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1 Introduction

Let H; and H, be two real Hilbert spaces, whose inner product and norm are denoted
by (-,-) and | - ||. And let C; and C, be two nonempty closed convex subsets of H; and
H,, respectively. Recall that the mapping 7": C; — C; is nonexpansive if || Tx — Ty|| < [lx —
y|| for all x,y € C;. We denote the fixed point set of T by Fix(T) = {x € C; : x = Tx}. If
T is nonexpansive, then Fix(T) is nonempty, closed, and convex. Next, we consider the

following three kinds of problems, which are paid attention to in our paper.

Problem 1 (Hierarchical fixed point problem (HFPP)) In 2006, Moudafi and Mainge [23]
introduced and studied the following hierarchical fixed point problem (in short HFPP) for
a nonexpansive mapping 7" with respect to another nonexpansive mapping S on C;: Find
x € Fix(T) such that

(x—Sx,y—x) >0, VyeFix(T), (1)
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which amounts to saying that x € Fix(7T') satisfies the variational inequality depending on

a given criterion S, namely, find x € C; such that
0 € (I - S)x + Nrix(r) (%),

where I is the identity mapping on C; and Nrix(r) is the normal cone to Fix(7') at x defined
by

{ue Hy: (y—x,u) <0,Vy e Fix(T)} ifx € Fix(T),
Nrixr) (%) =
otherwise.

We know that the hierarchical fixed point problem links with some monotone varia-
tional inequalities and convex programming problems, see [39] and the references therein.
In 2007, Moudafi [22] introduced the following Krasnoselski—-Mann algorithm for solving
HEPP (1):

Xpe1 = (1 —ay)x, + ayy ((ry,Sx,, +(1- a,,)Tx,,),

where {«,} and {0, } are two real sequences in (0,1).
On the other hand, in 2011, Ceng, Anasri, and Yao [8] proposed the following iterative
method:

Xp+l = Pc[Oln,OU(xn) + (I_QHMF)(T(yn))]’

where U is a Lipschitzian mapping, and F is a Lipschitzian and strongly monotone map-
ping. Under some approximate assumptions, they proved that the sequence {x,} generated
by the above iterative algorithm converges strongly to the unique solution of the varia-
tional inequality

(pU(x) — uF(x),y —x) >0, Vy e Fix(T). )
Note that HFPP (2) is more general than HFPP (1).

Problem 2 (Split equilibrium problem (SEP)) Let H be a real Hilbert space and C be a
nonempty closed convex subset of H. Let F be a bifunction of C x C into R, where R is the
set of real numbers. The equilibrium problem(in short, EP) for F: C x C — R is to find
x € C such that

F(x,y) >0, VyeC, (3)

which was introduced and studied by Blum and Oettli [3]. It contains many problems, such
as fixed point problem, variational inequality problem, Nash equilibrium problem, opti-
mization problem, and complementarity problem as special cases, see, e.g., [1, 2, 20, 31]
and the references therein. In 1997, Combettes and Hirstoaga [15] introduced an iterative

scheme of finding the best approximation to the initial data when a set of solutions (3) is
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nonempty and proved a strong convergence theorem. We denote the solution set of EP (3)
by EP(F) = {x € C: F(x,y) > 0,¥y € C}.

Recently, Kazmi and Rizvi [21] considered the following split equilibrium problem (in
short, SEP): Let F; : C; x C; — R and F, : C, x Cy — R be two nonlinear bifunctions and
A : H; — H, be a bounded linear operator, then the SEP is to find x* € C; such that

F, (x*,x) >0, Vxe(C; (4)
and
E(y,y) >0, VyeG, (5)

where y* = Ax* € C,. The solution set of SEP (4)—(5) is denoted by I' = {p € EP(F;) : Ap €
EP(F)}. This formalism is also the core of modeling of many inverse problems arising in
phase retrieval and other real word problems, for example, in sensor networks in com-
puterized tomography, in intensity-modulated radiation therapy treatment planning, and

data compression, see, e.g., [5, 6, 12—14] and the references therein.

Problem 3 (System of variational inequalities (SVI)) Let C; be a nonempty closed convex
subset of H; and A, B: C; — H; be two mappings. Ceng, Wang, and Yao [11] considered
the following problem which finds (x*, y*) € C; x C; such that

(MAY  +x* -y ,x—x") >0, Vxe(, ©)
(AoBx™ +y* —x*,x—y") >0, VxeC.

Problem (6) is called a general system of variational inequalities, where A; >0and A5 >0
are constants. In 2015, Jitsupa et al. [19] introduced the following system of variational
inequalities in a Hilbert space Hj, that is, finding 7 € C1(i = 1,2,...,N) such that

(ANBnXY + X7 —x3,x—x7) >0, Vx € Ci,
(AN-1Bn-1%N_1 + Xy —XN_ X —xN) =0, VxeCy,
(7)

(AaBoxy + x5 — x5, —x5) > 0, Vx e Cy,

(MB1x} + x5 — %7, 6 —x5) >0, Vx e Cy,

which is called a more general system of variational inequalities, where A; > 0and B; : C; —
H; is a nonlinear mapping for all i € {1,2,..., N}. The solution set of SVI (7) is denoted by
GSVI(Cy, B)).

In view of these different three kinds of problems, there are some new research results
on numerical algorithm in the recent literature. Under the setting of uniformly convex Ba-
nach spaces, in [27-30], the Thakur three-step iterative process in the context of Suzuki-
type nonexpansive mappings or generalized nonexpansive mappings enriched with prop-
erty (E) was studied, and a comparative numerical experiment was performed with the
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visualization of some convergence behaviors. In [25], an S-iteration technique for find-
ing common fixed points for nonself quasi-nonexpansive mappings was developed, and
convergence properties of the proposed algorithm were analyzed. And in [17], a hybrid
projection algorithm for a countable family of mappings was considered, and the strong
convergence of the algorithm converging to the common fixed point of the mappings was
given. Very recently, Dadashi and Postolache [18] constructed a forward—backward split-
ting algorithm for approximating a zero of the sum of an «-inverse strongly monotone op-
erator and a maximal monotone operator. They proved the strong convergence theorem
under mild conditions. Especially, they added a nonexpansive mapping in the algorithm
and proved that the generated sequence converged strongly to a common element of the
fixed point set of a nonexpansive mapping and the zero point set of the sum of monotone
operators. They also applied their main result both to equilibrium problems and convex
programming.

