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1 Introduction

There are two aspects of the generalization of the classical Fourier transform: one is to the
high dimensional space, the other is to the fractional Fourier transform. The quaternion
Fourier transform (QFT) is one of the generalized forms of the classical Fourier transform
in high dimensional space and has been proved to be very useful in signal processing, non-
marginal color image processing, electromagnetism, multi-channel processing, quantum
mechanics, and partial differential systems. Many scholars have done a lot of research on
the QFT and got many excellent results. In recent years, some properties of the QFT and
the two-sided QFT have been studied [4—11].

In 2007, Hitzer [6] researched the QFT properties useful for applications to differen-
tial equations, image processing and optimized numerical implementations and studied
the general linear transformation behavior of the QFT with matrices. In 2010, Hitzer [7]
derived a directional uncertainty principle for quaternion-valued functions subject to the
QFT. In 2016, Hitzer [4] defined the FT on the quaternion domain and analyzed its main
properties, including quaternion dilation, modulation, shift properties and Parseval iden-
tities. In 2017, Haoui and Fahlaoui [2] presented the Heisenberg inequality and Hardy’s
theorem for the two-sided QFT. In [11], Yang et al. studied uncertainty principles of the
QFT under the polar coordinate form. In [1], Bahri proposed the uncertainty principle for
the two-sided QFT. That uncertainty principle described that the spread of a quaternion-
valued function and its two-sided QFT was inversely proportional.
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On the basis of the above work, we give some properties of the two-sided FrQFT and its
application. The structure of the article is as follows: in the second section, we introduce
the basic knowledge related to the quaternion Fourier analysis. In the third section, we
first give a definition of the two-sided FrQFT. Then based on the nature of the two-sided
QFT, we study the relationship between the two-sided QFT and the two-sided FrQFT. We
give some differential properties, shift properties of the two-sided FrQFT and Parseval
identity. Finally, we give an example to illustrate the application of the two-sided FrQFT

and its inverse transform in solving partial differential equations.
2 Preliminaries

Let R? be a real linear space with basis {ey, e,}, the quaternion algebra H which is an asso-

ciative and noncommutative algebra structure spanned by
{1,e1, ez, 102}

And basis elements satisfy the following multiplication laws:

€162 = —€3€1 = €12;
2 .
ep” =epepn =-1;

€2€12 = —€12€2 = €1;

€12€1 = —€1€12 = €.
Every quaternion
g=dqo+qier+qaex +qsen €H,  qo,q1,92,93 €R,
has a quaternion conjugate g = go — q1€1 — g2€2 — g3€12, where (q)o = qo-
For arbitrary p,q € H, pqg = gp.

For quaternion-valued functions f,g : R? — H, the quaternion-valued inner product is
defined by

.9~ [ foigiax,
RrR2
and the real scalar part is

.9 = 5[0+ @] - [ (), dx
R2

where dx = dx; dx,.

In particular, when f = g, this leads to

Wsas = 6= 051 = [ Vool .
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Definition 2.1 ([12]) For any infinitely differentiable function f(x), if

/_ : Sx)f(x)dx = £lir})l+ /_ : 8 (x)f (x) dx,

we call the weak limit of §,(x) a § function and denote lim,_, o+ 8, (x) = (x), where

0, x<0;
S)=11, O0<x<sg
0, x>e.

Here are some properties of § function as described below.
Lemma 2.1 ([12]) Suppose that lim,_, ¢, 8;(x) = 8(x), then

1) [78x)dx=1;
2) &[5 e dw=5(x), 5= [ ") dw = §(x — xo);

T oce

(3) [, 8(x)f () dx = £(0), [, 8(x —x0)f (x) dix = f (o).
Definition 2.2 We define
L(R3H) = {f:R2 — H| /Rz{f(xndx < oo},
2(R%H) = {f:RZ ~H| /]RZV(X)de < oo}.
Next, we define the space

SR H) = {f € € (R H)| sup (1+ 141°) [0 ()| < oo},
xeR2

where C*®(R?;H) is the set of all infinitely differentiable functions from R? to I, and « =
(o1, 00), 1,00,k € Z,..

For convenience, we divide f € H into two parts as follows.

Lemma 2.2 Lete; € H, [ =1,2. For any f € H, we define
1 1
Srer = g(f + elfer), foer = E(f_ elfer).

