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1 Introduction

Ideal operator theorems are very important in mathematical models and have numerous
implementations, such as normal series theory, ideal transformations, geometry of Banach
spaces, approximation theory, fixed point theory, and so forth. Nakano sequence spaces
£(r) are contained in the variable exponent spaces L. Regarding the second half of the
twentieth century, it used to be fulfilled that these variable exponent spaces constituted
the proper framework for the mathematical components of numerous issues for which the
classical Lebesgue spaces have been inadequate. The relevancy of these spaces and their
effects made them a famous and environment friendly device in the remedy of a range
of situations. These days the region of L)(£2) spaces is a prolific subject of lookup with
ramifications achieving into very numerous mathematical specialties [1]. Learning about
the variable exponent Lebesgue spaces L, gained in addition impetus from the mathe-
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matical description of the hydrodynamics of non-Newtonian fluids [2, 3]. Applications of
non-Newtonian fluids, additionally known as electrorheological, vary from their use in
army science to civil engineering and orthopedics. By RN, Lo, £y, and ¢y we signify the
spaces of each bounded, r-absolutely summable, and convergent to zero sequences of real
numbers. We signify the space of all bounded linear operators from a Banach space Z into
a Banach space M by L(Z, M), and if Z = M, we write £(Z), and e; = {0,0,...,1,0,0,...},
while 1 presents the 4 place for every d e N = {0,1,2,...}.

Definition 1.1 ([4]) An s-number function is a map defined on £(Z, M) which sort to
every map W € £(Z, M) a nonnegative scaler sequence (s;(W))3:, satisfies the following
setting:
@) Wl =s0(W)=s51(W)>s(W)>--->0forall We L(Z,M);
(b) s1.a(W1 + Wa) < 5;(Wh) + 54(W>) for every W1, W € L(Z,M) and [, d € N;
(c) Ideal property: sz(VYW) < || V|sa(Y)|W| for every W € L(Zy,Z), Y € L(Z, M) and
V € LM, M), where Zy and M, are discretionary Banach spaces;
(d) For W e L(Z,M) and y € R, one has s;(y W) = |y|sa(W);
(e) Rank property: Assume rank(W) < d, then s;,(W) = 0 for each W € L(Z, M);
(f) Norming property: s;>,(I,) = 0 or s;.,(I,) = 1, where I, mirrors the unit map on the
a-dimensional Hilbert space £4.

The dth approximation number, established by «;(W), is defined as follows:
ag(W) =inf{||W - Y| : Y € £(Z,M) and rank(Y) < d}.
Notations 1.2 The sets S4, S4(Z, M), S%?, and SZPP(Z, M) (cf. [5]) are as follows:
Sa:={Sa(Z, M)}, where Su(Z,M):={W € L(Z,M): ((sa(W)) [, € A}.
Also
SEP =Sz, M)}, where STP(Z,M) = {W € L(Z,M): ((ad(W))ZiO €Al

In [5], Faried and Bakery made known the theory of pre-quasi operator ideal that is
more conventional than the quasi operator ideal. Bakery and Abou Elmatty [6] gave the
sufficient (not necessary) conditions on £(r) such that Sy constructed a simple Banach
pre-quasi operator ideal. The pre-quasi operator ideal SZF}; was once strictly contained
for different exponents. It was once a small pre-quasi operator ideal. Since the booklet
of the Banach fixed point theorem [7], many mathematicians worked on feasible exten-
sions. Kannan [8] approved an instance of a class of operators with the identical fixed point
actions as contractions though that flop to be continuous. The only attempt to describe
Kannan operators in modular vector spaces was made by Ghoncheh [9]. The intention
of this paper is to learn about the thinking of pre-quasi norm on E(A, r). We explain the
sufficient conditions on E(A,r) equipped with the definite pre-quasi norm to structure
pre-quasi Banach and closed (sss), the existence of a fixed point of a Kannan pre-quasi
norm contraction mapping in the pre-quasi Banach (sss), (E(A, r)), satisfies the property
(R) and (E(A, 7))y has the y-normal structure property. The existence of a fixed point of
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the Kannan pre-quasi norm nonexpansive mapping in the pre-quasi Banach (sss) is deter-
mined. In addition, we provide the idea of a Kannan pre-quasi norm contraction mapping
in the pre-quasi operator ideal. The existence of a fixed point of the Kannan pre-quasi
norm contraction mapping in the pre-quasi Banach operator ideal S(z(an), is given. Fi-
nally, we give some applications to the existence of solutions of summable equations with

some examples to illustrate our results.

2 Definitions and preliminaries
Definition 2.1 ([5]) The linear space of sequences 2l is known as a special space of se-
quences (sss) if:
(1) {ealaen S
(2) Ais solid, i.e., conceited v = (v,) € RV, £ = (¢,) € A, and |v,| < |ta| for each a € N,
then v e 2,
(3) (V[%])Z‘io € 2, where [7] illustrates the integral part of 7 in case (v,);2, € 2.

By [0,00)%, we denote the space of all functions ¢ : A —> [0, 00).

Definition 2.2 ([5]) A subclass 2, of2is called a pre-modular (sss) if there is i € [0, 00)%
with the following:
(i) ForveR,v=0 < ¢ (v) =0 with ¥ (v) > 0, where 0 is the zero vector of 2;
(ii) For all v € 2l and n € R, there is B > 1 for which ¥ (nv) < B|n|¥ (v);
(iii) w(v+1t) <J(Y(¥) + ¥ (¢)) for each v, t € A embodies for some J > 1;
(iv) Fora € N and |v,| < |t,], we obtain ¥ ((v,)) < ¥ ((£,));
(v) The inequality ¥ ((v,)) < 1//((1/[%])) < Jow((v,)) holds for some Jy > 1;
(vi) If F is the space of finite sequences, then F = Q0y;
(vii) There is ¢ > 0 such that ¥(8,0,0,0,...) > ¢|8|¥(1,0,0,0,...) for every 8 € R.

Definition 2.3 ([10]) Let 2 be a (sss). The function ¥ € [0,00)% is named a pre-quasi
norm on 2 if it provides the following setting:
(i) ForveR,v=0 < ¢ (v) = 0 with ¥ (v) > 0, where 0 is the zero vector of 2;
(ii) For some B > 1, the inequality ¥ (nv) < B|n|y (v) holds for all v € 2 and n € R;
(iii) For some J > 1, the inequality ¥ (v + t) < J(¥ (v) + ¥ (¢)) is satisfied for all v, £ € 2.

Theorem 2.4 ([10]) If 2 is a pre-modular (sss), then it is a pre-quasi normed (sss).
Theorem 2.5 ([10]) 2l is a pre-quasi normed (sss) if it is a quasi-normed, (sss).

Definition 2.6 ([11]) If £ is the class of bounded linear maps within any two Banach
spaces. A subclass U of L is named an operator ideal if every element U(Z, M) =U N
L(Z, M) fulfills the following setting:
(i) Ir €U throughout I' characterizes a Banach space of one dimension.
(i) The space U(Z, M) is linear over fR.
(ii) W e L(Zy,Z2), X eU(Z,M), and Y € L(M, My), then YXW € U(Zy, My), where

Zy and M, are normed spaces.

The notion of pre-quasi operator ideal is more regular than the quasi operator ideal.
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Definition 2.7 ([5]) A function ¥ € [0, 00)" is named a pre-quasi norm on the ideal I/ if
the following setting holds:
(1) Assume W eU(Z, M), ¥(W) >0, and (W) =0 if and only if W = 0;
2) Thereis D> 1soasto W(nW) < D|n|V(W) forall W e U(Z,M) and n € R;
3) Thereis ] > 1 so that (W7 + W5) < J[W(W7) + W(W,)] for all Wy, W, e U(Z, M);
4) Thereiso > 1if W € L(Zy,Z2), X eU(Z,M), and Y € L(M, M), then
Y(YXW) <o Y[¥X)[W].

(
(
(

Theorem 2.8 ([12]) Pick up 2Ly, to be a pre-modular (sss), then V(W) = Y (s,(W))>2, is a

pre-quasi norm on Sy, .

Theorem 2.9 ([6]) Let Z and M be Banach spaces and 2, be a pre-modular (sss), then
(Sg[w, V) is a pre-quasi Banach operator ideal, so that (W) = ¥ ((s,(W))32,).

Theorem 2.10 ([5]) V is a pre-quasi norm on the ideal U if V is a quasi norm on the ideal
Uu.

Lemma 2.11 The given inequalities will be used in the sequel:
(i) [13] Let r = 2 and for every v, t € R, then

v+t| r

2

v—t

1
S| = E(Ivlr +1¢l").

(i) [14] Assume 1 <r <2 and for all v,t € R so that |v| + |t| #0, then

2-r r
< S ).