On the other hand, Ceng et al. [9] introduced a hybrid viscosity extragradient method
for finding the common elements of the solution set of a general system of variational
inequalities and the common fixed point set of a countable family of nonexpansive map-
pings and zero points of an accretive operator in real smooth Banach spaces. Moreover,
they [10] proposed an implicit composite extragradient-like method based on the Mann
iteration method, the viscosity approximation method, and the Korpelevich extragradient
method for solving a general system of variational inequalities with a hierarchical varia-
tional inequality constraint for countably many uniformly Lipschitzian pseudocontractive
mappings and an accretive operator in a real Banach space. In [36, 38], Yao, Postolache, and
Yao suggested a projected type algorithm and an extragradient algorithm for finding the
common solutions of two variational inequalities and the common element of the set of
fixed points of a pseudocontractive operator and the set of solutions of the variational in-
equality problem in Hilbert spaces, respectively. In [35, 37], Yao et al. introduced iterative
algorithms for solving a split variational inequality and a fixed point problem that requires
finding a solution of a generalized variational inequality whose image is a fixed point of
a pseudocontractive operator or a fixed point of two quasi-pseudocontractive operators
under a nonlinear transformation in Hilbert spaces. In [33, 34], Yao et al. constructed iter-
ative algorithms for solving the split feasibility problem and the fixed point problem, the
split equilibrium problems and fixed point problems involved in the pseudocontractive
mappings in Hilbert spaces and proved their strong convergence.

Inspired and motivated by the above research work, we suggest an iterative approxima-
tion method for finding an element of the common solution set of HFPP (2), SEP (4)—(5),
and SVI (7) involved in nonexpansive mappings. To our best knowledge, there is no fur-
ther study on finding the element of the common solution set of HFPP (2), SEP (4)—(5),
and SVI (7). When the mappings take different types of cases, we can obtain a corollary
on the common element of the set of fixed points of a nonexpansive mapping, the solution
set of a variational inequality and an equilibrium problem. So, our results presented here
are new and very interesting.

The paper is organized as follows. In Sect. 2, we recall some concepts and lemmas which
are needed in proving our main results. In Sect. 3, we suggest an iterative algorithm for
solving the three different kinds of problems and prove its strong convergence. At last, the

conclusion is given.
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2 Preliminaries

In this section, we list some fundamental results that are useful in the consequent analysis.
Let H be a real Hilbert space, C be a nonempty closed and convex subset of H.
Then, for all x,y € H, the following inequalities hold:

e =yl = %l = 171 = 2(x =290, e+ x> < x> +2(y,x + ).

A function F : C x C — R is called an equilibrium function if it satisfies the following
conditions:

(Al) F(x,x)=0forallx € C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) limsup, o F(tz + (1 -t)x,y) < F(x,y) forallx,y,z € C;

(A4) for each x € C, y —~ F(x,y) is convex and lower semi-continuous;

(A5) Fixr>0and z € C, there exists a nonempty compact convex subset K of H and

x € CNK such that

1
F(y,x)+ —(y—x,x—-2) <0, VyeC\K.
r

Lemma 2.1 ([16]) Assume that F : C x C — R is an equilibrium function. For r > 0, define
a mapping R, r: H — C as follows:

1
R, p(x) = {zeC:F(x,y)+ ;(y—z,z—x) >0,Vye C}

forall x € H. Then the following hold:
(B1) R, is single-valued,;
(B2) Fix (Rr) = EP(F) and EP(F) is a nonempty closed and convex subset of C;
(B3) R, is a firmly nonexpansive mapping, i.e.,

”Rr,F(x) - Rr,F(y) || 2 = (Rr,F(x) - RV,F(y)’x - y>: Vx;y eH.C

Lemma 2.2 Let F: C x C — R be an equilibrium function, and let R, r be defined as in
Lemma 2.1 forr > 0. Let x,y € H and ry,ry > 0, then

r

1Ry ) = Ry r )| < lly — Il + | R e @) = 5]

-n

ry

Lemma 2.3 ([32]) Let {a,} be a sequence of nonnegative real numbers such that
ape1 < (1 —ap)a,+8,, n=>0,

where {a,,} is a sequence in (0,1) and {8,} is a sequence in R such that

o0 o0
3n
(i) o, = 00; (i) limsup— <0 or [6,,] < 00.
; ! naoop oy Z "

n=1

Then lim,_, o a, = 0.

Page 5 of 22
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Lemma 2.4 Let P¢ denote the projection of H onto C. It is known that Pc is nonexpansive
and the following inequalities hold:

|Pcx — Pcy||® < (x—y,Pcx — Pcy), Vx,y € H,
= ylI* = llx = Pcxl® + lly - Pcxl|®, VxeH,yeC,

2
| =) = (Pcx = Pcy)|” = llx = ylI*> = |Pcx — Peyll®>,  Vx,y € H.

Lemma 2.5 If B is an a-inverse-strongly monotone mapping of C into H, and A € [0, 2],
then I — \B is a nonexpansive mapping.