Thenf = fre; + foeps and]?el :J?+el’fTez :f_el.

Lemma 2.3 ([3]) Let a € R and e; € H with ef = —1. We have a natural generalization of
Euler’s formula in quaternion analysis as follows:

e = cosa + ¢ sina.

Theorem 2.1 Suppose e, is as stated above, for any f € H, the following equation is always
true
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(1) eceﬁel _f+el e~cel ecelf . _f elecel

1-¢;cotd; 1+e;cotb; 1- elcotF) 1- elc0t9
(2) 27 ; +ep = +el\/ 27 o lf el fe[ o
wherec e R, i=1,2.

Proof (1) According to Lemma 2.2, we have

1
e“lfe, = (cosc + ¢ sin C)E(f +eyfer)
1 1 ,
= E(f +eyfe) cosc + Eel(f +eyfey) sinc
1 1 .
= E(f +eyfe) cosc + 5 (elfel(—e;) —fel) sinc

= %(f +eyfe;)cosc + %(elfel +f)(—ey)sinc

_frefe

5 (cosc ersinc) = fi, e

Similarly, we have e“!f_,, = f_, e
(2) According to Lemma 2.2, we have

/1—e¢;coth; sin@; — e;cos H; —e;(e;sin@; + cos 6;)
2 N 27 sin6; N 27 sin6;
—eleelei e Te eelfi e(_ F+0i)e
"\ 27sing;  \ 27sing; | 27sing;’

The above equation as a function of 6; is periodic with .

-5 T +o; ey 62( 5 +0i)e;

When 6; € (0, ),
According to Eq. (1), we have

27'[ sin6; 27 sinf; °

e3(-5+0e e300
/27 sin 6 f f+el 21 sm9

that is,

1—e¢;cotb; 1+ e;cotb;
27 v =Jra 2r

+0;)e; 1 % +0;)e;
When 6; € (-, 0), 3 =22 7

27r sin 6; —27 sinf;

1—e; cot6; 1+e; cot6;
Sowe have \/ —LZHf, ) = o/ L

The other cases are similar. O

Theorem 2.2 Lete; € H, [ =1,2. Forany f1,f, € H, we have

e—ozelfhf; :_flJere_aelr e_aelfl—f: :fl—f:e we,
e_aelfl—E :kaeael’ e—aelfhﬁ :fhﬁeael
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Proof According to Lemma 2.2 and Theorem 2.1,

— — 1 - —
e Urifor = fre€" oy :fl+eael§(f2 +efrer)

we have

1 - _— 1-— — —
:f1+eael§(f2 + elf2€l) :f“eael E(fZ + elﬁel) :f1+f2+e e,

where
1 -  _
el E(fz +eyfrer)

1 _
=(cosa + ¢ sina)i(fg +efre)

Nl= N= N = N =

_ 1, — -
) + efrer) cosa + 3 (etf> + eifrer) sina

5 + efae))(cosa — e sina) = fo, e,
Similarly, we have

e Ufifo- = fifr-e ",
e—aelfl_fz_+ :fl_Eeael,
e—aelfhﬁ =f1+Eeae’o

3 Some properties of the two-sided FrQFT

(fo + efre) cosa + %(efz(—elz) —]7261) sina

(f + efrer) cosa + %(efze; +f3)(—e)) sina

In this section we state some properties of the two-sided FrQFT. We first give a defini-

tion of the two-sided FrQFT and its inverse transformation. Then we get the relationship
between two-sided QFT and the two-sided FrQFT. Finally we study the properties of this
transformation, such as the shift property, differential properties of functions and their

image functions, and differential properties of kernel functions.

Definition 3.1 Suppose that the function f € L}(R?;H). We define p = (p1, p2)-order two-

sided FrQFT as follows:

Fo, 01 Hw) = /11{2 Ko, (x1, w1)f (X) Ky, (%2, W) dX,

where

x%+ 2

W
1
e cotf—ejx1wy csc 6
I(gl(xl,W1) =C9161 2 17e1¥1w1 L

x%+w%
I(gz (XQ, Wz) = ngeez 2

cotfy—exxpwy csc by
b

and 0; # nrw, p; = %,i: 1,2.

