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1 Introduction and preliminaries

The Korovkin approximation process plays a crucial role in a wide variety of problems
in measure theory, functional analysis, probability theory, and partial differential equa-
tions. Korovkin [11] established a well-known simple criterion to decide whether a given
sequence (K,),cn of positive linear operators on the space C[0, 1] is an approximation pro-
cess, i.e., K, (f) — f uniformly on [0, 1] for every f € C[0, 1]. Taking into account this signif-
icant result, mathematicians all across the globe have extended this theorem named after
Korovkin to other abstract spaces, such as Banach spaces, lattices, algebras, etc. The work
of Korovkin laid a foundation and basis for a new theory, mainly referred to as Korovkin-
type approximation theory.

Favard and Szasz [16] introduced the following example of positive linear operator:

% k
Sulgi) =y g(ﬁ), (1.1)

k! m
k=0

where 0 < u# and g € C[0, 00). Numerous mathematicians dealt with the extension of these
operators. For example, operators including generalized Appell polynomials [7], Stancu
type Baskakov—Durrmeyer operators [10], Stancu type Dunkl generalization of Szasz—

Kantorovich operators [13].
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Leviatan and Jakimovski [8] established the following generalization:

el & k
Qi(gsy) = o) qu(ly)g<7> (1.2)

of expression (1.1) by considering the Appell polynomials pi(x), k > 0:

h(v)e” =Y q)V, (1.3)

k=0

where an analytic function 4(v) = Y ;5 hp'; v <R, R > 1, and 0 # g(1), and derived the
approximation properties for these above operators.

Recently, Ali Karaisa [9] developed the Durrmeyer—Jakimovski—Leviatan operators of
Appell polynomials pi(y), k > 0,V h on [0, 00) as follows:

exp(-my) o~ pi(my) /00 -1
Lm h; = h ¢ dt, , L4
(1;9) () A Bm+1,k) Jo (1+ fymeksl () y=o (1.4)
where beta function B(k + 1, m) is a given by
oo Wot—l
B, B) = -
(o, B) /0 v w)? dw
_ D(e)I(B)
S T+p)’ “pz0. (1.5)

For related work on Jakimovski—Leviatan—beta type integral operators, we refer to [1].

The Szész operators involving Brenke type polynomials were studied in [17].

2 Construction of operators
Motivated by the work of Ali Karaisa [9], here we develop the positive linear operators

containing the Brenke polynomials [2, 6], which possess generating relation of the form

Y )t =BG, (2.1)

k=0

where analytic functions g and B are given by

Y gt =glt), g7, (2.2)
r=0
Y bt"=g(t), b #0(r>0) (2.3)
r=0

and possess explicit expansions:

k
> @by =pc(y), k=0,1,2,.... (2.4)

r=0
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Restraining ourselves to pi(y), i.e., the Brenke polynomials satisfying:

gk—rbr
g’

(i) B:[0,00) — (0,00),

(i) 07g1), 0=

0<r<kk=0,1,2,...,

(2.5)

(iii) generating function (2.1) and power series (2.2) and (2.3) converge for
[t] < R(R > 1).

Further, the positive linear operators involving px(y) polynomials are introduced while
keeping in consideration the above restrictions by the following manner:

oo k-1

Pr(ny)
gW)B(ny) <= B(n+1,k) Jo (1 +1t)kt

Tn(f;}’) = f(t) dt, (2.6)

wherey>0andn e N.

Remark 2.1 For B(t) = €', expressions (2.6) and (2.1) reduce to the expressions represented
by (1.4) and (1.2).

3 Approximation properties of T,, operators
Korovkin [11, 12] derived the results concerning the convergence of sequences
(Kin(g,9))5_1, where K, (g,y) are positive linear operators. For instance, if K,(g,y) uni-
formly converges to g for some particular cases 1,¢,¢> = g(¢), likewise it performs such
activity for each g, being continuous and real. Shisha and Mond in [14, 15] described the
rate of convergence for K, (g, y) in terms of the moduli of continuity of g.

Our aim is to derive the convergence theorem and the order of convergence of operators
T,(f;y) given by expression (2.6).