Proof For any w,u € Cj, we have

|1 = 2Byw - (I = 2B)u|)* = | (w — u) = A(Bw — Bu)|*
= |lw—ul||> - 2x(Bw — Bu, w — u) + A%||Bw — Bu||?
< |lw—ul* + A(A — 2a)|| Bw — Bu||*
<lw-ul?
which implies that / — AB is nonexpansive, completing the proof. d
Lemma 2.6 ([7]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let

B; : C — H be an wa;-inverse-strongly monotone mapping, where i € {1,2,...,N}. Let G :
C — C be a mapping defined by

G(x) = Pc(I = ANBn)Pc(I = An—1Bn-1) - - - Pc(I — A2B2)Pc(I — 1By )x, VxeC.
Ifr; €[0,20;],i=1,2,...,N, then G : C — C is nonexpansive.

Proof Pllttil’lg Ti = Pc(I - )\lBl)Pc(I - )"i—lBi—l) s Pc(l - szz)Pc(l - )"IBI): i= 1, 2,...,N,
and 7T° = I, where [ is an identity mapping on C. Then G = TV. For all %,y € C, we have

|G@) - GO)| = | TVG) - TV )|
= | Pell = anBN) TN = Pl = AnBN) TNy |
< || = anBN) TN % = (I - AnBN) TN |

< “ TN—lx _ TN—ly”

< lx-yl.
Then G is nonexpansive, which completes the proof. d

Lemma 2.7 ([8]) Let U : C — H be a t-Lipschitzian mapping, and let F : C — H be a k-
Lipschitzian mapping and n-strongly monotone mapping, then, for 0 < pt < un, uF — pU

Page 6 of 22
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is (un — pt)-strongly monotone, i.e.,
((WF = pU)x = (WF — pU)y,x—y) = (un - p7)|x - [ Vx,y€C.

Lemma 2.8 ([26]) Supposethatl € (0,1) and u > 0. Let F : C — H be a k-Lipschitzian and
n-strongly monotone mapping. In association with a nonexpansive mapping T : C — C,
define the mapping T" : C — H by

T (x) = T(x) - \uFT(x), VxeC.

Then T* is a contractive mapping with |1 < i—g, that is,

| "%~ Ty <@ =)z -yl, VayeC,
wherev =1-./1- u(2n — nk?).

Lemma 2.9 ([24]) Each Hilbert space H satisfies the Opial condition, that is, for any
sequence {x,} with x, converging weakly to x, the inequality liminf,_, - ||x, — x| <
liminf,_, o |x, — ¥ holds for every y € H with y # x.

Lemma 2.10 ([4] Demiclosedness principle) Let C be a closed convex subset of a real
Hilbert space H, and let T : C — C be a nonexpansive mapping. Then I — T is demiclosed
at zero, that is, x, converges weakly to x,x, — Tx, — 0 implies x = Tx.

3 Main results

Theorem 3.1 Fori € {1,2}, let H; be a real Hilbert space, C; be a nonempty closed convex
subset of H;, let F; : C; x C; — R be an equilibrium function. Let A : H — H, be bounded
linear operators with their adjoint operators A*. Let B; be &;-inverse-strongly monotone,
respectively, where i € {1,2,...,N}. Let F : C; — C be a k-Lipschitzian mapping and n-
strongly monotone, and let U : C; — C; be a t-Lipschitzian mapping. Let S,T : C; — C;
be two nonexpansive mappings such that ® = I’ N Fix(G) N Fix(T) # ¥. For a given xy € C;
arbitrarily, let the iterative sequences {u,}, {y,}, and {x,} be generated by

Up = Ry, py (X0 + Y A* (R, F, — 1)Axy),

Yn =P, (I = AnBN)Pc,(I — An-1Bn-1) - - - Py (I — AyBo) Py (I — A1 By)uy,
Zn = BuSxn + (1= Bu)yns

Zne1 = Pey [anpU (xn) + (I = oty uF)(T (20))],

where {r,} C (0,00),y € (0,1/L4),L4 is the spectral radius of the operators A*A. Suppose
that the parameters satisfy 0 < . < i—g, k>n,0<pt<v,wherev=1-,/1-pu2n - uk)?,
and {a,}, {B.} are the sequences in (0, 1) satisfying the following conditions:
(i) limyoay =0and Y ooty =00, 3 oo |ty — o] < 00;
(i) imsup, o ¢* =0, By < ay(n>1) and 3°.2, |Bu1 = Bul < 00;
(i) liminf, o7y >0, > ooy [Fue1 — | < 00.
Then the sequence {x,} generated by (8) converges strongly tow € ©.

Page 7 of 22
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Proof Letp € ©,i.e,peT,thatis, p=R,, r (p) and Ap = R, r,(Ap). For convenience, we
split the proof into several steps.

Step 1. We show that {x,}, {u,}, {y.}, {z,} are bounded.

First, by (8) and the expansiveness of R,, r,, we estimate

ltn = pI? = | Ry, (% + YA*Rr i, = DA,) - p|°
= ”an,Fl (xn + VA*(an,Fz - I)Axn) - an,Fl (P) ”

< [ + yA* Ry, 5, - DA%, —p|?

2

= %, — plI* + 2 ”A*(R,n,p2 - DAx, ||2 + 2y<xn - A Ry, — I)Ax,,). 9)
It follows from the definition of L4 that
V2| A* Ry, £, ~ DA%, |

=y?((Ry,,p, — DA%, AA*(Ry,, p, — ) Ax,)

2
= LAVZ || (an,Fz - [)Axn H . (10)
By using Lemma 2.4, we have

Zy(x,, - ARy, F, — I)Axn>
= 2V<A(xn _p)r (an,Fg - I)Axn)
= 2V<A(xn —P) + (an,Fz - I)Axn - (an,Fz - I)Axm (an,Fz - I)Axn>

= 27 {(R,,, 1A%y — A, Ry, — DAR,) = | (R, = DA%, |*)

<20 {3 | R = DA - |Ror, - D5 |
= ¥ || R, = DA (11)

