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1 Introduction

Huang et al. [1] introduced the concept of cone metric spaces by using an ordered Ba-
nach space instead of a real number set and proved some fixed point results under cone
contraction conditions. After the publication of this article, a number of researchers con-
tributed their ideas to the problems on cone metric spaces by using different contractive
type mappings and spaces (see, e.g., [2—11] and the references therein).

Kramosil et al. [12] introduced a fuzzy metric space (FM-space) by using the notion of
a fuzzy set and some more notions derived from the one in ordered. These researchers
have compared the fuzzy metric notion with the statistical metric space and proved that
both conceptions are equivalent in some cases. Later on, the modified form of the metric
fuzziness was given by George et al. in [13] by using the continuous ¢-norm. After that, a
number of authors have studied and contributed their ideas to the problems on FM-spaces.
Some of their results can be found in [14—25] and the references therein.

Lopez et al. [26] introduced the Hausdorff fuzzy metric on a compact set for a given FM-
space and proved some properties for a Hausdorft fuzzy metric. Kiany et al. [19] proved
some fixed point results for set-valued mappings and an endpoint theorem in FM-spaces
by using contraction conditions. Some other properties and fixed theorems on multi-
valued mappings in FM-spaces can be found in [27-29].
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The concept of a fuzzy cone metric space (FCM-space) was given by Oner et al. in [30].
They established some properties and a fuzzy cone Banach principle theorem. Some more
topological properties, fixed point theorems, and common fixed point theorems in FCM-
spaces can be found in [31-37].

In this paper, we introduce the concept of multi-valued mappings in FCM-spaces and
prove some basic lemmas and a Hausdorff metric in FCM-spaces. Our result extends and
improves the result of Kiany et al. [19] and presents a set-valued fuzzy cone contraction
theorem in FCM-spaces. Moreover, we present some fixed point results via multi-valued
fuzzy cone contractions in FCM-spaces by extending and improving the result of Ali et al.

[27] and a rational type multi-valued fuzzy cone contraction theorem.

2 Preliminaries
Definition 2.1 ([38]) A binary operation *: [0, 1]*> — [0, 1] is called a continuous ¢-norm
if:

(i) = is associative, commutative, and continuous;

(ii) Yag,a1,bo, b1 € [0,1], then 1 % ay = ag, while ag * a1 < by * b1, whenever ag < by and

a; < b;.

The basic continuous ¢-norms are minimum, the product and the Lukasiewicz ¢-norms

are defined, respectively, as follows (see [38]):
agp * bo = Il’lil’l{(lo, bo}, agp * bo = ﬂob(), and ap * bo = max{ao + bo -1, 0}

Throughout this paper, a set of natural numbers is denoted by N and a real Banach space

is denoted by E. 0 represents the zero element of E.

Definition 2.2 ([1]) A subset P C E is known as a cone if
(i) P#0,closed, and P #{6};
(ii) If ag,bo > 0 and u,v € P, then agu + bov € P;
(iii) If both —u, ;0 € P, then = 6.

A partial ordering “<” on P C E is defined by u < vifand onlyif v—u € P. u < v stands
for u < v and pu # v, while u < v stands for v — & € int(P) and all cones have nonempty
interior.

Definition 2.3 ([30]) A 3-tuple (U, F,,, *) is known as an FCM-space if P C E is a cone,
U is an arbitrary set, * is a continuous ¢-norm, and F,, is a fuzzy set on U x U x int(P)
satisfying the following;
(i) Fu(u,v,t)>0,and F,, (1, v,¢) =1 if and only if pu = v;

(ii) Fp(u,v,t) = Fp(v, @, £);

(iii) F(u, ,t) % Fpy(w, v,8) < Fp(it, v, t + 5);

(iv) Fu(u,v,.):int(P) — [0, 1] is continuous
for all u,v,w € U and ¢, s € int(P).

Definition 2.4 ([30]) Let (U, F,,,*) be an FCM-space, u € U, and (u,) be a sequence in
U. Then
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(i) (my) is said to converge to w if, for £ >> 0 and 0 < r < 1, there exists n; € N such that
Fo(ty, i, ) >1—r, Vu>mn.

This can be written as lim,,_, o tt,, = i OF 4, — [, as 1 —> 0O.
(ii) (mn) is said to be a Cauchy sequence if, for £ > 0 and 0 < r < 1, there exists n; € N
such that

Fo(tms oy 8) >1 =1, VYm,n> ny.

(iii) (U, Fu,*) is complete if every Cauchy sequence is convergent in U.

