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1 Introduction and preliminaries

The stability problem of functional equations was raised by Ulam from a question con-
cerning the stability of group homomorphisms [1]. Hyers [2] obtained the first important
result in this field. See [3—10] for more information on functional equations and applica-
tions. In 1979, Baker, Lawrence, and Zorzitto [11] proved the superstability of the expo-
nential functional equation: Let X be a real vector space and f : X — R be an approximately

exponential function, i.e., there exists a nonnegative number ¢ such that

IfGx+y) - fRf )| <&, xmyeX.

Then f is either bounded or exponential. The same result is also true for approximately
exponential mappings f from a semigroup (G, +) with values in a normed algebra with the
property that the norm is multiplicative [12]. Gavruta [13] proved the superstability of the

Lobacevski functional equation

2
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f(—y ) = R 0)
2
© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-021-02615-w
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-021-02615-w&domain=pdf
http://orcid.org/0000-0001-6329-8228
http://orcid.org/0000-0003-1504-0788
mailto:mbfmoghimi@yahoo.com
mailto:baak@hanyang.ac.kr
mailto:jrlee@daejin.ac.kr

Noori et al. Journal of Inequalities and Applications (2021) 2021:76 Page 2 of 17

under the condition bounded by a constant. Kim [14] investigated the solution and the
superstability of the Pexiderized Lobacevski functional equation

f(’%)z = WH0).

Kim and Park [15] considered the superstability of the generalized Pexider exponential
functional equation

#(22)" = gwno)

in unital normed algebras, where m is a positive integer. For more information on the
superstability of functional equations and applications, see [16—18].

The aim of this paper is to prove the superstability of the following generalized Pexider
exponential functional equation:

f(P(x,)) = gx)h(y) (GPE)
in unital normed algebras.

2 Superstability of the generalized Pexider exponential functional equation
(GPE)

In this section, assume that (G, ) is a semigroup with identity e, A is a commutative unital

normed algebra with unit 7, and P: G x G — G is a function such that

P(x,yxz) = P(xxy,2), «x%,z€G.
It is clear that if x % y = y * x, then P(x,y) = P(x,y x e) = P(x x y,¢e) = P(y,x).

Example 2.1
(1) Let G be an operator algebra and P: G x G — G be given by P(a, b) = ab for all
a,b € G. Then P(x,yz) = x(yz) = (xy)z = P(xy,z) for all x,9,z € G.
(2) Let G = GLy(C) be the set of invertible 2 x 2 complex matricesand P: G x G — G
be given by P(a,b) = b~'a"! foralla,b € G. Then

Px,y2) = (y2) a7t = (7 )t =2 () =27 () = Play, 2)
forallx,y,z € G.
(3) Let G = U(A) be the unitary group of a unital C*-algebra A and P: G x G — G be
given by P(a, b) = b*a* for all a,b € G. Then
P(x,yz) = (yz)*x* = (z*y*)x* =z (y*x*) =z"(xy)* = P(xy, 2)
forall x,y,z € G (see [19]).

We prove the superstability of the generalized Pexider exponential equation (GPE).
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Theorem 2.2 Let ¢ : G x G — [0, +00) be a function. Assume that SUp, g @(x,y) < 0o for
each x € G, and that f,g,h: G — A satisfy the inequality

If (P, ) = 2RO < ¢(x.) (2.1)

for all x,y € G. If there exists a sequence {y,}, in G such that |h(y,)™!|| — 0 as n — oo,
then g satisfies g(x x y)g(e) = g(x)g(y) for all x,y € G.

Proof 1t follows from (2.1) that

|V(P(x’yn))h(yn)_l -g(x) ” = “ [f(P(x’yn)) _g(x)h(yn)]h(yn)_l ”
< |[F(PGx,5)) - g®h)|| - [ AGn) | (22)
= ||h()/n)7l ||§0(xryn)

for all x € G. So we have
gl) = lim f (Px,y)h(n)™", x€G. (2.3)
Forx,y € G, let A(x,y) = f(P(x,y)) — g(x)h(y). Then (2.1) implies that
| Ay * y)g@)]|| < @y *y4)||2g2) |
for all x,7,z € G. Since lim,,_,  ||2(y,)7}|| = 0, we get
Jim Ay 7,)g@h0,) " =0, x3z€G.
Therefore it follows from (2.5) that

glexy)g(z) = lim f(Px+y,yn)h(yn) "' g(2)

= lim f(P(xy * yu)h(yn)"'g(2)

nlggo[A(x,y * y)h(yn) " ¢(2) + gy  y,)h(y,) ' g(2)]

= lim [AGx,y * yu)g@h0n) ™ +f (P25 * y))g()n(yn) ™

- Alz,y * yn)g@h(y,) ]
= lim [AGx,y * ya)g(@hn) ™ +f (P(z * 3,y))g6)n ()

- Azy % y)g@)h(y,) "]

gx)g(z ).