From (9)—(11) and y € (0,1/L,) it follows that

ity = pII” < %0 = PI” + ¥ (Lay = D[Ry, 5, = DA, | < It = pI*. (12)
It follows from (8), (12), and Lemma 2.6 that we have

1y = Il = | Ty = Tp| < Ny = pll < %, — Pl (13)
Next, we prove that the sequence {x,} is bounded. Note 8, <«, foralln > 1. Put V, =

wnpU(,) + ([ = autE)(T(), )
from (8), we get

l€ns1 = pll = HPC1 [anpu(xn) + (I_anﬂF)(T(Zn))] —P”
=y “pu(xn) - uF(p) ” + ” (I_OlnﬂF)(T(Zn)) - (I—OlnMF)(T(p)) ”

= a,|| pU(x,) - pU(P) + (0U - nF)(p)



Zhao et al. Journal of Inequalities and Applications (2021) 2021:111 Page 9 of 22

+ || = auptF)(T(24)) = I — ctuuF) (T (p)) |
< @, pt % = pll + au | (0U = nF) (@) || + (1 = ayv)liz, - pll
< oupt s = pll + | (pU — WF)(p) ||
+ (L= auv) | BuSxn + (1= Bu)yu — p|
< auptllxn - pll + o | (oU - uF)(p) |
+ (1= ) (BallSxn = Spll + BullSp — Il + (1 = B Iy — pll)
< auptll%y = pll + || (pU - wF)(p)|
+ (1= ) (Bullxn — Il + BullSp = pll + (1= Bu) x4 — pll)
< (1= an(v = p7)) %0 = pll + ]| (U = nF)(p) |
+ (1 —auv)BullSp - pl
< (1 - an(v = p1)) s = pll + ou | (U = LE)®)| + BallSp - Pl

< (1=au(v = p1)) %0 — pll + (]| (0U = E)P)]| + 1Sp - pII)

< (1= au(v - p7)) s — pll + %‘p‘;”(n (oU - uF)P)| + ISP - pIl)
< max{nxo -pl, #(H (pU - uF)(p)| + ||Sp—p||)}. (14)
V—pT

So {x,} is bounded, and consequently we can deduce that {u,}, {y.},{z.} are also
bounded.
Step 2. We will show the following:

@  lim [l —xll = 0; (b)  Lim [luy — x4l = 0; () lim [lu, —yul =0.
n—00 n— 00 n—00

Noting u, = R, r, (%, + YA*(R,,r, — DAx,) and u,,_1 = R, | r,(xp-1 + YA*(Ry,_, 5, —
1Ax,_1), from Lemma 2.2, we have
”Mn —Up-1 ”
= ”Rr,,,Fl Vn — an—lvFl Vn-1 ||
=< ||xn —Xp-1t+ VA* [(Rr,,,,Fz - I)Axn - (an,l,Fz _I)Axn—l)] ||

-1

+|1- ”an,p1 (x,, + YA Ry py — I)Ax,,) =%, — YA* (R, r, — A%, H

Y
=< ”xn —Xp-1— VA*A(xn - xn—l) ” +y HA* H ”an,FzAxn - Rr,,_l,FzAxn—l ”

n-1
+1-2

8n—1
T'n

1
2 2, 2044 213
< {en = %0112 = 2 1A, — A%t |17 + Y2 1AL 00 — 2021117} 2

Tn-1 Tn-1
1- 1-

+ v Al { 1A%, — Axpr || + 8n-1

”an,FzAxn _Axn ” } +

n n

1
< (X -271A1 + V2 IAI*) 2 190 = 21 | + Y AN 190 = 201
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Yu-1 n—1
+1-2 1--2

vIAllou-_1 + Sn-1

n n

-1
1-—

= %0 = X1l + (Y I1All0wr + 851, (15)

n

where

’

8n1 = || Ry (%0 + YA* Ry 5, — DA) — (%0 + YA* Ry, 5, — )Axy)

Op-1= ”an,FzAxn = Axy|l.
So, from Lemma 2.6, we have

”yn —Vn-1 I = || G(un) - G(un—l)” <y — vtp |l

n-1

< =Xl + |1 = (y||A||Gn—1 + én—l)' (16)

n

Then from (16) we get

”Zn —Zn-1 ” = ||/3nsxn + (1 - ﬂn)yn - ;Bn—lsxn—l - (1 - ﬂn—l)yn—l ||
< ,Bn”xn _xn—IH + |,3n - ,Bn—1|(||5xn—l|| + ||yn—1||) + (1 - ﬂn)Hyn _yn—IH

= ,Bn”xn _xn—IH + |ﬂn - ﬂn—l|(”5xn—1” + ||yn—1||)

Ty
+(1- ,Bn){ 1 = 2 ]| + |1 = 2 (Y IlAllow-1 + 5n-1)}
-1
< 1% = x| + |1 - (Y IAllGu-1 + 84-1)
+1Bn = Bua | (IIS%n-1 [l + [1yn-11l). 17)

Next, by Lemma 2.8, we estimate

%1 = %
= || PclVal = Pc[ Vil
< ot (U (xn) = U(xn-1)) + (s — @1 pU (1) + (I = 2y i) (T (20))
— (I = aupuF)(T(25-1)) + (I = ubF)(T (25-1)) = (I = €ty s F) (T (251)) |
< T [1%y = 2 || + ey — | (| pU G 1) | + | F (T (200)) )

+ (1—(1”1))”2”—2”_1”. (18)
From (17) and (18), we get

”xn+1 _xn”
< aupTl%n = X1 | + ety =t | (| UG- | + | LE (T (201)) )

n-1
1-

(VI1Allos1 +841)

+(1- an”){ oy — %1l +
n

Page 10 of 22
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+1Bn = Buoal (I1S%n-1 [l + 1121 II)}

< (1= = p)an) s = xur | + ety — et |([| o U@n1) || + | LF (T (20-1)) |)

