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1 Introduction
It is recognized that fractional calculus provides a meaningful generalization for the clas-
sical integration and differentiation to any order. They can describe many phenomena in
various fields of science and engineering such as control, porous media, electro chem-
istry, HIV-immune system with memory, epidemic model for COVID-19, chaotic syn-
chronization, dynamical networks, continuum mechanics, financial economics, impulsive
phenomena, complex dynamic networks, and so on (for more details, see [1-7]). It should
be noted that most of the papers and books on fractional calculus are devoted to the solv-
ability of linear initial value fractional differential equation in terms of special functions.
The study of g-difference equations has gained intensive interest in the last years. It
has been shown that these equations have numerous applications in diverse fields and
thus have evolved into multidisciplinary subjects. On the other hand, quantum calculus
is equivalent to traditional infinitesimal calculus without the notion of limits. Fractional
q-calculus, initially proposed by Jackson [8], is regarded as the fractional analogue of g-
calculus. Soon afterward, it is further promoted by Al-Salam and Agarwal [9, 10], where
many outstanding theoretical results are given. Its emergence and development extended
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the application of interdisciplinary to be further and aroused widespread attention of the
scholars; see [11-23] and references therein.
In 2012, Zhoujin et al. considered the fractional differential equation

‘DI [k1(s) + w(s, k(s), ‘D [K](s))

for 0 < s <1 and o € (3,4) under the boundary conditions k(0) = k’(0) = k”(0) = 0 and
k(1) = k(c) for 0 < ¢ < 1, where “D? denotes the Caputo fractional derivative, ¢ > 0, and
0 — ¢ > 1. The existence results are derived by means of Schauder’s fixed-point theorem.
Then Liang and Zhang [24] studied the existence and uniqueness of positive solutions
by properties of the Green function, the lower and upper solution method, and the fixed
point theorem for the fractional equation Dy [k](s) + w(s, k(s)) = 0 for 0 < s < 1 under the
boundary conditions k(0) = K'(0) = 0 and k(1) = ZZZIZ £;k'(c;), where 2 < o < 3,and CDg is
the Riemann-Liouville fractional derivative. In 2015, Zhang et al. [25] through the spectral
analysis and fixed point index theorem obtained the existence of positive solutions of the

singular nonlinear fractional differential equation
Dk(s) = w(S, k(s), D°k(s))

for almost all s € (0, 1) with integral boundary value conditions Df k(0) =0 and D% k(1) =
fol Dék(r) du(r) where o € (1,2], ¢ € (0, 1], w(s, k, /) may be singular at both ¢ = 0, 1 and k =
=0, fol k(r)du(r) denotes the Riemann-Stieltjes integral with signed measure, in which
w1 :[0,1] — R is a function of bounded variation. In 2016, Ahmad et al. [16] investigated
the existence of solutions for a g-antiperiodic boundary value problem of fractional g-

difference inclusions
CD;‘ [k](¢) € F(t, k(t), D, [k1(2), D; (k] (t))

for t € [0,1], g € (0,1), 2 < < 3, 0 < B <3, and k(0) + k(1) = 0, Dyk(0) + D,jk(1) = 0,
D;k(O) + D;k(l) =0, where ‘Dy is the Caputo fractional g-derivative of order «, and F :
[0,1] x R x R x R — P(R) is a multivalued map with P(R) the class of all subsets of R.

In 2018, Guezane-Lakoud and Belakroum [26] considered the existence and unique-
ness of nonnegative solutions of the boundary value problem for nonlinear fractional
differential equation “Df[z](t) = ¢(t, z(t),CDg [z](¢)) for t € (0,1) under the conditions
z(0) = 2/(0) = 0 and Z/(7) = az”(1), where ¢ : [0,1] x R? — R is a given function, o, 8
in (2,3) and (0, 1), respectively, 0 < < 1, and CDg denotes the Caputo fractional deriva-
tive. In 2019, Ren and Zhai [27] discussed the existence of a unique solution and multiple
positive solutions for the fractional g-differential equation D;‘ [x](2) + w(t,x(t)) = O for each
t € [0,1] with nonlocal boundary conditions x(0) = Dg‘Z [%](0) =0 and

n
D) = u) + /0 (D! 1610 dyr,

where Dy is the standard Riemann-Liouville fractional g-derivative of order « such
that 2<a <3anda—-1-8>0,q¢€(0,1), ¢ € L'[0,1] is nonnegative, u[x] is a linear
functional given by u[x] = folx(t) dN(¢) involving the Stieltjes integral with respect to a
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nondecreasing function N : [0,1] — R such that N(¢) is right-continuous on [0, 1), left-
continuous at £ =1, N(0) = 0, and dN is a positive Stieltjes measure. Rehman et al. [28]
developed Haar wavelets operational matrices to approximate the solution of generalized
Caputo—Katugampola fractional differential equations. They introduced the Green—Haar
approach for a family of generalized fractional boundary value problems and compared
the method with the classical Haar wavelets technique. The existence of solutions for the
multiterm nonlinear fractional g-integro-differential °Df [4](¢) equation in two modes and
inclusions of order « € (1 — 1,n], where the natural number n > 5, with nonseparated
boundary and initial boundary conditions was considered in [29]. In [30] the investiga-
tion is centered around the quantum estimates by utilizing the quantum Hahn integral
operator via the quantum shift operator. In [20] the g-fractional integral inequalities of
Henry—Gronwall type are presented.