Lemma 3.1 From the generating function of the Brenke type polynomials given by (2.1), we
obtain

> pilmy) = g(1)B(my),
k=0

> kpi(ny) = ¢ (1)B(ny) + nyg(1)B (),
k=0

> Rpilmy) = n’y’g(V)B" (my) + (2¢'(1) + g(1)) myB (my) + (¢" (1) + ¢ (1)) B(my),

k=0

Zkgpk(ny) =n’y’g(1)B*(ny) + (3¢'(1) + 3g(1))n*y*B" (ny)
k=0
+(3¢"(1) + 6¢'(1) + g(1))myB'(ny) + (¢°(1) + 3¢" (1) + ¢'(1)) B(my),
> Kpilny) = n*y*g(1)B*(ny) + (4¢ (1) + 6g(1))n*y* B> (my)
k=0

+(6g"(1) + 18¢'(1) + 7g(1))n*y*B" (ny)
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+(4g%(1) + 18¢"(1) + 14¢'(1) + g(1))nyB' (ny)

+(g*(1) +6¢%(1) + 7¢"(1) + £'(1)) B(ny).

Lemma 3.2 For all y € [0,00), we have

Tn(%?}’) = 1;
B'(ny) Ao
Tn ’ = )
(e135) yB(ny) * n
17T B’ (ny) B'(ny) i|
T,(eyy) = — | B2y* ——> + 1 By+Cy |,
(i) F1L 4 B(ny) yB(ny) 0T o

1[ 5 3B(my) B’ (ny) B'(ny)
T,(e3;y) = — | n®y° + n’y? Al +n
A= 1" Bl T Blay) ™ Bl

i__n4y434(”)’) +n3y333(ny)B
FsL 7 Blny) B(ny)

9 o B"(ny) B'(ny)
B(my) o

A2 +A3],

T, (essy) = 1

By + B, |,
yB(ny) 3t 4}

where

_ g 5. - 2W+2g 1) _ &) +2¢(1)
T T e (1)
_3¢'(1) + 6g(1) 4, = 38(1) +12¢'(1) +5¢(1)
Al AL ,=

g(1) g(1)
g (1) + 6g"(1) + 5¢'(1)
g(1)

_4g'(1) +12¢(1)
B
4g°(1) +36¢"(1) + 64¢'(1) + 17g(1)
B g(1)

g (1) + 12¢3(1) + 32¢”(1) + 17¢'(1)
By=

g(1)

’

Aq

’

As=

6g”(1) + 36g'(1) + 32¢(1)
) 2=
g(1)

Bs

)

’

and

Fr=]]0-d.
i=0

Proof Putting f(¢) = 1 in operator equation (2.6), we have

pr(ny) 1

1 o0
g(1)B(ny) kX:o: Bn+1,k) Jy (1+¢)n+k+1 dt
_ 1 g(1)B(ny)
" g(1)B(ny) B(n +1,k)
=1.

Tn(eo;y) =

B(k,n+1)

(3.6)

(3.8)

(3.9

(3.10)

(3.11)

Page 4 of 16
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Now, putting f(¢) = ¢ in operator equation (2.6), we have

SR SR 0 L N e
Tn(éhy) = g(l)B(ny) kZO: B(}’l + Lk) /0 (1 + t)n+k+1 dt

pi(ny)
l)Bny)Z n+1k mk+1)

1 > k
" gB(w) g’” K,

ng(l)B(ny) Z pilm)

_ B gQ)
‘ B(ny)  ng(1)
B'(ny) Ao
yB(ny) + — (3.12)

Now, putting f(£) = t* in operator equation (2.6), we have

L N )
Tlesd) = 0BG £ Bln+ 1K) / @ pyin
Pr(ny)
;fzy)Z nk+1k n-Lk+2)
k+ k2
g(l)B( )Zpk( )=
l [o¢]
= m > kpr(my) + Kpi(ny)
1 P

1] ,,B"(ny) B/(ny)<2g(1)+2g/(1)) g”(l)+2g/(1):|
" h [” Boy) B\~ 1 )T e

. L[nz B'm)  Bmy) C0:|

"7 By " By > (313)