-1

+|1- (VAN +85-1) + 181 = Buca (1%l + I 2na )

n

1
<(1—(1)—,01’)(1,,)”967,—96,,_1”+M |an_an—l|+;|Vn—l_rn|+|ﬁn_ﬁn—l| , (19)

where M = max{sup,.(loU®,-D)Il + ILF(T(Zua))l),sup,oq1(VIAllOwa + 84-1),
sup,- 1 (IS%-11l + lzs-111)}. And ¢ is a real number such that 0 < & < r,. So, it follows from
Conditions (i)—(iii) and Lemma 2.3 that

lim ||%,1 — %,] = 0. (20)
n—0o0
Next, we show that lim,,_, o ||, — x| = 0. In view of (8), (9), (12), and (13), we obtain

%01 = pII* = (PclVal = p, %1 = p)
= (Pc[Val = Vi, PclVul = p) + (Vi =, X1 = p)
< (au(pU () = WF(P)) + (I — it F)(T (2,))
— (I = auuF)(T(p)), %1 — P)
= (e (U(xn) = U (D)), ns1 — p) + au{pU(p) = WF (), %1 = p)
+({( = anpF)(T(2n)) = (I = ctu it F)(T(p)), %ns1 — p)
< @, = pll1%na1 = pll + au{pUp) = LE(p), i1 — p)

+ (L= anv)llzn = pllllxna —pl

a,pT
= 5 (”xn —P||2 = l%ns1 —P||2) + Oln(PU(P) — WE(p), %11 —P)
(1 —Olnl))
+ T(llzn =plI* = %1 = pI%)
(1 —-oa,(v-p1))
s lwa - pI* + au(pU(p) — WF (D), %ni1 — p)
n 1_ n
= I + (—;‘”)nzn -l
(1—0a,(v-p1))
=l =pII” + aulpU(p) = LE(p), Xni1 — p)
Ay PT 2 (1—-a,v) 2 2
T”xn -pll”+ T(ﬂn”sxn —pI?+ (@ =B)lyn—pI?). (21)

From the above inequality and (12), (13), we get

o,PT 2a
%01 = pII* < ————— 1% — plI* + ——————(pU(p) — LF(p), %n.1 — p)
1+a,(v-p1) 1+a,(v-p1)

(1 - anv)ﬂn
1+a,(v-p1)

(1-a,v)(1- Bn)
+ -

1+a,(v-p1)

1S%, = pII?

{196 =PI + ¥ (Lay = 1| Ry, 5, = DA% ||*)

Page 11 of 22
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o,PT 20,
< ———— % —plIP + —————(pU(p) - LF(p), %1 — P)
1+a,(v-p1) 1+a,(v-p1)
(1 —Olnl)),B

————|ISx, = pII” + |xn - pII>
1+a,(v-p1)

(1-a,v)(1- ,Bn)
+ -

1+ Oln(l) _ ,OT) {V(LAV - 1)“ (an,Fz —I)Axn ||2}’ (22)

which means that

%{m —Lay) | Ry, - DA%, |}
oupT

T 1+a,(v-p1)
(1—a,v)By
1+au(v—p1)

%, — plI* + (pU(p) = WF(P) %1 — p)

n
1+a,(v-p1)

2 2 2
5%, = pII” + 1% = II” = %01 — P

Pt

%, — pII* + )<pU(p) ~ WE(D), Xps1 — )

T 1+a,(v-p1) 1+a,(v-pt

+ BullSx = pII* + (Ilxn =PIl + 191 =PI %001 = 2. (23)
Since «,, — 0, B, — 0 and lim,,_, » [|%,.s1 — %, || = 0, we obtain
lim || (Ry,,.r, — )Ax,| =0.
n—00
And since R,, r, is firmly nonexpansive, from (8) we get

Nl = pII?
= Han,Fl (xn +yA*(R,, F, _I)Ax”) —PH2
= ”an,Fl (xn +yA* (R, F, — I)Ax”) —Ry,5(p) H2

< (un —p %y + YA* (R, — A%, —p)

1
= 2 e =l + |0 + Y A* Ry, = DA, -p|?

_ H Up—p— [x,, +yA*(R,, r, — )Axy, —p] HZ}
1
2
- “ Uy —Xp — VA*(an,Fz —DAx, ||2}

1

= 5{||un =pII” + 1% =PI + 2y (%0 — p, A*(Ry,, p, — DAK)

+ 12| A*(R,, £, — DA%, |

Al = pII® + %0 + yA* Ry, 5, = DA, p|)?

— [l1tt = 21 = 29 (1 = %y A*(Ry, 5, = DAZ) + ¥ 2| A* Ry, 5, — DA%, | ]}
1
= 5{||un =pI? + %0 =PI + 2y (1 — P, A* (R, 1, = DAR) = st — %011}, (24)

which implies that

= pI* < 1% = pII* = llttn = 201> + 2 | Aty = D) | | Rpr, — DAXs | (25)



Zhao et al. Journal of Inequalities and Applications (2021) 2021:111

So, from (21) and (25) we have

”xn+1 —P||2
_ Q-an(v—p7))
- 2
oypPT

* 5 1% -l +

- (1-au(v - p1))
- 2
1-a,v)
2oV
2

+ 27/ ||A(Lt,, —P) || ” (an,Fz - I)Axn ”)}’ (26)

%41 = pII* + ulpU @) = LE (D), Xni1 — P)

(1—-oyv)

5 (BalISx, = pII* + (1 = Bl - plI®)

o, PT

%1 = PI* + an(pU(p) = WE D), Xni1 — p) + %, — pII?