Inspired by all the works mentioned, in this research, we investigate the existence and
uniqueness of nonnegative solutions of the nonlinear fractional g-differential equation

“Dy [k](2) + w(t, k(2), cDg [k1(2)) =0 (1)

under the boundary conditions k(0) = k”(0) = 0 and k'(r) = Ak”(1) for t € J := (0,1) and
0<g<1l,wherew:JxR?>— Risa given function withJ:=[0,1],2<0 <3,z €J,r € J,and
A >0, and “Dy denotes the Caputo fractional g-derivative.

The rest of the paper is organized as follows. In Sect. 2, we cite some definitions and
lemmas needed in our proofs. Section 3 treats the existence and uniqueness of solutions by
using the Banach contraction principle and Leray—Schauder nonlinear alternative. Also,
Sect. 3 is devoted to prove the existence of nonnegative solutions with the help of the
Guo-Krasnoselskii theorem. Finally, Sect. 4 contains some illustrative examples showing
the validity and applicability of our results. The paper concludes with some interesting
observations.

2 Preliminaries and lemmas

In this section, we recall some basic notions and definitions, which are necessary for the
next goals. This section is devoted to state some notations and essential preliminaries
acting as necessary prerequisites for the results of the subsequent sections. Throughout
this paper, we will apply the time-scale calculus notation [31].

In fact, we consider the fractional g-calculus on the specific time scale T = R, where
T,y = {0} U {¢: t = toq"} for nonnegative integer n, t, € R, and g € (0, 1). Let a € R. Define
lal; = (1-g")/(1-g) [8]. The power function (x —y)Z with 7 € Ny is defined by (x —y)g') =
]_[Z;é (x — yg*) for n > 1 and (x —y),(lo) =1, where x and y are real numbers, and N := {0} U
N [11]. Also, for @ € R and a # 0, we have

(= =2 [ [ - 24")/(x - 7).
k=0

If y = 0, then it is clear that x*) = x* [12] (Algorithm 1). The g-gamma function is given by
Iy(z)=(1 —q)#V/(1-q)*', where z € R\{0,-1,-2,...} [8]. Note that [y(z+1) = [2],T4(2).
Algorithm 2 shows a pseudocode description of the technique for estimating the g-gamma
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Algorithm 1 The proposed method for calculating (x — y)gx)

1 function p = qfunctionl(x, y, q, sigma, n)

2 s=1;

3 if n==0

4 p=1

5 else

6 for k=1:n-1

7 s = sx(x—-yxq"k) /(x—y*xq~(sigma+k));
8 end;

9 p=x”"sigma * s;

10 end;

1 end

Algorithm 2 The proposed method for calculating I, (x)

1 function g = qGamma(q, x, n)

2 %q—-Gamma Function

3 p=1;

4 for k=0:n

5 p=p*(1-q"(k+1))/(1- q"(x+k));
6 end;

7 g=p/(1-q) "(x-1);

s end

Algorithm 3 The proposed method for calculating (D,f)(x)

1 function g = Dq(q, x, n, fun)

2 if x==0

3 g=limit ((fun(x)-fun(qg*x))/((1-q)*x),x,0);
4 else

5 g=(fun (x)—fun (q+x)) /(1 —q) #x) ;

6 end;

7 end

function of order n. The g-derivative of a function f is defined by

_fx) —f(gw)
Dq [f] (%) = W

and D, [f1(0) = lim,_,o D,4[f1(x), which is shown in Algorithm 3 [11]. Furthermore, the
higher-order g-derivative of a function f is defined by Dy flx) = Dq[D;“1 [f1l(x) forn > 1,
where Dg [f1(x) =f(x) [11]. The g-integral of a function f is defined on [0, b] by

If@) = fo F6)dgs=x(1-0) Y ¢f ()
k=0

for 0 < x < b, provided that the series absolutely converges [11]. If x € [0, T], then
LI () dgr = LIFI(T) - 1,[f1(x), which is equal to

-0 S I () - o (x")]

whenever the series exists. The operator I7 is given by 12 [h](x) = h(x) and I [A](x) =
Iq[lg’l[h]](x) for n > 1 and & € C([0, T]) [11]. It has been proved that D[, [/h]](x) = h(x)
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Algorithm 4 The proposed method for calculating f: f(rd,r

1 function g = Iq(q, x, n, fun)

2 p=1;

3 for k=0:n

4 p=p+ q"kxfun(xxq"k);
5 end;