Similarly, putting f(¢) = t* in operator equation (2.6), we have

pk(l’l}/) 'S} tk+2

Tn(es;y) = g(l)B(l’l}’) kX:O: B(Vl + l,k) 0 (1 + t)n+k+1 dt

I S - 1C)
g()B(ny) & B(n +1,k)

B(n—-2,k+3)

1

k+ 3k2 + k3
" g(B(my) 4 Z” Km) =~

e eE— k; k2 k3
I 5¢(1)B(ny) kX:O: pr(ny) + 3k“pr(ny) + k”pr(ny)

Page 5of 16
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[ 3 3B (ny) 2 ,B"(ny) <3g’(1) + 6g(1)> . nyB’(ny)

ny) B(ny) g(1) B(ny)

<3g”(1) +12¢’ 1) + Sg(l)) . <g3(1) +6g"(1) + 5g’(1)>}
g(1)

F

2 ,B"(ny) B'(ny)
[ B(ny) " By ™ Blny)

A2 +A3]. (3.14)

Again, putting f(¢) = ¢* in operator equation (2.6), we have

pr(ny) / * k3
Tn H dt
(esiy) = l)B (my) « Z B(n +1,k) (1 + )kl

pr(ny)
g(l)B(ny) Z Blus LA

-3,k +4)

~ i ( )3k+7k2+6k3+k4
gBlmy) =P s

= W g 3kpi(ny) + 7k pr(ny) + 6k pi(ny) + k*pi(ny)
1 B(ny) B3(ny) (4g'(1) + 12g(1) B’(ny)
N [”4 B " B ( @) ) 1 B
y <6g”(1) +36¢'(1) + 32g(1)>
g(1)
B'(ny) 4g3(1) +36¢"7(1) + 64¢'(1) + 17g(1)
B(ny) ( &) )
. (g4(1) +12¢3(1) +32¢"(1) + 17g’(1))]
g(1)
1 B(ny) B3(ny) B’ (ny)
= F—g[n‘L 4 B(n;; + nsy3 B(n;; B + n2y2 B(n;; B,
nyB/(ny)
B(ny)

Bg +B4,:|. (315)
O

Lemma 3.3 For T,(f;y) operators and for y € [0,00), the following identities are satisfied:

B'(ny)-B A
e <%ﬁ(m> * (3.16)
-2B"(ny) - 2B (ny) + B
T, ((s _y)z;y) _ (Vll (ny) B(nygny) + (ny)>y2
B'(ny) 2 Co
' (WB Ao)y T (3.17)

Ca_ (1 B'my)  n’Bmy) _n’B'(ny)  B(ny) >4
Tuf(s=2) ’y)‘(Fg Bow) “F; Bow) T CF; Bom) B T
( n? B3(ny) n? B”(ny) n B (ny) 4A0) 3

F5 By ' F; Biwy) T UF By Y n

Page 6 of 16
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+
I3 Bm) 21, By 20T )

B A B
+ (i_ (ny)33 —4—§)y+ =, (3.18)
F3 B(ny) F3 F3

where Ao, By, Co, A1, Az, Az, By, By, B3, Ba, and [ | are given by equations (3.6)—(3.10)

respectively.

Proof In view of the linearity property of T,, it follows that

Tu(s—y9) = Tuls;y) —yTa(1;), (3.19)
To((s = 3)%) = Tu(s9) = 2Tu(s:9) + 5" To(159), (3.20)
Tu((s=)%5) = Tu(s%) = 4T (s 5) + 6y°Tu(s)

—49°To(s39) +y* Tu(L;3), (3.21)

which, on applying Lemma 3.2, yields assertions (3.17), (3.18), and (3.19), respectively. [

Theorem 3.1 Let

B/ /!
1= lim ©) and 1= lim B (y)'
y—>00 B(y) y—>00 B(y)

(3.22)

Iff € C[0,00)NE, then lim,_, o T,(f;y) = f(y) and the operators T, in each compact subset
of [0, 00) converge uniformly, where E := {f : forall y € [0,00), |[f(y)| < ceY,AecRandce
R*}.