Hence

gxxy)g(z) =gx)g(z*y), =xyz€G. (2.4)

Putting z = e in (2.4), we obtain g(x x y)g(e) = g(x)g(y) for all x,y € G. O

Page 3 of 17
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Using the proof of Theorem 2.2, we get the following result.

Page 4 of 17

Theorem 2.3 Let ¢ : G x G — [0,+00) be a function. Assume that f,g,h: G — A sat-
isfy inequality (2.1) for all x,y € G. If there exists a sequence {y,}, in G such that ¢(x,y *
y)lh(y,) 7 — O for all x,y € G, as n — oo, then g satisfies g(x * y)g(e) = g(x)g(y) for all

x,y € @.

Proof According to the proof of Theorem 2.2, we get (2.2). By the assumption (with
y = e), we have ¢(x,y,)|h(y,)"}|| = 0 for all x € G. Then (2.2) implies (2.5). Let A(x,y) :=

f(P(x,y)) — g(x)h(y). By (2.1), we have

|A@y * )@ || < 0y %y0)|g@)|, xy2€G.
Since @(x,y % y) | A(y,) 1| = 0, we get

lim Ax,y*,)g@h(y,) " =0, x,9z€G.
n— o0

The rest of the proof is the same as the proof of Theorem 2.2.

The proof of the following theorem is similar to the proof of Theorem 2.2.

Theorem 2.4 Let ¢ : G x G — [0, +00) be a function. Assume that sup,.q ¢(x,y) < 0o for
each y € G, and that f,g,h : G — A satisfy inequality (2.1) for all x,y € G. If there exists
a sequence {y,}, in G such that ||g(y,)"!|| — 0 as n — oo, then h satisfies h(x * y)h(e) =

h(x)h(y) for all x,y € G.

Proof 1t follows from (2.1) that

[ (PG 0)g )™ = ()|
= | (PG ) - g0)h(®)]e ) |
< (PG ) - gomh@)| - |g0m) ™|
< |G @m0

for all x € G. So we have
h(x) = lim f(P(y,,%)g(y,)"", xe€G.
n— 00

Let A(x,y) =f(P(x, 7)) — g(x)h(y). Then (2.1) implies that

|AGn * 3, 2h&) | < o *3,2)||hx)|, *3.2€G.

Since lim,, oo [lg(¥x) || = 0, we get

lim A(y, *y,2)h(x)g(y,) ' =0, x,9,z€G.

(2.5)
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Therefore it follows from (2.5) that

h(x* y)h(z) = lim f(P(y,,x * g " h(z)

Tim f(P(y, +2,)g0n) " h(z)

Tim [A(y #2,9)h(2)g ()" + g0 * 2)h()g(yn) " h(2)]

Tim [AQy %2, 9)h(2)g0n)™" +f (POw * %,2) H()g )™

AW *%,2)h()gyn) "]
Tim Py, %2))g(n) " h()

= h(x * 2)h(y).
Hence
h(x * y)h(z) = h(x x 2)h(y), x,9,z€G. (2.6)
Letting z = e in (2.6), we obtain A(x x y)h(e) = h(x)h(y) for all x,y € G. O

Remark 2.5 1tis clear that the results in Theorems 2.2 and 2.4 are valid if ¢ (x, y) = ¢ for all
%,y € G, where ¢ > 0 is a constant.

Corollary 2.6 Let ¢ : G x G — [0, +00) be a function. Assume that sup,.q ¢(x,y) < 00 for
each x € G(sup,.c ¢(x,) < 00 for each y € G), and that f,g : G — A satisfy the inequality

If (P(x,9) - g@)g®)|| < 0,9

forall x,y € G and g(e) = I. If there exists a sequence {y,,}, in G such that || g(y,) || — 0 as
n— 00, then g satisfies g(x x y) = g(x)g(y) for all x,y € G.

