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1 Introduction and preliminaries
Let H;, H;, and Hs be three real Hilbert spaces with inner product (-, -) and induce norm
| - |l. We use Fix(T) to denote the set of fixed points of a mapping T.

The split feasibility problem (SFP) in finite-dimensional Hilbert spaces was first intro-
duced by Censor and Elfving [6] for modeling inverse problems which arise from phase
retrievals and in medical image reconstruction [3]. The SFP can be formulated as finding

a point x* in R” with the property
x*e€C and Ax"€Q, (1.1)

where C and Q are nonempty closed convex subsets of R” and R, respectively, and A is
an m x n matrix. SFP (1.1) has recently been studied in a more general space. For example,
Xu [21] studied it in an infinite dimensional Hilbert space.

The SFP has been widely studied in recent years. Recently, it has been found that it
can also be used to model the intensity-modulated radiation therapy; see, e.g., [7-11].
One of the well-known methods for solving the SFP is Byrne’s CQ algorithm [3, 4], which
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generated a sequence {x,} by the following iterative algorithm:
Xps1 = Pc(%n — T,A*(I = Pg)Axy), (12)

where C and Q are nonempty closed convex subsets of H; and H; and the step size 7, is
located in the interval (0,2/||A[|%), A* is the adjoint of A, Pc and P, are the metric projec-
tions onto C and Q.

The multiple-set split feasibility problem (MSSFP), which has functions in the inverse
problem of intensity-modulated radiation therapy (see [18]), has recently been presented

in [5] and is formulated as follows:

r r
find a pointx € C := ﬂ C;such that Ax € Q:= ﬂ Q (1.3)
i=1 j=1
where 71,7, € N, Cy,...,C,, are closed convex subsets of Hj, Qy,...,Qy, are closed convex

subsets of Hy, and A : H; — H, is a bounded linear operator.
Assuming consistency of the MSSFP, Censor et al. [5] introduced the following projec-

tion algorithm:

ri
%Xus1 = Po (x,, -y (Z ai(x, — Pcxy,) + Z BA™ (I - PQ Ax,,)) n=>0, (1.4)
i=1

where 0 <y < 7 2 with L = Yo+ p(A*A) 2121 Bj and p(A*A) is the spectral radius of
A*A. They proved convergence of algorithm (1.4) in the case where both HyandH, are
finite dimensional.

Moudafi [17] came up with the split equality problem (SEP) as follows:
find x € C,y € Q, such that Ax = By, (1.5)

where A : H] — Hs, B: Hy — Hj are two bounded linear operators, C C Hy, Q C H, are
two nonempty closed convex sets. Let B = I, it is easy to see that the SEP is the special
case of the SEP. The SEP has already been applied in game theory (see [1]) and intensity-
modulated radiation therapy [5, 12]. Furthermore, the author considered the following

scheme for solving the SEP:

Xke1 = Py (xk — y A" (Axx — Byk)), (16)

Vi1 = Poy (9 + ¥ B*(Axie1 — By)).

He obtained a weak convergence of (1.6) under certain appropriate assumptions on the
parameters.
Shi [19] proposed a modification of Moudafi’s ACQA algorithms to solve the SEP and

proved its strong convergence:

Wil :PS{(I_O‘n)[I_VG*G]Wn}, (1.7)
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ie.,

Xrs1 = Pc{(1 — ap)xx — yA*(Axy — Byr)}, n>0, L.8)

Vi1 = Pol(1 —o)yx + yB*(Axx — By)}, n=>0.

Recently, Moudafi [16] introduced the following split equality fixed point problem
(SEFPP):

findx € C:= F(U),y € Q:= F(T) such that Ax = By, (1.9)

where U : Hy — H; and T : H, — H, are two firmly quasi-nonexpansive operators. The
SEFPP has been proved very useful in decomposition methods for PDEs as well as in game
theory and intensity-modulated radiation therapy. For solving SEFPP (1.9), he proposed

the following iterative algorithm:

Xra1 = U — yiA* (Axy — Byr),
Vi1 = Tk + viB*(Axx1 — Byg)).

(1.10)

Further, he proved a weak convergence theorem for SEFPP (1.9) under some mild restric-
tions on the parameters.

In this paper, we introduce a multiple-sets split feasibility problem (MSSFP) and a split
equality fixed point problem (SEFPP), the MSSFP is to find a pair (x,y) such that

t r ty r
(xy)eCxQ:= mCi X mQ, and (Aix,B1y) €D x O := mDi X m@,. (1.11)

i=1 j=1 i=1 j=1

The SEFPP is to find a pair (x,y) such that
x € F(T), y€F(T,) and Ayx=Byy, (1.12)

where T, T, are two firmly quasi-nonexpansive operators or nonexpansive operators, and
A, :Hy - Hs,Ay : H — H3,By : Hy — H3,B, : Hy — Hj are four bounded linear op-
erators. C; € Hy,i = 1,2,...,£;;Q; € Ha,j = 1,2,...,r;;D; € H3,i = 1,2,...,65;0; € H3,j =
1,2,...,r;, are nonempty closed convex subsets.