Proof By Lemma 3.2, we find

linoloﬂ(ej,y) =y, j=0,1,2. (3.23)

n—

The above convergence is verified uniformly on each compact subset of [0, c0). Applying

Korovkin’s theorem, the desired result is achieved. O

4 Order of convergence
Now we recall the following definitions.

Definition 4.1 The II modulus of continuity of the function # € Cg[0, o0) is defined by

W (g;8) = sup [g(- +2k) - 2g(- + &) + 20 ¢, (4.1)

0<t<é

where Cg[0, 00) is the class of real-valued functions defined on [0, 00), which are bounded

and uniformly continuous with the norm

lgllcy = sup [g()]. (4.2)

y€(0,00)

Page 7 of 16
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Definition 4.2 Peetre’s K-functional of the function g € Cg[0, 00) is defined by

K(g:d):= inf {lig—hllcy +8lhllcz },

e(C]E2 [0,00)

where
C3[0,00) := {h € Cgl0,00): i, h" € Cg[0,00)}
and the norm
Ihllcz == Wl + | o, + '] o, (see 3.
It is clear that the following inequality
K(g;8) < M{w:(g,8) + min(1,8)lIglic, }

holds for all § > 0. The constant M is independent of g and §.

(4.3)

(4.4)

Lemma 4.1 (Gavrea and Rasa [5]) Let & € C%[0,a] and (K,,)u=0 be a sequence of positive

linear operators with the property K,,,(1;y) = 1. Then

Kon(;9) = h@)| < |1 ||/ Ko ((s = 9)%9) + WHK ((s=»)%).

(4.6)

Lemma 4.2 (Zhuk [18]) Let g € Cla, b] and h € (0, #). Let gy, be the second-order Steklov

function attached to the function g. Then the following inequalities are satisfied:

O lgn—gll < §W2(g;h),

(if) Wz(g h).

lef] < 5o

(4.7)

(4.8)

Now, we compute the rates of convergence of the operators T,(f;y) to f by means of

a classical approach, the modulus of continuity, and Peetre’s K-functional. The following

result gives the rates of convergence of the sequence T,(f; ) to f by means of modulus of

continuity.

Theorem 4.1 For f € C[0,a], the following inequality is satisfied:

T (f39) -f )| < Ilf||h2 (a+2+h2)Wz(fh)

where

hi= () = JTa((s = 9)%9),

(4.9)

and the second order modulus of continuity is given by wy(f;8) with the norm |f| =

maXyefas) | ()]

Page 8 of 16
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Proof Let fj, be the second-order Steklov function attached to the function f. In view of
identity (3.1), we have

I Tulf59) = fO)] < |Tulf —fis )| + | Tulfisy) = fu )] +

< 20 =1l + [Tulfisy) - (4.10)
which on using inequality (4.7) becomes
3
[Tu(fi3) =) = Swalfih) + [ Tulfis) = fu)]- (4.11)

Taking into account that f;, € C?[0,a], from Lemma 4.1, it follows that

T ) = 0| < |l T (s = 9% 9) + 5 [ | Tul(s = )% 9), (4.12)

which in view of inequality (4.8) becomes

Tulfis ) = £ )] < [fill Y Tu((s = %) + 4h2Wz(f T ((s = 3)%3). (4.13)

Further, the Landau inequality

ARSI

combined with inequality (4.8) gives

|Vh“< |lf||+ =2 walfih). (4.14)

4h?
Using inequality (4.14) in inequality (4.13) and taking / = /T, ((s — y)2); y, we find

T, (fis9) —fu )] < Ilfllh2 (a+h2)w2(f h). (4.15)
Making use of inequality (4.15) in inequality (4.11) can lead to assertion (4.9). (I

Theorem 4.2 Let f € C2, [0,00), then

Ta(fs9) O] < €If 3 (4.16)
where
§:= En()’)
~ H - B"(ny) — 2B'(ny) + B(ny) } )
- 2B(ny)

B() B/(I’l_)/) A() CO
* {(“ 2<n—1)> B(ny) _1_7}“ F—l]'