Proof Letting i = g in Theorems 2.2 and 2.4 and using g(e) = I, we get the desired
result. O

Corollary 2.7 Let ¢ : G x G — [0,+00) be a function. Assume that SUp,c @(x,7) < oo for
each x € G(sup,.; ¢(x,y) < oo for each y € G), and that f : G — A satisfies the inequality

If (P, 2) —f@)f )| <o)

forallx,y € G. Ifthere exists a sequence {y,}, in G such that ||f (y,) ! || = 0 asn — oo, then

f satisfies f(x x y)f (&) =f(x)f (y) for all x,y € G.
Proof Letting h = g = f in Theorems 2.2 and 2.4, we get the desired result. 0

Corollary 2.8 Let ¢ : G x G — [0, +00) be a function. Assume that sup . ¢(x,y) < 0o for
eachx € G, and that f,g,h : G — C satisfy the inequality

If (P(x,9)) - g®)h(y)| < o(x,)

forall x,y € G. If h is not bounded, then g satisfies g(x * y)g(e) = g(x)g(y) for all x,y € G.



Noori et al. Journal of Inequalities and Applications (2021) 2021:76 Page 6 of 17

Proof Since & is not bounded, one can choose {y,}, such that |k(y,)™!| = m — 0 as
n — o0o. Hence one can get the desired result by Theorem 2.2. O

Corollary 2.9 Let ¢ : G x G — [0, +00) be a function. Assume that sup,..¢ ¢(x,y) < 0o for
eachy € G, and that f,g,h: G — C satisfy the inequality

If (Px,9)) - g@)h(y)| < p(x,y)

forall x,y € G. If g is not bounded, then h satisfies h(x * y)h(e) = h(x)h(y) for all x,y € G.

Proof Since g is not bounded, one can choose {y,}, such that |g(y,)™}| = m — 0 as
n — oo. Hence one can get the desired result by Theorem 2.4. O

Corollary 2.10 Suppose that f : G — C satisfies the inequality
[ (Pe,) ~f @ )] <&

forall x,y € G. Iff is not bounded, then f satisfies f(x * y)f (e) = f(x)f (y) for all x,y € G.

Remark 2.11 When the semigroup G and the function ¢(x, y) in the above results are re-

placed with an algebra B and ¢(x) or ¢(y), respectively, we have similar results.

Given a semigroup (G, *) and a commutative field I, let W be a vector space of functions
f from G into F. The vector space W is called right invariant if, for each f € W, the map-
ping ¥, : G — F, for each y € G, defined by v, (x) = f(x * y) belongs to W. Left invariant
spaces are defined similarly. The vector space W is called invariant if it is both right and
left invariant. Following Székelyhidi [20], we obtain the following results.

Theorem 2.12 Given a semigroup (G, ) with identity e, a commutative field IF, and a right
invariant vector space W of F-valued functions on G. Let f,g,h : G — F be such that the
Sfunction \r, : G — [ defined by 1, (x) = f(P(x,y)) — gx)h(y) belongs to W for each y € G. If
h(e) = 1, then either g € W or h(x x y) = h(x)h(y) for all x,y € G.

Proof Suppose that there are yy, zo € G such that h(yo * zo) # h(yo)h(zo). Hence
[0 * z0) — h(yo)h(z0) |g(%) = [ (P(x * y0, 20)) — g(x % y0)h(z0) ]
= [/ (P(x, 0 * 20)) — g(x)(yo * z0) |

+ h(zo)[f (P(x, y0)) — g(x)h(yo) ]
= h(zo)[f (P(x  yo,€)) — g(x * yo)h(e)]

for all x € G. Since ¥, € W for each y € G, we get that the function ¢, : G — F defined
by ¢y,.(x) = ¥, (x x 2) for all z € G belongs to W. Therefore

g= [h(yO *20) — h()’o)h(zo)]A [¢z0,yo - ¢yo*zo,e + h(Z0)¢yo,e - h(zo)¢e,y0]~

So we conclude g € W. O
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Let (G, *) be a semigroup and B(G, C) be the linear space of bounded functions with
complex values on G. It is clear that B(G, C) is an invariant vector space. Hence Corollary
2.9 is a consequence of Theorem 2.12.

Theorem 2.13 Given a semigroup (G, ) with identity e, a commutative field F, and an
invariant vector space W of F-valued functions on G. Let f,g,h: G — F be such that the

functions ¢,y : G — F defined by ¢(y) = f(P(x,5)) - g@)h(y) and v,(x) = f(P(x,)) -
gx)h(y) belong to W for each x,y € G. If h(e) = 1, then either g € W or h(x x y) = h(x)h(y)
and g(x) = g(e)h(x) for all x,y € G.

