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1 Introduction and background
In 1964, S. Simons [1] generalised the classical bounded sequence spaces defined by Mad-
dox [2] and Nakano [3] using a sequence of positive real numbers (px) bounded above by 1.
He showed that these spaces were linear under coordinate wise addition and scalar multi-
plication. Later on, in 1970, Lascarides and Maddox [4] extrapolated new spaces with the
restriction on the sequence of positive real numbers (py) relaxed from being bounded.
Ever since the concept of defining “convergence” for sequences and series that do not
converge in the Cauchy sense was debated, researchers have been proactively involved in
coming up with their own notions of convergence, see [5-9, 23, 24]. Summability methods
have proved to be an efficient tool in it by defining a linear transformation from a sequence
space into another. The most commonly used linear transformation on a sequence space is
given by an infinite matrix. Let M = (m,,) be an infinite matrix of real numbers for s,z € N
and X and Y be two sequence spaces. If Mx = (M,(x)) € X Vx = (x,) € X, then M is a matrix
mapping from X into Y, denoted by

M:X—Y, whereM(x)= sttxt Vm € N.
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The approach to constructing new sequence spaces defined as the domain of matrix op-
erators has been studied by numerous authors, see [4, 10-12, 25, 28] with Euler totient
matrix operator [13, 26, 27] being one of them. Recently a generalisation of Euler totient
function ¢, namely Jordan totient function J,, was introduced in [14]. Denoted by J,, it is
an arithmetic function with the domain and codomain as N. It is the number of r tuples
(h1,ha,...,h) such that 1 < h; < n and ged(hy, by, ..., hy, n) = 1. Formally, it is defined as
Jo(n) = n" [ ],,(1 - ]%), where 1 = p{", p32,..., p;* for a > 1, is the unique prime decompo-
sition of n. More literature on Jordan totient function can be found in [15-18, 22].

Consequently the Jordan totient matrix operator denoted by Y = (v],) was defined in
[14] as follows:

. O if ki,
Vuk = . (1 '1)
0, otherwise,

and its inverse (Y")~! is given by

() .
_ k" if k|n,
()" =170 | (1.2)
0, otherwise,

where p is the Mobius function defined as follows:

0, if p?|n for some prime p,
wu(n) =11, ifn=1,
(_

1), ifn= ]_[j;zl pr where pys are distinct.

Recently Khan et al. defined ideal convergence on sequence spaces as a domain of Jordan
totient function, namely ¢} (Y"), ¢/(Y") and ¢/ (Y"). Moving forward, we define ideal con-
vergence on a paranormed space with the aid of Jordan totient matrix operator and study
its properties after mentioning the following definitions and lemmas that will be put to
use in the paper later.

2 Preliminaries
Definition 2.1 ([19]) If b = (by) is a sequence in w, then b is said to be I-Cauchy if, for
every € > 0,3 anumber N = N(¢) € Nsuch that {k e N: |by — by| > €} € 1.

Definition 2.2 ([20]) If ] is an ideal and b = (by) is a sequence in w, then b is said to be
I-convergent to a number by € R if, for every € > 0, we have {k € N: |by — by| > €} € I, and
we represent it by /- lim by = by. If by = 0, then (bx) € w is called I-null.

Definition 2.3 ([20]) A sequence b = (by) € w is I-bounded if there exists L > 0 such that
{keN:|bi >L}el.

Definition 2.4 ([19]) Let b = (bx) and ¢ = (cx) be two sequences, then we can say that
by = ¢ for almost all k relative to I (a.a.k.r.I) if the set {k e N: by # ¢} € I.

Definition 2.5 ([19]) A sequence space S is said to be solid (or normal) if (Bxbx) € S when-
ever (by) € S and (By) is a sequence of scalar in w such that |B;| <1 and k € N.
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Definition 2.6 ([19]) Let K = {k; < k; <---} C N and S be a sequence space. A K-step
space of S is a sequence space

Ay ={(bx,) € w: (by) €S}
A canonical pre-image of a sequence (by,) € )\2 is a sequence (cx) € w defined as follows:

by, ifkek,
Ci =
0, otherwise.