Lemma 2.5 ([30]) Let (U, F,,, *) be an FCM-space. The following statements hold:
(1) Let € U and (u,) be a sequence in U. Then p, — w if and only if
limy,— 00 Fr(fns 1o t) = 1 for £ > 0.
(2) An open ball B(uo, r,t) with center o and radius 0 < r < 1 can be defined as follows
fort>6:

B(MOrryt) = {/.LG u;Fm(MO;M:t)>1_r}'

Let

Ty = {A CU:poeAiff30<r<1andt> 0 such that B(jo,1,t) CA}.
Then Ty, is a topology on U.
We recall the following definitions given in [27].

Definition 2.6 Let (U, F,,, *) be an FCM-space;
(i) A function g:U — R is said to be lower semi-continuous if, for any (1;) C U and

nel, u;— wimplies g(p) < limsup,_, . g(w;).

(i) A function g: U — R is said to be upper semi-continuous if, for any (1;) C U and
w e U, p; — p implies g(u) > limsup;_, o, g(u:)-

(iii) A multi-valued mapping G : U — 24 (2Y is the collection of all nonempty subsets
of a set U) is called upper semi-continuous if, for any u € U and a neighborhood B
of G(w), there is a neighborhood A of u such that, for any v € A, we have G(v) C B.

(iv) A multi-valued mapping G : U — 2Y is said to be lower semi-continuous if, for any
w1 € U and a neighborhood B, G(u) N B # ¥, there is a neighborhood A of u such
that, for any v € A, we have G(v) N B # (.

Definition 2.7 Assume that (U, F,,, *) is an FCM-space, u € U, and (i;);cn is @ sequence
in U. Then:
(i) asubset A C U is closed if, for every convergent sequence (u;) in A such that
i — p, we have u € A.
(ii) asubset A C U is compact if every sequence in A has a convergent subsequence in
A.
Throughout this paper, K({/) represents the set of all compact subsets of a set I and P(U)
represents the set of all nonempty subsets of a set U/.
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3 Some properties and a Hausdorff fuzzy metric in FCM-spaces

Proposition 3.1 Let (U, F,,,*) be an FCM-space. Then F,, is continuous on U? x int(P)
forevery t >0 (i.e., t € int(P)).

Proof Letu,v € U,t> 6,and (iu;, v;, t;); beasequence in X2 x int(P) converging to (i, v, £).
Since (F,(ui viyt))i is a sequence in (0,1], there is a sub-sequence (u;,, v;,, ;) of the

sequence (i, v;, t;); such that (Fy,(14,, Vi, ti,))n converges to a point in [0, 1]. Fix any ¢ > 0
such that ¢ < %, so there is iy € N such that |t — ;| < ¢ for all i > iy. Then we have

Fm(MiV,: ‘)in’ tin) > Fm(,U«in,M; 8) * Fm(u: v, t— 28) * Fm(‘): viypg)

— 1% F,(u,v,t—2¢8) %1 =F,(,v,t—2¢), asi— o0, t>0,

and

Fm(/‘cr v,t+ 28) = Fm(ur Min,g) * Fm(/‘cin: Viys tin) * Fm(vin’ v, ‘9)

— 1% Fp(uiy,, vi,» ti,) ¥ 1 = Fpy (i, vi» £,),  @si— 00,6 6.
Therefore, by the continuity of the function ¢ + F,,,(i, v, £), we can deduce that
F(u,v,t) = il_i)ToFm(uin, vi,,t;,) fort>>6.
Thus, F,, is continuous on U? x int(P). |
Lemma 3.2 Let (U, F,,, *) be an FCM-space such that
*ffiFm(u, v, 1) > 1, asi— oo, (3.1)
forall p,vel,t>60,and b > 1. Let (u;) be a sequence in U such that
Fon(Wis i1, at) > M1, i t)
forallie Nanda e (0,1). Then (;) is a Cauchy sequence in U.
Proof For everyie Nand > 6, we have that

1 1 1
Fm(/'Lir Mi+1s t) > Fm (Mil} Mis ;t) > Fm (Mm, Mi-1, ;t) > > Fm (/‘LO: M1, ;t)

Thus, for all i € N and ¢ > 6, we have
1
F(Wis i1, ) = F | oy f1, ;t .

_

Now, we choose a constant b > 1 and [ € N such that ab < 1 and Zj:l ﬁ = =

for k > iand ¢ > 6, we have that

< 1. Hence,

Fm(/'Liy 1293} t)
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1 1
Fm(ﬂuﬂk,<— bl” +m)t>
1 1
Fm (N« Mit1> 77 ) *Fm(ﬂi+1;ﬂi+27 Wt> OB *FWI(/'L/(DH’/(; Wt)
1 1
F| 1oy 41, —=5 zlbl * Fpy, Mo,erWt CRERE Y Mo,Mlymt

1
(“‘”’“’( by ) fn (“‘”‘“’( by >*"'*F’”<”“°’““Wt>

1
oo .
=% Fp (Mo,m, Wt> —1, asi— oo.

v

v

This proves that (u;) is a Cauchy sequence in U. O

Lemma 3.3 Let (U, F,,, *) be an FCM-space. Then, for every u € U, A € K(U) and t > 6,
there exists ag € A such that

Fu(u, A, t) = Fy (11, ao, t).