Proof Suppose that g ¢ W. By Theorem 2.12, 4 satisfies h(x * y) = h(x)h(y) for all x,y € G.
Since ¢, € W and W is left invariant, the function &, : G — F for each x € G, defined by
£:(y) = Pe(x *x y), belongs to W. For all x,y € G, we have

f(Ple,x %)) - g(e)h(xxy) = [f(Px,9) - g)h(»)] + [¢x)h() - g()h(x x )]
= [f(P(x,9) - g@)h(y)] + [g(x) - g()h(x) ().

Therefore

[g®) -g@hx)]h=&-¢., x€G. (2.7)

We claim that g(x) = g(e)h(x) for all x € G. If there is xy € G such that g(xg) — g(e)h(xo) #
0, then (2.7) implies that z € W. Since h,¢. € W, we get that the function ¥ : G —> F
defined by ¥ (y) = f(P(e,y)) = f(P(y, e)) belongs to W. Therefore g € W, since ¥ = v, + g.
This contradiction implies that g(x) = g(e)(x) for all x € G. (|

Corollary 2.14 Given a semigroup (G,*) with identity e and a function ¢ : G x G —
[0, +00) with sup,.g ¢(x,) < 00 and sup,.g ¢(x,y) < oo forall x,y € G. Let f,g,h: G — F
be such that

If (P@.9)) —g®h(G)| < 9(x.9), xy€G.
Ifh(e) = 1, then either g is bounded or h(x * y) = h(x)h(y) and g(x) = g(e)h(x) for all x,y € G.

Proof Let W be the vector space of all bounded functions from G to F. Then W is an
invariant vector space. Hence the desired result follows from Theorem 2.13. O

Corollary 2.15 Given a semigroup (G, ) with identity e, a commutative field F, and an
invariant vector space W of F-valued functions on G. Let f,g,h : G — F be such that the
functions ¢,y : G — T defined by ¢,(y) = f(x %) - g)h(y) and v, (x) = f(xx ) - g@)h(y)
belong to W for each x,y € G. If h(e) = 1, then either g € W or h(x x y) = h(x)h(y) and
g(x) = gle)h(x) for all x,y € G. Moreover, ifge W, thenf € W.

Proof The desired result follows from Theorem 2.13 by letting P(x,y) = x * y for all
x,y€@. O

Specially, we have the following result without any assumption on /.
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Corollary 2.16 Given a semigroup (G, ) with identity e, a commutative field F, and an
invariant vector space W of F-valued functions on G. Let f,h: G — F be such that the

Sfunctions ¢y, ¥, : G — [ defined by ¢ (y) = f(x xy) — f(x)h(y) and 1, (x) = f (x* y) —f (x)h(y)
belong to W for each x,y € G. Then either f € W or h(x * y) = h(x)h(y) and f(x) = f(e)h(x)
forallx,y € G.

Proof Suppose that f ¢ W. We claim that /(x x y) = h(x)h(y) for all x,y € G. Let yo,20 € G
such that 4(yo * zo) # h(yo)h(zo). Hence

[h()/() * Z9) — h(,)’o)/’l(zo)lf(x) = [f(x * Y0 * 20) —f (% *yo)h(zo)]
=[x 30 % 20) = f (@) (o * 20)]
+ h(zo) [f (% % y0) = f (®)h(0) ]

forallx € G. Since v, € W for each y € G, we get that the function 6, ; : G — F defined by
0y,2(x) = ¥, (x * z) for all z € G belongs to W. Therefore

f = [h(yo * z0) - h(Yo)h(Zo)]_1 (020,50 — Oyorzone + 1(20)0yg .

So we conclude f € W, which is a contradiction. Now, we prove f (x) = f(e)h(x) forallx € G.
Suppose that there is xy € G such that f(xo) — f(e)h(xo) # 0. For each y € G, we have

f 0% ) = f(@hlxo % y) = [f (x0 % ) —f (x0)(1)] + [ (x0)(y) — f ()r(axo + )]
= [f (o % 9) = f(x0)h(»)] + [f (x0) - f (e)(x0) ] ()

Therefore, [g(xo) — f(e)h(xo)]h € W, and so h € W. Since h,¢. € W and ¢, =f — f(e)h, we
get f € W, which is again a contradiction. 0

Theorem 2.17 Given a semigroup (G,*), a commutative field F, and a right invariant
vector space W of F-valued functions on G. Let f,g,h : G — [ be such that the function
Yy : G — F defined by ¥r,(x) = f(x * y) — g(x)h(y) belongs to W foreachy e G. Iff-ge W
or hie) = 1 (when G has the identity e), then either f,g € W or h(x x y) = h(x)h(y) for all
x,y€@.