Guan [15] proposed a new iterative scheme to solve the above problems:

15} 5]
X1 =T [xk = ki ) etk = Peyyxn) — £k Y BiAT(Arxk — Pp,, Arxy)
i=1 i=1

— TAS(Axxx —Bz)’k)] (1.13)
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and

st

ry
Yie1 =To |:J’k — 0k ¥k = Poyk) = &k Y 8Bi(Biyk — Py, Biyi)

j-1 -1

— By (Boyn — Azxk+1)i|. (1.14)

Further, he proved a weak convergence theorem under some mild restrictions on the pa-
rameters.
Inspired by the results, we propose the following questions.

Question 1.1 Can we modify iterative scheme (1.8) to a more general iterative scheme for
solving a multiple-sets split feasibility problem and a split equality fixed point problem
instead of solving the split equality problem?

Question 1.2 Can we obtain a strong convergence by the iterative scheme for MSSFP and
SEFPP?

The purpose of this paper is to construct a new algorithm for MSSFP and SEFPP so that
strong convergence is guaranteed. The paper is organized as follows. In Sect. 2, we denote
the concept of minimal norm solution of MSSFP and SEFPP. Using Tychonov regulariza-
tion, we obtain a net of solutions for some minimization problem approximating such min-
imal norm solutions (see Theorem 2.5). In Sect. 3, we introduce an algorithm and prove
the strong convergence of the algorithm, more importantly, its limit is the minimum-norm
solution of MSSFP and SEFPP (see Theorem 3.2).

Throughout the rest of this paper, let I denote the identity operator on a Hilbert space
H, and let vf denote the gradient of the function f : H — R.

Definition 1.3 ([21]) An operator T on a Hilbert space H is nonexpansive if, for each x
and y in H,

I1Tx = Tyl < [lx - yll.
T is said to be strictly nonexpansive if, for each x and y in H,
7% =Tyl < llx = yll-
An operator T on a Hilbert space H is firmly nonexpansive if, for each x and y in H,
(-3, Te—Ty) = || T — Ty
T is firmly nonexpansive if 27 — I is nonexpansive, Equivalently, T = (I + S)/2, where S :
H — H is nonexpansive.

T is said to be averaged if there exist 0 < « < 1 and a nonexpansive operator N such that

T=(1-a)+aN.
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T is said to be quasi-nonexpansive if F(T) # ) for each x in H, g in F(T),
1T —qll < llx—ql|.

T is said to be strictly quasi-nonexpansive if F(T) # () for each x in H, q in F(T),
1Tx - gl < llx—4ll.

T is said to be firmly quasi-nonexpansive if F(T) # § for each x in H, g in F(T),
ITx - ql* < lx - ql* - llx - Tx|*,

Let Pg denote the projection from H onto a nonempty closed convex subset S of H; that
is,
Ps(w) = [x € S, min |lx — w|| }
xS
It is well known that Pg(w) is characterized by the inequality

(w — Ps(w),x — Pg(w)) <0, Vxes,

Psand(I — Ps) are nonexpansive, averaged, and firmly nonexpansive.
Next we should collect some elementary facts which will be used in the proofs of our

main results.

Lemma 1.4 ([13, 14]) Let X be a Banach space, C be a closed convex subset of X, and
T : C — C be a nonexpansive mapping with Fix(T) # 0. If {x,} is a sequence in C weakly
converging to x and if {(I — T)x,} converges strongly to y, then (I — T)x = y.

Lemma 1.5 ([2]) Let {s,} be a sequence of nonnegative real numbers, {«,} be a sequence of
real numbers in [0,1] with Zz';l a, = 00, {u,} be a sequence of nonnegative real numbers
with Y 2 uy < 00, and {t,} be a sequence of real numbers with limsup,, ¢, < 0. Suppose
that

Spe1 = (1 —ay)s, +oyt, +u,, VneN.
Then lim,_, o S, = 0.

Lemma 1.6 ([20]) Let {w,},{z,} be bounded sequences in a Banach space, and let {B,} be
a sequence in [0,1] which satisfies the following condition:

0 < liminf B, <limsup B, < 1.
n— 00

n—00

Suppose that wy,1 = (1 — B)Wy + Buzy and limsup, _, o |Z2ns1 — Zull = [[Wie1 — Wull <0, then

limy;—, o 124 — Waull = 0.
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Lemma 1.7 ([4]) Let fbe a convex and differentiable function, and let C be a closed convex

subset of H. Then x € C is a solution of the problem
mp/

if and only if x € C satisfies the following optimality condition:
(vf(x),v—x) >0, VveC.

Moreover, if f is, in addition, strictly convex and coercive, then the minimization problem
has a unique solution.

Lemma 1.8 ([4]) Let A,B be averaged operators and suppose that Fix(A) N Fix(B) is
nonempty. Then Fix(A) N Fix(B) = Fix(AB) = Fix(BA).

2 Minimum-norm solution of SEFPP and MSSFP
In this section, we define the concept of the minimal norm solution of MSSFP (1.11) and
SEFPP (1.12). Using Tychonov regularization, we obtain a net of solutions for some mini-
mization problems approximating such minimal norm solutions.

We use I' to denote the solution set of SEFPP and MSSFP, i.e.,

1y 1 2] 2
I'= {(x,y) (S H1 X Hz,x S m Cl‘,y S m Q,«,Alx (S mDi,Bly S m @j,Agx = Bzy,

i=1 j=1 i=1 j=1

X € F(T1),y S F(Tz)}

and assume the consistency of SEFPP and MSSFP, so that I' is closed, convex, and
nonempty.