6 g=xx (1-q) * p;

7 end

Algorithm 5 The proposed method for calculating I}/ [x]

function g = Iq_alpha(q, alpha, x, n, fun)

1

2 p=0;

3 for k=0:n

4 sl=1;

5 for i=0:k-1

6 sl=slx(l-q”(alpha+i));

7 end

8 s2=1;

9 for i=0:k-1

10 $2=82%(1-q"(i+1));

1 end

12 p=p + q*kxslxeval(subs(fun, txq"k))/s2;
13 end;

14 g=round ((t*alpha)* ((1-q)”alpha)x p, 6);

and I,[D,[h]](x) = h(x) — h(0) whenever / is continuous at x = 0 [11]. The fractional
Riemann-Liouville-type g-integral of a function 4 on J = (0,1) for & > 0 is defined by

TOTH)(¢) = h(t) and

q
o _ 1 ‘ _ (a-1)
Iq [h](¢) = —Fq(a)/(; (t—gs) h(s)dgs

2 : l |]‘(:_11 1—61 ”) k
= ta(l — q)a qk M — - h tq (2)
o If'(=11(1 -q"") ( )

for t € J [15, 17]. We can use Algorithm 5 for calculating I;‘ [4](¢) according to Eq. (2).
Also, the Caputo fractional g-derivative of a function / is defined by

D )(¢) = 2 [ D[] 1)

- m/{; (t- qs)([a]—a—l)DL[Ia] [h](s) qu @)

for t € J and « > 0 [17]. It has been proved that If[I{‘;[h]](x) = Igﬂs[h](x) and
Dy1Zy [1]](x) = h(x) for a, B > 0 [17]. Algorithm 5 gives a pseudocode for yhd [A](x).

Lemma 2.1 ([17]) Let«, 8 > 0 and k € L,[a,b]. Then
Vi [Ié;3 [k]](t) = Ig*ﬂ [k1(¢) = Ig [If [k]](t)

and “D2 (I [K]](£) = [K)(®) for all t € [a, ).

Page 5 of 33
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Lemma2.2 Lety > A>0. Then CD; (Z) [K]1(t) =T} “[K](¢) almost everywhere on t € [a, b]
for k € L[a, b], and it is valid at any point x € [a,b] if k € Cla, b].

Lemma 2.3 ([22]) Let o >0 and w € L'([a, b],R*). Then we have
DI < | DL K

fort € la,b].
To prove the theorems, we further apply the Leray—Schauder nonlinear alternative.

Lemma 2.4 ([32]) Let A be a Banach space, let O be a bounded open subset of O € A, and
let H: O — A be a completely continuous operator. Then either there exist k € 90 and
A > 1 such that H(k) = Ak, or there exists a fixed point k* € O.

Theorem 2.5 Let B be a Banach space, and let C C B be a cone. Let O and O, be open
subsets of B with 0 € Oy, O, C Oy, and let © :C N (O \ O1) — C be a completely contin-
uous operator such that

i) 10| < |Ik|l for k € CNAO; and ||©(k)|| = ||k|| for k € CNaO,,

(i) 1) = k|l for k € CN A0, and |OK)| < ||k|| for k € CNIO,.
Then © has a fixed point in C N O\ O)).

3 Main results

To facilitate exposition, we will provide our analysis in two separate folds. Now we give a
solution of an auxiliary problem. Denote by £ = L!(J,R) the Banach space of Lebesgue-
integrable functions with the norm | k|| = fol |k(&)] d&.

Lemma 3.1 Let2 <o <3 and z € Cla,b]. The unique solution of the q-fractional problem

{CD; [K1(6) = (0), w
k(0) = k"(0) =0, kK (r)=Ak"(1),
for t €] is given by
ko) = %[ | LG 61l gt - — [ -aerxe)a s} )
-2 "1 =52/, ° |
where
IGC (t,é) — ((ttf_—qf))(:":i)) + )"t(l - QS)(G_S); S =< tr (6)
1 (1 —g&)o, E>t.

Proof First, by Lemma 2.1 and equation (4) we get

k() = TS [2)(¢) + i + dat + d2. @)



Samei et al. Journal of Inequalities and Applications (2021) 2021:75 Page 7 of 33

Differentiating both sides of (7) and using Lemma 2.2, we get

k()= I;”l [2](?) + dq + dst,

8)
K'(t) = Ig’z [2](¢) + ds.
The first condition in equation (4) implies d; = d3 = 0, and the second one gives
dy =T 2 2)(1) - T [0,
Substituting d, into equation (7), we obtain
k(t) = I7 [2)(¢) + [ AT 2 [21(1) - 27 2] ()], ©)
which can be written as
k0= s [ - e 4
Fq(o') 0 7
At ! (0-3)
+m/0 (1-4%) Z(é)dq‘f
ot o e\e-2)
S JRCRGIREOT (10)
Indeed,
KO- 1) | Gl ) dgt -~ [ o-aere a6 e a1
r,(o-2)1Jo ’ -2/ e
where 1Gf,(t, £) is defined by (6). The proof is complete. O

3.1 Existence and uniqueness results
In this section, we prove the existence and uniqueness of nonnegative solutions in the
Banach space B of all functions k € C(J) into R with the norm

Ikl = max|k(2)| + max|Dé [k](2)].
te] te]

Note that CD,gk e C(J)if ¢ €]. Denote
B={keBlk(t)>0,te]}.