Proof Let G have not an identity. Suppose that f — g € W and there are yo, zo € G such that
h(yo # 20) # h(yo)h(zo). Then
[y * z0) — h(yo)h(zo) |g(x) =[f (x * ¥ * o) — gl * yo)(20) ]
— [f (x5 yo * 20) — g(x)(yo * 20) |
+h(z0)[f (e % 30) ~ g()h(y0)]
= h(zo)[f (x * y0) — g(x * y0)]

for all x € G. Since ¥,,f — g € W for each y € G, we get that the functions ¢,,¢ : G — F
defined by ¢, (x) = ¥, (x * yo) and @(x) = (f — g)(x * o) belong to W. Therefore

€ = [(yo * 20) = h(yo)(z0)] ™" [z = Vyoszo + 20y, — hlz0)ep].
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So g € W, and we conclude f € W. For h(e) = 1, if G has the identity e, we get f —g € W
by the hypothesis. Hence the result follows from the previous case. g

Specially, we get Székelyhidi’s result.

Corollary 2.18 ([20]) Given a semigroup (G, x), a commutative field F, and a right invari-
ant vector space W of F-valued functions on G. Let f,g : G — T be such that the function
Yy : G — F defined by ¥, (x) = f(x * y) — f(x)g(y) belongs to W for each y € G. Then either
feWorgxxy)=gx)g(y) forall x,y € G.

Proof 1t follows from Theorem 2.17 by replacing g with f, and & with g. O

3 Superstability of the Pexider exponential equation
Using an idea from [21], we establish the superstability of the Pexider exponential equation

Sflx+y) = gx)h(y).

Theorem 3.1 Let X and E be a real normed space and a normed algebra with multiplica-
tive norm, respectively. Let a € (E \ {0}) U (R \ {0}) and f : X — E be a function such that
af (z) =f(z)a for all z € X. If f satisfies the inequality

laf @+ ) = f @O < e(llxl? + IylIIP) + 01y P, x5 € X (3.1)

Jfor some &,0,p > 0, then either sup| -, % <00 or

af(x+y) =fx)f (), xyeX.

Proof We assume that ¢ + 0 > 0 and continue to employ the notation fiaff to denote |a||
(if a € E) and |a] (if a € R), respectively. Let { I llx]l > 1} be not bounded. Then there

llxll?

exists a sequence {x,}5°; € X such that

ILf Cen)
lxnll = 1, [ﬂ(x TI"’ >n, nelN
Therefore
im Il 117 =0, lim |V(xn)|| = +00. (3.2)
=00 [|f () | n—00

Choose x,y,z € X with f(x) #0. It then follows from (3.1) that

laf (e +y+2) —f@Rf G+ )| < e(llx+y1P + l1211P) + 0l + yIIP l1I|7,
laf (e +y+2) —f + 2f W) < e(lly +2llP + 1x]12) + Oy + 2|17 ||/

Hence we get

f@f xc+y) —f 3+ 2f @] <e(llx+ 1P +Ily + 27 + llxl” + [12]17)

+60 (Il + yIPIzIP + Ny + 2P [l¢]17).

(3.3)
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In view of (3.1), we have

laf @)f (x + ) —fFRf O @) | < IF@]|[e(Ixl? + Iy I7) + Ollxl? 1711 ]- (3.4)
Inequalities (3.3) and (3.4) yield
laf & + 2)f @) — @ O @) || < etat(lx + 1P + Iy + 2l + [P + |27
+0gad(llx + ylIP 2P + lly + 2|17 |17 (3.5)
+ [F@ [ (1117 + Iyl12) + 01112 [1y117].

Since E is a normed algebra with multiplicative norm, it follows from (3.5) that

laf v+ 2) - f W)

_ etat(llx + y117 + lly + 2l + [Ix]1” + [12I1°)

- Gl
 Otat(lx+ yIPllzll? + lly + 2l 1) (36)
G
, @Il + 1) + 0 el y17]
Gl

If we put x = x,, in (3.6) and take the limit as n — +00, then it follows from (3.2) that

af (z +y) =f2)f ),
as desired. O

Theorem 3.2 Let X and E be a real normed space and a normed algebra with multiplica-
tive norm, respectively. Let f,g : X — E be functions such that f(0)f(z) = f(2)f(0) for all
z € X and satisfy

lg@e+y) —f @O < e(IlxI? + IyIP) + OllxlPlIyP, %y €E 3.7)

Jor some ¢,0,p > 0. Then either sup; >, % <00 or

fOfx+y)=fx)f (), xyeX.