We aim to propose a new iterative algorithm for solving MSSFP (1.11) and SEFPP (1.12).
Let the sets C;, Q;, D;, ©; be defined as

Cl'= {erlzci(x)EO}, sz {yEqul()/)SO} (21)
and
Dl‘:{l/lEHlldl’(l/l)SO}, @1‘: {V€H2:¢j(V)§O}, (2.2)

where¢;: H) — R,i=1,2,...,t15q,: H, > R,j=1,2,...,r;3d; : Hy > R,i=1,2,...,t; and
¢;:H; —> R,j=1,2,...,ry, are convex functions.

In order to solve MSSFP (1.11) and SEFPP (1.12), we consider the following minimiza-
tion problem:

min h(x,y), 2.3
(x,y)€Fix(T7) x Fix(T2) ( y) ( )

where

M) =) +40) + 5 s~ Boyl,
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2

’

1g 1 &
f) =5 3 el =Pe)x| + 5 3 il (U - Pp)Asx
i=1 i=1

2
)

1 1¢
g0 =5 2 nlU=Poy|" + 53 81~ Pe)Bry

Jj=1 Jj=1

here "% o =32 Bi = eril Y= 2;31 8 = 1. The minimization problem is in general ill-
posed. A classical way to deal with such a possibly ill-posed problem is the well-known
Tychonov regularization, which approximates a solution of problem (2.3) by the unique
minimizer of the regularized problem

1 1
i hy (%, 9) = Z|Ayx — Boyl|]® + = 2 2), 2.4
el (6.3) =f(0) +20) + 7 1422 - Byy| +2a(llxll +1y11%) (2.4)

where o > 0 is the regularization parameter. Denote by w, = (x,,,) the unique solution
of (2.4).

Lemma 2.1 For the sake of convenience, let H = H; x H>, define:

Mo (Z?lai(l—Pc,,) 0 )

N o 2 BATU = Pp)AL 0
0 > 721 8B - Po,)By ,

and

AXA —-A*B
Gi=(Ay,-B),G*G:= | "2 T2,
~BiA;, BB,
where G : H — Hsz and G*G : H — H, then M, N and A, G*G are firmly nonexpansive

operators, where 0 < 11 < 1/(max{p(A]A1), p(BiB1)}) and 0 < Ay < 1/p(G*G).

Proof By (I — Ps) and Ps are firmly nonexpansive operators, x = (x1,%;) € H; x Hy,y =
(1,72) € Hy x Hy.|Mx = My||* = || ity ol = Pe)ay = Y ity il = Pe)yn 1 + |l Yoty -
Po)xs = L vl = Po)yall® < (w1 — v ot ol = Pe)ay — D ik ol = Pyr) + (xn —
2, 25 i = Po))xa = 3711, vi(I = Pgy)y2) = (¢ —y, Mx— My), so M is a firmly nonexpansive
operator. Similarly, we can prove that A;N and A,G*G are firmly nonexpansive opera-
tors. |

Proposition 2.2 Let T = Ty x T,, which is mentioned in (1.12), w = (x,y). For any o > 0,
the solution wy = (Xo,Ya) of (2.4) is uniquely defined. Then wy = (X4, Vo) is characterized by
the inequality

(vh(wa) + AWy, W — wa) >0, VweFix(T),

t 2
<Zai(1 = Pc)o + Y BiAT(I = Pp,)Ary + A3 (Aoxe — Boya) + 0, % — x> >0,
i=1 i=1
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Vx € FiX(Tl);

and

r r
<Z (I = Pg)ya + Y 8;Bi(I - Pe,)B1ya — By(Asxa — Boya) + sy —ya> >0,
j=1 J=1

Vx e FIX( Tg)

Proof Tt is well known that /(x,y) = 2 >"i') e4l|(I = Pc,)x)|* + %221 BillI = Pp,)Arx|* +

5 2 vl = Po)yll* + 5 372, 8l — Pe)Biyll* + 5| Asx — Byy|* is convex and differen-

tiable with gradient yvh(w) = Mw + Nw + G*Gw, h,(w) = h(w) + %a||w||2. We can get that
hy is strictly convex, coercive, and differentiable with gradient

Vhe (W) = Mw + Nw + G*Gw + aw.
It follows from Lemma 1.7 that w, is characterized by the inequality
(vh(wa) + Wy, W — wa) >0, VweFix(T). (2.5)

We can get that

t ty
<Zo¢i(1 —Pc)x + Z,B,A’{(I — Pp,)A1x + AS(Axq — Byy) + e, x — xa> >0,
i=1 i=1

Vx € Fix(T1);

and

rn r
<Z (I =Pg)y+ Y §Bi(I - Po)B1y — Bj(Axa — Bya) + @Y,y - ya> >0,
j=1 j=1

Vx € Fix(T»). O

Definition 2.3 Anelement w = (x,y) € I is said to be the minimalnormsolution of MSSFP
(1.11) and SEFPP (1.12) if |w| = inf,er [|W]].

The next result collects some useful properties of {w,}, the unique solution of (2.4).

Proposition 2.4 Let w, be given as the unique solution of (2.4) for any sequence {w,,} such
that lim, o, = 0, let wy,, be abbreviated as w,. Then the following assertions hold:
(i) llwgll is decreasing for « € (0, 00);

(i) o+ wy defines a continuous curve from (0,00) to H.

