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1 Introduction
Let w be the set of all sequences of complex numbers. A Banach sequence space X is
BK if the map p, : X — C defined by p,(x) = %, is continuous for all » > 0. A BK-
space X is said to have the AK property if ¢ C X and (e") is a basis for X, where
e¥ ={0,0,0,..., 1"”’ term (,0,...} and ¢ = span{e(")}. If ¢ is dense in X, then it is called
an AD-space, so AK implies AD.

Let £, be the space of all bounded sequences. A sequence (x,) € £ is said to be almost
convergent to y if all of its Banach limits [1] coincide to y. Lorentz [8] (see [10] for dou-
ble sequences) characterized almost convergence by saying that a sequence (x,) is almost

convergent to y if and only if

,
Zx,w — y asr— oo (uniformly in #). (1.1)
v=0

1
r+1

This notion plays an important role in summability theory and was investigated by sev-
eral authors. For example, it was later used to define and study some concepts such as
conservative and regular matrices, some sequence spaces, and matrix transformations (see
[2,6,7,9,11, 12, 15)).

Absolute almost convergence emerges naturally as an absolute analogue of almost con-

vergence. To introduce this concept, let s, = £/"_;a, be a partial sum of Xa,. The series
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Ya, is said to be absolutely almost convergent series if (see [3])

o0
> [ Wmalt <00, k>0,

m=0

uniformly in #, where

Ap, m= 01

1 m
o) Zv:l Vayry, M= 1.

The space of all absolutely almost convergent series

[o¢]
?k =1a=(a,)nen: Z |1pm,,,|k < 00, uniformly in n,k >0

m=0

was first defined and studied in [4]. We note an important relation between Ek and absolute
Cesaro summability |C, 1| in Flett’s notation [5], 0 C |C, 1| (see [4]).

The purpose of the present paper is to define an absolute almost weighted summabil-
ity using some factors and weighted means and to study its topological structures. This
new method of summability extends the well-known concept of absolute almost con-
vergence of Das et al. [4], and space ?k of Das et al. [4] becomes a special case of our
space [f(ﬁ;ﬂ k- We investigate relations between classical sequence spaces and show that
the space [f(ﬁ;)h( is not separable for k > 1. Also, we characterize the matrix classes
(& IF(N)1) and (e, f (N)1a), 1 < k < oo.

2 Main results

For any sequence (s,), we define T, , by

m

1
T—l,n(s) =8u-15 Tm,n(s) = P_ vasnw» m >0,

" y=0
where (p,) is a sequence of positive real numbers with
P,=po+p1+- - +p,— 00 asn—>00,P_1=p_1=0.

A straightforward calculation then shows that

An» m =0,
Fm,n(ﬂ) = Tmyn(S) — Tm—l,n(s) = ) .
PW,P";_I szl P, a,., m=>1.

So, we can give the following definition.

Definition 2.1 Let Xa, be an infinite series with partial summations (s,). Let (p,) and

(1,,) be sequences of positive real numbers. The series Xa, is said to be absolute almost
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weighted summable |[f(N,), |, k > 1, if

[e¢]

Z ufn’l |Fm,,,(zz)}k <0

m=0

uniformly in n.

For [f(]T]Z)| Kk > 1, we write the set of all series summable by the method [f(ﬁp), Uk
Then Xa, is summable [f(ﬁp),umh( iff the series Xa, € [f(ﬁ;)h(. Note that, in the case
Um = pm = 1 for m > 0, it reduces to the set of absolutely almost convergent series 4 given
by Das, Kuttner, and Nanda [3]. Further, it is clear that the space |ﬁ;|k is derived from
[f(ﬁ;)lk by putting n = 0 [9, 13, 14], and also [f(ﬁ:)lk - Iﬁzlk, but the converse is not
true.

First we give some relations between the new method and classical sequence spaces such
as bs and £, which are the sets of all bounded series and bounded sequences, respectively.

Theorem 2.2 Let (p,,) and (u,,) be sequences of positive numbers.

M 1
( ML ) o, 2.1)

then |[f(N) | C oo, k > 1.
(if) 1f

oo k
Z u’,‘n’l (P_m) <00, (2.2)
m=0 Pm

then bs C [f(ﬁ;)lk, k>1.