{ﬁn”sxn —P||2 + (1 _ﬂn)(”xn —P||2 - ”un _xn”2

which implies that

[%ne1 = pII?
o,PT 2«
< ————— % - pI* + —————(pU(p) — LF (), %ns1 - p)
1+a,(v-p1) 1+a,(v-p1)
(1-a,)B (1 -a,v)(1-pB,)
——— 18w, — plP + {0 — I — e — %l
1+a,(v-p1) 1+a,(v-p1)

* 2)/ ||A(u” _p) || || (anf2 - I)Axn H }

o,PT 2«
- % = plI> + ——————(pU(p) — WF(p), %ns1 — p)
1+a,(v-p1)

D
T 1+a,(v-p1)
(1 _an‘))ﬂn
1+a,(v-p1)

+ (1-a,v)(1- ,Bn)

1+a,(v-p1)

152, = pII* + Nl = plI®

(=Nt = xall* + 27 | At - p)|| | Ry, = DA% }. (27)

Hence

1-a,v)1 -8,

2
1+a,(v-p1) et =%,
XnPT 2 20,
<— n — {(pU —uF Xpal —
S Traw oo P T T U ) — kE@) 5 - p)
(1—0[,,\})‘3”
Tro oo 1% = pI* + 2 = pI” = 2 - pII”
1+O{n(])—p-[)
2(1 —a,v)(1 - Bu)y
A n— Rr -DHA "
* 1+a,(v-p1) ” (u ]9)” ”( Fy — D)AX H
XnPT 2 20,
= lw—pl"+ —————{pU(p) - LE(p), Xn1 -
S Tra—pn) o P+ T U@~ @) )
(1—05,,\)),3,,

———[1Sx, = pII” + (1% =l + [%ne1 = PII) 1ns1 — %l (28)
1+a,(v-p1)

Page 13 of 22
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Since lim,_,oo 0y = 0,1im, o0 By = 0,lim, 0 %1 — %4l = 0,andlim, o0 |(Ry, 5, —
I)Ax,|| = 0, we have

lim |, —x,| =0.
n—00
Then, by Lemma 2.5 and Lemma 2.6, we obtain

| 7N, - Tp |
= || Pey (7 = AN BN) TN "1y, = Pey (I = AnBy) TV ||
< | = AnBa) TNy — (I = ABy) TN p
< | 7w, = TN 'p|| + 2Oy = 260) | BN TN s - By TN p|?
< llun = plI* + imi —28)| BT wy ~ BT p)®
1;1
< lon = pI? + Y Ai(hi = 260) | BT w - BT p| . (29)

i=1

From (21), we obtain

||xn+1_p||2
XnpPT 2 20,
Tra.(v_pr) "™ ———"(pU(p) — KF (D), %1 —
1+an(v_pr)llx pl +1+an(v_pr)<p (p) — KE(), %1 — )
(1-a,v)B,
1S%,, - pI?

1+a,(v-p1)

(1-a,w)(1 - By) {
+ A ——

N
Tra(—pn |10 =2I*+ D ki —26) BT wy —B,»T"-lp||2}

i=1
Pt

20,
%, = plI* + —————(pU(p) — LF(p), Xps1 - )

T 1+a,(v-p1) 1+a,(v-p1)

(1 - an‘))ﬂn

—— 1Sk, — plI?
el SR

y Q=)A= B) [N, o mid it 2
+ [lx, = pll +m{2%(kz—2§z)|‘BlT y— BT 'p| }» (30)

i=1

which implies that

N
(1-a,v)(1 -8, [ZMQ&' ~ ) ||BiTi_1u,, —B,-Ti_lp”Z]
i=1

1+a,(v-p1)

o,PT

2 Qy
_— X, — +— (U — uF X _
< Tra—pn lwn(v_pr)(p (p) = WE(p), %1 — )
1-a,v)B
Sy = pI” + [ =PI = 1~ I
1+a,(v-p1)
a,pT

2
o
S el L]

Page 14 of 22
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20,
+ m(ﬁu(ﬁ) — WE(Pp), %ni1 —P)
1-
Mi"vwnll&cn =pI? + (In = pll + %ns1 = PI) 1950 — X |- (31)
1+a,(v-p1)
Since lim,,_, o0 &0, = 0,1im,,, o B, = 0 and lim,,_, oo [|X41 — %, || = 0, we have
lim ||B;T"'u, - B;T" 'p| =0.
n—0oQ
By Lemma 2.4, we obtain
Iy —pII*
= |7V - T
= | Pcll = 2nBN) TN iy = Pell = AnBN) TV )
< (= BTN uy — (I = 2nBN) TN p, TN w,, — TN )
1
= 5 (=1 + [ = 2B Tty = (1 = 2y B) TN |
— | = 2B TN sy = (= 3B TN p = (TN w, - TVD) )
1
< 5 (= pI+ | TV = TN p?
| TNy = TNwy + TNp = TN 'p = an (BN TN ', - BN TN ') ), (32)

which implies

Iy - plI®

= [ - T

- H TNy, — TNu, + TNp - TN_lp - AN(BNTN_IL{" —BNTN_lp) ||2
= | TN u, - TN_IpH2 — | TN, - TNu, + TNp - TN"IpH2
— 32| BNTN My - BTN |

+ 2AN<TN’1L¢,, TNy, + TNp - TN’lp,BNTN’lu,, —BNTN’lp)
< Tty = TP | TNty — TNwy 4 TNp - TN

+ 2 || TNy = TNy + TNp = TN ' p| | BTN 't — BN TN . (33)
By induction and (12), we have

N
Iy =PI < 2w —pI> =Y | Tty — Tl + Tp — T 1p
i=1
N

+ szi” T, — Ty, + Tip - Ti_lp” ”BiTi_lu,, —B,-Ti‘lp”. (34)
i=1
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It follows from (21) and (34) that we have

”xrﬁ—l —p||2
@ PT 2 20[,,
S T oo (o o) = Up) - WED), Xpe1 —
_1+oz,,(v_pf)”x 2l +1+an(v—,or)<p (B) = RE (), %ni1 P)
(1-a,)B, (1 -a,w)1-A8,) ,
L S A AA Sl .2 -
* 1+a,(v-p )|| Pl + 1+a,(v—p1) %, = pll