Proof Let a > B > 0; since w, and wg are the unique minimizers of 4, and /hg, wy =
(%4, 9a), wg = (¥g,¥p), respectively, we can get that

1 1
hy(wy) = h(wy) + 5“””’0{”2 = h(Wﬂ) + 5“””’/3”2 = ha(Wﬂ)
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and
1 2 1 2
hg(wg) = h(wg) + Eﬂllwﬂll Sh(Wa)+§,3||Wa|| =hg(We).

Hence we can obtain that || w || < [[wgl|. That is to say, ||w,|| is decreasing for « € (0, 00).
By Proposition 2.2, we have

(Vh(we) + awe, wg — wy) > 0
and

(Vh(wg) + Bwg, we —wg) > 0.
It follows that

(Wo — wp, awy — Bwp) < (wo —wg, Vh(wp) — Vh(wy)).
Then

(Wa — wg, Vh(wp) — Vh(w,))
= (wg —wg, Mwg + Nwg — Mw, — Nw,)

+ (wa - wg, G*G(wp — wa)>

and
(wa - wg, G*G(wg — wa)> <0. (2.6)
Then
t t
<xa —Xg, Zai(l —Pc,)xg — Zai(l - Pcl.)xu>
i=1 i=1
t
<Y ||~ Pc)xo — (I - Pe g |* <0, 2.7)
i=1

ty 7]
<xa —xp, Y BATU - Pp)Arxg - Y BiAT(I - PD,-)Alxa>
i1

i=1

2}
= Zﬂi(Alxa —Ayxp, (I - Pp,)A1xg — (I - Pp,)A1%,)

i=1

2}

<> Bil| I - Po)Arxy — (I - Pp)Arxs|)* <0, (2.8)
i=1

r n
<J’a =35 ) v = Pg)ys - Yy _PQ,')ya>

j=1 j=1

"
<> "yl - Pg)ye — I~ Pg)ys|” <0, (2.9)
j=1

Page 9 of 21
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ry r
<}/a —yp, Y 8Bi(I - Po)Brys — Y 8Bl - P@,)Blya>

Jj=1 Jj=1

r

= Z 8(B1Ya — B1yg, (I — Po;)B1yg — (I — Pe,)B1Ya)
j=1

r
<= >8] - Po)Biyu — (I - Po)Biys|* <. (2.10)
j=1

By (2.6)—(2.10), we can get
(wa —wg, Vh(wp) - Vh(wa)) < 0.
Hence

(W — Wg, Wy — ﬂwﬂ) <0

allwe = wpll* < (wo — wg, (B — a)wg).
It turns out that
Woe —wgll <l = Bl/allwg]l.
Thus o — w, defines a continuous curve from (0, co) to H. (|

Theorem 2.5 Let w, be given as the unique solution of (2.4). Then w, converges strongly
as o — 0 to the minimum-norm solution w of MSSFP (1.11) and SEFPP (1.12).

Proof For any 0 < a < 00, w,, is given as (2.4), it follows that
1 ) 1 _
ho(We) = h(wy) + Ea”Wa” <h(w)+ 5“”“’” = hy(W).
Since w € T is a solution for MSSFP and SEFPP, we get

how) + Sl < Sl
Hence, ||wy|| < ||w| for all @ > 0. That is to say, {w,} is a bounded net in H = H; x H,.
For any sequence {c,} such that lim, &, = 0, let w,,, be abbreviated as w,,. All we need to
prove is that {w,} contains a subsequence converging strongly to w.
Indeed {w,} is bounded and Fix(T) is bounded convex. By passing to a subsequence if
necessary, we may assume that {w,} converges weakly to a point w € Fix(T). By Proposi-
tion 2.2, we get that

(Vh(Wn) + Wy, w— Wn> = 0
and

(Vh(Wn) + 0tyWn, W = wy) > 0. 2.11)
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It follows that

(Vh(Wn): ﬁ/ - Wn> Z oy (Wnr Wy — ﬁ’);

ie.,
t1 t
<Zai(1—1)ci)xn + Y BATU = Pp,)A1x, + A3(Ax, — By,), —xn> > 0ty (s % — %),
i=1 i=1
and
st 2
<Z I =Po)yu + Y 8iBi(I — Po,)Bry, — By (A%, — By,),¥ —yn> > 0ty (Y Y = )
j=1 j=1
ie.,
(Mwy, + Nwy, + G*GWy W = W) = 0ty (Wi Wy — W),
BywelTl,
Wiy Wy — W)
< (Mwy, = Mw,w = w,) +(G*G(wy, — W), W — wy,) + (Nw,, = Nw, w — w,,)
15} t 2
<—> il - Pc)xy = > el - Pe)x
i=1 i=1
ty t 2
— > Bill - Po)Arx, = Y Bill - Pp,)Ar%
i=1 i=1
r r 2
- Z Vj(I_PQ;)yn - Z V/’(I_PQ/)E]
-1 =1
2 2 2
— >8I - Pe)Biy,~ > 8 - Pe,)B1y
j=1 j=1
— 1GwalI?,
we have
t 3} 2
D aill =Pe)xy = ) il = Pc)i
i=1 i=1
ty 2 2
+ Y B~ Pp)Arxy — Y Bill - Pp)Ar
i=1 i=1
r r 2
+ Z )/i(I_PQ/)yVl - Z yi(I_PQ/')Q_’

j=1 j=1
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2

ry r

+ | Y 8= Pe)Biy,— Y 8(I - Pe,)Biy
p 1

+ 1 Gw,|I?