Proof Let u € U, A € K(U), and ¢ > 6. Then, by Proposition 3.1, the function v +—
F.u(u,v,t) is continuous. Thus, by the compactness of A, there exists gy € A such that

SUP Fm(ﬂ’ a, t) = Fm(lJ” ao, t);

acA

that is,

Fm(/‘L’Axt) ZFm(,LL,do,t). O

Lemma 3.4 Let (U, F,,*) be an FCM-space. Then, for all n € U and A € K(U), the func-
tion t —> F,,(1, A, t) is continuous on int(P), where t > 0.

Proof Since Fy(11,A,t) = sup, 4 Fn(i, a0, t) and for every ag € A, the function ¢ —
F,,(,a9,t) is continuous on int(P), it follows that ¢ —> F,,(u,A,t) is lower semi-
continuous on int(P). Now, we prove that t —> F,,(i, A, t) is upper semi-continuous on
int(P).

Let £ >> 0 and (¢); be a sequence in int(P) which converges to ¢. By Lemma 3.3, there
exists a; € A such that, forall j e N,

Fm(/JLyA; t}) = Fm(M; ﬂjy t])

Since A € K(U), there are a subsequence (a;,), of the sequence (;); and a point a* € A
such that a;, — a* in (U, F,,, *). Hence,

Fu(w.aj,,t;,) = Fm(pc,a*,t), as 1 — 09,
for t > 6. Now, by Proposition 3.1, we have that

Fpu(ts A, 6,) = Fu(w,a*,t) < Fu(,At), asn— oo,
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for £ > 0. Consequently, the function t —> F,,,(i1, A, £) is upper semi-continuous on int(P),

which concludes the required proof. d

Lemma 3.5 Let (U, F,,, *) be an FCM-space. Then, for every A € K(U) and B € P(U), there

exists a* € A such that
inf F,,(ao,B,t) = F,,(a*, B, t)
apgeA

fort>6.
Proof By putting 8 = inf, e Fin(ao, B, t), there is a sequence (g;); in A such that 8 + ]l >
Fu(a;, B, t) for all j € N. Since A € K(U), there are a subsequence (a;,), of (4;); and a point

a* € A such that a;, — a* in (U, F,,, *). Here, we choose an arbitrary point by € B. Now,

by Proposition 3.1, we have
F..(aj,, bo,t) = F, (a*,bo, t), as 1 — 09,

for t > 6. Since for all n € N and 8 + lln > Fu(a;,, bo, t). Then, by taking the limit n — oo,

we get
B>F, (a*,bo,t) = B=F, (u*, by, t) fort > 0. O

Proposition 3.6 Let (U, F,,,*) be an FCM-space. Then, for every A,B € K(U), t —>

inf «cq F(a*, B, t) is a continuous function in int(P), where t >> 6.
Proof By Lemma 3.4, t —> F,(a*, B, t) is a continuous function in int(P). Therefore, t —>
infxc4 F,(a™, B, t) is an upper semi-continuous function in int(P).

Now, we prove that ¢ —> inf «cq Fyy(a*, B, t) is lower semi-continuous in int(P). Let (),
be any sequence in int(P) such that (¢); — ¢ in int(P), where ¢ > 6. By Lemma 3.5, there
exists a; € A such that, forallj e N,

Fyu(a;B,4) = inf Ey, (a*,B,t)).

Since A € K(U), there are a subsequence (aj,), of (4;); and a point a; € A such that a;, —
ay in (U, F,,, ). Then, by Lemma 3.3, there exists b; € B such that

F,.(a1,b1,t) = F,,(ai,B,t) fort>0.
Now, by Proposition 3.1,
Fu(a;,,b1,t8,) > Fylai,by,t), asn— oo.
Therefore, for given é > 0, there exists ny € N such that, for all n > ny,

Fm(ah blr t) <8+ Fm(ajnrbl: tjn)'
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Hence,
inf F,,(a*,B,t) < Fy(a1,b1,t) <8 + Fyulaj,,B,t;,) = 8 + inf F,(a*,B,t;,)
a*eA a*eA

for all n > ny. Consequently, t —> inf+cq Fpu(a*, B, t) is a lower semi-continuous function

in int(P). It completes the proof. O

Remark 3.7 Note that Proposition 3.6 showed that, for any A,B € K(U), t +—
infy«cp F,i (A, b*, t) is a continuous function in int(P).