Throughout this section, we suppose that w € C(J x R, R). We define the integral operator
®:B — ‘B by

1
Ofk](s) = ﬁ [/0 1G5 (6,E)w(8,k(€), Dy [K1(8)) dg&
q

t r
To-2 /0 (r—q8)" P w(&,k(6), Dy [K1(5)) d,,s] 12)

Then we have the following lemma.
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Lemma 3.2 The function k € *B is a solution of problem (1) if and only if ©[k](t) = k(¢) for
te].

Theorem 3.3 The nonlinear fractional q-differential equation (1) has a unique solution
k € B whenever there exist nonnegative functions g1, g € C(J,R*) such that
(1) forall k;,l; e R withi=1,2 and t € ], we have
2
|W(t, klrkZ) - W(t, ll! 12)| < Zgl(t”kl - li|) (13)

i=1

(2) Yy=A1+Asy<land Xp=B1 +By < (1 -4)Ty(1-¢), where

A= T g o+ IMZE g () + I g ),
Bi=T7 H([g1(D) + [g(n) + 1MZy (g (1)

(14)

forre]andi>1.

Proof We transform the fractional g-differential equation to a fixed point problem. By
Lemma 3.2 the fractional g-differential problem (1) has a solution if and only if the op-
erator © has a fixed point in 8. First, we will prove that © is a contraction. Let &,/ € 8.
Then

©[k](2) - O[()

1
CT,(0-2)

- w(&,18), “D(€))] dgé

1
[ /0 VG (6, 8) [w(&, K(&), DL KI(6))

t r
5 | a0 P wle ko), i)

- w(g,l(g),ch,[l](é))]qu]

=1 [w(t, k(2), ”Dfl [k](t)) - w(t, l(t),CDg [l](t))]
+ tng-z [w(1,k(1),“D; [k](1)) — w(1,1(1),“D; [1(1)) ]
- tI;’_z [w(r, k(r),cDé [k](r)) - w(r, i(r), CDI‘; [l](r))]. (15)

By inequality (13) we obtain
OIKI() - O[1)(¢) < max|k(t) - 1(2)
te]

x [Z7[g)®) + IMZT 2 @)D + I @] ()]
+ max|“Dj [K(0) - D (10

x [Z911(0) + IMTS (@) 1) + T3 () (). (16)
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On the other hand, Lemma 2.3 implies

|O[K](#) - OlN©)] < k@) - 1@ |[|Z; (@]l + 1IMZ (2] (1)
+ I @l () + |27 (g2
+ A7 [ga](1) + I [ga] ()]
< ”k(t) =) ” (A1 + Ay). (17)

In view of (13), it yields
|©[KI(2) - ®[N(®)] < ||k(&) - 1) (18)

for t € J. Also, we have

1 t
“DEK](E) - “DEN(E) = —— —gq&)
o [K1(8) = “Dg [1](2) Fq(l—g“)/o (t - q¢)

x [(©1K)) ¢) - (©[1) (6)] dyt, (19)
where
, 1
(OW) O = ;=5 | [ 5 wle ke, D) it
1 / (= g8 P&, k), “DEKE)d s]
To -2 Jo " 1 e RIS |
and
¢ (t-§)-2 _ o £\(0-3)
1H§(ty§) _ 81Gq(t1€) _ -2 +)L(1 6]5) ’ g =i (20)
ot A(1 - g€)?, £>t.
Therefore

“Di[O[K]](1) - “D; [O[1](2)

= 1 ‘ _ (C)( ! '
Fq(a—z)rq(1—§)[,/o (t=q8) /0 1H, (8, g5)

c _ c _ 1 " _ (0-2)
x [w(s, k(s), Dé[k](s)) w(s, I(s), Dg[l](s))]dqs —Fq(a—2)/0 (r—gs)

x [w(s, k(s),”Dg [k](s)) — w(s, l(s),chl [71(s))] dqs> dq$:|. (21)
Applying inequality (13), we get

DS [@1K]](6) - D [0 [11](1)]
1
<
T Tylo-2)T(1-1¢)
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x |:(t - g&)® /0 t (ntlajx|k(t) ~ ()|

1 r( _ )(0—2)
x (/0 1H§(§,s)g1(s)dqs—/0 %gl(s)dqs)

+ ma_x|CDg [k1(¢) - CDg (] (t)|
te]

1 r( _ )(0—2)
x ( /0 LHE (€,5)g2(5) dgs — 0 %gz(s)dqs»}dqg. (22)