2

v+i v—t

2

"or(r-1)
+
2

V[ + 1t

(iii) [15] Suppose r, >0 and vy, t, € R for every a € N, then
Vo + L] < 2K-Y(|v,|"@ + |t,]"@), where K = max({1,sup, 7,}.

3 The sequence space (E(A,r))y

We introduce in this section the definition of generalized Cesaro backward difference se-
quence space of non-absolute type (E(A, 7)), under the function ¥ and some inclusion
relations.

The Cesaro matrix A; of order 1 is represented explicitly as

Aq

RN ISV ST )
S T =)
CoRRwe O O

Rl O O O

Definition 3.1 For all (r;) € RV, the sequence spaces (£ (7))y, (co(7))y, and (£(r))y are
defined as follows:

(Zoo(r))%o ={f=(h e RV Yoo (pf ) < 00 for some p > 0},



Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:103 Page 5 of 32

where Y (f) = sup |fi]".
I
(co(r))‘/foc = {f =(f) e RV ll_lglo lpfil’" = 0 for some p > 0},
where V¥ (f) = sup |fi]".
I

(E(r))w = {f =(fx) € RV . ¥ (pf) < oo for some p > 0},

where y(f) = > " [fil".

1=0

Definition 3.2 For all (r;) € ", we define the following sequence spaces:

Eoo(A,7) = If = () € RV AL AS € Lo()).
Eo(A,7) = {f = (k) e WV : AL ASf € co(r) ).
E(A, 1) = |f = () e RV AL Af € L))

Theorem 3.3 If (1)) € RN, then E(A,7) S Eo(A,1) G Eao(A, ).

Definition 3.4 For all (r;) € RV the sequence space (E(A, 7)), under the function ¥ is
defined as follows:

(E(A,r))w ={f=(h e RV 2 ¥ (pf) < oo for some p > 0},

1
where yr(f) = Y0 (202 and Af, = f, - £,y with f, = 0 for z < 0.

Theorem 3.5 If(r)) € "N N Lo, then

(E(A,r))w ={f=(h e RNy (of) < o0 for any p > 0}.

Proof Assume (r;) € "N N £, One has

(E(A,r))w ={f=(h e RV 2 ¥ (pf) < oo for some p > 0}

00 l 7
Apf I\
- f:(fk)e,‘RN:E (lzzloilpfv <ooforsome,o>0}
+

1=0

150 A

I+1

_ f=(ﬂ)emN:i(—'Zi°Aﬁ')”<oo}

pn [+1

[e¢} ry
= f:(fk)ei){N:irllfp’lZ( ) <oofors0me,o>0}
1=0

{f:(ﬁ<)G%Nzl//(pf)<ooforanyp>0}. O

Theorem 3.6 If (r)) € RN N Loo, then (E(A, 1))y is of absolute type.
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Proof We have
N (10 AR S Y N AL
w(f)_z< I+1 -2 I+1 -2 I+1 =v -
1=0 1=0 1=0
Therefore, the sequence space (E(A, r))y is of absolute type. O

Theorem 3.7 If (r;) € RN N L, then L)y S (B(A,1)y.

Proof Let f € (€£(r))y, since
(I AN (Y
;( I+ 1 ) —;(m> S;lﬁl’<oo,

then f € (E(A,r))y. For (1) € (1,000N N £o, we choose f = (1,1,1,...), one has f €
(E(A,r))y and f ¢ £(r). For (r;) € 0,11V, we choose f = (ﬁ)’fl, one has f € (E(A, 7))y
and f ¢ £(r). O

Definition 3.8 For all (r;) € RN N o, the generalized Cesaro backward difference se-
quence space of absolute type (ces(A,)), is defined as follows:

(Ces(A,r))(p = {f =(fx) € RV . @(pf) < oo for some p > O},

ey 35 S 24

pn I+1

Theorem 3.9 If (r}) € R*V N Lo, then (ces(A, 1)), G (E(A, 1))y

Proof Let f € (ces(A,r)),, since

STV VO SV
Z( 1 )-;( Tl )<°°

=0

Then f € (E(A,r))y. For (r) € (1, ooV N Ly, we choose f = ((=1)%),enr, One has f €
(E(A,7))y and f ¢ (ces(A,r)),. For (1) € (0, 1V, we choose f = (1,0,0,...), one has f €
(B(A,r))y and f ¢ (ces(A,7)),. O

4 Pre-quasinormon E(A,r)

We investigate in this section the sufficient set-up on Z(A,r) with a pre-quasi norm
to form a pre-quasi Banach and a closed (sss). The Fatou property for different pre-quasi
norm ¥ on E(A,r) is studied.

Definition 4.1

(a) The function ¥ on E(A,r) is called ¥ -convex if
W(wv +(1- a))t) <oy + (1 -w)y(t)

for each w € [0,1] and v,t € E(A,r).
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(b) {Valaen € (B(A,71))y is Yr-convergent to v € (E(A, r))y if and only if
lim,_, » ¥ (v, — v) = 0. If the ¥ -limit exists, then it is unique.
(©) {Valaen S (E(A, 7))y is ¥-Cauchy, when limgp, 00 ¥ (Vs — vp) = 0.

)
(d) A C(E(A,r))y is ¥-closed, if for all -converging {v,},enr C A to v, thenv e A.
(e) A C(E(A,r))y is Y-bounded, when 8y (A) = sup{yy(v—¢t):v,t € A} < 00.
(f) The y-ball of radius d > 0 and center v, for every v € (E(A, 1))y, is detailed

By (v,d) = { (E(Ar)) w(v—t)fd}.

(g) A pre-quasi norm v on E(A,r) satisfies the Fatou property if for any sequence
{t*} € (B(A,r))y with lim,_, o ¥ (2% — £) =0 and any v € (E(A, 1))y, then
Yv—-t)< sup; inf,>; (v —t%).

Note that the Fatou property gives the 1/ -closedness of the 1/ -balls.

Theorem 4.2 If (r,) € "N N Lo is mcreasing, then the space (E(A, 1))y is a pre-modular
(sss), where yr(v) = [} o (-=20—= |70 Ave| )a] for eachv e B(A,r).

a+l

Proof Firstly, we have to prove E(A,r) is a (sss):
(1-i) Suppose v,t € E(A,r). Since (r,) is bounded, we obtain

(Ve b\ fore [val \" forE A Ak
voso=|S(5) ] <[ Z6) ] 20

=y (v) + ¥ (t) < oo,

sov+te B(A,r).
(1-ii) Assume n € Rand v € E(A,r). As (r,) is bounded, we have

w(nV):[ZC?—ﬂ)a} SSUP|W|%|:Z(%>] <Dinly(v) < oc.

=0 a=0

Hence nv € E(A,r). Then, by using Parts (1-i) and (1-ii), we get E(A, ) is a linear space.
Also e, € E(A,r) forall a € N since

1 o
(e T (1 ¥
1/j(ea)_|:2:<j+1 “\a+1)
j=0
(2) Let |v,| <|t,| foralla e N and t € E(A,r). One has

B el V< T* T/ 1l %_
Y(v) = [;(Ml)} ELXS‘(MI)} =Y (t) < 00,

we getve B(A,r).
(3) Let (v,) € E(A,r), one can see

[ Vg™ %_ o al N = el ®
WWW))Z[;(ﬁ)} _[;(;(2%1) +a2_0:<2a+2) }




Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:103 Page 8 of 32

ol

szé[ZQVﬂ)a} =269 (),

a=0

then (V[%]) € E(A,r). Secondly, we show that the function ¥ on E(A, r) is pre-modular:

(i) Evidently, ¥/(v) > 0and ¥ (v) =0 < v =0.

(ii) We have D = max{1, sup,, |7 %_1} > 1 so that Y (nv) < D|n|y (v) for every v € E(A,r)
and 7 € K.

(iii) There is J > 1 such that ¥ (v + £) < J (¥ (v) + ¥ (¢)) for all v, £ € E(A, r).

(iv) Clearly from (2).

(v) It is obtained from (3) that J, = 2% > 1.

(vi) Patently F = E(A, 7).

(vii) There is ¢ sothat 0 < ¢ < |/6|r70‘1 for B #0 or ¢ >0, for 8 = 0 such that

¥(8,0,0,0,...) > ¢|Bl¥(1,0,0,0,...). g

Theorem 4.3 If (r,) € RN N YL is increasing, then (E(A,r))y is a pre-quasi Banach (sss),
where ¥ (v) = [Zz‘io(w)’“]%for eachve B(A,r).

a+l

Proof Assume that the set-up is verified. From Theorem 4.2, the space (2(A,r))y is a
pre-modular (sss). By Theorem 2.4, the space (E(A,r))y is a pre-quasi normed (sss). To
demonstrate that (E(A, r)), is a pre-quasi Banach (sss), assume v* = (V2)2°, to be a Cauchy
sequence in (E(A,r))y. Hence, for every ¢ € (0,1), there is pg € NV so that, for all p,q > py,
one has

e [5()

a=0

Therefore, for p,q > po and a € N, we obtain |/}, - v| < &. So (v1) is a Cauchy sequence in
R for constant a € N/, which implies lim,_, o v = ¢ for fixed a € V. Hence (¥ —=1°) < &
for each p > py. Conclusively to show that 1° € E(A,r), we have ¥ (1°) = Yy (1° —v* + W) <
Y (¥ —°) + Y (1) < 00, s0 W° € E(A, r). This means that (E(A, 7))y is a pre-quasi Banach
(sss). O

Theorem 4.4 If (r,) € "V n L is increasing, then (E(A, 1))y is a pre-quasi closed (sss),
where yr(v) = [0 o (Z=02yra ) for each v e B(A, ).