Page9of 16
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Proof Using Taylor’s expansion of f, the linearity property of the operator T,, and (3.1), it

follows that

Tufi9) ~f0) =f OTals = 359) + 2 OTal(s=3P2), n € Gu9) @17)
From Lemma (3.2), it is evident that

Tu(s - y:9) = (i((zyy)) - 1)y+ % >0 (4.18)

for s > y, thus by considering Lemma (3.2) and (3.3) in (4.17), we can write

Bow) A,
-0 = | (G -1 )+ 22,

1 { ( 1B (ny) = 2B'(ny) + B(ny)) 2
1 y
2 B(ny)

B/(ny) 2 Co ,
(s )+ el

- H —-B"(ny) — 2B (ny) + B(ny) } 2

2B(ny)
By B'(ny) Ao Co
1 e, o , 4.19
' K ' 2(n—1))B(ny) o Ve 19
which completes the proof. d

Theorem 4.3 Iff € Cg[0,00), then one has

ITu(f59) —fO)| < 2M{w(f;V/8) + min(L, 8)|[f llc, }» (4.20)
where
5:=8,0) = 560) (4.21)

and M > 0 is a constant, which is independent of the functions f and 5. Also, &,(y) is the

same as in Theorem 4.2.

Proof Suppose that g € C3[0, ), from previous Theorem 4.2, we have

T, (f39) = fO)| < |Tulf —g59)| + | Tulgs9) — 20)| + [) —f )]
< 20f - glicy +Eliglcz = 2[If - gllc, + Sligh 2] (4.22)

Since the Lh.s of the above inequality does not depend on the function g € C3[0, c0),
ITu(f:9) —f )| < 2K(f;9), (4.23)

where K is Peetre’s functional defined by (4.3). By using relation (4.5) in (4.22), the inequal-
ity
IT(f39) = ()] < 2M{wa(f;+/8) + min(1, 8)I[f |, } (4.24)

holds. O



Wani et al. Journal of Inequalities and Applications (2021) 2021:104

5 Weighted approximation

Here, some properties of approximation for the operator T, of a space of weighted contin-

uous functions are given, for which the succeeding class of functions is defined on [0, c0).
Consider B,2[0, 00) defined on [0, 00) as the set of all functions & which satisfies |k (y)| <

Mj(1 +9?%), where M, depends on / is a constant. Also, consider C,2[0,00) as the subspace

of Bi [0, 00) of all continuous functions. Further, C;z [0, 00) as the subspace of /1 € C2[0, 00)

for which limyy_ o % is finite. It is evident that C;Z [0,00) C Cp2[0,00) C B§ [0,00). The

norm on C% [0, 00) is given as follows:
y

L

e = S T o
Lemma 5.1 Let the weight function p(y) =1 +y*. Ifh € C)2[0,00), then

[ Tuos ), <1+ M.
Proof By expressions (3.1) and (3.3) of Lemma 3.2, for n > 1, we get

() =14 B, Bo Bw) Co (5.2)

n-1 B(ny) ryr n-1 B(ny)y+ nn-1)
Then we deduce

1 . n B'(ny) , . By B'(ny)
1+y2 (1+y>)(m-1) B(ny) 4 (1+y*)(n-1) B(ny) 4

| Tuos ), = sup{
y=0

Co
T+ ) - 1)}

{1 L B'(ny) . By B'(ny) . Co }
(n—=1) Bny) (m-1)Bny) nn-1)}

<sup
y>0

As we know already,

B/ B//
() | B

1m »
n—>00 B(ny) n—>00 B(ny)

)

also, we know that

n 1
lim =1, lim =0 and lim =0,
n—ooy—1 n—->00 y1 — n—o0o 2 —n

thus in view of these assumptions there exists a positive constant M such that
| Tu(osp)] . <1+ M,

which concludes the proof. d

Page 11 of 16
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By using Lemma 5.1, one can see that the operator T, defined by (2.6) acts from
C)2(0,00) to B)2[0, 00).