A canonical pre-image of A}, is a set of canonical pre-images of all elements in 1%, i.e. ¢ is
in canonical pre-image of A} iff ¢ is a canonical pre-image of some element b € A%.

Definition 2.7 ([19]) If a sequence space S contains the canonical pre-images of its step
space, then S is known as a monotone sequence space.

Definition 2.8 ([29]) A paranorm space, denoted by (X, G), is defined as a function G :
X — R such that

(@) G(u)>0VuelX,

(b) Gu)=0ifu=09,

(¢) G(~u)=G(u)Vu e X,

d) Gu+v)<G(u) + G(v) Yu,v € X,

(e) If A is a sequence of scalars such that Ay — X and (u4) is a sequence such that

G(ur —u) — 0 as k — oo, then G(Agug — Au) — 0as k — oo.

Lemma 2.1 ([19]) Every solid space is monotone.
Lemma 2.2 ([19]) Let K € F(I) and M CN.IfM ¢ I, then MNK ¢ 1.

The following lemmas are required to find the duals of the space £(Y”, p). Let &/ denote
the family of all finite subsets of N. Throughout this paper we denote a bounded sequence
of positive real numbers by (p,) such that sup, . p, = P and H = max{1, P}.

Lemma 2.3 ([21])
(1) T =(tw) € (£, £1) if and only if

sup Z Zt"kL_l

Nesd/ k 'neN

Pn
< 00, (2.1)

where L > 1 is an integer and 1 < p,, < P < 00.
(ii) ForO<p, <1, T = (tw) € (€p, £1) if and only if

Z Luk

neN

Pn
sup sup < 00. (2.2)

Ned k

(iii) For1<p, <00, T = (tw) € (£p,Loo) if and only if

L L ) 2.3
sgpik]nk " < 00 (2.3)
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(iv) For0<p, <1, T = (tux) € (bp, Lo) if and only if

sup |t P < 0. (2.4)
n,keN

(v) ForO0<p, <00, T = (tw) € (£p,c) if and only if

lim = 1, (2.5)

We denote the sequence spaces of all bounded, convergent and null sequences as £+, ¢
and % and the respective series as A.7, €. and €.7 respectively. The p-absolutely
convergent series will be denoted by £,,.

Given a sequence space X, its duals are defined as follows:

X“ {u =(ar) € w:au = (aruy) € £1 for all u = (ug) € X},

xP

{a=(a) € w:au=(au) € €. forall u = () € X},
X7 = {a =(ay) € w: au = (aruy) € B.Y for all u = (uy) EX}.

New Banach sequence spaces /,(®) and /,.(P) derived by using a matrix operator, de-
fined as

> 6w

k|n

> ok

k|n

p
<OO},

»
<ocl,

lp(CD):{u:(u,,)ea):Z

n

loo(®) = {u = (u,) € w:sup

were introduced by Ilkhan and Kara in the space £, for 1 < p < oo [13]. They later gener-
alised these spaces on a paranormed space defined by using a bounded sequence of strictly
positive numbers (px) and defined £(®, p). Further a new generalised form of Euler opera-
tor, namely Jordan totient operator, was introduced [14], following which they introduced
the matrix domain of the matrix Y in the space of £, for 1 < p < co.

Since paranormed spaces and ideal convergence are more general than normed spaces
and usual convergence, respectively, therefore in this paper we first generalise the norm
space £,(Y") to the paranorm space £(Y", p), define its duals, and then we construct the
ideal convergent sequence spaces, show that they are complete linear paranormed space
defined by its paranorm and study diverse riveting properties of these resulting spaces.

3 Main results

3.1 The paranormed sequence space £(Y", p)

In the current section we propose the sequence space £(Y”,p) defined by using Jordan
totient matrix operator Y" as

Yk

k|n

K(T’,p) = {u:(uk)ea):z

Pn
<oo}.

The above defined space reduces to £,(Y") when p, = p.

Page 4 of 16



Khan and Tuba Journal of Inequalities and Applications (2021) 2021:96 Page 5 of 16

Theorem 3.1 The sequence space (Y, p) is a complete paranorm space with the para-
norm defined by

1

Pn>H

Y

k|n

Gyr(u) = <Z

forall u = (uy) € £L(Y", p).