Now let us estimate the term

1 T (r— gs)o—2)
/ 1H§(§,S)g1(5) qu—/ wgl(s) dgs.
0 0 o-2

We have

1 s r
‘ [ 6ie9n0 ds- 5 a9 aeds
Ty - DT L)) + EOTS L) + T3 g 10) ) (23)

1 T (y— g¢)0-2)
’ /0 1HE (£,5)1(5) dgs - /0 %gl(s) dgs

= [Tylo = D[Z3 [ (€) + 2Z3a)(1) + T2 (@] ()]
< Ty(o - [T @) + AZg 2@ )1) + 3 @)(")]

<T,(0 -2)B, (24)
and, consequently, (22) becomes

cPi@E eyt k@) = 1@)|l
“DE [©1K]](2) Dq[®[l]](t)|_—(I_C)Fq(l_g) ..

By (15) this yields

|”D§ [©1k1]() —CDfl[®[l]](t)| < k@) - 1®)|. (25)
Taking into account (18)—(25), we obtain ||@[k] — ®[/]|| < ||k(¢) - {(2)| for t € ]. From
here the contraction principle ensures the uniqueness of solution for the fractional g-
differential problem (1), which finishes the proof. d

We now give an existence result for the fractional g-differential problem (1).

Theorem 3.4 Assume that w(0,0,0) # 0 and there exist nonnegative functions g,g», g3 €
C(J,R"), nondecreasing functions ¢y, ¢, € C(R*, [0, 00]), and 1 > 0 such that

(w(t, k,K)| < @11 ([k(0)]) + 2202 (|k(2)]) + g5(2) (26)
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for almost all (t,k, k) € ] x R?, and

M.
[61(n) + d2(n) +1] <M1 + m) <n, (27)

where M = max,j{A1, A2, A3} and My = max,;{By, By, B3} with A; and B; defined as in
Theorem 3.3 by (14). Then the fractional q-differential problem (1) has at least one non-
trivial solution k* € ‘B.

Proof First, let us prove that ® is completely continuous. It is clear that ® is continuous
since w and 1Gfl are continuous. Let B, = {k € 9B : ||k|| < n} be a bounded subset in B. We
will prove that ©(13,) is relatively compact.

(i) For k € B,, using inequality (26), we get

010 = [/ hGE(68)]

x [gl(s>¢1(|k(§)|) + ©E)a (DS [K1E)]) + g3(8)] dy&

t )
e /0 (r - &)

x (@)1 (|k(®)]) +gz(€)¢z(|ch,[k](§)|)]dqé}- (28)

Since ¢, and ¢, are nondecreasing, inequality (28) implies

CINIGIE=

. [/ 1G5 (5,6) @) (I1k1) + g2 (&) (IIKIl) +g5(€)] dy&

_ (0-2)
+ 71_,{1(0 ) /0 (r—q&)?[a&)er (1K) +g2(§)¢2(||k||)]dqé]

1 1
< m[ /0 1G5 (&:8)|[81E)p1(n) + g2(E) 2 (1) + g3(8) ] dgk
t " aE)eD

tioy ) a0 @00 + £On0)] ael oo

Using similar techniques to get (18), this yields

|OKI(®)] < [ |20 gl | 11 + 1MZZ 21ga)(1) + Z9 1] ()]
+ e[| Z5 M gl | 1 + IMT 2] (1) + I gl ()]
+ 125 g0+ 1M gs] (1) + I3 [gs)(r)

< A191(n) + A22(n) + As. (30)

Hence

|OIKI®)] < Mi[¢1(n) + do(n) + 1]. (31)

Page 11 of 33
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Moreover, we have

1
[/0 1H (&, 6)w(g, k(§), Dy [K1(§)) dgé

|(OW) O] = |5

-y etk D) e ]|

1
=T (al =) ‘ /0 |LHE (2,6) | [1(6)b101) + a(E)ba() + g3(6)] dgk
q

! f (r = 4&) [ E)pr(n) + @2(E)baln)] dyr
-2) Jo

(o

1
hi(0) /0 HE (6, 6)g1(6) g

<
- Fq(a—2)[

- (U—iz) /0 (r- q&)“"”gl(s)dqsu

|

1
$2(1) /0 HE (6,6)00(6) dt

)

5 | - Tee

(o
1
+[ / E (6,6)g3(6) gt
0
1 L o)
o [ - e 0| 2
and
|(®[k])/(t)‘ < B1¢1(n) + Bagp2(n) + B3,
(33)

|(O1K)' (®)] < Ma[¢1(n) + po() + 1]

On the other hand, by (23) and (24) we obtain

D [O1K]](1)] < LA

X /o (t— &) [Bip1(n) + Bago(n) + B3| dy

M ¢
: Fq(lié)fo (£ = &) [$101) + $2(n) + 1] dgf

M,

=< m [¢1(n) + 2(n) + 1], (34)

and from (31) and (32) we get

M
|OKI®)] = [$1(1) + ga(n) + 1] (Ml + m) (35)

Then ©(B,)) is uniformly bounded.
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(ii) ®(B,) is equicontinuous. Indeed, for all k € B, and ¢, ¢, € J with t; < t,, denoting

M = max{|w(t, k(¢),“Ds [KI(®)) | : IIk]| < n},

te]

we have
|O[K](8) - OK](5)| = / Ok (¢)] dg&

< / “[Bia(n) + Baho(n) + By

t

< (t1 = t2)[B1¢1(n) + Bagha () + Bs].