N

_ Z” Ti"lun - Tiu,, + Tip - THp”2

i=1
N

i=1
ayPT 2 n
<— % - +—_
T 1+a,(v-p1) Ll 1+a,(v-p1)
(1-a,v)B
Sk — plI? + [l — I
1+a,(v-pt)

3 2|| T 7wy = Ty + T'p = T p| | BT iy - BT }

(pU(p) — WF(p) %ns1 — P)

s (1 —a,)d - By) { Z” TV — Ty + Tip — T p)

1+a,(v-p1)

N
i=1

which implies

(1-a,)(1 —m[ al

pT)

1+a,(v-p1) o
%llx —p||2+ M
“1+a,(v-pr) " 1+a,(v-
(1—0[,,\)),3,,

1+a,(v-p1)

Lﬂx —p||2+
“1l+a,(v-p1) " 1+a(

(1 - anv)ﬁn
PR Sl
1+a,(v-p1)

1-a,v)1 -8
+ —_—
1+a,(v-p1)

X ||BiTi_1u,, - BiTi_1p|| }

Since lim,,_, o0 &t = 0, lim,,_, o0 B, = 0 and lim,,_, o0 |B; T 1, — B T p||?

lim ” T, — Thu, + T'p - T 1p”

n—00

-pT

152, = pII* + 1 = plI* =

3 2| Ty = T'uy + T'p = T p| | BT iy - BT }

Z” T, — Tlu, + Tip - Ti"1p||2}

(PU(P) - MF(P)’xml —P>

2
lne1 =PIl

)( U(p) — nF(p), %1 —P>

152, = pII> + (126 =PIl + %01 = P11 1% = 2 |

N
:Z 2A,»|| Ty, — Thu, + Tip - Ti’1p||
i=1

=0, we have

Page 16 of 22
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From (37), we obtain

N
i3l = | 70, ~ TV, = 3| T, = Tty 4 Tip - T1p
i=1

, (38)

which means lim,,_,  ||#4,, — ¥ || = 0. Note lim,,_, » [|24,; — %, || = 0,1im,_, o |26 — ¥ || = O, then
we have lim,,_, ||, — ¥, || = 0. Since T'(x,) € C;, we have
s = T | < 1%n = parll + |01 = T |

= 1% = % | + | Pey [Vl = Pey [T ()] |

< Ntn = x| + [l n(0U ) = WE(T () + TOm) = Tn) |

< Nt = Xt | + o || pU ) = E(T () || + 1170 —

< 0w = Zowaa [l + 0t | U ) = WE(T G| + [ BuS + (1= By —

< N = x| + o || pU (%) = E(T () |

+ Bull Sty — xull + (1 = B) 1y — %l

Noting that lim,,_, o @, = 0, lim,,— 00 B, = 0, limy,—, o0 ||%, — ¥ || = 0,and limy,—, oo ||%y41 — % || =
0, we have lim,,_, o, ||x,, — T'(x,)|| = 0.

Step 3. We show that z € F(T). Assume that z ¢ F(T). Since %,, converges weakly to z
and Tz # z, by Lemma 2.9, we have

liminf ||x,, — z||
n—0o0

<liminf|x,, — Tz|| < liminf(||x,, — Ty, || + | %, — Tz||) < liminf ||x,, — 2|,
n—00 n—0o0 n—00

which is a contradiction. Thus, we obtain z € F(T). To prove the convergence of the se-
quence {x,}, we need to prove the following conclusion, that is, the sequence {x,} gen-
erated by (8) converges strongly to w, which is the unique solution of the variational in-
equality

(pLI(w) —,uF(w),x—w) <0, Vxe0.

In fact, noting that u,, = R’n.ﬁ (%, + )/A*(R,WE2 —Ax, and

1 1 .
Fi(u,y) + — (Y — Uy, Uy — %) — —<y — U, YA Ry, Fy —I)Axn) >0, Vyed(C.

n r}’l

From the monotonicity of F;, we have

1 1
(y —tn, YA* (R, F, _I)Axn> +—(y =ty —%n) = F1(y,un), VyeCy,

T T'n

and

1 o — Xn:
——y =t YA* R, £, — DAx,) + <y— Up,» l ’> >Fi(y,u,), VYyeC.
Yy ! T,

nj nj
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Since |lu, — %41 = 0, |(Ry,,,5, — )Ax,|| — 0, we get {u,,} converges weakly to z. By (A4),
we know Fy(y,z) <0,Vye Cy. Lety, =ty + (1 - t)z, t € (0, 1], it follows from y € Cy, z € C;
and the convexity of C; that F(y;,z) < 0. So, from (A1), (A3), and (A4), we have

0=Fi(y,y:) <tFri(y1,9) + 1 = )F1(y1,2) < F1(y1, ).

Therefore Fi(z,y) > 0,Vy € C;. This is z € EP(F}).

Next we show that Az € EP(F,), since |lu, —x,| — 0, there exists a subsequence {x,, } of
{x,} such that {x,, } converges weakly to z, and since A is a bounded linear operator, {Ax,, }
converges weakly to Az. Setting @, = Ax,, _ank B A%y, it follows tfrom lim,, . oc [|(Ry,,F, —
DAx,|| =0 that limy_, o @, = 0. By Lemma 2.1, we have

1
Fo(Axy, — @y, 9) + r—(y — (Axy, — @), (A, — @) —Axnk) >0, VyeG,.
i

Since F, is upper semicontinuous in the first argument, taking limsup to the above in-
equality as k — 0o, we have F,(Az,y) > 0, Vy € C,, which means that Az € EP(F), so
z € T'. Next, we claim that z € Fix(G). From Lemma 2.6, we know G = T" is nonexpansive,
and