- - -
< (W, Wy = W) < aullwyllllwy, = wll < 20, || w]|” — 0.

Furthermore, note that {w,} converges weakly to a point w € Fix(T), then {h(w,)} con-
verges weakly to i(w). It follows that #(Ww) = 0, i.e, we T.
By (2.11),

(Vh(Wn) + Wy, 12/ - Wn> Z O)
ie.,

(Mw,, +Nw, + G*Gw,, + a,,w,,, W — w,,) >0,

(Mw,, +Nw, + G*Gw,, + a,,w,,, W — w,,)
= (Mw, — Mw,w —w,) + (Nw, — Nw, w —w,,) + (G*G(w,, —W), W — w,,)
+ Wy — AW, W — W) + (W, W —wy,)

N A A 2
< —[|Mw,, — MW||* - |[Nw,, - N¥|* - | G(wy, — W)

AA A2
+{a, W, w—w,) —a,llw, —w|

> 0.
Then
[ Mw,, — Miv||* + | Nw, — NW|* + || G(w,, — ) H2 + W = W < (ot W — W),
we have
Wy = Wl < (W0 — wy).

Consequently, that {w,} converges weakly to w actually implies that {w,} converges
strongly to w. At last, we prove that w = w, and this finishes the proof.
Since {w,} converges weakly to w and ||w,| < ||[w||, we can get that

Wil < lim inf fjw, || < |l =min{|lw| :weT}.

This shows that w is also a point in I which assumes a minimum norm. Due to the unique-

ness of a minimum-norm element, we obtain w = w. O

Finally, we introduce another method to get the minimum-norm solution of MSSFP and
SEFPP.

Lemma 2.6 Let S =1 — o1 M — 02N — 030,G*G, where 0 < A1 < 1/(max{p(A}A1),
PBiB1)}),0 < Ay < 1/p(G*G),0; > 0,i = 1,2,3. 01 + 03 + 03 < 1 with p(AjA1), p(BiB1),
p(G*G) being the spectral radius of the self-adjoint operator A7A,,B{B1,G*G on H, then
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we have the following:

(1) ISl =1 (i.e., S is nonexpansive) and averaged,;

(2) Fix(S) = {(x,) € Hy x Hy,x € (£, Cioy € N4 Q Arx € (2, Diy Biy € ()2 ©), Agx =
Byy}, Fix(Prix(1)S) = Fix(Prix(1)) NFix(S) = T';

(3) w € Fix(Prix(r)S) if and only if w is a solution of the variational inequality (v h(x,y),v—
w), Vv € Fix(T).

Proof (1)
| Mx — My|?
t t 2
= Zai(I—Pci)M - Zai(I—Pci)Jﬁ
i=1 i=1
r rn 2
+ Z V/(I_PQ,')xZ - Z)/}(I —PQ,))’z
j=1 J=1
<lx-yl%
21 Nx — A1 Nyl|?
ty ty 2
= Z BiATU — Pp,)A1%1 — Z BiATU - Pp,)A1y
i=1 i=1
r r 2
+23( D881 - Pe,)Bixy — Y 8;B;(I — Pe))B1ys
j=1 j=1
ty 9] 2
<MY Bill - Po)Arx =Y Bl - Pp)Aiy
i=1 i=1
r rn 2
+A 25;‘(1 —Pg;)B1xy — Z(Sj(f - Pe;)B1y>
j=1 j=1

< MllAxr — Ay ||* + A1l|Bixs — Biysa |1

2 2 2
< =2l + llx = y2l1° = lle = yII%.

MllG*Gx =)l < llx=yl.
Let S; = M + 09 1N + 031, G*G, we have

[S1x — Sayl
= ||01Mx — 01 My + 0301 Nx — 09 A1 Ny + 030, G* Gx — 031, G* Gy||
< 01l|Mx = My|| + 0a||ANx — M Ny|| + 03| 22.G*Gx — 1,G*Gy ||

<(o1+or+o3)lx—yll < llx-yl.
We can get that S; is a nonexpansive operator.

[1Sx — SylI*
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= ||x—y— (Slx—Sly)”2

= e =yI? + 1512 = Soyll* = 2(x - 3, S12 = S1)

< %= ylI* + 2llo1Mx — 1My ||* + 2| 0221 N ~ oo A1 Ny ||
+ 2“03A2G*Gx - ogsz*GyH2 - 2{x —9,81x — S1y)

<|l»x —y||2 + 201 (x —y,01Mx — 01 My) + 205(x — ¥, 03X 1 Nx — 02A1NYy)
+ 203(x - 9,03%,G*Gx — agsz*Gy> - 2{x - 9,51x — S1¥)

<lx—yl*+ 2<x —y,01Mx — 01 My + 02A1Nx — 03 A1 Ny + 030, G*G(x —y))
—2(x—y,512x— S17)

2
< lx -yl

so ||S|| <1, i.e., S is nonexpansive.

Indeed, let n € (0, 1) such that (o7 + 03 + 03)/(1 —7n) € (0,1], then S = — oy M — 03 A1N —
030 G*G=nl+(1-n)V,where V =1- l%n(olM + 032N + 031, G*G) is a nonexpansive
mapping. That is to say, S is averaged.