Proof Assume that the set-up is verified. From Theorem 4.2, the space (E(A,r))y is a
pre-modular (sss). By Theorem 2.4, the space (E(A,r))y is a pre-quasi normed (sss).
To show that (E(A,r))y is a pre-quasi closed (sss), assume ¥ = (VZ)Z‘iO € (E(A,r)y and

lim,,, oo Y (VW — W) = 0, then for every ¢ € (0, 1), there is py € A such that, for all p > py,

1
00 |VZ—V2| rq | K
E —_— <E.
a+1

a=0

one has
o=

Hence, for p > pp and a € N, we get |V}, — 9| < &. So (V}) is a convergent sequence in R for
fixed a € N Therefore, lim,_, » v}, = V0 for fixed @ € \V. Finally, to prove that v* € E(A, ),
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we have
Y () =y (P =+ ) <y (¥ -10) + ¢ (V) < o0,
so1° € E(A,r). This means that (E(A, 7))y is a pre-quasi closed (sss). |

Theorem 4.5 If (r,) € RN N Lo is increasing, then ¥ (v) = [Zﬁo(w)’“]% verifies

a+l

the Fatou property.

Proof Suppose that the set-up is fulfilled and {£’} C (E(A, )y with limy_, o Yth —t) =
0. Since the space (E(A,r))y is pre-quasi closed, then ¢t € (E(A,))y. Then, for any v €
(E(A, 7))y, one can see

|
—

1

i va—tal\"™ |" _ i va—tal\" ", i e —tal\" |
a+1 - a+1 a+1

a=0 a=0 a=0

ww-n={

< supinfy (v —%).
_s?ping(v ) 0

Theorem 4.6 If (r,) € RN Ny is increasing with ro > 1, then (v) = Y - (m)rﬂ

a=0 a+l

does not satisfy the Fatou property for all v e E(A,r).

Proof Let the conditions be fulfilled and {£°} € (E(A, 7))y with limy_, o Y (t? —t) = 0. Since
the space (E(A,7))y is a pre-quasi closed space, then ¢t € (E(A,r))y. Then, for any v €
(E(A, 7))y, we have

[ 1va—ta] | e va =881\ (18—t \™
v—t)= —_— < 2%Pala” — + EE—
v ) Z( a+1 ) - ;( a+1 ) ;( a+1>

a=0

< 2%UPaTa-1 supinfyr (v - th).
j b>j

Hence, ¥ does not satisfy the Fatou property. O

a Ay 1
Theorem 4.7 If (r,) € (0,1) is increasing, then v (v) = [Zio(w)rﬂ]") does not

a+l

satisfy the Fatou property for all v € B(A,r).

Proof Let the conditions be fulfilled and {£°} C (E(A, r))y, with lim,_, o, ¥ (¢? —£) = 0. Since
the space (E(A,r))y is a pre-quasi closed space, then ¢ € (E(A,r))y. Then, for any v €
(E(A, 7))y, we have

Ylv-1)= |:Z(|V;:al) }

a=0

1 1
S bi\'a |70 S b ra |70
1 4 |Va—ta| |ta_ta|
<27 E - % + E _4a =
- (|:a=0( a+1 s a+1

1
< 277! sup infl/f(v - tb).
j b>j

Hence, ¥ does not satisfy the Fatou property. O



Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:103 Page 10 of 32

Example 4.8 The function ¥ (v) = [} o7 0(|2231sz|),“]%( is a pre-quasi norm, not quasi,

and not a norm for each v € E(A, r).

Example 4.9 The function ¥ (v) = [Zio(w)’]%

a1 1S a pre-quasi norm, a quasi norm,

and not anorm on E(A, (r)) forO<r<1.

Example 4.10 The function ¥/ (v) = inf{k >0: ) > O(M)’“ <1} is a pre-quasi norm,

a+1l
a quasi norm, and a norm on E(A,r).

5 Fixed points of Kannan pre-quasi contraction mapping
Now, we give the definition of Kannan  -Lipschitzian mapping in the pre-quasi normed
(sss). We examine the sufficient conditions on (E(A, r))y equipped with definite pre-quasi

norm such that there is a unique fixed point of the Kannan pre-quasi norm contraction
mapping.

Definition 5.1 An operator W : 2, — 2, is called Kannan -Lipschitzian if there is
& > 0 such that

v (Wv - Wit) < E(W(Wv— V) + (Wt — t))

for all v, € 2,,. The operator W is called:
(1) Kannan vy -contraction if & € [0, %).
(2) Kannan ¥ -nonexpansive if & = 5
A vector v € 2, is named a fixed point of W when W (v) =

Theorem 5.2 If(r,) € RN NLy is increasing and W : (B(A,r))y — (E(A, 1))y is a Kan-

12zo0 Azl Z%ffvz‘)'“]%for allve B(A,r), hence

nan \-contraction mapping, where ¥ (v) = [3_o (
W has a unique fixed point.

Proof Suppose that the conditions are satisfied. For any v € B(A, r), then W?v € B(A,r).
As W is a Kannan ¥ -contraction mapping, one has

Y (WPy — WPy) < &(y (WP v = WPY) + ¢ (WPv — WPly))

£

= YW’y - WPy) < ——y(WPv- WP ly)

1-¢
£\2
(—) (Wrty — wP2y)

s p
<... <(1 5) Y (Wv —v).

Hence, for all p,q € N with g > p, we get

Y (WPv— W) <&(y(WPv— WP hy) + ¢ (Wiv - Wily))

() (i) Y.

I/\
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So, {W?v} is a Cauchy sequence in (8(A,r))y. As the space (E(A,r))y is a pre-quasi Ba-
nach space, there is ¢ € (E(A, 1))y such that lim,_, ., W?v = . To prove that Wt = ¢, since
¥ has the Fatou property, one can see

p
Y (Wt - £) < supinf ¢ (WP*y — WPy) < supinf(f—s) Y(Wv—-v) =0,
i p=t i p=i -
hence Wt = ¢t. Then ¢ is a fixed point of W. To show that the fixed point is unique, let us
have two different fixed points b, ¢ € (E(A, r))y of W. Hence, we obtain

Y(b—1t) <Y (Wh-Wt) <&(y(Wb-b)+y(Wt—1t)) =0.
Therefore, b = ¢. O

Corollary 5.3 Let (r,) € "N N L be increasing and W : (E(A,r))y — (E(A, 1))y bea
Kannan -contraction mapping, where y(v) = [Z;ZO(M)’“]% for all ve B(A,r),

a+l

then W has one and only one fixed point b with (WPy — b) < E(%)p‘ll//(Wv —V).

Proof Let the conditions be satisfied. By Theorem 5.2, there is a unique fixed point b of
W. Consequently, we have

Y (WPv = b) =y (WPv - Wh) <& (¥ (WPv— WPv) + (Wb - b))

N\

:;;(E) Y (Wv —v). N
Definition 5.4 Assume that 2l is a pre-quasi normed (sss) and W : 2, — 2. The oper-
ator W is called v/-sequentially continuous at b € 2, if and only if, when lim,_, o ¥ (v, —

b) =0, then lim,_, .o ¥ (Wv, — Wb) = 0.

Theorem 5.5 Let (r,) € RV N Lo be increasing with ro > 1, and let W : (E(A, 7))y —
(E(A, 7))y, where Y (v) = Zio(%)’“ Sorallve B(A,r). The point g € (E(A, 1))y is
the only fixed point of W if the following conditions are satisfied:
(a) W is a Kannan v-contraction mapping;
(b) W is yr-sequentially continuous at a point g € (E(A,7))y;
(c) Thereisve (E(A,r))y so that the sequence of iterates {WPv} has a subsequence
{WPiv} converging to g.

Proof Let the conditions be verified. If g is not a fixed point of W, then Wg # g. By condi-
tions (b) and (c), we have

lim ¢(W?v-g)=0 and lim y(W?*'y-Wg)=0.

pi—>00 pi—>0o0
As the operator W is a Kannan 1 -contraction, one can see

0<y(Wg-g) = ((Wg - WHhv) + (Whv—g) + (WPlv — WPiv))
< 22sup; ri_zl/f(Wp”lV _ Wg) + 22 sup; Vi—Zw(WPiV _g)

§

pi-1
E) l[f(WV— V).