Proof (i) Leta = (a,) € [f(ﬁ;)l k- Then, by the definition, there exists an integer M such
that

> U Euul@)| <1 (23)

m=M

holds for all n. So, it is sufficient to show that the sequence (|F,,,())|) is bounded for a
fixed number . By (2.1) and (2.3), we have |F,,, ,(a)| < u,;"*V¥ for m > M and all n. On
the other hand, for m > 1,

Pm Pm—2

Apmn = _Fm,n(ﬂ) -
m m-1

Fy_1,n(a). (2.4)

It follows by applying (2.4) for any m > M + 1 that a = (a,) € £, which completes the
proof.
(ii) Let a = (a,) € bs. Denote M = sup, | Z;Y:o aj|. Then we have

m
E Pv—lﬂrzﬂz
v=1

m-1 v m
Z(_pv) E Anyj + Pm—l Z Apyj
v=1 j=1 j=1
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m-1 n+v n+m
= va Z aj| + Py Z An+j
v=1 j=n+1 j=n+1
n+v n+m
= Z“J Z“J Pt Z“nﬂ Z“i
S 4]\/Iljm—l’

which implies that

00 k
Z k= lyFm,,(a)} —u0_1|an|k+2uk ! P‘I;)m va—lﬂnw
m=0
s £ () o
This completes the proof. d

For the special case u,, = p,, = 1 for all m > 0, [f(ﬁ;)lk = ?k and (2.2) reduces to
> (m+ 1) < 00. So we have the following result in [3].

Corollary 2.3 Fork>1, bs C .

Theorem 2.4 Let (u,,) be a sequence of positive numbers such that (2.4) holds. Then
[f(ﬁ;)l k k> 1, is a BK space with respect to the norm

00 1/k
- k
”ﬂlllf(ﬁZ)Iki = sup Z ufn 1 |Fm,,,(a)| :meNp . (2.5)

m=0

Proof 1t is routine to prove that the norm conditions are satisfied by (2.5). We only note
that (2.5) is well defined. In fact, if a € [f(ﬁ;)l  then, as in the proof of part (ii) of Theo-
rem 2.2, there exists an integer M such that, for all #,

e}

S u @) <1,

m=M

and (ul-V¥|F,, ,(a)]) is bounded for all #,n > 0. This gives

00 M
sup{Zufn‘1|Fm,n(a)|k ‘ne N} <1+ supiZu’,‘n‘1|Fm,n(a)|k ‘n,mE N] < 00.

m=0 m=0

To show that it is a Banach space, let us take an arbitrary Cauchy sequence (a”) = (a)') =
(al,a%,..)) = ((al,a},...),.... (@}, ay,ay,...),...), where a” = (a") € [f(ﬁ:)lk for m > 0.
G1ven & > 0. Then there exists an integer 1, such that ||a”! — a™2 ”U‘WZ)Ik < ¢ for my,my >

my and all v, or, equivalently,

ky Uk
} <E. (2.6)

oo
k-1 m my k k-1
ug |ﬂn —-a, | + u,,
m=1

m
ﬁ ;Plffl (a:1n+lv anﬂ/)

Page 4 of 11
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This also gives that |a,* — ay? |k < e/ué_l/k holds for all my, m, > my, i.e., the sequence
(a)') is a Cauchy sequence in the set of complex numbers C. So, it converges to a number
a, (v=0,1,...), ie, lim,_, all' = a,. Now, letting m, — oo, by (2.6) we have for |a™ —
all R < ¢ for my > my. This means lim,,,_, o 4™ = a. Further, since

m m
lallygy, < la™ = al ey, + 1™ [ gy, < oo
thena € [f(ﬁ;ﬂ % So, [f(ﬁ;ﬂ « is a Banach space. This completes the proof. O

We note that if E is a BK -space such that bs C E C £, then E is not separable (and hence
not reflexive) (see [4]). Hence the following result at once follows from Theorem 2.2.

Corollary 2.5 If (p,,) and (u,,) are sequences of positive numbers satisfying (2.1) and (2.2),
then [f(ﬁ;)|k is not separable for k > 1.