1—e;cotH
Cy, =, ——,
% 2
1-eycotb,
Cyp, =, —,
b2 2

(3.1)
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Definition 3.2 Suppose that f € L!(R?;H). We define the inverse transformation of the
two-sided FrQFT as follows:

Hovon [f}W) = /R K ) OK g2, w2) i, (3.2)

where

2.2
x{+wy

K g (%1, w1) = C_g e 72

cotfy+eyx]wy cschy C _ 1+ ej cot 91
) -6 = 2T )

1+ eycotH,
2

x%w% cot by +exxawy csc b
2t+exxX2 W2 2 —
2 , C_92 =

I<—92 (x2! W2) = C—92 e

)

where 6; (i = 1,2) are as mentioned above.

When p; = p, = 1, the two-sided FrQFT becomes the two-sided QFT.
We know that the two-sided QFT is defined as (see [1])

Fif}w) = / ~CLRWLE () g2 iy (3.3)

e
R2

Its inverse transformation is defined as

FHHx) =

o /R , eFIMLE (w)e®?"2"2 dw. (3.4)

The Plancherel identity is given by

1

(o) =

(FIfYw), F{fa}w)). (3.5)

Theorem 3.1 The two-sided FrQFT and the two-sided QFT have the following relation-
ship:

-7:91,92 {f }(w)

2 2 2
" il _ 2 -
_ Cgleel 3 cotfy eel 5 cotfy—ejx1wy CSC@lf(x)eez 3 cotfy—exxpwo csc by dx
R2
"3 cott
X (C92662 5+ cOl 2)

wi A o 3
_ C91 el cotfy ]:{eel > col@lf(x)eeg - cotfy }(WCSC 9) (Cezeez -5 cot@z),
where wcscO = (wy csc Oy, wy csc6s).

Theorem 3.2 Let f, Fp, 0,{f} € L'(R%;H) and 0< |6;| <, i = 1,2. Then

(Hoy.0, © Foro)} = (For0, © Hop o)} =1
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Proof According to the Fubini replacement theorem and Theorem 2.1, we have

(Hoy.0, © Foro) I HY)
= Hel ,09 {-Fﬂl,@z {f}(W) } (Y)

= /RZ K g, (y1, w1) (/ﬂ§2 Ky, (x1, w1)f (x) Ko, (2, w5) dx)Kez(Wz,yz) dw

:/2/2K,al(ybW1)I(91(x1,W1)f(x)K92(x2, wa) dXK _g, (o, y2) dw
R2 JR

22
:/ / Cy C_g, €4 L-L cotfy—e1(x1-y1)w1 CSC91f(x)
1“-01
R2 JR2

¥ _ _ .
x C92 C_92 272 cotfy—ey (xa—y2)wa csc by dx dw

2 2 2
1 1 e1 o cotfy jejy1wi cscOp —e1x1wicschy er 1 cotfy
= — | 172 e e e ?
R2

2 ) |sinfsin6y| Jg2
x% =
x f(x)e—e2x2W2 cscby eez - cotby dxee2 —5= cott eezyzwz cscly dw.

Let w;csc6; = t;, then w; = Lei’ i =1,2. According to (3.3) and (3.4), we have

sin

(Hoy.0, © Foro) U HY)

2

7 1)* 7 3
—efl 2 cotfy / eelyltl / e—eltlxl 1 CO[Qlf(x)eEQ - cotdy e—eztsz
2 R2 R2

2
Y
% dxe®?2 Jte® —2 cotfy

—efl 2 cotfy ]:—1 (]:{eel 5 cotelf(y)eeg 5 cotty })eez —= cotty

=f(y).

Similarly we have (Fy, 0, © Ho,0,){f} =f. It means that Fy, 4, {f}(w) and Hy, o, {f}(W) are

inverse transformations of each other.

Next, we give some important properties of the two-sided FrQFT; we begin with the

shift property.
Theorem 3.3 Let f € LY(R%;H) and t = (t1,t,), the following property holds

F91,92 {f(x - t)}(W)
2
— eel 71 cotfy—etywy cschy ]:91,92 {eelyltl C0191f(y)e€2y2t2 cotby }(W)

)

t
2 _
x 27 cotby eztzwzcsc@.