Proof Let {”“iﬁ’uc;” : [|x]l = 1} be not bounded. Then (3.7) implies that f(0) # 0 and {L®1I .

ll1?

|l%]| > 1} is not bounded. In view of (3.7), we have

le@x +9) —fOf @x + )| < ellx+ylIP < 2Pe(llxlI” + IylIP), € X.

Therefore

O e +5) - F@F O] < [FOF e +9) s )] + g +3) £ )]
< (@ + De(Ixl? + IyIP) + 012l Iyl %y € X.

By Theorem 3.1, we conclude that f(0)f (x + y) = f(x)f (y) for all x,y € X. d

Page 10 of 17
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Theorem 3.3 Let X and E be a real normed space and a normed algebra with multiplica-
tive norm, respectively. Let a € (E \ {0}) U (R\ {0}) and f,g : X — E be functions satisfying
one of the following conditions:
(i) af(@) =f@a, llaf (5 +) —F@ZO < (I=l? + Iyl1P) + Ol Iy, 2,3,z € X;
(ii) ag(z) =g(2)a, llaf (x +y) —g(x)f()’)ﬂnf? )?(HJCHP +1yIP) + Olx P IyliF, %, .2 € X,
X

Jfor some &,0,p > 0. Then either supy,-., 7 < 00 or

agx+y) =gx)gly), xyeX.

Proof We use the notation flat to denote ||a| (ifa € E) and |a| (if a € R), respectively. Let f,

g satisfy (i) and { ‘{f@”

such that (3.2) holds true. In view of (i), we have

: [|x]| > 1} be unbounded. Then there exists a sequence {x,}50; € X

lafx+y+2) —fx+9)g@)]| < e(llx+yIP + 12IP) +Ollx + yI7 |12II7,
lafx+y+2) —f@gly+2)| <e(llxl” + Iy +zIIP) + OllxIPly + 27, %3,z €X.

Therefore

If @+ 9)g(2) - f@)g(y + 2| < e(llx+ 317+ lly + 217 + IIxI1” + [12]17)

(3.8)
+0(llc + ylIP 2012 + llx)1P |y + 21P)
for all x,7,z € X. On the other hand, (i) implies
laf (x + 9)g(2) - f®)g0)g@ || < |g@ | [e(Il” + I711P) + O llx 117 1711 ] (3.9)

for all x, 7,z € X. It follows from (3.8) and (3.9) that

|af X)g( +2) - f(X)g1)g(@)| < etag(llx+ Y7 + Iy +2lP + %]l + |12]I7)
+0tat(llx + yIP IZIIP + %P lly + 211 (3.10)

+ |g@||[e(Ix11” + 1117 + Ol l1Z1y117]

for all x,y,z € X. Since af (x) = f(x)a and E is a normed algebra with multiplicative norm,
it follows from (3.10) that

efad(llx + yII” + lly + 2|1 + llx[l” + [[2]1”)
If @Il
Ogat(llx + yI 12117 + %l lly + zI1”)
If )l
s lg@) I LeClxl” + llylIF) + O llxl1P llylF]
If @Il

lag(y + 2) - g)g(2)| <

(3.11)

for all &, 7,z € X. If we put x = &, in (3.11) and take the limit as # — +00, then it follows
from (3.2) that

ag(z+y) =g(2)gy), y,zeX.

Similarly, we get the result if f, g satisfy condition (ii). O
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Theorem 3.4 Let X and E be a real normed space and a normed algebra with multiplica-
tive norm, respectively. Let f,g,h : X — E be functions satisfying the inequality

If (e + 9) = g@hG) | < e(Ixl” + IIP) + Ollx” 19117, %,y € X (3.12)

for some ¢,6,p > 0.
(i) Ifg(0)h(x) = h(x)g(0) for all x € X, then either sup -, % < 00 or

g0)g(x +y) =gx)g(y), =xyeX.
(if) Ifh(0)g(x) = g(x)h(0) for all x € X, then either sup;-, 25! < oo or
hO)h(x +y) = h(x)h(y), xy€X.
Proof In view of (3.12), we have

If (x + 9) = g0Vl + )| < ellc + yIP < 27 ([lxll” + Iy1I7),

If G +y) —glx+9hO)] <ellx+yI? <2Pe(llxll” + Iyl1¥), xy.z€X.