3 Matrix transformations on space |f(Np)|k

In this section we characterize certain matrix transformations on the space [f(ﬁp) |x. First
we recall some notations. Let X, Y be any subsets of w and A = (a,,,) be an infinite matrix
of complex numbers. By A(x): = (A,(x)), we indicate the A-transform of a sequence x = (x,)
if the series

o0
Ayx): = Zanvxv
v=0

are convergent for n > 0. If Ax € Y, whenever x € X, then we say that A defines a matrix
mapping from X into Y and denotes the class of all infinite matrices A suchthatA: X — YV
by (X, Y). Also, we denote the set of all k-absolutely convergent series by £;,1 < k < 00,

ie.,

U = {x:(xv)ew:2|xv|k<oo},

v=0

which is a BK-space with respect to the norm

00 17k
_ k
e, = (Z | ) :
v=0

Also we make use of the following lemma in [15].

Lemma 3.1 Suppose that A = (auy) is an infinite matrix with complex numbers and p =
(py) is a bounded sequence of positive numbers such that H = sup, p, and C = max{1, 2771},
Then

(4C%) " Uy(A) < Ly(A) < Uy(4)

provided that

00 00 pv
Uy(A) = Z(Z |am|) <00

v=0 \n=0



Sarig6l and Mursaleen Journal of Inequalities and Applications (2021) 2021:108 Page 6 of 11

and

o]

L,(A) = supi Z

v=0

E a}’lV

neN

Pv
:N CNp isﬁnite} < 00.

Now we begin with the first theorem given the characterization of the class (¢, [f(ﬁp) lk)-

Theorem 3.2 Let u = (u,) be a sequence of positive numbers, and let A = (a,;) be an infinite
matrix. Then A € (¢4, [f(]T]p)lk), 1 <k < oo, ifand only if

(ay) € [f(ﬁp)|k foreach j (3.1)

and
o0
L:= supz uk-t |b(m, n,j)|k < 00, (3.2)
nj m=0
where
. Ayjs m =0,
b(m,n,j) =

Pm m X
PrnPr1 szlpv—lanﬂ/,,]’ m>1

Proof Necessity. Suppose A € ({1, [f(ﬁp)h(). Then A(x) € [f(ﬁp)h( forallx € ¢4, i.e.,

> k
> [Enn(A@)|
m=0
L 00 m PPy k
=g A+ DD e A ()
m=1 v=1
— — -1
_ ué 1 Zﬂn’jx/ + Z u]:n 1 Z (Z P::P;_l anﬂ,’j)xj
j=0 m=1 j=0 \v=1
o0 oo k
= Z ufn‘l Z b(m, n, j)x;
m=0 j=0

converges uniformly in 7.

If we put x = (¢/) = (eé) € £ such that e’, =1 for r = j and zero otherwise, A(¢/) € [f(ﬁp)h(,
which gives that (3.1) holds. Further, since ¢; is a Banach space, by the Banach—Steinhaus
theorem, A : £; — C is a continuous linear map. So, for fixed # and s,

s 1/k
an(x) = (Z uly(n_l ‘Fm,n (A(x)) ‘k)
m=0

is a continuous seminorm on ¢1, which implies that lim,_, «, g5, (x) = g, (x) is a continuous
seminorm, or, equivalently, there exists a constant K such that

00 1k
() = (Z U o (A®)) |k> < Kllxlle, (33)

m=0
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for every x € £;. Applying (3.3) with x = (e/‘;) € ¢; we have, for all j,n > 0,

~ 1k
<Z u’,‘,,‘l |b(m, n,j)|k) <K,
m=0

which gives (3.2).
Sufficiency. Suppose that (3.1) and (3.2) hold. Take x € £;. Then we should show A(x) €
[f(N)|x. For this, it is enough to prove that

Z”]fﬂ_l |Fm,n(A(x)))|k —0 asl— oo,

m=l

uniformly in #. By applying generalized Minkowski’s inequality, we get

© 1/k 00 00 ky\ 1/k
(Z ufn‘llFm,n(A(x))lk) - (Z | 2 m, )
m=[ m=l j=0

0 0 1/k
< Z Jov; | (Z uk-lt |b(m, n,j)‘k) (3.4)
=0

m=l

= IR n,j),
j=0

where

~ 1k
Rl n,)) = (Z W b(m, n, ;)|k) :

m=[

On the other hand, it follows from (3.2) that, for all /,n,j > 0,
R(mj)laj < L[,

which gives

D IR ) < LYY ] < oo

Jj=0 Jj=0

Now, let & > 0. Then there exists an integer j, such that, for all / and »,

it €
Z % |R(L, m, ) < 7
Jj=jo

Also, by (3.1), for each j,

R(l,n,j) > 0 asl— oo uniformly in n,
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there exists an integer [, so that, for [ > [, and all »,

jo—1 c
Z % |R(L, m, ) < 7

j=0
So, we have, for [ > [ and all n,
> IR ) <6,
j=0

which implies, by (3.4),

~ 1k
<Z ul,(,,_l|Fm,n (A(x))|k> <e&.
m=1

This states that

o0
Z ufn’l |Fm,,, (A(x)) |k — 0 as/— oo uniformly in n.
m=[
This completes the proof.
In the special case p,, = u,, = 1 for all m > 0, we have [f(]vp)| = ?k, and so the following
result follows from Theorem 3.2.