Proof

]:(91 00 {_f(x - t)}(W)

- / Ky 1) (¢~ 0Ky e, )
R

Page 7 of 15
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JC%+W%
= Cg el 2 cotfy—e1x1wq cscelf(x _ t)
1
R2

2.2
x2+W2
x Cp,e™ 72

cotfy—exxpwo csc by dx

Letx; — t; =y, i=1,2, we have

]:91,92 {f(x - t)}(W)

1+t )2+w2
:/ Celeel%cotel—el(yﬁtl)wl CSC@lf(y)
R2

0/2+t2)2+w%
X ng eez e E— cotby—ey (yp+t2)wo csc by dY

g Rk
— el cotf)—etywy cscb C91 17 cotf)—e1y1 w1 cscHy o1 t cotelf(y)
R2
2

2,2
+W: t.
2 cot 6y —exyowo csc by eezyz ty cotby dyeez 72 cotby—extawy cschy

€y2
x Cp,e? 2

2
= efl %— cotfy—e1tywy csc f91,92 {eelyltl colQlf(y)eegygtz cotby }(W)

2

2
2 —
x %27 cotby eztzwzcsc92. 0

In the following theorem we give the differential properties of the two-sided FrQFT.
These conclusions are similar in nature to those of the classical FT, although they have

different forms.

Theorem 3.4 Let f € S(R%;H), then, for each component x; and ws with s = 1,2, the fol-
lowing relation is fulfilled:

Fo1,.0m { aa—f }(W)
K

—ej cotb Fp, g, {x1f HW) + eywy csc 01 Fp, 0, {fHW), s=1;
—cot O Fp, 0, {x2f HW)eg + wy csc 0o Fy, o, {fH(W)es, s=2.

Proof When s = 1, using integration by parts we have

of

-7:91,92 { 8—x1 }(W)

Cp, 172 9, €
1 2
8x1

RrR2
2.2
AWy o Of (X)
e cotf—ejx1wy csc 6
— Célel 5 1-e1xX1w1 12 C(Jz
RJR 0
2

2,2 2,.,2
X7 +W X5 +W;
_ / L1 cotf)—eqx1 wy cscOy af(x) C ez% cotfp—eaxawy csc by dx

X1

2
e x5 +wy
X e 2

cotfy—exxpwo csc by dxz

762+W2
_ e1 L1 cotf; —ey x1wi csc by X1=400
= C613 2 f(x) x1=—00
R

0 x%wv%
_/ (Cgﬁel 5 cotf —ejxwy cscoy )f(X) dx1
L
R

8x1
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ex%+w%cot9 egxXp Wy csc b
x 272 amearawa el gy,

K] x% +W%

- _ Az 8_xl (Celeel 5 cotth —exywy csco) )f(X)

2.2
e x5 +why
X e 2

cotbfy—epxywy csc by dx
= —ey cot &1 Fy, 0, {1 HW) + eywy csc 61 Fg, g, {f }(W).
Using a similar calculation, the conclusion is valid when s = 2. O

Theorem 3.4 describes the relationship between the two-sided FrQFT of the derivative
of a function f and the two-sided FrQFT of the function f itself.

Theorem 3.5 Suppose that f € S(R%H). Then we have

0 Fo{fIW) _ | [ws cot O, Fp, 9, {f 1 (W) — csc b, Fp, 6, {xf 1 (W)], s=1;

Iws [ws ot 0, F, 0, { }(W) = c5¢ 0s F g, g, {x:f Y W)]ea,  s=2,
or
(—el% sin6 + wy cos 01) Fg, 6, If (X))} (W), s=1;
Fo1.65 {xsf(x)}(w) = aa ' v
(_W sin6qe; + wy cos 0) Fp, g, (f X) W), s=2.
Proof The proof is similar to that of Theorem 3.4, so the proof is not given here. g

Theorem 3.5 describes the relationship between the derivative of the two-sided FrQFT
of a function f and the two-sided FrQFT of the function f itself.

Some important differential properties of kernel functions Kp, (x1,w;) and Kp, (x2, w2)
are stated in the following theorems.

Theorem 3.6 Suppose that f € S(R?;H),

0
Dy = a_xl —e1x1 cotéy,

0
Dy, = 8_962 — Xy cotbBrey.

Then

AT Ko, (21, w1) = €)' (=w1 csc 01)" K, (x1, w1),

AZ;I<92 (xz, W2) = (—W2 CSC 92)”’1(92 (xz, wz)eg’.
Proof By simple calculation, we have

Ny, Ko, (1, w1)
= (ex1 cotfy — eywy csc by — ey cot 1)Ky, (x1, w)

= —e;w; csc 61Ky, (%1, wr).