Proof 1t is obvious that Gr(0) = 0, where 0 is the zero sequence and Gvr(-u) = Gyr(u).
Let u = (ux) and v = (v¢) be two sequences in /(Y”, p), then

1

Pn\ H
Ger s +vi) = <Z Y+ )
n k|n
1 P\ i 1 N
5(2 — D Ik ) +(Z — D Ik )
n k|n n kin

= Gy () + Gyr (W),

Therefore G is subadditive. Now, to show the continuity of multiplication by scalars, con-
sider a sequence (u") € £(Y7, p) such that Gyr(u” — u) — 0, and let (a,) be a sequence of
scalars such that a,, — a. Since G is subadditive, therefore Gr(1") < Gyr(u) + Gyr (4" — u).
Thus, Gyr(u") is bounded, following which we conclude that

pn)%

<la,- ﬂ|GT’(Mn) + |a|Gyr (u” — u)

% > k) (anuy - au)

k|n

Gyr(anu" — au) = (Z

n

which tends to 0 as # — 0o. Therefore, G- is a paranorm on /(Y", p).
To show the completeness of the space, it suffices to show convergence of a Cauchy
sequence. Let (i) = (u},ub, ué, ...) be any Cauchy sequence in £(Y",p) for all € N. Then

given € > 0, there exists an integer Ny(¢) > 0 such that
Gryr (ul - u”’) <€ (3.1)

for all /, m > Ny(€). Using the definition of G-, we get that for each fixed i € N

1

) =) = | S =i | e

This shows that {Y7 ('), Y/ (4*), Y!(4?),...} is a real Cauchy sequence and is therefore
complete, which implies Y/ () - Y/ (u) as [ — oo for every fixed i € N. For different
values of i, we consider the sequence {Y7(u), Y5(x), Yi(1),...}. Thus from equation (3.1)

we can write for each fixed t € N and [, m > Ny(¢)

" P < Gopr (ul - u’")H <efl. (3.2)
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Let [ > Ny(¢). Taking m1,t — 0o, we have Gyr (1! —u) < €. Fixing € = 1 and taking [ > Ny(1),
we can see that for any fixed £ € N

L
H

m) < Gyr(u) = Gyr(u —u + 1)

t
(Zm’
i=1
=< GT’ (ul - M) + GYV (l/ll) <1+ G’Y‘V (ul)
Thus u € £(Y", p) and therefore the space is complete. d

Theorem 3.2 The sequence space (Y, p) is linearly isomorphic to the space |(p).

Proof To establish linear isomorphism, we define a map A : £(Y’,p) — £(p) such that
A(u) = Y"u for all u € [(Y7, p). It is evident that the map is linear and is injective too since
ker(I(Y",p)) = {ve (X", p) : A(v) = 0} = {O}.

To show that the mapping is surjective, consider v = (v,) € /(p) and define a sequence
u = (uy) by

U, = Z M(;)krvk forallmeN,

P Jr(n)
1 Pn %
Gt = (| S niwom| )
n k|n
u(®) e
(z DN M;)]vk )
(Sl
n kln  jlk
1 n\" | #
(B
n [n >l

%
= Zlv,,|p” < 00.
n

Thus u € [(Y7, p) and the map preserves the norm and therefore the spaces are isomorphic.
It is well established that ¢(p) C £(¢) for 1 < p,, < t,,, thenceforth we conclude ¢(Y”, p) C

oY, p). O

Theorem 3.3 The o dual of the space [(Y",p) for 0<p, <1and 1<p, <P < oo can be

defined as
(U7 p))] = {v= (v4) €w: sup sup Z it )k’ " < oo},
! Nedd k kimkeN ]r( )
(U7, p)), = U{v— (vu) Ew: sup Z Z M(%)k’v L™ " < oo}
e I>1 ’ Ned 1 inkeN Jm) " ’

respectively.
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Proof We prove our result for the second case and the first can be followed similarly.
Consider a sequence a = (a,) € w and for a fixed sequence u = (u,) € [(Y",p) for 1 < p,, <

00, we have

anly = ay (Z l]jifz)) k’v,,), where v = (v,,) € ¢(p)

k|n

wy
= Z(],(;lf(z) k a,,)vn =T,v,

k|n

where the matrix T = (t,«) is defined by

(%) .
r(’;) k'a,, ifkin,

Luk = ) .
0, otherwise.