Hausdor{f fuzzy cone metric on K(U): Let (U, F,,, *) be an FCM-space. Then we define a
function Fy on K(U) x K(U) x int(P) by

Fiu(A,B, 1) = min{ inf E,,(A, b, £), inf F,,(a, B, t)} (3.2)
beB acA

forall A,B e K(U) and £ > 6.

Lemma 3.8 Let (U, F,,,*) be an FCM-space, n € U, A € K(U), B € P(U), and s,t > 6.
Then

Fu(u, Bt +5) > Fry(i,ay,t) * Fu(ay, b,s),
where a,, € A satisfies F,,, (i, A, t) = F (1, ay, t).

Proof First, we note that an element a,, € A satisfying F,,,(it, A, t) = F,,(1, a,, t) exists by
Lemma 3.3. Now, for every b € B, we have that

F (1, B, t +8) = Fp(, b, t +5) = F(, ay, t) * Fry(ay, b, s).
Thus, by the continuity of x,

Fou (1, B, t +8) = Fp(w,ay, t) x Fyy(ay,, b,s) fors,t>>6. O

Theorem 3.9 Assume that (U, F,,,*) is an FCM-space. Then (K(U), Fy,*) is an FCM-

space.

Proof Suppose that A, B,C € K(U) and s,¢ 3> 0. Then, by Lemma 3.5, there exist a* € A
and b* € B such that

inf F,,(ao,B,t) = M(a*,B,t)

apg€eA

and
inf F,, (A, by, t) = F,u (A, b*, )
boeB

for t > 0. Thus, Fy(A, B, t) > 0.
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In addition, we know that F;(A, B, t) = 1 ifand only if A = B, and hence Fy is symmetric,
that is,

Fr(A,B,t) = Fy(B,A,t) fort>0.
Moreover, we note that, by Lemma 3.8 and by the continuity of *, we have that
inf Fy,(ao, C,t +s) > inf Fy,(ao,B,t) % inf F,,(b,,, C,s)
apgEA ap€A apeA
for s,t > 6. Since {b,, : ap € A} € B such that
inf F,,(ba, C,s) > inf F,,(bo, C,s)
ag€eA boeB
for s > 0, we have

inf F,,(ag, C,t +s) > inf F,,(ag,B,t) *binfBFm(bo,C,s)
0E

ageA apeA
for s,¢ > 0. Similarly, we get that

c?échm(A’CO’t +58) > biOnEgFm(A,bo, ,b) * ciléchV”(B’ o, S).
It follows that

Fy(A,C,t +5s) > Fy(A,B,t) * Fy(B, C,s).
Finally, the continuity of the function ¢t —> Fy(A,B,t) on the cone is a direct conse-

quence of Proposition 3.6 and Remark 3.7. We conclude that (K(U), Fy, *) is an FCM-
space. |

4 Set-valued mapping results in FCM-spaces

In this section, we prove a fixed point theorem for set-valued mappings in FCM-spaces.

Theorem 4.1 Let (U, F,,*) be a complete FCM-space and G : U — U be a set-valued
mapping with nonempty compact values such that, for all u,v € U and t > 0,

FH(G,u, Gy, S(d(pc, v, t))t) > F,(,v,t) % F,(v, G, t), (4.1)
where § : int(P) — [0, 1) satisfies

limsupd(r) <1 forallt € [0,00]

r—tt

and d(u,v,t) = m — t. Moreover, we suppose that (U, F,,,*) satisfies (3.1) for some

o € U and 1 € Guo. Then G has a fixed point in U.
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Proof First, we notice that, if A and B are nonempty compact subsets of aset U and a € A,
then by Lemma 3.3, there exists b € B such that

Fn(A,B,t) <supF,(a,b,t) = Fy(a,b,t)
beB

for t > 6. Thus, given § < Fy(A, B, t), there exists a point b € B such that § < F,,(a, b, t).

Now, let us fix o in U and w1 € Guo. If Guug = Guy, then w; € Gup and i is a fixed
point of G. The proof is completed. Otherwise, we may assume that Gu # Gui. Then,
from (4.1), we have

FH(GM’O’ GMI»S(d(MO» M1, t))t) Z Fm(lu'Or M1, t) * Fm(l’l’ll Glu'O’ t) Z Fm(MO: M1, t)

for £ > 6. Since (1 € Gup and G is a compact-valued mapping, then again by Lemma 3.3,
there exists o € Gu; such that

Fm(ﬂl: M2, t) Z Fm(:u/l, MZ’(S(d(Iu'O’ M1, t))t)

= sup Fy(p1,7,8(d(po, 1,0))2)
reGu1

> Fiu(Grao, Gy, 8(d(tho, 111, 8))2) = Fon(pro, pa, )

for t > 6. Similarly,
Fou(fha, b3, t) = Fou(it, o, ) fore>> 6.