Therefore

|g)hx +y) - g@h() |
< £ +2) ~gOhtx+ )| + [/ G +5) - g@hO)| (3.13)
< (22 + D)e(llxl? + Iy17) + O %17 1y 17,

and

g+ 7)1(0) - g@)h(y) |
< If G +5) —glx + RO + £ Gx +5) — g0 (3.14)
< (2 + De(llell” + 1y17) + O llc]” 117

for all x,7,z € X. To prove (i), if g(0) # 0, the result follows by Theorem 3.3. For the case
g(0) =0, inequality (3.13) yields

le@n)| < (22 + )e(llxl” + IyI7) + O lxlPlyI?, x5 € X.

Hence, if { LIl [lx]| > 1} is unbounded, then the last inequality implies that g(x) = 0 for

llxllP
all x € X. This completes the proof of (i).
Similarly, one can prove (ii). O

We now show some counterparts of Shtern’s theorem (see [7]).

Theorem 3.5 Let E be a normed linear space and A be a complex Banach algebra. Assume
that a € AUR and the mapping f - E — A is such that af (z) = f (z)a for all z € E, and

laf G +9) = fFEFO)| < e(Ixl? + Iy1P) + Q%2 lIyllZ, %,y € E

Page 12 of 17
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for some €,0,p > 0. If, for each nonzero element b € A, the E-orbit of b

fx)b

llx[1#

bf (x)

llx[1#

ORE(f1b) = { :xEE; ||.7C|| Zl}, or OLE(b)f) = { :xEE; ||.?C|| Zl}

is unbounded, then f satisfies af (x + y) = f(x)f (y) for all x,y € E. Moreover, if a = 0, then
f=0.

Proof We assume that ¢ + 6 > 0 and Ogg(f, b) is unbounded for each b # 0. We continue to
employ the notation fat}, to denote ||a|| (if 2 € A) and |a| (if @ € R), respectively. For every
x,%,z € E, we have

@0V @) -af v +2)]| < |a’f s +y+2) - af @)f (v +2)|

+ ||af(x+y)f(z) —azf(x +y+z)||
+ [f@F 0 @) - af (x +9)f D)

< etat(|lxl” + lly + zII” + llx + y|I” + |1z]”)
+0tat(lx|”ly + z|I” + Il + y|1”|2]IP)
+e|f @ (Ix1F + Iy I7) + 6 |[f @) | 1%l lly117

< (If @] +2¢ gag)e(I<? + IyI? + Iz11”)
+(|f@| +2°gas + 2)

X O(IxIZ 1P + 2P l12I1P + Iy 12]17).
Then, for ||x|| > 1, we have
[f@[fO) (@) -af v+ 2)]| < ([f @] + 27 gat)ellxll? (1 + Iyl + I2I17)

+ (f@ || +27at + 22)011x 1P (1711 + I2I1” + 1117 112117)
= M|\x|I”,

where

M:=e([[f @] + 2 gan) (1 + Iy1” + l12117)
+0([f @] +278ag + 2°) (117 + IzI” + IyIP llz117).

Therefore,

H/( x)f 0)f (@) —af (y + 2)

=< llxll”.
M

Letting b := W, we get Oge(f, b) is bounded. By assumption, this implies b = 0.
Hence af (y + z) = f(y)f (z). Moreover, if a = 0, then we get f(x)f(y) = 0 for all x,y € E.
Let y € E be an arbitrary element. Then Ogg(f,f(y)) = {0} is bounded, and by assump-
tion we conclude that f(y) = 0. Hence f = 0. If we assume that O;£(b) is unbounded for
each nonzero b € A, the proof proceeds in a similar way. d
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Corollary 3.6 Let E be a normed linear space and A be a commutative semisimple com-
plex Banach algebra. Assume that a mapping f : E — A satisfies

[f @ +5) = f@F )| < e(lxl” + IyI?) + 01l lyll”, x5 €E
for some €,0,p > 0. If, for every nonzero linear multiplicative functional ¢ on A, the set

Gw;:{%:xeanxnzl}

is unbounded, then f is exponential.

Proof Let b #0 be an element in .A. Since A is semisimple, there is a linear multiplicative

functional ¢ on A such that ¢(b) # 0. By assumption, G, is unbounded. Then the set

b
G,o(b) = [ AU 1} = ¢(Oxe(b))

(17

is unbounded, and we conclude that Ogg(b) is unbounded. By Theorem 3.5, f is exponen-
tial. O

Corollary 3.7 Let E be a normed linear space and A be a complex Banach algebra. Assume
that mappings f,g : E — A satisfy f(0)f () = f(z)f (0) for all z € E, and (3.7). If, for each
nonzero element b € A, the E-orbit of b

f@b

ll(l?

bf (x)

llll?