Therefore by (2.1), we conclude that au = (a,u,) € £, whenever u,, € £(Y”, p) if and only if
Tv € £; whenever v € £(p). Thus a = (a,) € {£(Y7,p)}* iff T € (£(p), £1). O

Theorem 3.4 Define the following sets:
5 a1C)
ZP =1a=(ax) €w lim E —Kk'a;, exists Vke N t,
n—00

j=kklji 7"
Pk
<0 } 5

Pk
<oo}.

n

g,
2 RO

j=k.klj

b =U[a=(ak)€a)supi:

L>1 " k=1

" I
b {a: (ax) € wsup Z l;((;f))

n,k

.
k' a;

j=keklj
Then {£(Y",p)}f = ZP U B U ZP,

Proof Leta = (ax) € w and ¢ = (¢x) be the Y" transform of b = (bx). Then

n n (K) n n L
;akbk = Zak (Z l]j;(_]]()jrck> = Z( aj'l;r((;)) kr>ck =T,

k=1 jlk k=1 \j=kkl|j

where T = (£,) is an infinite matrix given by

A
Sk rEka, if1<k<n,

0, ifk>n.

Luk =

Thus, for any b = (bx) € £(Y7, p), ab = (axbi) € € if and only if Tc € € for ¢ = (¢i) € £).
Thus a = (ax) € {£(Y7, p)}P iff T € (£(p), ¢). Thus from (2.3), (2.4) and (2.5) we can conclude
that {£(Y",p)}f = ZPUP U ZP. O
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Theorem 3.5 y dual of the space £(Y7, p) denoted by {£(Y",p)}" is given by

Y forl<p, <o,

e(xnp)} =
B ) ZP if0<p, <1
Proof The proof similarly follows from the theorem with the aid of equations (2.3) and
(2.4) from Lemma (2.3). g

3.2 Paranormed Ideal sequence spaces defined by Jordan totient matrix operator
In this section we define ideal convergence on a paranorm space with the aid of Jordan
totient matrix and further study properties of these spaces.

Let p = (px) be a bounded sequence of positive real numbers, then for given € > 0

o (Y,p) = {(u) ew: {ke N: | Yo () [* > €} e}, (3.3)
CI(T’,p) = {(uk) Ew: {k eN: |T;(uk) —£|pk > € for some £ € R} 61}, (3.4)
e (rp) = {m) e w:IM > 0s.t {k e N: | X)) [ > M} e 1}, (3.5)
éoo(Tr,p) = {(uk) €l sip(w,;(uk)})pk < oo}. (3.6)
We write
my (Y7, p) = (Y7, p) N lo(Y",p) (3.7)
and
m' (Y7, p) = (Y7, p) N loo(Y7, p). (3.8)

Theorem 3.6 The sequence spaces c5(Y",p), c/(X",p), tL (Y7, p), mi (X", p) and m' (X", p)

are linear spaces over R.

Proof Consider two sequences u = (ux), v = (v) in ¢/(Y", p), and let A, u be scalars. Thus,
for any given € > 0, there exist /1, [, € R such that

{/<6N:]T;(uk)—ll|pkz%}e],
1

{neN:|T;(vk)—lz|pkz%} el,
2

where
N; =H.max{1,stll(p Iklpk},
N, :H.max{l, st;p |u|pk},
and

H:max{l,ZD’l} and D=suppi >0.
k

Page 8 of 16
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Let
1= {neN: |T;(uk)—ll|pk < ZLNl} e F(),
Jo = {neN: | (vi) = | < —} e F(),

be such that J{,J§ € I. Then
3= {keN: !T,:(kuk + uvg) — (A +M12)|pk <e}
S [ ke N: AP Y () = 0[P < ——|APeH
_H & N P ) - 1 < 5 }

mkermmwmw—M”<§7mWH”. (3.9)
2

Clearly /3 € F(I) and hence J§ = J{ UJS € I, following which we can conclude that (Auy +
uvy) € c (Y7, p). Hence ¢! (Y7, p) is a linear space. O