Also, we have

|°Dé [®1K]] (1) - “Di[O11] (%))

= ; ! _ (=¢) /

Jrrg [ s eemy s
- ? _ (=¢) Ok / d
Fq<1—¢)/o (12 - 4€) ) (O1K]) (€) dgt

S S PN S /
5&(1—4)/0 (6 =) — (22— qn) || (O1K]) (§)] gt

5]

# _ (=¢) /
*Tacg ), @ IR ©)]ds

Using (23), (24), and (32), this yields
\(®[k]),(f)| < Ma[¢1(n) + ¢a(n) +1]
and

DS [O1K]](11) - DS [O1K]] ()]

_ Ma(@1() + $a() + )
ST -ona-9

x [2(8 = 0)"7 + (82)079) + (21) ).

As t1 — £ in (36) and (39), |®[k](¢1) — O[k](t2)] and
“Di[01K]] (1) - “Di[O11](®))|

tend to 0. Consequently, ®(B,) is equicontinuous.

(36)

37)

(38)

(39)

By the Arzela—Ascoli theorem we deduce that ® is a completely continuous operator. Now

we apply the Leray—Schauder nonlinear alternative to prove that ® has at least one non-
trivial solution in B. Letting O = {k € B : || k|| < n}, for any k € O such that k = tO[k](¢),

Page 13 of 33
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0< 7t <1,by(31) we get

|k(®)] = 7|O[K1(6)| < |OKI()| < Mi($1(1) + da(n) +1).

Taking into account (34), we obtain

|Dg[O1K1](6)| < $1(7) + o) + 1.

L[
1-0)r,(1-¢)

From (40) and (41) we deduce that

M,
Ikl < [‘f’l(ﬂ) +a(n) + 1] |:M1 + m] <1

(40)

(41)

(42)

which contradicts the fact that k € dO. In this stage, Lemma 2.4 allows us to conclude that

the operator ® has a fixed point k* € O, and thus the fractional g-differential problem (1)

has a nontrivial solution k* € O. The proof is completed.

3.2 Existence of nonnegative solutions

O

In this section, we investigate the positivity of nonnegative solutions for the fractional

g-differential problem (1). To do this, we introduce the following assumptions.

(A1) w(t k1) = w(@®)y(k, 1), where u € C(J, (0,00)) and y € C(R* x R,R*).
(A2) 0< [5(1-g8) D u(E)oy(&) dgk < 00, where

E>r,

—_q£)0-2)(1_g£)(0-3)
_ (r—q8) Uflzqé) . E<r.

Qq(g) =

Let us rewrite the function k as

1
A7 p—— /0 (1 - 467,65 (6, E)u(E)y (k). “DEKIE)) gk,

Iylo -2)
where
(t=&) "V (1-g£)" Y tr-q&) "2 (1-g£) Y
©De-p  TAM- o2 » E=tE=r
(qt=q&)°V(1-g)~
GiE) =] e A F=nEen
q ) - o— 17 o—
kt—%, E>tE<r,
At, E>LE>rT.
Hence

1
ANIGE /O (1 - g&) o S (1, £)(E)y (k(§), “D5 [K1(€)) dgé,

(43)

Page 14 of 33
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where
2H, (t,q%)
el 3 e N Vi
15"(1’_{307” _ (a%)@)rq(o_Z)
- 1:1:();)1“{1(571_35) ) §<t&E=<r,
= “’qg)(“}i,}i,’i;qf)‘”‘g) t ey ESbEsn (44)

e - T s e <,
Fq(ck)trl;(zafz)’ E>tE>T.

Now we give the properties of the Green function gHg (t,€).

Lemma 3.5 IfA(oc —2) > 1, then gGg(t,é) and gHg(t,E) belong to C(fz) with ngI(t,S) >0
and zHg (t,€) > 0 forall t,£ €]. Furthermore, ift € [t,1], T > 0, then for each & € ], we have

0<to48) < 2G,§(t,§) <20,4(8)

and

1+ (0 -2)I'y(¢)

¢
Qﬂﬁfﬂ@mﬁs[rdnmw_m

T
OO -2) ]Qq(§)~ (45)

Proof 1t is obvious that szZ(t,é yeC (72). Moreover, we have

Hr—q8) P -£)
- o—-2

At

= ko -2) - (1- &) V- q8)° ),

which is positive if A(0 —2) > 1. Hence gGg(t, £) is nonnegative forall ¢, € J. Let t € [z, 1].
It is easy to see that g4(£¢) # 0. Then we have