By induction, we choose a sequence (i4,,),>0 in U such that u,, € Guy—1. If Giuy-1 = Gy, for
some #, then i, € Gu,, and so u,, is a fixed point of G. The proofis completed. Otherwise,
we may assume that Gu,,—1 # Gu,,. Then from (4.1) we have

Fm(/JLn’ Mn+ls t) Z Fm (/’Lm Mn+1s S(d(lfbn—l: Mns t))t)

= sup Fm(:umrrfs(d(,un—l:ﬂmt))t)
reGuy

> FH(GMn—l; Gl'Lnr S(d(//bn—b Mns t))t)
> Fonfbn-15 tns £) % Fry(ih, Glo-1, 2)

Z Fm(/“n—ly Mons t) fOI' t >> 9~

Hence, (Fy(ttn> ns1,t))n is @ nondecreasing sequence. Thus, (d(ity, tns1,t))s is a positive
nonincreasing sequence, and so it is convergent to some constant, say £ > 0. Recall that

lim sup 8 (d(in, pns1,£)) < limsup§(e) < 1. (4.2)

n—00 e—tt

Then there are 8 < 1 and #y € N such that

8(d(pn i1, D) < By V1> 1g, £33 6. (4.3)
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Since F,, (i, v,.) is nondecreasing, we have from (4.1) and (4.3) that, for £ > 0,
Fon(tns tnsrs BE) = oy (lons thna1, (A1, s ))2) = Fin(tnets tns £)-
Thus, we get that
Fon(Wns ns1s BE) = Fin(Wn-1, nt)  fort>>06.

Hence, by Lemma 3.2, we conclude that (u,) is a Cauchy sequence in U. Since (U, F,, *)
is complete, there exists u# € U such that

lim F,,(nu,t) =1 fort>0. (4.4)

n—00

This implies that
lim d(w,,u,t)=0 fort>6.
n—00

Therefore,

limsupé(d(un,u, t)) <limsupé(e) < 1.

n—00 e—>0%

Then there exists 8 < & < 1 such that

lim supé(d(/l,,,, u, t)) <& fort>0.

n—o0

Now, we have to show that « € Gu. Since u,.1 € Gu,, one writes

Fo(ni1, Gu, t) > Fr(Giay, Gu, &t)
> F(Gin, Gu, Bt)
> FH(G/L,,, Gu, 8 (d(pn u, t))t)
> Fon(Wn, t, ) % Fpy(u, Gy, t)

> F(n tt, t) % Fpy(ty s, 8) > 1x1=1, asn— o0,
for t 3> 6. Hence, we get that

lim sup F,(iys1,7,t) =1 fort>>6.

n=>0 reGu

Thus, there exists a sequence (r,,) in Gu such that
lim F,,(pp,ryt) =1 fort>> 0. (4.5)
n—00

Now, by Definition 2.3(iii), we have that

Fr(¥ps 16, 2) > Fppi(¥is fons ) % Frp (i, 1, t) - fort>>0, (4.6)
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for each #n € N. By using (4.4), (4.5) together with (4.6), we can get

lim F,,(r,,u,2t) =1 fort>0.

n—00

This implies that lim,,, o 1, = u. Since r, — u and r,, € Gu, using the fact that Gu is closed

and compact, we get u € Gu. g
Without § mapping directly, we can get the following two corollaries from Theorem 4.1.

Corollary 4.2 Let (U, F,,, *) be a complete FCM-space and G : U — U be a set-valued
mapping with nonempty compact values such that, for all u,v € U and t > 0, it satisfies

FH(G:L’Lr G, ,Bt) sz(Mrvrt)*Fm(er/'L! t)! (4'7)

where B € (0,1). Furthermore, we assume that (U, F,,, x) satisfies (3.1) for some jo € U and
1 € Guo. Then G has a fixed point in U.

Corollary 4.3 Let (U, F,,*) be a complete FCM-space and G : U — U be a set-valued
mapping with nonempty compact values such that, for all u,v € U and t > 0, it satisfies

FH(G/J" Gl), ﬁt) = Fm(/J" v, t)r (48)

where B € (0,1). Furthermore, we assume that (U, F,,, *) satisfies (3.1) for some juo € U and
1 € Guo. Then G has a fixed point in U.