Theorem 3.7 The inclusions ci(Y",p) C c/(Y7,p) C €. (Y7, p) are strict.
Proof It is evident that c§(Y", p) C ¢/(Y", p). Consider u = (1) € o such that Y},(u) =1 -1
and py = 1 if k is even and pi = 2 when k is odd. Thus Y (u) € ¢! but Y/(u) ¢ ). This
implies u € ¢/ (Y, p)\c} (Y7, p). Next, let u = (u) € c/(Y", p). Then there exists a € R such
that I-1im Y} (u) = a, that is,

{VIGN: |Tn'(u)—a|pk ZE} el
We can write

’T;(u)|pk = ’T;(x) —a+a|pk < |T;(x)—a‘pk + |alPk.

Thus (ux) € €4 (Y7). We show the strictness of ¢/(Y",p) C ¢, (Y7, p) by fashioning the

following example. 0

Example 3.1 Let (pr) = 1 and u = (4x) € w be a sequence such that

¥/n ifnisacube;
Y,(u)=11 ifnisodd non-cube;

0 if n is even non-cube.
Then Y (u) € ¢4, but Y7 (u) ¢ ¢! thus u € £ (Y7, p)\/ (Y7, p).
Thus, we get that ¢/ (Y", p) C /(Y7 p) C €L (Y7, p) is strict.

Theorem 3.8 The sets m! (X", p) and ml (X", p) are closed subspaces of L (X", p).

Page 9 of 16
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Proof Consider a Cauchy sequence (u;f)) in m! (Y7, p) C Loo(Y7, p) such that 4 — u. To
show that u € m!(Y”,p). Since (ug(l)) e m! (Y7, p), there exists (b;) such that {k e N: |u,(<l) -
b|Pk > €} € I. To prove our result, we show the following:

(i) (by) converges to b,

(ii) If S={k € N:|Y)(ux) — b|Pk <€}, then S¢ e 1.

(i) Since (u,(f)) is a Cauchy sequence in m/(Y",p) = given € > 0 we can get p, € N

such that
r (DN _per( 0my 3 €
sup|Tn(uk ) - 'Y“n(uk )| < 3 for all [, m > p,. (3.10)
k
For € > 0, consider the following sets:
\M
Upy = {k e N: Y () = v (™) < (g) }; (3.11)
M
U, = {k eN: L) = b, < (§> }; (3.12)
e\ M

U = {k eN: Y1) - by < (§> } (3.13)

Then U}, Uy, Uf € 1. Let U = Uj, U U7, U UJ, where U = {k e N: |b,, — bj|Pk < €}.

Then U° e I.
Choose ko € U°¢, then for each [, m > kg, we have

M
ke, i <e 2| ke o, -1 < (5)

M

N {k eN: |T;(u§(m)) - T;(u,((l))|pk < <§) }

N {k e N Y0 (l) - by < <§>M”

Thus (&) is a Cauchy sequence of scalars in the field F, therefore there exists b € F
such that b, — b as [ — oo.
(i) Let 0<§ <1 be a given number. We show that if

A=lkeN:|T(m)-bl™ <5},

then A¢ € I. Since u") — u, there exists g, € N such that

M
X:{keN:|T;(u(kq°))-r,;(uk)y”k<(%)} = Xel
5

Y = {ke N [Y7(bg,) - bJ** < <3—H

M
) } such that Y¢ e I.

Since {k e N: |T;(u;(q°)) =Y} (by) Pk > 8} € I. Thus we get a subset
Z = {k e N: |5 () = Y7(bgo) 1P < ()M} of N such that Z° € I. Let
W= XU YU Z¢, where W = {k € N: | Y7 () — bk < §}.

Page 10 of 16
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Thus, for each k € W*, we have
M
(ke mvs ey - o <5} 2 [ { ke v ey - 1) < (57) |

M
n {k € N: Y7 () = Y2y [ < (3%) }

5 \M
N{keN:|Th(by) -b[™ < == :
{(e T5ba) =] <(3H) ”
The result thus follows. O

Remark 3.1 The sets m!(Y”, p) and mi(Y", p) are nowhere dense subsets of £oo(Y", p).