+ 2supi Vi—l‘,;_- (
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As p; — 00, we have a contradiction. Therefore, g is a fixed point of W. To explain that
the fixed point g is unique, let us have two different fixed points g,b € (E(A, 7))y of W.

Hence, we obtain
V(g -b) <y (Wg- Wb) <&(v(Wg—g)+v¥(Wb-b)) =0.
Therefore, g = b. O

Theorem 5.6 Let (r,) € (0,1) be increasing, and let W : (E(A, 1))y — (E(A, 1))y, where
Y(v) = [Zio(%)’“]% forallve E(A,r). The point g € (E(A, 1))y is the only fixed
point of W if the following conditions are satisfied:

(a) W is a Kannan v-contraction mapping;

(b) W is -sequentially continuous at g € (E(A,7))y;

(c) Thereisve (E(A,r))y such that the sequence of iterates { WPv} has a subsequence

{WPiv} converging to g.

Proof Let the conditions be verified. If g is not a fixed point of W, then Wg # g. By condi-

tions (b) and (c), we have

lim w(Wp"v—g) =0 and lim W(WP”IV—Wg) =0.

pi—> 00 pPi—> 00

As the operator W is a Kannan v -contraction, one can see

0<y(Wg—-g) = w((Wg - W”“lv) + (W”fv—g) + (Wp"*lv— W”l'v))
<270 2y (WPitly - Wg) + 220 2y (WPiv — g)

" £ pi-1

+270 ‘lg(m> YWy —v).
As p; — 00, we have a contradiction. Therefore, g is a fixed point of W. To explain that
the fixed point g is unique, let us have two different fixed points g,b € (E(A,r))y, of W.

Hence, we obtain

Y(g-b) <y (Wg - Wb) <&(v(Wg-g) + v (Wb-b)) =0.

Therefore, g = b. d
Example 5’;+71 Let W : (B(A,(EL)X)y — (B(A,(E1)2)y, where ¥(v) =
Y sen | 2% |25 for all v e B(A, (£5)22,) and

L, Ywelo,
L, Y) e[L,00).

W) =

Since for all v, v, € (E(A, (% Ny with ¥ (v1), ¥ (v2) € [0,1), we have

(W Wi )_ (Vl V2>< 1 ( (171/1) (171/2))
Y(Wry = W)=y 8 13 _\4/1—71#? +¢F
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= ! (v (Wvy —v1) + ¥ (Wiy —12)).

ﬁ
—
S|

For all v, v, € (E(A, (Z”ai)cﬁo)),,, with ¥ (v1), ¥ (v2) € [1,00), we have

(“7 WA ) 1 19V1 19V2
v W =W (%‘%) X"’(W)“”(W))
1

Y (¥ (W1 = 1) + 4 (Wry = 1)).

For all vi,v5 € (E(A, ;‘a—ﬁ)b‘z‘io))w with ¥ (1) € [0,1) and ¥ (v,) € [1,00), we have

v - wi) -y (- 2 ) < o () ¢ g ()
18 20/~ Y17 18 Y19 20
) (2)

- 317 18 20
1

L (W (Wi —v1) + % (Wyy = 1,)).

Therefore, the map W is a Kannan y-contraction mapping. Since  satisfies the Fatou
property, by Theorem 5.2, the map W has a unique fixed point 6 € (E(A, (Z2)%,))y.

2a+4’a=0
Let {v"} € (E(A,(£L1)2))y be such that lim,_. (" — 19) = 0, where v €
(B(A, (2“;+14)°°0)),/, with ¢ (v?) = 1. Since the pre-quasi norm v is continuous, we have

. o Ym0 ¥O)
Jim v (0w < i v (g =5 ) =¥ ) >0

Hence W is not w—sequentially continuous at v, So, the map W is not continuous at v(©.
If Y(v) = [Ypen 1251551 for all v e B(A, (£1)22). Since for all vi,v, € (E(A,
(Ll o2 oDy with ¥ (v1), ¥ (o) € [0,1), we have

2a+4/a=

wow-we) v (-2 ) < £ (o) +o ()

= %(Vf(WVl —v) + Y (Wyy — Vz))'

For all v1,v5 € (E(A, ;;14)4 o)) with ¥ (v1), ¥ (v2) € [1, 00), we have

s 5) B ) )

= %(W(Wvl —v1) + Y (W = vy)).

For all vi, v, € (E(A, 2%14)230))1// with ¢ (1) € [0,1) and ¥ (v,) € [1,00), we have

)
=17 T ARAE

Page 13 of 32
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= (W =)+ Y (Wi =),

Therefore, the map W is a Kannan 1 -contraction mapping and

. Y e,
s () €[1,00).

WP(v) =

It is clear that W is r-sequentially continuous at 6 € (E(A, 2‘;++14 o)y and {W?v} has

a subsequence {W?iv} converging to 6. By Theorem 5.5, the point 6 € (E(A, (z‘j;z)azo))w

is the only fixed point of W.

Example 58 Let W : (E(A,(22)2)y — (B(A,(2Z2)2,)y, where (1) =

a+2 a+2
VD en 125152 forall ve E(A, (242)%,) and
W< | F 00D,
£ Y) e[1,00).

Since for all vy, v, € (E(A, (222 )2y with ¥ (v1), ¥ (v2) € [0,1), we have

a+2

R GO TORC)

= 4127 (v (Wvy —v1) + ¥ (Wi —12)).

For all vi, v, € (E(A, (st)a o))y with ¥ (v1), ¥ (v2) € [1, 00), we have

a+2

Vi W 1 4v; 4vy
v (Wvi — Wh,) = 1ﬁ<g - g) < «/6_4(w<?> + w(?>)

= 416 (W (Wi —v1) + % (Wys = 13)).

N

For all v, v, € (E(A, (22£2)2°)))y with ¥ (v1) € [0,1) and ¢ (v,) € [1, 00), we have

a+2

31/1 1 4-1/2
v = W) = ( ) V27 <T) ’ 4—64¢(?)
1 31/1 4-1/2
27(1#( 4 )Hlf( > ))

= 4127 (v (Wv1 —v1) + ¥ (Wi —12)).

=

Therefore, the map W is a Kannan y-contraction mapping. Since  satisfies the Fatou

property, by Theorem 5.2, the map W has a unique fixed point 8 € (E(A, (222))),,.

a+2

Let (v} € (E(A,(222)22)))y be such that lim,_o ¥ (™ — V%) = 0, where v €
(B(A, (i“:;)"oo)),/, with ¢ (V?) = 1. Since the pre-quasi norm 1 is continuous, we have

s 0 O
lim y (W™ — wv©) = lim 1//(— - —) = w(—> > 0.

n—00 n—00 5 20
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Hence W is not v/-sequentially continuous at v*). So, the map W is not continuous at
v,
) =2 en 1751 %5 forallv e Z(A, (2‘”3)"00) Since forall vy, v, € (E(A, (2‘”3)"00)),/,

a+2 a+2
with ¥ (1), ¥ (v,) € [0, 1), we have

R ORI

Y (Wv1 —v1) + ¥ (Wry — Vz))-

2
_ﬁ(

For all v1, vy € (E(A, 2‘”3)2‘10)),/, with ¥ (1), ¥ (1) € [1, 00), we have

a+2

(Wt — W) = w(% - %) < i(w(%) . w(%))

= i(w(WW —v1) + Y (Wa — n)).

For all v1,v5 € (E(A, (2‘”3)“ o)) with ¥ (v1) € [0,1) and ¥ (v,) € [1,00), we have

a+2

w(Wvl—sz)zw(%_%> \/__w(m) _w(%)
(+(5) (%))

(W(WVl i)+ Y (Wyy - Vz))-

I\J‘N @’N
SR

Therefore, the map W is a Kannan 1 -contraction mapping and

, ¥ elo1),
, Y(v) e[l,00).

WP(v) =

Qe Rl<

It is clear that W is y-sequentially continuous at 6 € (E(A, (2‘”3)&Z o))y and {W?v} has

a+2
2a+3 \oo

a subsequence {W?iv} converging to 6. By Theorem 5.5, the point 6 € (E(A, ( ) v

is the only fixed point of W.

Example 59 Let W : (B(A,(Z)20)y — (B(A,(£5)2))y, where ¥(v) =

a+l — 1
D aen 1751 wa | forall v e B(A, (50:4)a20) and

Eleo+v), vo€(-00, %),

W(V) = 1_1760! Vo = %7

1
15€0, vy € (55,00).

Since for all v, £ € (E(A, (%)io))w with vy, £y € (-0, %), we have

1 8 17v 17t
Y (Wv - Wi) = 1//<1—8(V0 —to,v1 —t1, Vo — tz,m)> < ﬁ(l/f(§> + 1/’<§>>
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< %(w(Wv—v) + (Wt - t)).