5 Multi-valued contraction results in FCM-spaces
In this section, we present some fixed point results for multi-valued contractions in FCM-
spaces. Further, we present a fixed point theorem for rational type multi-valued contrac-
tions. We present some illustrative examples.

Let G: U — 2Y be a multi-valued map. Consider g(u) = F,, (i, G, t) for t > 6. For
o € (0,1), we take the set

Ji ={v € Gu; Fpu(pa, v, 1) = Foul, G, ) }. (5.1)

Theorem 5.1 Let (U, F,,,*) be a complete FCM-space and G : U — K(U) be a multi-
valued map. If there exists a constant B € (0, 1) such that, for any u € U, there is v € j%, so
that

F.(v,Gv, Bt) > Fpu, v, 1) x Fry(v, G, t) (5.2)

for t > 0. Suppose that (U, M, x) verifies (3.1) for some o € U. Then G has a fixed point

in U, provided B < a and g is upper semi-continuous.

Proof Since G(u) € K(U), by Lemma 3.3, J/* is nonempty for all 4 in &/ and « € (0,1). Let
us fix o in U, so there exists @y € J9, that is, u; € Guo such that

F(i1, G, Bt) = Fu(jno, 1, £) * Fru(per, Greo, £) = Fr(po, p1, )



Page 12 of 19

Rehman et al. Journal of Inequalities and Applications (2021) 2021:110

for £ > 6. Similarly, for u; in U, there exists u, € J/1, that is, uy € Gu, which satisfies

m(MZ’ GMZ: IBt) = Fm(ﬂl’ M2, t) * Fm(MZ» GMI’ t) > Fm(“«l’ M2, t)

for £ > 6. By induction, we obtain a sequence (i;);>0 in U such that there exists p;1 € Jo',

that is, i1 € Gu;, which satisfies
m(MHl: GMHI: ﬂt) = Fm(ﬂi: Mi+1s t) * Fm(NHl: GMD t) = Fm(ﬂz’: Mi+1s t) (53)

for £ > 0. On the other hand, u;,1 € J4*, which gives that
Fouis this1, ) = Fr(i, Gy, at) - for £>> 0. (5.4)
From (5.3) and (5.4), we get that

(i1, Glis1, BE) = Fr(ti; Gy, at)  for t >0,

ie.,
(5.5)

o
Fru(tis1, Glir1,t) > Fpy (Mi’ Gui, Bt) fort>>6.

Leta= g, then (5.5) can be expressed as follows:
1 1
(i friv1, ) = Fon| i1, Wi ;L‘ > Fo| Mi-25 i1 ;L‘ >

1
>F, (Mo, H15 —it)
a

fort>6,ieN, and a € (0,1). Choose a constant b > 1 such thatab<1and ) 7, 7 < 1

(5.6)

ie,zl Ll Then, for all j > i, we get that

n=i pn

1 1 1 1 57
E+hi+1+" m+m t<t, ()

where i,j € N. Then we have

l 1 1 1
Fm(/'Lir s t) > Fy, Mis M}r b le R F + F

t t
= Fm </’Lh Mi+1s E) * Fm (Mi+11 Miv2, 777 b”’l (M] 1 Mj» bj_l)
>F, - F, t
m MO:MI:( b)l MO::UVI!( l’))“’l Hos L1, (ab)y-1

o0 F ) ’ 11 [ ’ .
> #02 ( (Mo 1 @ b)”))ﬁ asi— 00 (5.8)

for t > 0. By Lemma 3.2, it is proved that (u;) is a Cauchy sequence in U. Since U is
complete, there exists u € U such that u; — p as i - co. In view of (5.3) and (5.4), it
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is clear that g(u;) = F,,,(ti, Gy, £) is an increasing function and converges to 1. Since g is

upper semi-continuous, we have

1> g(u) > limsupg(u,) = 1.

n—00

This implies that g(u) = 1, so that F,,(u, Gu, t) = 1. Hence, by using Lemma 3.3, we get
that u € Gu. Hence, the proof is completed. O

Corollary 5.2 Let (U, F,,,*) be a complete FCM-space and G : U — K(U) be a multi-
valued mapping. If there exists a constant B € (0,1) such that, for any u € U, we have
v e jt with

Fin(v, Gv, Bt) > Fiu(p, v, t) (5.9)

for t > 0. Suppose that (U, F,,, *) satisfies (3.1) for some o € U. Then G has a fixed point
in U provided that 8 < a and g is upper semi-continuous.

In a special case, we get the following corollary of Kiany et al. [19].