Theorem 5.1 Lthe5.1 Let T, be the sequence of positive linear operators defined by (2.6)
and p(y) = 1 + y* be a weight function, then for each f € C;z [0, 00),

Tim | T(f5) - £6) > = 0.

Proof By using the weighted Korovkin theorem presented by Gadzhiev [4], it is enough to

verify the following conditions:
| Tu(Li9) ~ 1] 5 = 0. (5.3)

By equation (3.2), we have

B(ny) y +ﬂ 1y
B(ny) 1+y> n 1452 1+y>2

(B/(ny) 1) y A 1

| Ta(er; ) - er) HyZ = sup
720

= sup

=0l\Bmy) " )1+9? +71+y2
B A
_(Bm) 1), Ao (5.4)
B(ny) n
B'(ny)

therefore, keeping in view the fact lim,,_, o Bom) = 1, we get
lim ||']T,,(el;y) —e(y) HyZ =0. (5.5)
n—00

By equation (3.3), we have

| Tuless ) - e2(9) Hy2 = sup

y=0

n Bm) |\
n—-1 B(ny) 1+y?
By B(ny) y Co

+n—1 B(ny) 1+ 2 +n(;fz—l)(l+y2)

- ( n B'(ny) 1) By B'(ny) Co
= - + + ’
n—-1 B(ny) n—1Bny) nn-1)

therefore, keeping in view the fact lim,,_, o i/(;";;) =1land lim, . ;%5 = 1, we get

lim | Ty(ex;9) - e29)|,2 = 0. (5.6)
Hence the proof is completed. d

6 Special cases of the operators T, and further properties
The Gould-Hopper polynomials p¢*!(y; h) given by the identity

[kid+1] X

d+ly, . _ : m, k—(d+1)m
LA Dl v T 6.1)

m=0

Page 12 of 16
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possess the generating expression

d+1 nd tk
" exp(yt) = pr*l(y, h)ﬁ‘ (6.2)
k=0 ’

“! and B(t)=¢

in expression (2.1). Thus, for g(¢) = ! and B(¢) = €' in equation (2.6) gives the following

These p¢*!(y; h) polynomials are p(y) Brenke polynomials for g(¢) = "

Durrmeyer type Jakimovski-Leviatan operators T%(f;y) involving the p¢*!(y; h) polyno-

mials:

d+1 o0 k-1
pe(ny, h) t
d 6.3

/0 (&) dt (6.3)

[o¢]
T* 1) = —ny—h
wfip)i=e kXO: Bn+ LK Jy (1+ gyt
beneath the presumption /2 > 0.
Now, to prove the Voronovskaya theorem for operators (6.3), first we prove the succeed-
ing results.

Lemma 6.1 Vy < [0, 00), it follows that

T} (e0;y) = 1, (6.4)
Tien) =y + -hd + 1), (65)
T (ex;y) = %[nzy2 +ny(2+2h(d +1)) + h(d + 1)(d + h(d + 1) + 2)], (6.6)

1

T (es;y) = %[nsf +1*y*(6 + 3h(d + 1)) + ny(h(d + 1)(3d + 3h(d + 1) + 12) + 5)
2

+h(d +1)(3hd® + d* + 11hd — d + 6h + 5)], (6.7)

T (es;) = é[n‘*y“ + 1’y (12 +4h(d + 1)) + n2y2(6h(d + 1)(h(d +1)+d+ 6) + 32)

+ ny(4h(d + 1)(d* + 84 + 3hd® + 14hd + 9% + 16) + 17)
+ (h(d +1)(d® + 9d* + 22d + 24h + 17)
+ hd(d + 1)2(6d +90%d + W + hd + 2h3d + 2h® + 35k — 3))]

Lemma 6.2
1

T:((S —y);y) = ;h(d +1), (6.8)

. 2 N Y +2y  2h(d+1) 1

'JI‘n((s—y) ,y)— — + n(n—l)y+Ff[h(d+1)(d+h(d+l)+2)] (6.9)
and

sty < | g ”_2_}4 {”_3

T} ((s—) ,y)—{F3 4Fg+6F; 31yt + Fg(4h(d+1)+12)