Forall v,z € (E(A, (2“;+14 o)y with vo, 2o € (5

75, 00), then for any & > 0 we have

Y (Wy— Wt) =0 < ey (Wy —v) + ¥(We - 1)).

Forall v, £ € (E(A, (£4)%°,))y with vy € (—o0, 1—17) and ¢ € (&

T o0), we have

17’

v 17v 1
va—Wt):w(E) < 17w( ) Ly

1

< 1—7(1/1(Wv—v) + (Wt - t)).

Therefore, the map W is a Kannan Y¥-contraction mapping. It is clear that W is -

sequentially continuous at eo e (B(A, (2“6;14 o), and there is v € ("(A (2"‘;14 v
with vy € (o0, 17) such that the sequence of iterates {W?v} = {37 _, 18” ey + 18,, v} has

{ ﬁ’ | Tg7€0 + TarrV} converging to t-eo. By Theorem 5.5, the
map W has one fixed point 5 eo e (E(A (2‘;14 o)) Note that W is not continuous at
Leo € (B(A, (£1)5),y-

) =2 o4l sa for all v € E(A, (2“;;)220). Since for all v, £t € (E(A, (2‘::34)(‘;20))]/,

a subsequence {W?iv} =

with vy, £y € (-0, %), we have

(W — W) = (i( to,v1 — b1, vy — )>< 1 ( <ﬂ> (ﬂ))
I/f V= —W 181/0—0,1/1—1,1/2—2,... _f/ﬁ W 18 +1ﬂ 13

Y(Wv—v) + (Wt - t))

_\/_(

Forallv,t € (E(A, (&L o)) with v, ¢y € (L

T 00), then for any ¢ > 0 we have

17’

YWrv-Wt)=0< 8(1//(Wv—v) + w(W/t—t)).

o0), we have

Forall v,t € (E(A, (41 o o)y with vy € (—o0, %) and ty € (&

2a+4’a= 17°

V(W — W) = w(i) < iw(i) - L yw—v)
ST\ Tyt 18 ) 1y

\/_(w(Wv V) + Y (Wt - t))
Therefore, the map W is a Kannan 1 -contraction mapping. Since Y satisfies the Fatou

property, by Theorem 5.2, the map W has a unique fixed point ;-eg € (E(A, (££5)%))y.

Example 510 Let W : (E(A,(2‘”3) Nv — (E(A,(”*P’)z‘io))w, where ¥ (v) =

a+2 a+2

Y oaen 1751 % forallve E(A, (22 o) and

a+2

Her+v), we(-00,3),

W)= %61, Vo=13

3’
e Vo € (3,00).
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Since for all v, £ € (E(A, 2::23)a o))v With vy, £y € (—00, 3) we have

1 2 3v 3t
Y (Wv - Wi) = ¢(Z(Vo —to, V1 —t1, V2 — tz,m)) < ﬁ<1ﬁ<z> + ‘ﬁ(z))

2
< \/—2_7(\0(\/%/ -v)+ (Wt - t)).

Forallv,t € (E(A, (22 o)) with v, ¢y € ( 00), then for any ¢ > 0 we have

a+2

Y (W — We) = 0 < e(y (Wv—v) + ¥ (Wt - ).

Forall v,t € (E(A, 2::23 ooy with vy € (—o0, 3) and o € ( ,00), we have

v 1 3v 1
V(W — We) = w(1> < fw(z) - VW=

J_(w(WV v)+ Y (We — t))

Therefore, the map W is a Kannan i -contraction mapping. It is clear that W is -

sequentially continuous at %el € (B(A, 2::23)a o))v, and there is v € ( (A, (2;++23 v

with vy € (o0, é) such that the sequence of iterates {Wl’v} = {Zn 1 4% el + 4,,v} has a
subsequence {W?iv} = {Zn L 4n e + 41,1 v} converging to e1 By Theorem 5.5, the map
W has one fixed point §el € (E(A, (22)%))y. Note that W is not continuous at 361 €

'\ g+42 /a=0
( (A (2::23 OOO))‘/’

Ity (v) = mforallve E(A, (223),). Since forall v, £ € (E(A, (223)2,))y

a+2 a+2

with vy, ty € (—00, é), we have

1 1 3v 3t
v(Wv - Wit) = 1#(1(1/0 —to,v1—t1,V2 — tz;-u)) < > <1/f<z> + w(z)>

< 4127 (v (Wv —v) + ¥ (Wt —t)).

Forall v,t € (E(A, (2::23 o))y with vy, £ € ( 00), then for any ¢ > 0 we have

Y (Wy— Wt) =0 < ey (Wy —v) + y(Wt - 1)).

Forall v, £ € (E(A, (2£)%,)), with vy € (—o0, %) and £y € (%, 00), we have

a+2

v 1 3v 1
W(WV—Wt):W<Z> = ﬁw(él-) 427W(WV V)

\/_(w(Wv v) + Y (Wt — t)).

Therefore, the map W is a Kannan y-contraction mapping. Since  satisfies the Fatou

2a+3\00

property, by Theorem 5.2, the map W has a unique fixed point %el € (B(A, (555)20)y -
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6 Fixed points of Kannan pre-quasi nonexpansive mapping
In this part, we discuss the uniform convexity (UUC 2) defined in [16] of the pre-quasi
normed (sss) (E(A, 7))y

Definition 6.1 ([1, 17]) We define the coming uniform convexity type behavior of the

pre-quasi norm y:
(1) [18] Suppose a >0 and b > 0. Denote

Hi(a,b) = {(v, D:v,teAy, v(v) <a,¥@) <byv-t)> ab}.

When H; (a, b) # ¥, we put

Hi(a, b) -1nf{1 - —W(V; t) :(vt) € Hl(a,b)}.

When H; (a, b) = ¥, we put Hy(a, b) = 1. The function ¥ supports the uniform
convexity (UC) if, for every a > 0 and b > 0, we have H;(a, b) > 0. Observe that for all
a > 0, then H (a, b) # @ for very small b > 0.

(2) [16] The function ¢ provides (UUC) if, for all p > 0 and b > 0, there is B (p, b) based
on p and b > 0 such that

Hi(a,b) > B1(p,b) >0 fora>p.

(3) [16] Assume a > 0 and b > 0. Denote

Hy(a, b) = {(v, vt ey, y(v) <a, () < a,w<VT_t) > ab}.

When Hy(a, b) # ¥, we put

Ha(a,b) = 1nf{1 - —¢<V+ t) ‘(1) e Hg(a,b)}.

When Hj(a, b) = ¥, we place Hy(a, b) = 1. The function v supports (UC 2) if, for all
a >0 and b > 0, we obtain Hy(a, b) > 0. Observe that, for each a > 0, Hj(a, b) # @ for
very small b > 0.

(4) [16] The function y verifies (UUC 2) if, for every p > 0 and b > 0, there is B2(p, b)
based on p and b > 0 such that

Hjy(a,b) > B2(p,b) >0 fora > p.

(5) [18] The function v is strictly convex (SC) if, for all v, £ € 2, so that ¥ (v) = ¥(£) and
1//(1/+t) _ (V)H/'( ) , we get v =t.

Here and after, we will need the comment: ¥, (v) = [>_
€ (E(A,7))y. When U = ¢, we put Y (v) = 0.

1|’m]1< forall I c A and

mel['

Theorem 6.2 The pre-quasi norm ¥ on &(A,r) is (UUC2), where y(v) =
> e o(\ZZ 0 A%l yra] & forallve B(A, 1) if (ra) € RN N Ly is increasing with ro > 1.

a+l
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Proof Assume that the setting is satisfied, @ > p > 0 and b > 0. Suppose v,t € E(A,r) so
that

Y0)<ay()<a and w(VT_t>zab.

From the definition of v, we have

Vd—td rq % o] %
—7( -, 7,
— :| §|:2 °N (d+1) ”’IVd—tdld:|

d=0

g [

d=0 d=0

ab < w(%) - [Z(d +1)7
d=0

IA

2R (Y ) + Y (1) < 2a,

this gives b < 2. Consequently, put P={d € N :r;>2}and Q={d e N :1<ry<2} =
N\ P. For all w € E(A,r), one has ¥ (w) = ¥§ (w) + ¥§ (w). By using the conditions, we
get Yp(%5E) > “—2b or yo(h) = %. Assume first yp(%5) > %. Using Lemma 2.11, we obtain

W{)((VT”) + 1p{)((VT_t) < w}f(") ;’ 1»0115(1'),

this explains

v (42h) = F0 Q) (%)K

’

wK(H) _ YW+ v
Q

2 )~ 2
one can see
K K K K
w1<<2)<1p W +y (t)_<ﬂ_b> <a1(<1_<é> >
2 )~ 2 2) = 2
This gives

)Y
2 - 2 ’
Next, suppose Yo(%5%) > 2. Set B= 2,
Qi ={deQ:|vi—ts <B(jval +tal)} and Q=Q\ Q1.