Page 9 of 15
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Then, by induction, assuming
Az_lKel (21, w1) = (—e1w; csc 91)m_11(91 (%1, w1)
is true, then

A Ko, (%1, w1)
= Ay, (A7 Ky, (%1, w1))
= Ay, ((—eywy cse 01)" 1 Ky, (x1, Wl))
= (—eywy csc0))" 7 Ay, Ky, (%1, w1)
= (—eywy csc 1) Ky, (x1, w1)

= e’f’(—wl CSC 91)m1<91 (xl, Wl).

Using a similar calculation, we can prove that the other equation is valid.

Theorem 3.7 Letf € LY(R? H), for any my, my € Z,, we have

AZ’? A;:;Z (I<91 (xl, w1 )1(92 (JCQ, Wz))

= (—wycsc6)™ e} Ky, (w1, w1)Kp, (%2, wa) (—wy csc 65) "2y

Theorem 3.8 Let f € L}(R% H),

X = Fy + e1xq cotby,
1

]
= Fy + Xy cotOres.

X xz

Then

Foroa{ D f W) = el (wy csc 1) Fy, 0, {F W),
Foro | Dof (W) = (wycsc62)" Fp, 6, {f H(W)ely.

Proof Using integration by parts we get

Foron | Dxf )} (W)

af (x)
=/ 1<91(x1xwl)_f Ky, (%2, wo) dx
R2 Bxl

+ / e1x1 cot 01 Ky, (x1, w1)f (x) Ky, (2, w) dx
RrR2

oo 0Kp, (%1, w1)
= f (Kol (e, ) (L%, = = () dxl)Kez (2, w2) doxs
R 1

+ ey cot01 Fy, o, {f 1 (W)

Page 10 of 15
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= (eywy csc ;) — eyx; cotbr) Fy, 0, {f H(W) + e1x1 cot 01 Fp, g, {f } (W)

= eyw; csc 01 Fy, 0, {f 1 (W).

Then, by induction, assuming

Fouon (B L} w) = (exws csc 00 Foy o {F}(W)

is true, then
—m _(m_ ) J—
Foron{ D f Y W) = Fop o (A, ! (D) Jw)

= (eywy csc 1) Fyy 0, {0, (W)

= (eyw; csc61)" Fo, 0, {f 1 (W).

Using a similar calculation, we can prove that the other equation is valid. O
Lemma 3.1 Suppose that f € S(R%H), A" = Z:lezz. Then, for any positive integers

my, msy, we have
Foron | B f (W) = (wi €5 61)™ (ws esc 6,)2€ Fy, 0, (f} (W)ey 2. (3.6)

Lemma 3.1 describes the relationship between the two-sided FrQFT of the derivative of
a function f and the two-sided FrQFT of the function itself.

Lemma 3.2 describes the relationship between the derivative of the two-sided FrQFT of
a function f and the two-sided FrQFT of (—ejx; csc61)™1f and (—x; csc 6;) ™2 fey 2.

Lemma 3.2 Suppose that f € S(R%;H),

AWI = a— —e1wr C0t91,
w1

ad
AWZ = 8—14/2 — Wy C0t9282.

Then, for any positive integers my, my, we have

f81,92 {(_elxl CSC el)mlf}(w)’ i= 1’

Awifﬁ,@z {f}(w) = iz .
Foro,{(—x2 csc0)™2fey > Hw), i=2.

Lemma 3.3 Suppose that f € S(R%;H) and AP = Ayl A2, Then, for any positive inte-

gers my, My, we have
A2 Fo o, I HW) = Foy 0, { (=01 e5¢01)™ (—x5 cs¢ 65) 2 € fey 2 } (w).
We will give the properties of inner and scalar products.