Corollary 3.3 A € (01,2),1 < k < 00, if and only if
(a,j) € ?k foreach j

and

oo
sup Z‘b’(m, n,j)|k < 00,

=0

where

Aypj) m =0,

B mm,j) = (3.5)

1

m
m(m+1) pI Vayiy,j M =1

Theorem 3.4 Let u = (u,) be a sequence of positive numbers, and let A = (a,;) be an infinite
matrix. Then A € (c, [f(ﬁp)lk), 1 <k < o0, ifand only if conditions (3.1),

o0 o0 k
B= supz uk-l <Z|b(m, n,j)|> < 00, (3.6)

m=0 j=0

and
o0 o0 k
ut-l Z b(m,n,j)|  converges uniformly in n (3.7)
m=0 j=0
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Proof Necessity. Let A € (c, |f(N ). Then A(x) e IfF(N )k for every x € c. Now, take x =
e” and x = e =(1,1,...). Then (3.1) and (3.7) hold, respectively. Also, it follows as in the
proof of Theorem 3.2 that

00 1/k
<Z u];;z_1|Fm,n(A(x))|k> < K%l - (3.8)
m=0

Let N be an arbitrary finite set of natural numbers, and define a sequence x by

1, jeN,
Xj = (39)
0, j&N,

then x € c and ||x|| = 1. Applying (3.8) with this sequence (3.9), we have

00 ) Uk
{Zufnl( ) } <K. (3.10)
m=0

Hence, it is seen from Lemma 3.1 together with p, = 1 for all v that (3.10) is equivalent to
(3.6).

Sufficiency. Suppose that (3.1), (3.6), and (3.7) hold. Given x € c and say lim; x; = 8. Then,
by (3.7), as in Theorem 3.2,

Z b(m, n,j)

jeN

o0 o0 o0 k
Z uly‘n_1 |Fm,,(A(x)) |k = Z u’,‘n_l Zb(m,n,j)xj < 00.
m=0 m=0 j=0

Now it is enough to show that the tail of this series tends to zero uniformly in n. To see

that, we write

> U Fun(A) [

m=M
k

o0 oo

Z Bb(m, n,j) + Z b(m, n,j)(x; — )

Jj=0 Jj=0

00 k 00
S P
m=M

m=M

%]
k-1
2

m=M

[ee]

> Bb(m,n,))

Jj=0

=2k {Fj,[,n +Fyp () }, say.

]

It is clear from (3.7) that F},, — 0 as M — oo uniformly in 7. On the other hand, since

> blm,n,)x— B)
j=0

x; — B, for any & > 0, there exists an integer j, such that

1/¢ 1/k
|xj—ﬂ|<§(§> for j > jo,
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which gives us, by (3.6), for all n > 0,

o0 o0 k
(@) = 3w, blm,n, ) - )
m=M j=0
o jo—1 k 00 k
<ok Z uk-l Zb(m, nj)x— B)| + Zb(m, )% - B)
m=M j=0 J=jo

jo-1 k

o0
:2’<sqp|xj—,3| Zufn—l Zib(m,n,])| + %
J m=M j=0

By (3.1), the first term of the equality is smaller than &/2 for sufficiently large M and all ».
This means P]%M — 0 as M — oo uniformly in n. Hence, the theorem is established.

For p,, = u, = 1, Theorem 3.4 also gives the characterization of the class (c,?k) as fol-
lows. O

Corollary 3.5 Let A = (a,)) be an infinite matrix and (b'(m, n,j)) be as in (3.5). Then A €
(C,E(), 1 < k < 00, if and only if conditions (3.1),

oo

o k
sup Z Z|b’(m, n,j)| < 00,
" 0

m=0 \ j=

and

m=0

oo oo k
Z Z b'(m,n,j)|  converges uniformly in n
j=0
hold.
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