Since the power function is convex and B < 1,

deQp

[val + |tal

2 2

< (5) (W ) + v ()
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=

V|

(W50) +vE(®) < Ba~.

Since V(%) > %, we get

(7)o (5457 () )

For any d € Q,, we have

2—
Vi — 14 "

ro—1<ryrs—1) and B<B* 4 <| 2“2
[val + |tal

By Lemma 2.11, we have that

Vg +tg Td

2

" (ro-1)
T

Vi — 14

B
d+17rd

(d+1)7

< S(@d+ )7 gl + (d +1)77|ta]).

N =

Hence

WSZ(VH) . (ro - l)BI/fK (v—t) - Ilfgz(v) + wgz(t),

2 2 @\ o 2

this leads to

K (V_—l—t) - WSZ(V) + 1/f<13<2(t) _(o-1) (é>1+1<a1<(21<_1)'

2 - 2 2 4

Since

WK v+t <w51(v)+wgl(t)

Q 2 - 2 ’
one has

S8 (1E) < YRV VEO 0= (V™ ke

e\ 2/~ 2 2 \4 ’
Since

f v+t l/f}f(v) + W{f(t)
A1) =

’

we obtain

1+K %
w(%”>5a[1—(r°2_1)<2> (2K—1)] .

It is clear that

7‘0—1

ﬁ<1.

1<rg<K<28 = 0«
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If we put

1

(i3 - 252(3) o]

Therefore, we have Hy(a, b) > B1(p, b) > 0, we conclude that v is (UUC2). O

In this part, we investigate the property (R) of the pre-quasi normed (sss) (E(A, 7))y

Theorem 6.3 If(r,) € RN N Lo is increasing with ry > 1, then:
(1) The space (E(A,r))y is a pre-quasi Banach (sss), where 1 (v) = [Z;‘io(lz%fofm)’a]%
forallve E(A,r).
(2) Assume that A is a nonempty \-closed and -convex subset of (E(A, 1))y . Suppose
that v € (E(A,r))y is such that

dy (v, A) =inf{¢(v—t):te A} <00

Then there is unique ) € A such that dy (v, A) =y (v —A).

(3) (E(A, 1))y satisfies the property (R), i.e., for all decreasing sequence {Aj}jen of
Y-closed and 1 -convex nonempty subsets of (8(A,r))y so that SUPje Ar dy (v, Aj) <0
Jfor some v € (E(A, 1))y, hence we have ﬂjeN A #D.

Proof Let the conditions be satisfied. The proof of (1) follows from Theorem 4.3. To show
(2),let v ¢ A as A is y-closed. Hence, we get A := dy (v, A) > 0. Therefore, for all p € N,
thereis t, € A suchthat Y (v—t,) < A(1+ [lg). Suppose {%} is not ¥ -Cauchy. Hence there is

a subsequence {tf("’ } and by > 0 such that w(tﬂ” )Yl 2) > b, for all p > g > 0. Furthermore,
one has Hy(A(1 + 1), 2A) >&:= B (A1 + = ), 2A) >0 foreachp e V. As

1
max (f(v = ) f (v = trp)) <A (1 +f(?)

and

L) — ) bo
1”(72 )”"”‘(“%))—

for every p > g > 0, one can see

So

A:d,,,(v,A)SA(l +f(—)>(1 &)

for any g € N If we let g — 00, we get

0<A <A(1+ L>(1 E)<A,
f@q)

Page 21 of 32
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this gives a contradiction. Hence, {%} is ¢ -Cauchy. As (E(A,r))y is ¥-complete, so {%}
Y -converges to some ¢. For all g € \/, we have the sequence {%} Y-converges to £ + %"
As A is ¥-closed and v/ -convex, we obtain ¢ + %q € A. Surely t + %’1 W -converges to 2t, this
gives 2t € A. By putting A = 2t and using Theorem 4.5, since 1 satisfies the Fatou property,
one has

t t, + ¢,
dy(v,A) <y(v—2) < supinfgﬂ(v— <t+ Eq)) < supinfsupinfw(v_ ﬂ)

i qzi i qzi i p=i 2
1

< 5 supinfsup inf[gﬁ(v —t)+ Y- tq)] =dy(v, A).

i q=t ; p=i

Therefore, ¥ (v— 1) = dy, (v, A). Since the function v is (UUC2), hence it is (SC), which im-
plies the uniqueness of A. To show (3), let v ¢ A, for some py € N Since (dy (v, Ap))pen €
o is increasing, put lim,_, o dy (v, A,) = A if A > 0. Else v € A, for all p € N From (2),
there is one point ¢, € A, such that dy (v, A,) = ¥(v — t,) for every p € N. A consistent
proof will prove that {%’} Y-converges to some ¢ € (E(A,7))y. As {A,} is Y¥-convex, de-
creasing, and y-closed, one has 2t € (), A, O

In this part, we explain the 1 -normal structure property of the pre-quasi normed (sss)
(E(A, 1)y

Definition 6.4 (E(A,r)), satisfies the ¥-normal structure property if, for all nonempty
Y-bounded, v -convex, and ¥ -closed subset A of (E(A,r)), not decreased to one point,
there is v € A such that

supy(v—t) <8y (A):= sup{w(v—t):v,te A} < 0.

teA

Theorem 6.5 If (r,;) € "N N L is increasing with ry > 1, then (E(A,r))y has the -
|Z?:o Avg|

1
=0—=)a]K foreveryv e E(A,r).

normal structure property, where ¥ (v) = [Y_ oo

Proof Let the conditions be satisfied. Theorem 6.2 gives that v is (UUC2). Suppose that A
is a ¥ -bounded, ¥ -convex, and v/ -closed subset of (E(A, r)),, not decreasing to the unique
point. Therefore, §;, (A) > 0. Put A = §,,(A). Assume v,t € A sothatv#¢t. So w(%‘t) =b>0.
Forall A € A, one has (v - 1) <A and ¥ (£ — A) < A. As A is Y -convex, we get "T” €A.
Hence

o(5 ) v () 2a(im(a )
2 - 2 = 2\ a

forall A € A. Then

v+t b
SHPW(——K>SA(1—H2(A,—)><A=8¢(A). 0
reA 2 A

Lemma 6.6 Let the pre-quasi normed (sss) (E(A,r))y verify the (R) property and the -
quasi-normal property. Suppose that A is a nonempty -bounded, \-convex, and -
closed subset of (E(A, 1))y . Assume that W : A — A is a Kannan v -nonexpansive map-
ping. Fora>0,let G, ={ve A : ¥y (v—W(v)) <a}#0. Put

Ao =0{By(p,q): W(G,) CBy(p,q)} N A.
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Then A, is a nonempty, -convex, yr-closed subset of A and
W(A) CA,CG, and §y(A,) <a.

Proof Since W(G,) C A,, this gives A, # ). As the {-balls are 1-convex and v -closed,
hence A, is a {-closed and ¥ -convex subset of A. To show that A, C G,. Assume v € A,.
If (v — W(v)) =0, one has v € G,,. Else, suppose y(v — W(v)) > 0. Put

p= sup{l/f(W(w) - W(V)) Twe Gﬂ}.
By using the definition of p, then W(G,) C By, (W (v),p). Therefore, A, C By (W (v), p), this

gives (v — W(v)) < p. Assume b > 0. So there is w € G, so that p — b < (W (w) — W(v)).
Then

V(= W) ~b=p—b =y (W) - W) = 2 (4 (= W) + Y (w— W)

=

(v(v-W®) +a).

N =

As bisrandomly positive, one has ¥ (v— W (v)) < a,hencewehavev e G,. As W(G,) C A,,
one can see W(A,) C W(G,) C A, this indicates A, is W-invariant. Consequently, to
show that 6, (A;) < a. Since

Y(WO) -W©) < S (¥ (v-WW) + v (- W©))

N =

forallv,t € G,. Let v e G,. Hence W(G,) C By (W(v),a). The definition of A, gives A, C
By (W(v),a). Therefore, W(v) € ﬂteAa By (t,a). So, one has Y (t —w) <aforall t,w € A,
this means 8, (A,) < a. This completes the proof. O

We study here the sufficient conditions on the pre-quasi normed (sss) (E(A,r))y such
that the Kannan pre-quasi norm nonexpansive mapping on it has a fixed point.

Theorem 6.7 Assume that the pre-quasi normed (sss) (E(A,r))y verifies the -quasi-
normal property and the (R) property. Suppose that A is a nonempty, ¥ -convex, y-closed,
and \r-bounded subset of (E(A, r))y. Pickup W : A — A to be a Kannan v -nonexpansive
mapping. Then W has a fixed point.