Theorem 3.9 For (pi) € Lo, the spaces mb(Y",p) and m' (X", p) are paranormed spaces
with paranorm defined by

Pi
G(uy) = sup|T;(uk)| M where M = max{ 1, suppk}.
k k

Proof Consider two sequences a = (a;) and b = (br) € m! (Y7, p).
(i) It is evident that G(z) = 0 if and only if u = 0.
(ii) Also G(-u) = G(u).

(iil) Using Minkowski’s relation on a paranorm function G and since % <1, we have
Pk
Glax + by) = sup|T,’,(¢z/< + bk)| M
k
Pk
= sup|T;(ak) + T;(bk)| M
k
Pk Pk
< sup| Y (ax)|™ +sup| Y} (b)| ™.
k k
Therefore G(ax + bi) < Glax) + G(by).
(iv) Let (ux) be a sequence of scalars such that uy — u as k — oco. Let ax — [ with
respect to the paranorm, that is,
Glax-10)—>0 (k— o)
using sub-additivity of the paranorm, we have
Glay) = Glax -1+ 1) < Glax - 1) + G(I).

Thus the sequence G(ax) is bounded. Consider

G[(mxax — ul)] = Gluka — pai + pag — jul)

= G[(uk — wax + pwlax - 1)]

Page 11 0of 16
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< G[(x — wWar] + G lax - )]

i i
< g — ™ Glag) + || Glag - I) — 0.

Hence the space ¢/(Y7,p) is a paranormed space with respect to the norm defined as

above. O
Theorem 3.10 The spaces c\(Y",p) and mb( X", p) are solid and monotone.

Proof Let u = (ux) € ch(Y", p) and |Ax| < 1 be a sequence of scalars.
Since |A¢|?* < max{1, |A¢|P} <1 for all k € N, we have

[ Yh )| < | Yo [”* VkeN.
Thus
{k eN: |T;(uk)|pk > e} ) {k eN: !AkT;(uk)|pk > E}.
Thus (Acux) € ch (Y7, p) and is therefore both solid and thus monotone. O

Remark 3.2 The spaces c/(Y,p), m! (Y7, p) are neither solid nor monotone if I is neither

maximal nor finite.

Example 3.2 Let I = I and let (py) be the sequence of real numbers defined as

1, ifk=2t,
Pk = (3.14)
3, ifk=2t+1.

Now define a sequence (vx) € Ex (the K step space) by

Y(ug), k=2t+1,
10 - |
0, k =2t.
Consider the sequence (uy) such that Y, (uz) =1 + % Thus (ux) € ¢! (Y7, p) but its K-step
space’s pre-image is not in ¢/(Y”, p).
Thus ¢/ (Y7, p) and m!(Y", p) are not monotone and therefore not solid.

Theorem 3.11 Let H = sup; px < 00 and I be an admissible ideal. The following statements
are equivalent:
(i) () € (Y7, p);
(i) 3 (vk) € (X7, p) so that uy = vy for a.a.k.r.d;
(it) 3 (vi) € (Y7, p) and wi € (Y7, p) such that ux = vi + wi ¥ k € N and
{keN: Y (vi) - lIPk > €} e I;
(iv) There exists a subset A = {ay < ay <az <ay---} of N such that A € F(I) and

limy, o0 | Y, (utg) — [Pkn = 0.
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Proof (i) = (ii) Let u = (ux) € /(Y7 p). Thus 3/ € C so that
{k eN: ’T;(uk) —l!pk > e} el

Consider an increasing sequence (b,,) € N such that
{kgbm: |T,’l(uk)—l|pk > l} el

m

Define another sequence vy as
uy=v; forallk <bq,

forb,, <k<b,+1,teN,

ue )Y (u) — 1Pk < L,
Vi =
IA otherwise.