Corollary 5.3 ([19]) Let (U, F,,*) be a complete FCM-space and G : U — K(U) be a
multi-valued map. Suppose that there exists 8 € (0,1) such that

FH(GIUH G, ﬂt) sz(M: \),t) (510)

forall n,v € U and t > 0. Moreover, assume that (U, F,,, ) satisfies (3.1) for some o € U
and (1 € Guo. Then G has a fixed point in U.

Remark 5.4 Corollary 5.2 is the generalized form of Corollary 5.3. Suppose that G satisfies

the conditions of Corollary 5.3, and if g is upper semi-continuous, then from (5.10) we
obtain, forany u € U, v € Gu,and £t > 6,

F,,(v,Gv, Bt) > Fy(Gu, Gv, Bt) > F,,(t, v, t)

for t > 6. Hence, G verifies the conditions of Corollary 5.2 and the existence of a fixed

point has been proved.

In the following (Example 5.5), we show that Corollary 5.2 is the generalized form of
Corollary 5.3.

Example 5.5 Let U = {%, %,..., %,...} U {0,1} and the fuzzy metric F,, : U? x (0,00) —
[0,1] be defined as

where d(u,v) = | —v|,Vu,v e U,t > 0.

En(uov,t) = —
,U, = 71
it t+d(v)

Then (U, F,,, %) is a complete FCM-space, where # : [0,1]? — [0,1] is defined as a * b = ab.
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Let the multi-valued mapping G : U — K(U) be defined as

Guu = {31} ifu=gfori=0,
0,3} ifu=0.

Since

. . 1 , . t
il_l)r;lo*ffiM(u,v,tb’) :M(i,o, tb’) = lim %S

imoo St 4 L

=1,

this shows that G satisfies (3.1). Moreover,

1 ) pt Bt
FH(G<?)’G(°)”3 t) " B HGR),GO)  prel

and

F(10t)_ t ot
T\ tvd(L,0) e+ L

There does not exist any 8 € (0, 1) such that Corollary 5.3 is satisfied. If it exists, then we
get

t __ Bt
t+1/3 ~ Bt+1/3

This implies that 8 > 371, which is a contradiction. On the other hand,

1 : 1
t T =g,
g(1) = Fu(t, G(), t) 3 3

Tt+dnG) o ifu-o,

is continuous and so there exists v € J4 for any u such that
1

d(v,G(v)) = %d(,u,,v) < %d(,u, V) = ;d(v, Gv) <d(u,v).

Hence, there exists 8 = % < % such that

F(vG(v)gt)— s _ A S
"\ B ) T 2 a0, 6) Tt 20, G) Tt d(y) T

Then, by Corollary 5.2, we can get the existence of a fixed point of G in U.

Now, we will deal with rational type multi-valued contractions in FCM-spaces. For this,

let G : U — 24 be a multi-valued map. Define g(i) = F,,.(t, G, £) for £ > 6. For a € (0, 1),
define the set

1 1
Jr=lveGu— -1< .

“1l<— 1 5.11
Fu(u,v,t) 7 Fpu(u, Gu, at) (511

Page 14 of 19
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Theorem 5.6 Let (U, F,,,*) be a complete FCM-space and G : U — K(U) be a multi-
valued map. If there exists a constant B € (0, 1) such that, for any u € U, there is v € j* so
that

1 1

EF.(v,Gv,Bt)  ~ Fu(Gu,Gv,pt)
F,.(w,v,t) % F,,(v,Gv,t)

< -1 5.12
= F.(u, Gu, t) * F,,(u, Gv, 2t) * F,,(v, Gu, 2t) ( )

for t > 0. Suppose that (U, F,,, *) satisfies (3.1) for some po € U. Then G has a fixed point
in U provided that 8 < a and g is upper semi-continuous.

Proof Since G(u) € K(U), by Lemma 3.3, we have that /% is nonempty for any u in U and
a € (0,1). Let us fix o € U, so there exists 1 € /4. Then, by (5.12), for £ > 0,

1 1
_1< _
Fm(/’Llr G/‘Llrﬂt) - FH(GI’LO’GMl’t)
< Fm(MOJMI:t)*Fm(MI)G/’LI)t) _1
- Fm(MOy GMO! t) * Fm(:qu G,Uq, 2t) * Fm(“’l: GMO: Zt)

Fm(ﬂlx M2, t) _
= Fu(po, p2,28)

by using Definition 2.3(iii) and F,, (10, b2, 2t) > F,,(1to, 41, ) % Fi (i1, o, t) for £ >> 0. After
simplification, we get that

1
-1 <
Fm(/'LlyG/'LI),Bt) Fm(MO)/‘LI:t)

-1 fort>6.