Proof Putag =inf{yy(v—W(v)):ve A}anda, =ao + }7 for all p > 1. From the definition of
ag,onehas G,, = {ve A:y(v-W(v)) < a,} #0 forevery p > 1. Let A,, be indicated as in
Lemma 6.6. Evidently, {A,, } is a decreasing sequence of nonempty ¥-bounded, yr-closed,
p=1Day 7 ?. Assume
v € Axo, one cansee ¥ (v— W (v)) <a, forallp > 1.Let p — oo, we have ¢ (v — W(v)) < aq,
this gives /(v — W(v)) = ao. Therefore, G,, # . We have ay = 0. Else, a¢ > 0 this gives
that W misses to have a fixed point. Let A,, be as defined in Lemma 6.6. As W misses to

and v -convex subsets of A. The property (R) explains that Ay, =)

have a fixed point and A,, is W-invariant, so A,, has more than one point. This implies
8y (Agy) > 0. By the ¥ -quasi-normal property, there is v € A, such that

Y(v—1) <dy(Ag) <ao
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forall £ € A,,. By Lemma 6.6, we have A,, C G,,. By definition of A, then W(v) € G,, C
A4 Clearly this gives

Y (v— W) <8y (Ag) < ao,

this contradicts the definition of ay. So ay = 0, which explains that any point in G, is a
fixed point of W, i.e.,, W has a fixed point in A. d

Using Theorems 6.3, 6.5, and 6.7, we obtain the following corollary.

Corollary 6.8 If(r,) € RN Nl is increasing with ry > 1. Assume A to be a nonempty, -
convex, y-closed, and \y-bounded subset of (E(A, 1))y, where Y (v) = [ZZZO(‘ZZ;%)’”]%

for every v e B(A,r). Suppose that W : A — A is a Kannan -nonexpansive mapping.
Then W has a fixed point.

Example 6.9 Let W: A — A with

v(v) €[0,1),

W) = o
L, Y ell,00),

where A = {v e (E(A,(%“’IZB)Z‘;O)N :vg=v; =0} and Y (v) = ,/ZQGN|%|% forall v e

(B(A, (2::23 o))y . From Example 5.8, the map W is a Kannan -contraction mapping. So

it is a Kannan ¥ -nonexpansive mapping. Clearly, A is a nonempty, ¥ -convex, ¥ -closed,
and v-bounded subset of (E(A, (222)>)),. By Corollary 6.8, the map W has one fixed

a+2 ’a=0

point (v =0) in A.

7 Kannan contraction maps on pre-quasi operator ideal
We investigate the existence of a fixed point of Kannan pre-quasi norm contraction map-
ping in the pre-quasi Banach operator ideal formed by (2(A, r))y and s-numbers.

The following theorem follows from Theorem 2.9.

Theorem 7.1 Pick up Z and M to be Banach spaces and (r,) € "N N {oo to be increasing,

@ Asy (W 1, .
then (Sz(an),» V), where W(W) = ¢ ((s.(W))32)) = [Z:io(\zz:%%)ra” is a pre-quasi
Banach operator ideal.

Theorem 7.2 Pick up Z and M to be Banach spaces and (r,) € RN N0 to be increasing,

o0 7_0Asz P .
then (Siz(an),» V), where W(W) = ¥ ((s,(W))32,) = [Za=o(‘zz'(;%) )X is a pre-quasi
closed operator ideal.

Proof Assume W € S(z(a,n), (Z, M) for every g € N and lim,_, oo ¥(W, — W) = 0. Since
L(Z, M) 2 S(z(an), (Z, M), we get

W(W, = W) =¥ ((sa(Wy = W))) = ¥ (50(W, — W),0,0,0,...) = [ W, - W|| X

Hence (W,)sen is convergent in L(Z,M), ie., limy.o |[W,; — W| = 0, and while
(sa(W )2 € (E(A, 1))y for every g € N and (E(A, 1))y is a pre-modular (sss). Therefore,
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one has

v(W) = ‘p((sﬂ(W))zio) = w((sa(W - W+ Wq));io)
< ¥ (511 (W = W) o) + ¥ (5161 (W)io))

<V ((1Wq = WINE,) + @K ¥ ((s(We)320)) <&,
we have (s,(W))32, € (E(A, 7))y, then W € Sz(a,n), (Z,M). O

Definition 7.3 A pre-quasi norm W on the ideal Saty» where W(W) = ¥ ((s,(W))32,), sat-
isfies the Fatou property if for any sequence {W,}asen € Sa, (Z, M) with lim,, o0 W(W, —
W)=0andany V € Sg[w(Z,M), then

(V- W) <supinfy (V- W)).
a i>a

Theorem 7.4 The pre-quasi norm V(W) = [Zﬁo(w)’“]% for all W €

a+l

Sy, (Z,M) does not satisfy the Fatou property if (r,) € RN Ny is increasing.

Proof Assume the setting to be satisfied and {W,},en S Siz(an), (Z,M) with

limy_, oo W(W),, — W) = 0. Since the space S(g(a,)), is a pre-quasi closed ideal, then W €
Sy, (Z,M). Then, for any V' € Siz(a ), (Z, M), we have

Y(V-W)= [Z<lsa(;/+—1\v)|> ]

a=0

> |s[%](V—\/V,')| a2k ad |s[%](W_vyi)| ra %
Eemmy ] [y ]

a=0 a=0
1

00 7, K
1. [s.(V = W)\
< 2K supmf|i E <7 .
o a+1

p izp
Hence, ¥ does not satisfy the Fatou property. O

Now, we give the definition of Kannan W-Lipschitzian mapping in the pre-quasi opera-

tor ideal.

Definition 7.5 For the pre-quasi norm W on the ideal Sy, , where W(W) = ¥ ((s.(W))22,)-
An operator G : Sq, (Z,M) — Sa,,(Z,M) is called a Kannan W-Lipschitzian, if there is
& > 0 such that

W(GW - GA) <§(V(GW - W) + W(GA - A))
forall W, A € Sy, (Z, M). An operator G is called:

(1) Kannan W-contraction if £ € [0, %).
(2) Kannan W-nonexpansive if & = %
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Definition 7.6 For the pre-quasi norm W on the ideal Sy " where W(W) = ¢ ((s.(W))320),
G: Sglw(Z,M) — Smw(Z,M) and B € Sy, (Z,M). The operator G is called W-sequentially
continuous at B if and only if, when lim,_, . ¥ (W), —B) = 0, thenlim,_, . ¥(GW}, - GB) = 0.

Theorem 7.7 Let (r,) € ®N N log be increasing and G : Sz(an), Zz,M) —
Sy, (Z,M), where (W) = [X2 (=2 Wya )& for all W e Sz, (Z,M). The
point A € Sg(a,n), (Z, M) is the unique fixed point of G if the following conditions are sat-
isfied:

(a) G isa Kannan \V-contraction mapping;

(b) G is W-sequentially continuous at a point A € S(g(a,r),, (Z, M);

(c) Thereis B € S(z(a,n), (Z,M) such that the sequence of iterates {GPB} has a

subsequence {GFiB} converging to A.

Proof Let the conditions be verified. If A is not a fixed point of G, then GA # A. From
conditions (b) and (c), we have

lim W(G"B-A)=0 and lim ¥(G""'B-GA)=0.

Pi— 0 Pi— 0

Since G is a Kannan W-contraction mapping, one can see

0<W(GA-A)=V¥((GA-G"*'B)+(G"B-A) +(G'"*'B-G"B))

pi-1
<2KW(GPB - GA) + 28 W(GPB - A) + 2K £ (%) W(GB - B).

As p; — 00, we have a contradiction. Therefore, A is a fixed point of G. To show that the
fixed point A is unique, let us have two different fixed points 4, D € Sz(a ), (Z,M) of G.

Hence, we obtain
W(A-D)<V(GA-GD)<£(V(GA-A)+¥(GD-D))=0.
Therefore, A = D. O

Example 7.8 Let Z and M be Banach spaces, G : S(E(A'(m)oo ))w(Z’M) —

2’a=0

S(E(A,(%)Zio))w(z’M)’ where W(W) = Z;ZO(W)% for every W ¢
S(E(A:(%)Z‘io))w (Z,M) and

GW) - z, w(w)elo,1),

¥, W(W)e[l,0:).

Since for all Wy, W, € S(a(aatlye Dy with W(W7), ¥(W>) € [0, 1), we have

a+ly
a+2’a=0

W Wh\ 2 25W, 25W,
V(GW; -GWo) =W — - 2 ) <Z(w + W
2% 26)°5 26 26

= %(\II(G\X/l - W1) + U(GWs — W))).
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Forall Wi, W5 € S (A1), with W(W7), ¥(W>) € [1,00), we have

a+2 a

w1 W, 1 36W; 36W,
q/((J\X71-— (;\X7j) =V —=-— -V + v
37 37 3 37 37

= %(\IJ(GWI - W)+ W(GW, — Wh)).