Then (vk) € ¢(Y", p), and using inclusion
(k<bu:ur#vi} < {k <by: |T;(uk) —l|pk = 6} el
we conclude that u; = v; for a.a.k.r.d.
(ii) = (iii) For any sequence u = (u) € ¢/(Y”, p), there exists vx € c(Y”,p) such that
up =vi fora.akrl. Let A={keN:u; #vi},then A el.

Ilustrate a sequence (wy) as follows:

Uy — vy, ifkeA,
Wi =
0, if k € A°.

Then (wx) € ch (Y7, p) and (k) € c(Y7, p).
(iif) = (iv) Let (ii) hold and for given € > 0, consider the sets

B=lkeN:|T/(w)|[* =€} el
and

K=B={ki<ky<ks<ky---}eF{U).
Then we have

lim |, () - 1| = 0.
Jj—>o0

(iv) = () LetA={ki<ky<ks<ky---} € F(I)andlimj_ |T;(uk/.) )
Thus, for any € > 0 and Lemma (2.2), we have

{keN: |T;(uk)—l|pk ze} CA‘U {keN: ‘Tn'(uk)—l|pk Ze}.

Thus (u;) € (Y7, p). O
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Theorem 3.12 The sequence spaces m' (X", p) and m! (X", p) are not separable.

Proof Consider an infinite subset H = {h; < hy < h3---} of natural numbers N so that
Hel Letfor,,ueR

A, ifkeH,
w, ifkeH°.

bk =

Let P be the set containing all sequences (u#) such that

Oorl, ifkeH,
0, if k e H.

Ui =

Evidently P is uncountable since H is infinite. Regard the set of open balls as

1
B, = {B(V, —),v € P}.
7
Let C be an open cover of m! (Y7, p) containing B;. Since B; is uncountable, therefore C
cannot be a countable sub-cover of m!(Y’, p). Hence the result follows. O

Theorem 3.13 m) (Y7, p) 2 m(Y",q) if limgca inf‘;’—’; > 0, (px) and (qx) being sequences of
positive real numbers and A C N such that A € F(I).

Proof Let limgey inf‘;—i >0 and (u) € m{)(T’,q). Then 3 « > 0 so that px > ag; for amply
large k € A. Since (ux) € m(Y", q), for given € >0,

C= {keN: |T;(uk)’qk ze} el

Since A € F(I) therefore A€ € I. Constructing a set as a union of A° and C, we have S =
(A°U C) € I. Thus, for sufficiently large k € S,

{keN: |T;(uk)|pk 26} - {keN: !T;(uk)iaqk 26} el
Thus (ux) € mb (Y7, p). O

Corollary 3.1 The spaces mb(Y",p) and ml(Y",q) are identical if limyca inf’;—i >0 and
limyey inf Z—: > 0 hold simultaneously where A C N such that A° € 1.

Theorem 3.14 The spaces ci(Y",p), c/(X",p), mb(X", p) and m! (X", p) are not symmetric
if I is neither maximal nor I = I.

Proof We provide the following counter example in support of our statement. O

Example 3.3 LetI:If,B:{keN:k:mformeN}andC:{keN:k:nzforneN}.

A:BUC:{keN:k:mornzform,neN}.
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Letforte N
1, ifk=2t
Pk =
2, ifk=2t-1.

Consider a sequence () € w such that

L ifk=n?
i) = { V¥
0 otherwise.

Thus (1) € cé(T’, p)- Now consider another sequence (vx) € @ formed after rearranging
the terms of Y} (u) so that (v) ¢ b (Y7, p). This concludes our result.

4 Conclusion

The paper is aimed at developing a novel generalised paranormed sequence space £(Y”, p)
of the classical Maddox sequence space £(p) in terms of Jordan totient operator and de-
veloping its completeness and isomorphism. Advancing forward we define the «, 8 and y
duals of the proposed space. The paper further explores the ideal convergent paranormed
sequence spaces ch(Y",p), c/(Y",p), ¢L (X", p) aided by Jordan totient operator. We anal-
ysed some of the spaces’ topological and algebraic properties, presented compelling exam-
ples, standard inclusion relations, decomposition theorem, monotonicity and symmetric-
ity. Researchers can employ this methodology to enhance the study on existing operators
and relate it with other metric and topological spaces.
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