Iy = Gyull = | TNt = TNy || < Nt = yull-

It follows from lim,,_, oo ||, — %, || = 0 and lim,,_, oo [|%,, — ¥ || = O that lim,,_ o ||y, — Gyl =
0. Furthermore, we get

%0 = Gxull < %0 = Yull + 10 — GYull + 1GYn — GXl

=< 2||xn _yn” + ”yn - Gyn”r
which implies lim,_, « ||x,, — Gx,|| = 0. Then, by Lemma 2.10, we obtain z € Fix(G). Thus,
we have z € ©. Observe that the constants satisfy 0 < pt <vand k > 5, from Lemma 2.7,
the operator uF — pU is un — pt strongly monotone. Then we get the uniqueness of the

solution of the variational inequality and denote it by w € ©.
Last, we show that x,, — w. Note that

lim sup(p U(w) — uF(w),x, — w)

n— 00

= limsup(,ou(w) — uF(w), %, — w) = (pL[(w) - uF(w),z - w) <0,

i—00

and

%1 = wil?
= (Pc[Vi] = W, %1 — W)
= (PclV] = Vi PclVy] = W) + (Vs = , 1 — W)
<(an(pU(xn) = uFW)) + (I = 0wt F)(T(24)) = I = it F)(T(W)), X1 — )

= (an:o(u(xn) - U(W))7xrl+1 - W) + Oln(,OU(W) — E(W), %41 — W)
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+ (I = @uitF)(T(20)) = (I =yt F)(T(W)), 41 = W)

< 0Pt %y = Wl %01 = Wl + et pU W) = LW (W), %01 — W)
+ (1 —auv)llzn — willl%n — wl

< Tl = Wil %01 = Wil + an(pU (W) = uF (W), %01 — W)

+ (1= au){Ball S = SWIl + BullSw = wil + (1 = B) 1y = wll %01 = wll

IA

T % = Wl |%ne1 — Wl + Oln(pU(W) — WE(W), %ps1 — W)

+ (1= ) {Balln = wll + BullSw = wil + (1= )% = wll |1 = wl]

(1= au(v = pO) 150 = Wl llns1 — Wil + @l pU (W) — WE (W), %041 — W)
+ (1= au)BullSw— wll | %y — wll

_ (I-au(v-p7))

= 5 (”xn - W||2 + %41 — W”Z) + O[,q(pU(W) — WE(W), %41 — W>

+ (1 - ()[,,V)ﬂnHSW - W” ||xn+l - W”;

which implies that

1-a,(v-p1) o
%1 = Wl < —————lltn — w||* + —————(pU (W) — WF(W), %ps1 — W)
1+a,(v-p1) 1+a,(v-p1)
2(1 _anv)ﬂn

————||ISw—w|| |1 = W
ooy 5w Wl = v

< (1=an(v - p1)) 2, = wl®

20,(v — pT) { 1

1+a,v-p7)|v- pT(PU(W) — UWE(W), %1 — w)

(1-a,v)B,

[Sw = wllll%n1 —wl }
an(v - p1)

Let oy, = |l%n — W||27 ¢n = o, (v — IOT) and

n

_ 2a,(v - p1) 1
N 1+an(v—pr){v—p
(1 _anv)ﬂn
(v = p7)

. (pU (W) = WE(W), %pi1 — W)
Sw = willxn = wll }
Then the above inequality turns into the following:

Opnsl = (]- - ¢n)0n + @n.
From Conditions (i) and (ii) of Theorem 3.1, we have

¢, — 0(n — o0) and

2 1
lim sup P _ lim sup { (,ol,[(w) — WF(W), %41 — w)
nsoco ®n nsoo 1+a,(v—p1)|V-pT
1 -ay,v)
L6ty - i} <0,
C(n(V—,OT)
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Then all conditions in Lemma 2.3 are satisfied, thus we can get 0, — 0 (1 — 00), that

is, x, = w (n — 00). This completes the proof. g

Corollary 3.1 Fori € {1,2}, let H; be a real Hilbert space, C; be a nonempty closed convex
subset of H;, let F; : C; x C; — R be an equilibrium function. Let A : H — H, be bounded
linear operators with their adjoint operators A*. Let By be & -inverse-strongly monotone. Let
F : Cy — Cy be a k-Lipschitzian mapping and be n-strongly monotone, and let U : C; — C;
be a t-Lipschitzian mapping. Let S, T : C; — C; be two nonexpansive mappings such that
© =T NFix(G) NFix(T) # . For given xy € Cy arbitrarily, let the iterative sequences {u,},
{yu}, and {x,} be generated by

Up = Ry, py (0 + YA* (R, F, — DAx,),

Yn =Pc, (I — A B1)uy,

Zn = BuSxn + (1= Bu)yns

Fne1 = Pey [anpU (%) + (I = oty F)(T (20))],

(39)

where {r,} C (0,00),y € (0,1/L4), L4 is the spectral radius of the operators A*A. Suppose
that the parameters satisfy 0 < i < ’;’—;’, k>n,0<pt<v,wherev=1- \/m,
and {a,}, {Bu) are the sequences in (0, 1) satisfying the following conditions:
(i) limyooay =0and d oeoot, =00, 3 oo |ay 1 — ] < 00;
(i) limsup,_, o, g—: =0,and By < a,(n>1), > 72 |Bu1— Bul < 00;
(i) Hminf, o7y >0, Y ooy [Fpe1 — 1| < 00

Then the sequence {x,} generated by (39) converges strongly to w € ©.

Proof Putting N =1 in Theorem 3.1, we can conclude the desired conclusion directly. [

4 Conclusion

In this paper, we considered a hierarchical fixed point problem (2), a split equilibrium
problem (4)—(5), and a system of variational inequalities (7) in Hilbert spaces. An iterative
algorithm for finding the common element of the solution sets of the three kinds of prob-
lems is presented. Strong convergence of the proposed algorithm is proved. The results

presented here are new and very interesting.
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