Oge(f, b) = { :x € E,|x| > 1} or Ore(b,f):= { :x € E,||x| > 1}

is unbounded, then f satisfies f(0)f (x + y) = f(x)f (y) for all x,y € E. Moreover, if f(0) = 0,
then f =0.

Proof As in the proof of Theorem 3.2, we obtain

F©O)f G+ ) —fF )| < [FOf (x+9) —glx+ )| + g+ ) —FEF O]
<22+ D)e(lxlI? + lyl1*) + 6l IyIP,  x,y € E.

By Theorem 3.5, we get the desired result. O

Theorem 3.8 Let E be a normed linear space and A be a complex Banach algebra. Assume
thate,0,p>0,a€ AUR and f,g: E — A satisfy one of the following conditions:
(i) af(2) =f(@)a, laf (x +y) = fR)gWI < e(llxll” + lyI17) + ONx P IyIIP, %, 5,z € E; and for
each nonzero element b € A, the E-orbit of b

f&)b

llx]1#

Ore(f,b) := { ix €E, ||x|| > 1}

is unbounded.
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(i) ag(z) =g(2a, llaf (x +y) —gx)f Wl < e(lxI1? + [IyI17) + O 1% lyl|7, %, y, 2 € E; and for
each nonzero element b € A, the E-orbit of b

bf (x)

(17

O1e(b,f) = [ cx € E, ||| 21}

is unbounded.
Then g satisfies ag(x +y) = g(x)g(y) for all x,y € E. Moreover, if a = 0, then g =0.

Proof Let f, g satisty (i) and Ogg(f,b) be unbounded for each nonzero element b € A.
Using the same argument as in the proof of Theorem 3.3, we obtain

laf x)g(y +2) —f(gg@)|| < etag(llx + yIP + lly +2I? + lx]? + ||2II?)
+0tat(|lx + yIP I1zII1P + %P [y + zIIP)

+[g@ [ (=17 + 1717) + 0 <l 17117]
for all x,7,z € E. Since af (x) = f (x)a, for ||x|| > 1, we obtain
If ) [ag(y + 2) - g0)g@)]|| < (|g(@)| + 27 gag)elxlP (1 + [yl” + l12]17)

+ (|le@] +27gat + 27)0 12l (I 117 + 2117 + Iy 117 12117

= M|x|?,
where

M = e(|g@)] + 27" tat) (1 + Iy + 12117)

+0(|g@] +27gat + 27) (Iyll? + 1z11” + Iy 17 12117).

Therefore

H/(x) ag(y + Z)}\:I 2)g(2)

< Il=l”.

Letting b := w, by assumption, we get that b = 0. Therefore ag(y + z) = g(y)g(z)
for all y,z € E. Moreover, if a = 0, then (i) implies that g = 0.
Similarly, we get the result if f, g satisfy condition (ii). O

Theorem 3.9 Let E be a normed linear space and A be a complex Banach algebra. Let
f.g h:E— Asatisfy the inequality

If (x + 9) = g@hB) | < e(IxlI? + I117) + Ollx1PIyllP, %,y € E (3.15)

for some ¢,6,p > 0.
(i) Ifg(0)g(x) = g(x)g(0) for all x € E, and for each nonzero element b € A the E-orbit of b

bh(x)
llll?

Ore(b, h) = { :x € E, x| > 1}

Page 15 of 17
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is unbounded, then

20)g(x+y) =gx)g(y), =x,yeE.

Moreover, if g(0) = 0, then g = 0.
(ii) Ifh(0)g(x) = g(x)h(0) for all x € E, and for each nonzero element b € A the E-orbit
of b

(%)
ixllp ‘% €E, x| > 1}

Ore(g, b) := {
is unbounded, then

h(0)h(x +y) = h(x)h(y), «x,y€E.
Moreover, if h(0) = 0, then h = 0.

Proof Using the same argument as in the proof of Theorem 3.4, we obtain

|g©h(x +y) - g)h()| < (22 + )e(Ixll? + Iyl1P) + Ollxll? |y]1?

and

|Ge + 9)h(0) ~g@hO)] < (27 + D)e(Ixll” + 1y17) + &2 Iy
for all x,7,z € E. Therefore the result follows from Theorem 3.8. d

Remark 3.10 We can replace (||x||” + ||y||”) + @ ||x||”||ly||P given in the main results of this
section by more general control functions ¢(x,y) given by Géavruta [22]. The proofs are
similar to the proofs given in this section.

4 Conclusion

We have proved the superstability of the following functional equations:

f(Px,)) = g@)h(y),
Slx+y) = gx)h(y).
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