(t-q8)" (- qS)(H)}

1
2Gf](t;§):XQq(E)|:t)\+ -2 -1

_(1-g&y
- o-1

+t

<2

whenevere< & <t,

(r-q8)° (1 -g6) 7"
(0-2) ]

y [(t —g9) A -g8)? L tr-q9) (A -g8)"? }
(0-2)(c-1) o-2

—t+ (t-q8)" V(1 -g8)"? -,
(0 -1)[Ao —2) = (r—g&)e2(1 - g&)-3)]

2%m9=%®b—
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whenever &£ <t, & <r,

t(e—q&) 2 ]

2G(6,€) = g,,(s)[u(l R LA

(r—g&)e27"
o-2 i|

x [x(l ~q£)" -

=t<2
whenever ¢t < £ <r, and 2G§(t,§) =t04(€) <2 whenever t <&, e <. Thus

ng(t,S) = th(S) = TQq(S)

in all the cases. Since g,(£) is nonnegative, we obtain

0< TQq(E) =< szI(t,f) =< 2Qq(‘§)-

Similarly, we can prove that gHg (t,€) has the stated properties. The proof is com-
pleted. d

We recall the definition of a positive solution. A function k is called a positive solution
of the fractional ¢-differential problem (1) if k(t) > 0 for all £ € J.

Lemma 3.6 Ifk € B and Ao — 2) > 1, then the solution of the fractional q-differential

problem (1) is nonnegative and satisfies

( T4(0))

e
H%ll’l( () +°“D [k](t)) oT(¢)

11l (46)

Proof First, let us remark that under the assumptions on k and w, the function CD,? [k] is

nonnegative. Applying the right-hand side of inequality (45), we get

(t)_F /(1 q8) P o(E)n(©)y (k(&), “DiIKIE)) dyk. (47)

_2)

Also, inequality (45) implies that

1
“DS [K(t) = /0 (1 - g&) 5 HE (6, )n(€)y (K(E), D5 (k1)) d g

1
<A fo (1 - g6)° D u(&)o(€)y (K(E),“DE KI(E)) dt, (48)
where A = % Combining (47) and (48) yields
2 1
- _ (0-3) cy¢
ik =[2s 2 | [ 0 a0 Do (ko Die) 4
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which is equivalent to

Ikl < % /0 (1 g I o)y (KE), DEKIE)) dyc.
Indeed,

/ 1(1 - g&) P (E)o&)y (k(&), ‘DS [K1(5)) dgé = %&;2) k1. (49)

0 .
In view of the left-hand side of (45), we obtain that for all ¢ € [z, /],
. |

O ) /0 (1-g8) P uE)o&)y (k(&), D [K1(©)) dgé. (50)
On the other hand, we have

“DEIKI(E) = m

x /0 1(1 = q&) P (E)o(&)y (k(&), D5 [K](£)) dgé. (51)

From (50) and (51) we get

min, (k(2) + “Dg[k1(2))

T(1+T4(¢))

(0-3) Pt ,
R R / (1= g8) I u(E)o®)y (KE), “DEKI(©)) dyé

and by (49) we deduce that

. t(1+T(2))
k(t ”D{ K@) = 28y,
trer%g}]( (t) + DS [KI(0)) = T~ [l
This completes the proof. d

Define the quantities Ly and Ly, by

YY)
(kl+11—0 [k| + ||
y(k,1)

= 1m .
(kl+1)—o0 [K| + ||

The case of Ly = 0 and L, = oo is called the superlinear case, and the case of Ly = co and
L, =0 is called the sublinear case. To prove the main result of this section, we apply the

well-known Guo—Krasnoselkii fixed point Theorem 2.5 on a cone.

Theorem 3.7 Under the assumptions of Lemma 3.6, the fractional q-differential prob-
lem (1) has at least one nonnegative solution in the both superlinear and sublinear cases.
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Proof First, we define the cone

C= {k & B| min (ke) + D} K1) = T L)y } (52)

- Fq(()rq(o' -2)

We can easily check that C is a nonempty closed convex subset of 95, and hence it is a cone.
Using (3.6), we see that ©[C] C C. Also, from the proof of Theorem (3.4) we know that ®
is completely continuous in 8. Let us prove the superlinear case.
(1) Since Lo = 0, for any ¢ > 0, there exists §; > 0 such that y (k,/) < e(|k| + |I|) for
0 < |k| + || < é1. Letting O; = {k € B : ||k|| <81}, for any k € C N d Oy, this yields

__ 1 ' (0-3)
OO = o [ 1-a8)
X 2G5 (6 ey (kE),“DKI(©) d

2kl 1

_ _ (0-3)
“T,0-2Jo (1-48)" " u(£)o(€) dyt. (53)