}’12

n 4 3
_4F(3h(d+ 1)+6) +6F(2h(d+ 1)+2)- Fh(d+ 1)}y

2 1 0
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(6h(d + 1)(h(d +1) +d +6) + 32) — 4—— (h(d + 1)

Fs

J.|=

x (3d +3h(d + 1) +12)+5)+F—h(af+1)(af+h(al+1)+2)}y2
{— (4h(d + 1)(d” + 84 + 3hd” + 14hd + 9 + 16) + 17)

W |

é(h(d+ 1)(3hd2 +d?+11hd —d + 6h + 5)) }y
2

+ %{(h(d +1)(d® + 94 + 22d + 24h + 17)
3

+ hd(d +1)*(6d + 9h*d + I* + hd + 2h°d + 21* + 35h - 3)) }.

Lemma 6.3 Here, we possess the limits:

(i) nlLrng nTi((s-9)%y) =9 +2y (6.10)
and
@) lim 22T5((s - »)%) = 3y* + 129 + 1297 (6.11)

Proof In view of equation (6.9), we have

y2+2y+ 2h(d + 1) 1
n-1 n(n—l)y Fi

lim n’ﬂ’fl((s —y)z;y) = n{ [h(d+ 1)(d+ hd+1)+ 2)]}

n—00

=y" +2y,

where lim,,_, o nf =1 and lim,_, o Ll =0, and in view of equation (6.10), we have

. n* n? n? 3n+18
lim #? ——4—+6——3y—11mn =3,
n—-oo Fg F2 Fl n—oo (n—l)(n—2)(n—3)

3 2
lim nz{ 2 (ah(d +1) +12) — 4—— (3h(d + 1) + 6) + 6—— (2h(d + 1) +2)
=00 Fs 2 F1

4
— —h(d+ 1)} =12,
Fo

2
lim n2{”—(6h(d+ 1) (h(d +1) +d +6) +32) — 4—— (h(d + 1)
F3 Fa

n—00

x (3d +3h(d +1) +12) +5)+f—6_h(d+ 1)(d+h(d+1)+2)} =12,
1

4
lim nz{ % (4h(d + 1)(d® + 8d + 3hd® + 14hd + 9 + 16) + 17) — F(h(d +1)
3

n—00
2

x (3hd2+d2+11hd—d+6h+5))} =
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and

lim 7* F_{h(d+ 1)(d® + 9d* + 22d + 24h + 17)

+ hd(d + 1)*(6d + 91°d + h* + hd + 2h*d + 2h° + 35k - 3) } = 0. O

Theorem 6.1 Foranyf € C;z [0, 00) such that f',f" € C;z [0, 00), it follows that

lim n(T ) ~6) =+ 170) + 722, (612)

Proof Using Taylor’s expansion of f, we obtain

F6)=F0)+ (=0 0) + 553" 0) + ns s~ 613)
where
n(s,y) >0 ass—y.
By the linearity of the operator T(f; y), we get
T5(f39) =)
=T (s =32 () + %Tﬁ((s =9%59)f" ) + Ty(n(s,0)((s = 9)%59))- (6.14)

From Lemma 6.2, we have

y? +2y 2h(d + 1)

T3 -0) = (e 0 o prof 222 2D,

+ F[h(d +1)(d +h(d + 1)) + 2]} +Ti(n(s,9)((s-2)%y)).  (6.15)
1

For the last term of equation (6.14) or (6.15), using the Cauchy—Schwarz inequality, we get

Tim n(n(s,9)(s = 9)%9) < \/nlirgo (ns:)(%3))/ lim r2(n(5,3) (6 -)%9)).  (6.16)

Because of lim,o T(7%((s,); 7)) = 0 and by Lemma 6.3(ii), lim,—, o n>T(((s — »)*%»)) is
finite, we have lim,,_, oo #T%(1(s,7)((s — ¥);)) = 0. Therefore we obtain

n(y?+2y) 2h(d+1)
n-1 " (n-1)

n—00

tim n(T3(659) -£0) = W+ 1 0) + 570 Jim |

%[h(d+ 1)(d+h(d+ 1)) + 2]}

Hd+1f )+ - ) (6.17)
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