C a generalized («, ¥)- contractive mapping
of typelifforall¢,ne Qand ¢y e ¥,

(g, n,2)Pm(C¢,Cn,x) < ¥ (1_[(9 ﬂ,x)), x>0, (3.1)
where
]—[(g, n,%) = max{Pm({, n,x), Pm(¢, C¢,x), Pm(n, Cn,x)}. (3.2)

Definition 3.2 Let (2, Pm) be a generalized parametric metric space, and let C: Q — Q
and o : 2 x © x (0, +00) — [0, +00) be mappings. We call C a generalized («, ¥)- contrac-
tive mapping of type-Il if forall {,n € Q and ¥ € W,

a(g,n,2)Pm(C¢,Cn,x) < ¥ (N(E,n,%), x>0, (3.3)
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where

5 (3.4)

P ) C ) ) ,P ) C ’
N5 = max{Pm(g, ), m(¢, C¢,x), Pm(n, Cn, ) }
Now we state following theorem as a consequence of our Theorem 2.2, which extends
the main results of Aydi et al. [30] (Theorems 15 and 17) and Karapinar [31] to the more

general setting of generalized parametric metric spaces.

Theorem 3.3 Let (2, Pm) be a generalized parametric metric space, and let C : Q@ — Q
and o : Q2 x Q x (0,+00) — [0, +00). Let C be an a-admissible mapping satisfying
(i) there exists ¢y € Q satisfying a(Zo, Clo,x) > 1 and a (&, C?4o,%) > 1;
(i) C is a generalized (a,r)-contractive mapping of type I;
(ili) C is continuous, or Q2 is a-regular.
Then there exists ( in Q2 satisfying Cu = .

Theorem 3.4 (see [30], Theorems 16 and 18) Let (2, Pm) be a generalized parametric
metric space, and let C: Q — Q and o : Q x Q x (0,+00) — [0,+00). Let C be an «-
admissible mapping satisfying
(i) there exists ¢y € Q satisfying a(Zo, Clo,x) > 1 and a (&, C*to,%) > 1;
(i) C is a generalized (o, )-contractive mapping of type II;
(ili) C is continuous or Q2 is «-regular.
Then there exists |4 in 2 satisfying Ciu = .

Replace the continuity condition by “if {x,} is a sequence in Q2 such that o (x,,%,,1) > 1
for all # and x,, — x € Q as n — 00, then there exists a subsequence {x,)} of {x,} such
that a(x,,,x) > 1, for all k. Then Theorem 3.3 remains true.

Corollary 3.5 Let (2, Pm) be a generalized parametric metric space, and let C: Q — Q
and o : Q2 x Q x (0,+00) — [0,+00). Let € V be a function such that

Pm(Ct,Cn,x) < w<l_[(§, n,x)), x>0,
forall ¢,n € Q. Then there exists a unique fixed point in C.

Proof Take a(¢,n,x) =1 in the proof of Theorem 2.2.
By taking ¥ (s) = As, in Corollary 3.5, we have O

Corollary 3.6 Let (2, Pm) be a generalized parametric metric space, and let C : Q — Q
and o : Q2 x Q x (0,+00) — [0,+00). Let ¥ € ¥ be a function such that

Pm(Ct,Cn,x) < 1 [ [(&,n,)
forall {,n € Q and x > 0. Then there exists a unique fixed point for C.
Definition 3.7 Define a partially ordered set (€2, <) and a mapping C: 2 — Q. We say

that with respect to <, C is nondecreasing if ¢,n € Q with ¢ < » implies C¢ < Cn. A
sequence ¢, € 2 is called nondecreasing with respect to < if ¢, < ¢, for all n.
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Definition 3.8 Let (2, Pm) be a generalized parametric metric space, let C : @ — Q,
and let (€2, <) be a partially ordered set. We say that (€2, <,Pm) is regular if for every
nondecreasing sequence ¢, € 2 such that ¢, converges to ¢ € Q2 as n — 00, there exists a

subsequence ¢, of ¢, satisfying ¢,, < ¢ forall k.

Corollary 3.9 Let (2, Pm) be a generalized parametric metric space, and let C: Q — Q
and o : Q x Q x (0,+00) — [0,+00). Let (2, <) be a partially ordered set and suppose
(2, Pm) is complete. Let C be a nondecreasing mapping with respect to <. Let € V be a
function satisfying

Pm(Ct,Cn,x) < 1#(1_[(4“, n,x)), x>0,

forall ,n € Qwith ¢ <. Also assume that the following conditions are satisfied.
(i) there exists &y € Q satisfying &y < CZo and &y < C*¢;
(ii) C is continuous, or (2, <, Pm) is regular.
Then there exists a fixed point for C.

Proof Let o : 2 x Q2 x (0,+00) — [0,+00) be defined by «(¢,n,%5) =1 forx>0if ¢ <nor
¢ > nand «(Z, n,x) = 0 otherwise. As the conditions of Theorem 2.2 are satisfied, a fixed

point of C exists. O

4 Generalised fuzzy metric space
Here we establish relations of a generalized parametric metric space and a generalized
fuzzy metric space.

Definition 4.1 ([32]) Let *:[0,1] x [0,1] — [0,1] be a binary operation that is commu-
tative and associative. * is called a continuous ¢-norm if
(i) * is continuous;
(ii) forallp €[0,1], px1=p;
(iii) If p <r,q <s,then pxq <r=x*s, where p,q,r,s € [0,1].