(2) If w e {(x,9) € Hy x Hy,x € (i1, Coy € (4 QpArx € (N2, Dy By € (2, ©j, Agx =
B,y}, it is obvious that w € Fix(S). Conversely, assuming that w € Fix(S), we have w = w —
o1 Mw — o9 i Nw — 030, G*Gw, hence o1 Mw + oo A Nw + 031, G*Gw = 0,Vw e T,

<01Mw + M NW + 030G Gw, w — 17|/)
= (o1 Mw,w — W) + (oM Nw, w — W) + <03A2G*Gw, w— Vv)
= (o1 Mw — o LMW, w — W) + (02 A NW — oo i NWw, w — )
+ (0’3)\2G*G(W —W),w— 17v)
> o1 [|Mw])? + 03 ||} Nwl|? + 03| 1,G* Gw |

> [loyMw)? + [|oah Nl + 03226 Gw|*.

This leads to w € {(x,9) € Hy x Hy,x € (1, Ci,y € M QpAix € N2, DBy € N2 6
Ayx = Byy}, it is obvious that w € Fix(S).
3)

(Vh(x,y),v-w) >0, VveFix(T)
& (w—(w—Slw),V—w)zo, Vv € Fix(T)
& w=Priyny(w—S1w)

& we FiX(PFiX(T)S). O

Remark 2.7 Take constants Ajandi,, where 0 < A1 < 1/(max{p(AjA1), p(BiB1)}),0 < Ay <
1/p(G*G), with p(AJA1), p(BiB1), p(G*G) being the spectral radius of the self-adjoint
operator AjA1, BBy, G*G. For 11 € (0,(1 — A (max{||ATA1 |, |B{B1|}))/o2A1), T2 € (0,(1 —

M ||G*Gl|)/o3A2), T = min{ty, 7o}, (01 + 02 + 03)/(L—02A1 T —03457) € (0, 1), we define a map-
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ping
Wa(W) = PFix(T) [(1 — 02)\11' - 0‘3)»21')1 — O'lM — O'2)L1N — Gg)»zG*G]W.

It is easy to check that W, is contractive. So, W, has a unique fixed point denoted by w,,
that is,

Wy = PFix(T)[(l - 0'2)\.11' - O'3)L2‘L')1 - OIM - Oz)xlN - O'3)\.2G*G]Wa. (212)

Theorem 2.8 Let w, be given as (2.12). Then w, converges strongly as o« — 0 to the
minimum-norm solution w of MSSFP and SEFPP.

Proof Let wbe a pointin I'. I — 01/(1 — 02A1T — 0342T)M — 0241/(1 — 02417 — 03A2T)N —
03A2/(1 — 09A 1T — 03427)G* G is nonexpansive. It follows that
we —wll
= ||PHX(T)[(1 — 09A1T —03A2T)] — oy M — 09N — ngzG*G]wa
— Peixr)[I = 01M — 030N — 030, G*G|w||
< || [(1 — 09T —03A2T)] — 0y M — 09N — ngzG*G]wa
- [I —01M — o3A1N — 03A2G*G]17v||
< (1= 00T = 0327) | (Wa — 01/(1 = 02017 — 0302T) M,
— 031 /(1 = 0221 T — 03A2T)Nw — 0342(1 — 02M1 T — 034,7)G*Gwy )
- (ﬁ/ —01/(1 = 09A1T — 03 T) MW
—03h1/(1 = 031 T — 03AT)NW — 03A2/(1 — 09 AT — ogkzr)G*GvT/) ”
+ T(02A1 + 03)0) |||

< (1= 02h1T — 03A2T) Wy — W]l + T(02A1 + 032) [[W]|.
Hence,
lwg —w|l <[]l

Then {w,} is bounded.
From (2.12), we have

||Wa - PFix(T) [] —o01M — o3A 1N — O'3)\.2G*G]Wa || <t || (O’2)\1 + O'3)\.2)Wa || — 0.
Next we show that w, is relatively norm compact as « — 0*. In fact, assuming that {z,} C
(0, min{(1 — A; (max{||ATA1 |, I B{B1ll}))/02r1, (1 — A2||G*G||)/o3X2}) is such that 7, — 0" as

n — 00. Put w,, := wy,, we have the following:

”Wn - PFix(T) [1 - (IIM - (72)»1]\[ - 0'3)\.2G*G]Wn || <t || (02)\1 + 0'3)\.2)Wn || — 0.
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We deduce that

v 2
[We —wll

= ||PFix(T)[(1 - 0'2)\.11' - (73)»27.')1 - (TIM - 02)\1N - 0'3)\.2G*G]Wa

—PFix(T) [1— O'IM— 0'2)»1]\[ - (73)\2G*G]17V 2

< ([(1 — oM T —03hT)] — oy M — 09N — 03)»2G*G]wa
- [I — oM — oA N — agsz*G]ﬁ/, Wy — W)
<(1-09A1T — O’3)\.2T)<(Wa —01/(1 = 03A T — 03A2T)Mw,
—0oA1/(1 = 091 T — 03A2T)NWy — 0345 (1 — oA T — ogsz)G*Gwa)
= (W=01/(1 = 02A1T — 0342 T)MW — 0241 /(1 — 02A1 T — 032 T)NW
—03h2/(1 = 0201 T — 03A2T)G*GW), Wy — W) — T(02A1 + 0342) (W, Wy — W)

< (1= 02MT — 0327 [lwa — W[1* = T(02A1 + 034) (W, wo — W).