Again for u; € U, there exists p, € /1. In view of (5.12),

! “1< ! -1
Fn(p2, G, Bt) Fr(Gpiy, Gy, t)
- Fon(per, 2, t) % Fp(ho, Gua, t)
= Fu(uy, Gy, t) x Fu(i1, Gaa, 2t) * Fr(2, Gy, 28)
- Epn(pao, 3, t) ‘
= (i, 3, 2t)

Again by Definition 2.3(iii), F,, (11, 3,2t) > Fu(e1, ha, £) * Fy(pea, 3, £) for ¢t >> 6. After
simplification, we get that

1

-1=< -1 fort>0.
Fm(IJ’ZI GMZ;ﬂt) Fm(MIrMZ:t)

Similarly, by induction, we obtain a sequence (1;);>0 in U such that there exists w1 € J&",
then by (5.12)

1 1
-1<—— -1 fort>0. (5.13)
Fp(iiv1, Glbist, ﬂt) Fru(tis Miv1, t)
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On the other hand, by (5.11) and j;,;, € J&",

1

——1l<—— 1 fort>6.
Fu(Wis is1, E) Fu(i, Gy at)
From (5.13) and (5.14), we can obtain

1
Fru(iv1, GlLiva, BE)

- Fm(“i’ G/*Li’at)
for t > 0, that is,

1 1
_1< _
Fp(iv1, Glis1, E) = Fu(i, Gy, 5

fort>0.Leta= g, then (5.15) can be expressed as follows:

1 1
N P .
Fyn(1is is1,2) Fo(pica, i 5)

1

= Fu(po, 1, ﬁt)

< .<———— 1 fort>»0,
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(5.14)

(5.15)

(5.16)

0o 1

for all i € N and a € (0,1). Choose a constant b > 1 such that ab < 1 and ano <1l ie,

p & < 1. Then, for all j > i, we get

1 1 1 1 et
pipa gt )b
where i,j € N. Then we have

1 1

-1 < T
Fm(“ir“j:t) 72

1

Fm(l’LuM];t(ﬁ + bl% 4+ -+ e + ﬁ))

(5.17)

-1

<
T Euliti isty 37) % Fon(fi, isa, 3ier) % -+

1

-1
<% Fpo1, 14, 1)

<
- Fm(MO: "1, ﬁ) *Fm(MO»Ml’ W) * -

1
= o [ &ty
*2i (10 11, (ab)”)

for t > 6. By Lemma 3.2, we have that

lim Fp(uipjpt) =1 fort> 6.
1,]—>00

-1
-* F (o, 1, W)

(5.18)

It is proved that (u;) is a Cauchy sequence in U. Since U is complete, there exists u € U
such that u; — pasi — oo.Inview of (5.13) and (5.14), it is clear that g(u;) = F,, (i, Gitsr t)
is an increasing function and converges to 1. Since g is upper semi-continuous, we have

1=limsupg(u,) <g(u) <1.

n—00
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This implies that g(u) = 1, so that F,,(i, Gu, t) = 1. Hence, by using Lemma 3.3, we get
that u € Gpu. a

Directly from Theorem 5.6, we get the following corollary.

Corollary 5.7 Let (U, F,,,*) be a complete FCM-space and G : U — K(U) be a multi-
valued map. If there exists a constant € (0, 1) such that

1 1

— 1< —-1 5.1
Fm(U,GV)/Bt) S Fm(,U«; V)t) ( 9)

forall p,v € U and t > 6. Moreover, assume that (U, F,,, ) satisfies (3.1) for some o € U
and py € Guo. Then G has a fixed point in U.

Example 5.8 Let U ={0.4,0.42,...,0.4%,...}U{0,1}. Let G: U — K(U) be defined as

{0.44,1}, if u =04, fori>0,

Gu =
{0,0.4}, ifu=0.
Since
lim *2°M (i, v, ') = M(0.4',0,¢%/) = lim L A
i»oo /7 T T i~oo 17D + 0.4 ’

which shows that G satisfies (3.1). By a direct calculation as discussed in Example 5.5, we
get B > 0.4"! which is a contradiction to the fact that 8 > 0.4 — 0, as i — oo, where
B € (0,1). On the other hand, we define

()= E GOt t 0471, if u = 0.4/,
808 = Fnl1a Gl t) = Gy = 0,  ifu=0.

It is continuous and so there exists v € J; for any u such that
d(v,G(v)) = 0.3d(1,v) < 0.5d(u, v).

That is,

d(v,Gv)
0.5

<d(u,v). (5.20)

Hence, there exists 8 = 0.5 < 0.8, and from (5.20) we get, for £ > 6,

1 d(v,Gv) - d(u,v) 1

1= = -1.
F,,(v,G(v),0.5¢) 05t — ¢t F.(u, v, )

Then the existence of a fixed point follows from Corollary 5.7.
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