Theorem 3.9 Suppose that fi,f, € L>(R%H), fi.fo_ + fi_fo. = 0. Then we have

(]:91,62%}7;01,92{}(2}) = (fli 2)'
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Proof By the definition of the inner product and the definition of the two-sided FrQFT,

we get

(Foron (1Y (W), Fop 6, (2} (W)

- [ o I T )

- / ( f Koy G0y w2 )f (0K (32, 5) dx
R2 R2

X / I(gl(xl,wl)f(y)l(ez(xg,wz)dy> dw
R2

FT ot ) B ot "3 ot
— C91 g1~ 7 cotd-erxwy cse lfl (x)eez 5= cotf C eez 2 coty dx
R2 \JR2

X / C91
f//%
R2 JR2 JR2

X C92 C,92 e”

2
2 "%‘*‘W% ey Y2 cot ()
L cothy—epx1wy csc 91f1 (x)eez 5= cotby ng e’ 2 dy dw

00191 e1X] W1 CSC 91]( (

2,2 2,2
2+ LOAP)
5= COtfy—exxawy cscy e 2™ cotfy+epyaws csc by

2.2
—— _e JITMT
sz(Y)C-ele €] = cotf) +e1y1wy csco dxdy dW;

note that Cy, C_g, = 52,

/ C92 C_ezeez(yz—xz)wz cschy sz _ 8()’2 _ x2)’
R

then using the properties of §, we have

x27y2
/ Co, C0y8(y2 —22)e2 2 f5(y) dys = oy, %2).
R
So

(]:61 62{f1 }(w) ]:91;92{)(2 (w))

[ [

yl

cot91 —e1x1w] C“alf (x)fz()/hxz)

x C—éle uol91+ely1w1 cscoy dx dy1dW1

Now, let us write fifs = fisfor + fifo- + fisfo- + fifor-

Using the definition and properties of the function § and the well-known conditions
fisfo +fi_for =0, then, by Theorem 2.2, we get

(Finfi0) T £ = [ S VEIdy

= (f1.f2) O

Page 12 of 15
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In particular, when f; = f, = f, by Theorem 3.9, we immediately arrive at the following
conclusion. Of course, the following equality can also be proved to be true by the definition

of the norm.

Theorem 3.10 (Parseval identity) Suppose that f € L*(R%;H). Then we have

1oy = [ Fonn U} 2 ey (37)

Proof Using the definition of the norm

| For00 () ||I2,2(R2;H)

= ‘[Rz ‘I(gl (xl, Wl)f(X)I<92 (XQ, WQ)‘Z dx
= / [f(x)|2 dx
RrR2
= Hf”iZ(RZ;H)' D

From this conclusion, we can see that the two-sided FrQFT has norm-preserving prop-

erties.

4 The application of the two-sided fractional QFT
Next, we give an application of differential properties of the two-sided FrQFT in solving
partial differential equations.

Example. Find solutions to the following partial differential equations.

3 * d 5
(— + e1x1 cot91> y(x)(g + exxy cot@z) e’ —y(x) =f(x), (4.1)

8361 2

where f(x) is a known quaternion-valued function and y(x) is an unknown quaternion-
valued function.

Solution. Using differential properties of the two-sided FrQFT, we take the two-sided
FrQFT at both sides of differential equation (4.1). Then, by Theorem 3.4, we have

(exw1 esc01)* Fy, 6, {3(x) } (W) (eaws c5¢02)°8° — Ty 6, {1(x) } (W)
= f91,92 {f(x)}(W).

Then
[(w1cscO1)*(wy csc6,)® — 1] Fp, 0, {y(x) } (W) = Fop 0, {f () }(W).

That is,

For0 {y(x) (W) = For, [f ()} (w)

" (wycscH) (wqcscBr)5 —1°
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According to the Fourier inverse transform of the two-sided FrQFT, we can get

y(x)

1 { For6,{7()} (W) }

=F
162 | (w; csc b)) (wy csc6y) — 1

_ ]:91 ,02 {J’(x)}(w)
- /Rz Kooy (e, w1) (w1 csc ;)4 (ws cscby)® — 1

1(,92 (xz, W2) dx

- /R A Fi iy [0 WK 3, w2)

K_g; (x1,w1)

where A(W) = (w1 cscBq)*(wy cscy)®-1"

5 Conclusion
Using the basic concepts of quaternion algebra we introduced a two-sided FrQFT. Im-
portant properties of the two-sided FrQFT such as shift, differential properties, Parseval
identities were demonstrated.

But so far there are still some problems to be studied. Firstly, we mention the relation-
ship between the integral expression of the two-sided FrQFT of f when 0; = nwr and that
when 6; # nr. Secondly, we mention that applications of the two-sided FrQFT in signal

processing, non-marginal color image processing and electromagnetism etc. are not given.
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