Therefore,

lWa = W% < (=0, wy — W).
In particular,

Wy = WI|* < (=, w, — %), Viwel.
Since {w,} is bounded, there exists a subsequence of {w,} which converges weakly to a
point w. Without loss of generality, we may assume that {w, } converges weakly to w. Notice
that

”Wn - PFix(T) [1 - GIM - Gz)»lN - 0'3)\.2G*G]Wn || <t || ((72)\1 + 0'3)\.2)Wn || — 0,

and by Lemma 1.4, we can get w € Fix(7S) =T.
By

W, — || < (=i, w, —0), ViweTl,
we have
Wy — Wi < (~w, w, — W).

Consequently, that {w,} converges weakly to w actually implies that {w,} converges
strongly to w. That is to say, {w,} is relatively norm compact as « — 0*.
On the other hand, by

v 2 o o o
”WVI_W” f(—W,Wn—W), VWGF,
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let n — 00, we have

W —w||* < (-w,w—w), Vwel.
This implies that

(-w,w-w) <0, VwerT,
which is equivalent to

(-w,w—w) <0, Vwel.

It follows that w € Prix(r)(0). Therefore, each cluster point of w,, equals w. So w, — w(e —
0) is the minimum-norm solution of SFP and SEFPP. a

3 Main results
In this section, we introduce the following algorithm to solve MSSFP and SEFFP. The pur-
pose for such a modification lies in the hope of strong convergence.

Algorithm 3.1 For an arbitrary point wy = (xo,y0) € H = H; x H,, the sequence {w,} =
{(x, yn)} is generated by the iterative algorithm

Wai1 = Prix() { (1 = T)[I = 01 M — 020N — 030,G* G |w, }, (3.1
ie.,
t 2]
K1 = PFix(Tl){(l ) [xn -0 Zdi(f — Pc,)x, — 0o2h1 Z BiAT — Pp,)A1%,
i=1 i=1
— 030 A% (A, — Bz)’n)] }, n>0
and
r r
Y1 = Prix(1y) {(1 ~Tp) |:yn - o1 Z Yl = Po)yn — 0201 ZS;BT(I —Po,)B1yn
= 1

+ 03B (Aox, — Bzyn)] }, n>0,

where t, > 0 is a sequence in (0,1) such that
(i) lim,t, =0;
(i) D ooo Tn = 00;

(i) Y020 |Tus1 — Tul < 00 or limy, |Ty1 — Tyl /T4 = 0.
Now, we prove the strong convergence of the iterative algorithm.

Theorem 3.2 The sequence {w,} generated by Algorithm 3.1 converges strongly to the
minimum-norm solution w of MSSFP and SEFPP.

Page 17 of 21
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Proof Let R, and R be defined by

R,w := Prix(1) {(1 - 7:,,)[1 — 01M — 092N — 031, G* G] }w = Prix(1) [(1 - rn)Sw],
Rw := PFix(T) (1 - UlM - 0'2)\1N - 0'3)»2G* G)W = PFix(T) (SW),
where S =1 — 01 M — 031N — 0312 G*G. By Lemma 2.6 it is easy to see that R, is a contrac-
tion with contractive constant (1 — t,,); and Algorithm 3.1 can be written as w;;.1 = R,w,,.
For any w € ', we have
IRy — Wl = || Prixry[(1 = Ta)SW] — |
= || Prixry [(1 = 1) SW] = Prixcry (SW) |

(1 =7,)Sw - S|

IA

= 7, [|SW]| = 7, |-
Hence

Wi =Wl = |Rawy = W < |Rywy — Ruwl| + [|R,w — Wl
< |Peiery [ = 7)SWn ] = Prix) [(1 = ©)SW] || + || Prixcry [(1 = w)Si] = 0
<A =z)llwn =W + W
< max{[lw,, - #ll, 1]l },

ISWys1 = Wl < [[Wye1 — Wl

It follows that ||w,, — w|| < max{||wo — w/||, [W|/}. So {w,,} and {Sw,} are bounded.
Next we prove that lim,, ||w,,,; — wy]|| = 0.
Indeed,

||Wn+1 - Wn” = ”Rnwn - Rn—lwn—l ”
= ”Rnwn _Rnwn—l ” + ”Rnwn—l - Rn—lwn—l ”

= (1 - fn)”Wn — Wp-1 || + ”Rnwn—l _Rn—lwn—l ||
Notice that

IRt = Rucawur || = || Peixcry[(1 = Tu) Wit | = Prixery [(1 = Tt )SWn ||
= ” (1= 1)SWp1 = (1 = Typ-1)SWp 1 ”

= |t = Tu-a | | SWya .
Hence,
Wii1 = wall < (X = T)llWy = Wy Il + 170 = Tuca [ SWpa [l
By virtue of assumptions (i)—(iii) and Lemma 1.5, we have

h;n [Wii1 —wall = 0.
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Therefore,

Wy — Rwy || < [[Wis1 = wall + |Rywy — Rw,y ||
= ||Wn+1 - Wn” + || (1 - rn)SWn - SW,, ||
< W1 = wall + Tl Swy |l — 0.

The demiclosedness principle ensures that each weak limit point of {w,,} is a fixed point
of the nonexpansive mapping R = TS, that is, a point of the solution set I" of MSSFP and
SEFPP.

At last, we will prove that lim,, ||w,,; —w| = 0.