Forall W, W5 €S (B2 )y with W(W7) € [0,1) and W (W5>) € [1,00), we have
2 (25w 1 36W,
— =)=V + =W
-5 26 3 37
25W1 36W,
37

(V(GW — W) + U(GW, — Wh)).

V(GW, - GW,) =

_2
=5\Y
2
5

Therefore, the map W is a Kannan W-contraction mapping and

W
GP(W) =12 v(W)e0,1),
rr W(W) € [1,00).

ﬁ)

It is clear that G is W-sequentially continuous at the zero operator ® € S5, (21) ),
and {G” W} has a subsequence {G”: W} converging to ©. By Theorem 7.7, the zero operator
O € Szay (2ly 0)) is the only fixed pomt of G. Let {W"} c S= 2) %)y be such that
im0 W(WW — W) = 0, where W ¢ Sz 2oy with \IJ( ) = 1. Since the pre-

quasi norm WV is continuous, we have

w WO 11wo
lim ¥(GW" - GW©) = lim W -—)=v(——|>0.
n—o0 nooo \ 26 37 962

A&

(2l
Al a+2

Hence G is not W-sequentially continuous at W®. So, the map G is not continuous at

wo,

Example 79 Let Z and M be Banach spaces, G : S(E(A’(%)%»w Z,M) —
2a+1

S(H(A(Za:l) Do (Z,M), where ¥ (W) = > o(SZX)) w3 for every W €

S(.‘(A,(Z::1 )a )y (Z M) and

w
G(W) = | 283170" V(W) €0,1),

w
263,171’ Y (W) € [1,00).

Since for all W7, W, € S(E(Av(%)"?o))w with W(W7), ¥ (W,) € [0,1), we have

W, W
\II(GWI—GWZ):II!( ! 2 )

263,170 263,170

- V2 " 263,169W; v 263,169W,
+
~ ¥263,169 263,170 263,170
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- i(w(GW1 — W) + W(GW; — Wy)).

263,169

For all W7, W, € SG(A'(@)%W with W(W7), ¥(W>) € [1,00), we have

a+3

1% W
\II(GWI—GWZ):II!< ! 2 )

263,171 263,171

NG) 263,170W,; 263,170W,
< v + W
= 263,170 263,171 263,171

= L(\p(c;wl — W) + U(GW; — W2)).

263,170

For all Wy, W5 € S(E(A,(%)“io))w with W (W7) € [0,1) and W(W>) € [1,00), we have

W, V%
\L’(GWl—GWZ):\IJ( ! 2 )

263,170 263,171

V2 (263,169\%) V2 (263,170%)
VY + V)

<

~ 263,169 263,170 /263,170 263,171
V2 263,169W; 263,170 W,

< VY] + W

~ 263,169 263,170 263,171
V2

=——(¥(GW] = W) + ¥ (GW, — W,)).
Taes1cs (Y (EWi ~ W) + W(GW, — W)

Therefore, the map W is a Kannan W-contraction mapping and

e, W(W) €[0,1),
G’ (W) = 263;;7@
s V(W) el o00).

It is clear that G is W-sequentially continuous at the zero operator ® € S(E( A(2lyo

N a+3 Ja=0

and {G” W} has a subsequence {G”: W} converging to ©. By Theorem 7.7, the zero operator
CXS S(E(A'(M)oo Dy is the only fixed point of G. Let (W) c S(E(A’(%)ZC—O))W be such that

a+3 ’a=0 =
lim,_s oo (W — WO = 0, where W© ¢ S(E(A’(%)oo with U(W©) = 1. Since the pre-

:0))1[/
quasi norm W is continuous, we have

) WO
lim ¥(GW" - GW?) = lim W -
o0 n—oo \ 263,170 263,171

w©)
=y —— | >0.
69,258,712,070

Hence G is not W-sequentially continuous at W, So, the map G is not continuous at
W,

8 Application to the existence of solutions of summable equations
Summable equations such as (1) were studied by Salimi et al. [19], Agarwal et al. [20],
and Hussain et al. [21]. In this section, we search for a solution to (1) in (E(A,r))y, where

Page 28 of 32



Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:103 Page 29 of 32

(n) € "N is increasing and v (v) = [ZZZO(M)’“]% for all v € E(A,r). Consider the

a+

summable equation

Vg =Pa+ ZA(a,m)f(m, Vi) 1)
m=0

and let W : (E(A, 1))y — (E(A, 7))y be defined by
W(Va)aeN = <Pa + ZA(“r m)f (m, Vm)) . (2)
m=0 aeN

Theorem 8.1 Summable equation (1) has a solution in (E(A, 1))y if A: N? — R, f : N x
R— R p:N—> R andforallac N, thereis & € [0, %) such that

Ta

> Ala,m)(f(m, vin) = f (1, t,0)

meN

« y

Proof Let the conditions be verified. Consider the mapping W : (E(A, 7))y — (E(A, 1)y
defined by (2). We have

Wi, — Wi, \"* %
o= = 3 ()

Ta

Pa—ta+ ZA(a, m)f (m, t,,)

m=0

+

Pa—Va+ ZA((L m)f(m, Vi)
m=0

acN
_ 3 enr Ala, m)[f(m, ) = F o, )]
-1 )]
1Pa = Ve + X5 0 Ala, m)f (m,v,) \* ]
55([2( ao+1 ) ]
aeN
Pa— ta + Y55 o Ala, m)f (m, £,)] \ ¢
1= )T)

= E(w(WV V) + Y (Wt - t)).
Then, from Theorem 5.2, we have one solution of equation(1) in (E(A,r))y. O

Example 8.2 Given the sequence space (E(A, (%)Eio))w, where ¥ (v) = ZaeN(%)% for

allve E(A, (Z—g o). Consider the summable equation

(3a+6) i e|"a| q
Va=e "4 ) (1) ——— |, 3
¢ Zz( ) (u2 +m?+ 1) ®)

m=0

where ¢ > 2, and let W : (E(A, (%)% Ny — (E(A,(% o))y be defined by

a+2/a=0

R [val q
_ [ ,-Ba+6) Z €
W(Va)aen = (e O 4 (_1)u+m<a2 PN 1) ) : (4)
m=0 aeN



Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:103

It is easy to see that

a+l

e“’“‘ a+2

o q
> (1) (m) ()" = (-1)™)
m=0

1
< _
|

(34+6) ° eltal q
e— a+! _ t + _1 atm|( __ ~
¢ Z( ) (a2 +m?+ 1)

m=0

(3a+6) > e\Va\ q
e— -+ —v. + _1 a+m
“ mZ=O( ) a?+m?+1

+

By Theorem 8.1, summable equation (3) has a solution in (E(A, (%)Zio))xp.

2a+1

Example 8.3 Given the sequence space (E(A, (24:1)> )y, where ¥ (v) = ZaeN(M) a+3

a+3 /a=0 a+l

forallve E(A, (2::31 o) Consider the summable equation

Vg = e—(3/1+6) + Z(_l)a+m(V4‘z)q’ (5)

a?+m?+1
m=0

where g > 2, and let W : (E(A, (221)2°0))y — (E(A, (245)%°

a+3 /a=0 a+3 /a=0

)y be defined by
—(3a+6) - a+m Va 1
W(Va)aen = | € + Z(—l) (m) . (6)
m=0 aeN
It is easy to see that

2a+1
a+3

% q
P (—) (Y
m=0

a?+m?+1
1
< _
-9

0 t q
—(3a+6) a+m a
e —t,+ -1 _
“ X:(:)( ) (az +m?+ 1)

2a+1
a+3

o q
e—(3a+6) - Z(_l)a+m (L)
m=0

a?+m?+1

2a+1
a+3 :|

By Theorem 8.1, summable equation (5) has a solution in (E(A, (%::31 J o)

+

Example 8.4 Given the sequence space (E(A, (222)%)),,, where ¥ (v) = \/ >, p/( lval ) 75

a+2 /a=0 a+l

forall ve B(A, (2::23 )o%0)- Consider the summable equation

o q
Vv, = e—(3a+6) + Z(_l)aer( Va ) ) (7)
m=0

at+m?+1
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witha >2and g>2,andlet W: A — A, where A={ve (E(A,(ij’:; PN Vo =v1 =0},
be defined by

W (Va)az2 = e-<3“+6>+2<—1)“+"f(7v“ )q : ®)

a?+m?+1
m=0 a>2

Clearly, A is a nonempty, ¥-convex, Y¥-closed, and ¥ -bounded subset of (E(A,

(2u+3 oo
a+2 /a=0

)y It is easy to see that

o] v q 2::23
SV () (=)
.
< 1 e—(3a+6) —v o+ Z(_l)wrm Va 1
-9 ¢ — a+m?+1
2a+3

[e%e] t q| a+2
—(3a+6) a+m a
+ |e —t,+ -1 —_—
¢ §( ) <a2 +m?+ 1)

By Theorem 8.1, summable equation (7) has a solution in A.
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