Definition 4.2 ([2]) Let 2 be an arbitrary set, let x be a continuous ¢-norm, and let [ | be
a fuzzy set on Q2 x (0, +00). The triple (2, ], *) is called a fuzzy metric space if
() 1, n,0>0;

(ii) T, n,t)=1forall¢>0ifand onlyif ¢ = n;

(i) T1¢,n,6) =TT, ¢,0);

(i) I n6)* [T, & u) <T1(¢,&,t +u);

W) TI,n,.): (0,+00) — [0, 1] is continuous.
for all ¢,n,& € Q and t,u > 0; [[(¢,n,t) expresses the rate of nearness of ¢ and 5 with

respect to £.

Definition 4.3 Let Q2 be a nonempty set, let * be a continuous ¢-norm, and let A be a
fuzzy set on Q x © x (0, +00). Then the triple (2, A, *) is called a generalized fuzzy metric
space if it satisfies
(i) A(g,n,2)>0;
(i) A(¢,n,t)=1ifandonlyif¢ =n;
(i) A(g,m,8) = A, ¢, 0);
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(iv) AL, p,u) * A(u, A, v) %« A(A, 0, t) < AC,C,u+v+1E);
(v) A(Z,n,.):(0,+00) — (0,1] is left continuous
forall ¢,n € , distinct u, A € Q — {¢,n}, and t,u,v > 0.

Definition 4.4 Let (2, A, %) be a generalized fuzzy metric space. Then
(i) asequence {¢,} converges to ¢ € Q if and only if lim,,, o A(y, &, ) =1 forall £ > 0.
(i) a sequence {¢,} in €2 is a Cauchy sequence if and only if for all ¢ € (0,1) and £ > 0,
there exists ng such that A(¢,, ¢, t) > 1 — ¢ for all m, n > ny,
(iii) If every Cauchy sequence converges to some ¢ € €, then the generalized fuzzy
metric space is said to be complete.

Definition 4.5 Let (2, A, %) be a generalized fuzzy metric space. The a generalized fuzzy
metric A is said to be rectangular if

1 1 1 1
-1=< -1+ -1+ -1
A(g,n,2) AL, 1, 1) A, A, 1) A, t)

forall ¢,n € @ and distinct u,A € Q- {¢,n} and £ > 0.

Example 4.6 Let (Q2,d) be a generalized metric space, and let A : @ x Q x (0, +00) —
(0, +00) be such that

A D)= —
) n; = -
t+d(,n)
Let p x g = min{p, q}. Then (£2, A, %) is a generalized fuzzy metric space, and A is a rectan-

gular fuzzy metric.

Remark 4.7 Note that Pm(¢,n,t) = m — 1 is a generalized parametric metric space,

where A is a rectangular fuzzy metric.

Definition 4.8 Let (2, A, *) be a complete generalized fuzzy metric space, let A be a rect-
angular fuzzy metric on Q, and let o : 2 x  x (0,+00) — [0,+00) and C: 2 — Q. The
mapping C is said to be an (@, )-rational contractive mapping of type I if there exists a
function ¢ € W satisfying

a(g,n,t)A(CE,Cn,t) < 1#(1_[(4“, m t))r t>0, (4.1)

where

l—[(f, n,t) = max{ ! -1, ! -1, 1 -1,
A(g,n, 1) Az, C¢,e) A(n,Cn,t)

___1
NG A(CE,Cn,t)

1 1 1 1
Geees ~ Vamen — Y Geean ~Vagean —V }

forallz,n € Q.

Theorem 4.9 Let (2, A, x) be a complete generalized fuzzy metric space, let A be a rect-
angular fuzzy metric on Q. Suppose that mappings o : Q2 x Q x (0,+00) — [0, +00) and
C:Q — Q satisfy
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(i) Cisa-admissible;
(i) Cis (o, y)-rational contractive mapping of type I;
(iii) there exists ¢ € X satisfying a(Zo, Clo, t) > 1 and a (Lo, C*¢o,t) > 1;
(iv) C is continuous, or Q2 is «-regular.
Then {C"¢y} converges to a fixed point {* € Q of C. Also, if for all ¢,n € F(C), we have
a(g,n,t) > 1,t >0, then the fixed point of C in Q2 is unique.

Definition 4.10 Let (2, A, *) be a complete generalized fuzzy metric space, let A be a
triangular fuzzy metric on €2, and let & : Q2 x € x (0, +00) — [0, +00) and C: Q@ — Q. The
mapping C is said to be an («, y)-rational contractive mapping of type II if there exists a
function ¢ € ¥ such that

anoacs cny <y([enn) t>o, (4.2)
where
[ @0 { 1 1 1 1 1 1
, 7, t) = max -1, -1, _
A(g,n,t) A(g,Ct,t) A(n, Cn,t)
1 1 1 1
(A(c,Cc,t) B 1)(A(n,Cmt) -1) (A(f,Cn,t) B 1)(A(c,n,t> -1) }
1 1 1 ’ 1 1 1 ‘
Xean T AGCnn T AmC T2 Aecen T Amces T Amons T 2

Theorem 4.11 Let (2, A, %) be a complete generalized fuzzy metric space, let A be a tri-
angular fuzzy metric on Q. Suppose that mappings o : Q x Q x (0, +00) — [0, +00) and
C:Q — Q satisfy
(i) Cisa-admissible;

(i) Cisan (o, )-rational contractive mapping of typell,

(i) there exists ¢y € Q satisfying a(Zo, Clo, t) > 1 and a (Lo, C?%o,t) > 1;

(iv) C is continuous, or Q2 is «-regular.
Then {C"¢o} converges to a fixed point {* € Q of C Also, if for all ¢,n € F(C), we have
a(g,n,t) = 1,t >0, then the fixed point of C in Q2 is unique.

Remark 4.12 We can obtain results similar to Corollary 3.9 for fuzzy partially ordered

generalized metric spaces.
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