Choose 0 < § < 1 such that (67 + 09 + 03)/(1 = 68) € (0,1), then S = I — 61 M — 091N —
0'3)\.2G*G =0l + (1 - 5)‘/, where V =1- 0'1/(1 - 8)M - 0'2)\.1/(1 - S)N - 0'3)\.2/(1 - S)G*G is
a nonexpansive mapping. Taking z € I', we deduce that

2
Wit — 2”2 = ”Plfix(T)[(1 - Tn)SWn] - Z”
2
=< H [(1 - Tn)swn - Z”
< (L-5)lISwy - z]1* + T 2]1?
2
< |[|8(wn —2) + (1 = 8)(Viw, — 2)||” + Tullzll
2 2
<8 wn=2)|" + A= 8) | (Vws = 2)||” = 8(1 = &) lIwy = Viwn|* + 7| 211

< || W= 2)|* = 8(1 = &)y = Vw1 + izl

Then

2
81 =8)[lwy = V> < | (W = 2)||” = W1 —211* + Tull2l?
= (H(Wn -2) ” + W1 _Z”)(H(Wn -2) ” = [ Wni1 _Z”) + Tn”Z”Z
= (” (W —2) ” + Wi _Z”)(Hwn - Wn+1||) + rn”Z”z — 0.

NotethatS = I -0, M —09A N —03A,G*G = 81+ (1-8)V, it follows that lim,, | Sw,,—w,]|| = 0.

Take a subsequence {w,, } of {w,} such that limsup, (w, — w, -w) = lim (w,,, — w,-w).
By virtue of the boundedness of {w,}, we may further assume, with no loss of generality,
that w,, converges weakly to a point . Since ||Rw,, — w, || — 0, using the demiclosedness

principle, we know that w € Fix(R) = Fix(Pgiy1)S) = I'. Noticing that w is the projection of
the origin onto I', we get that

lim sup(w,, — w,—w) = lilgn(wnk —w,=w) = {(w—-w,—w) <0.
n

Finally, we compute

Whi1 = V_V||2 = ||PFix(T)[(1 - Tn)SW,,] _ V—V”Z
= [ Py [(1 = 7,)Sw, ] - TS|

< ”(1 - 7,)Sw,, — Sv'l/”2
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Table 1 Effectiveness of Iterative method

[terative method Error Number of iteration Time/s
iterative method (3.1) 107 18 0.0000
iterative method (1.13) (1.14) 107° 107 0.078125
iterative method (3.1) 1077 24 0.015625
iterative method (1.13) (1.14) 1077 142 0.09375
iterative method (3.1) 10710 32 0.015625
iterative method (1.13) (1.14) 10710 194 0.125
iterative method (3.1) 10712 38 003125
iterative method (1.13) (1.14) 10712 228 0.1875
iterative method (3.1) 1071° 47 0.03125
iterative method (1.13) (1.14) 10710 280 0.203125

< |- z)Sw, -]
= @ = 2)(Sw = ) + Tu(=)|*
= (1= )2 (Swn = )| + 221911 + 22,(1 - 1,) (Sw,, — i, —W)

= (1= )| (Swn = W) + Tl allWI1? + 201 = ) (Swy — i, ) ].

Since limsup, (w, — w,-w) < 0,||Sw, — w,|| — 0, we know that limsup,, (z,,||[w||* + 2(1 —
T,){(Sw, —w, —w)) < 0. By Lemma 1.5, we conclude that lim,, |w,,; —w| = 0. This completes
the proof. d

4 Numerical experiments
We provide a numerical example to illustrate the effectiveness of our algorithm. The pro-
gram was written in Mathematica. All results are carried out on a personal DELL computer
with Intel(R) Core(TM)i5-5200 CPU @ 2.20 GHz and RAM 4.00 GB.

In this algorithm, we take error = 107°,1077,1071%,10712,107°, respectively. We con-
sider the split feasibility problem (1.1) with H; = R,H; = R, C = (-00,0], Q = (-00,0],
D =(-00,0], ® = (-00,0]. T1x =x,Toy =y, Ay =B =Ay = 1,By = -1, 01 =0y =03 = 1

3 )
A= m,kz =1. Take t,, = %, an initial point x; = —20, y; = —10. Obviously, x* = 0,y* =0
is a solution of this problem. In consideration of Algorithm 3.1, we have
Xn+l = PFix (T7) [l(xn - l(xn +yn))]; n>0;

Vn+1 —Ple(T2 [ (yn (xn +yn))]» n= 0.

As for iterative method (1.13) and (1.14), we take H; = R,H, = R, C = (-00,0], Q =
(=00,0], D = (-00,0], ® = (-=00,0]. T1x =%, Ty =y, A1 =B1 =Ay=1,By=-1, A =& =
o=¢(= % Take 7 = %, an initial point x; = -20,y; = —10.

In consideration of algorithms (1.13) and (1.14), we have

Xn+l = Tl(xn - %(xn +yn)); n>0;

Yn+1 = TZ()’n - é(xnﬂ +yn))]; n=>0.

From Table 1, it is easy to see that our iterative method converges faster in less time.
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5 Conclusions

The paper proposed a new iterative method to solve the split equality fixed point problem
of firmly quasi-nonexpansive or nonexpansive operators and multiple-sets split feasibility
problem and obtained a strong convergence result without any semi-compact assumption
imposed on operators. The results improved and unified many recent results.
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