Moreover, we have
1
“DE[KI() < A fo (1= &) u(E)o(r)y (K(E), DEIKI() dgt
1
< Ak /0 (1 - g8)" D ()0(E) dgt. (54)

From (53) and (54) we conclude

1
lom] < [# i A}snkn fo (1- &) u(E)o(e) d g,

(o -2)
Ty(6) +1 ! )
o +
Olk S AL R — ] k _ g£)0-3) d£
|| ””f[rq(;)rq(a_m eIkl [ 1= 08" n(E)o)
In view of assumption (A2), we can choose ¢ such that
! _ [4(¢)ly(0 -2)
_en\(0-3) q q
=g tu@reeas | < P02 6

Inequalities (55) and (56) imply that ||@[k](2)|| < ||k(¢)|| for each k € CN I O;.
(2) Second, in view of L, = 0, for any M > 0, there exists &, > 0 such that
wi(k, 1) > M(|k| + |I]) for (|k| + |I|) > 8. Take

5 :max{281, 1+0T4(0) }

T(1+T4()
and denote by O, the open set {k € B : || k|| < §]|. If k € C N3Oy, then

T(1+T(¢))
1+0T(2)

(14 T,(0)
1 +0oT,(¢)

tg}?}] (k@) + “D; [K1(1)) = 11l

8> 6.
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Using the left-hand side of (45) and Lemma (3.6), we obtain

i ! (0-3)
[k]()_mf (1- )

x M(E)Q(S)V(k(é)f@f [K1(8)) dgé

o -3)
—r,,( ||k||/ (1) I u(E)o®) d .

Moreover, by inequality (51) we get

T

‘DO _—
2 [OK1](6) = Moo =2

1
x [ - ey (e, Dil©) s

0
T
Z -
rq(C)rq(G -2)
In view of inequalities (57) and (58), we can write
O[k](t) + “D; [O[k]](2)

T(1+T4(¢))
= O M / u6)o) dyt.

Let us choose M such that

1
[,(0)T 0 —2) < M[r(l +T,(0)) /0 a —qé)("‘s)u(%‘)g(é)dqé]-

Then we get ®[k](£) + CDg [O[K]](2) > |Ik]l. So, |IO[K](&)|| = ||k(¢)| for each

kECﬂaOQ.

The first part of Theorem (2.5) implies that ® has a fixed point in C N (O, \ O) such
that 8, < ||k|| < 8. To prove the sublinear case, we apply similar techniques. The proof is

complete.

4 Some illustrative examples

Herein, we give some examples to show the validity of the main results. In this way, we
give a computational technique for checking problem (1). We need to present a simpli-
fied analysis that is able to execute the values of the g-gamma function. For this purpose,
we provided a pseudocode description of the method for calculation of the g-gamma
function of order # in Algorithms 2, 3, 4, and 5; for more detail, follow these address

https://www.dm.uniba.it/members/garrappa/software.

For problems for which the analytical solution is not known, we will use, as reference
solution, the numerical approximation obtained with a tiny step % by the implicit trape-
zoidal PI rule, which, as we will see, usually shows an excellent accuracy [33]. All the exper-
iments are carried out in MATLAB Ver. 8.5.0.197613 (R2015a) on a computer equipped
with a CPU AMD Athlon(tm) II X2 245 at 2.90 GHz running under the operating system

Windows 7.

1
M| /0 (1- ) u(r)o€) d,&.

(57)

(58)

O
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Example 4.1 We consider the nonlinear fractional g-differential equation

11
+ b

Dy IO - exp(e) - 5—=K(0) sin’ £ - %(1 1D, [K](6) = 0 (59)

under the boundary conditions k(0) = ”(0) = 0 and k’(%) = 12—3k”(1) for t € (0,1). It is clear
that o = 1711 €(2,3),¢ = % € (0,1), r = % € (0,1), and A = 113 > 0. We define the function
w:J] x R? — R by

w(t, k(t),l(t)) =exp(t) + %k(t) sin’ ¢ + é(l - 031(t).

Let ky, ky, [1,1, € R. Then we have
|W(t: kl, ll) - W(ty k2; 12)|

1 1 1
=le t+—ksin2t+—1—t31—<e t)+ ——kysin £ + 1—t31)‘
xp(£) 20 5( )’ xp(t) 23 1-20h

1 . 1
< ﬁ”ﬁ —k2|s1n2t+ g(l —If)3|ll —b|.

Therefore g (¢) = ﬁ sin®t and g (t) = é(l — 1), and by using equality (2) we obtain

77 '¢11(1) 2 0.1402,0.0770,0.0378,

77 ](1) ~0.0237,0.0351,1.2390
forg =1, 3, %, respectively,

|1Zo [g1]] ;1 A~ 0.2531,0.2172,0.1872,

|1Z7 " ga]| ;1 A 0.1754,0.1505,0.1297
f _ 117 :
org=:,5 5 respectively, and

Y4 ~0.4941,0.4259,0.3687,

which are less than one, for g = é, %, %, respectively,

Y3~ 0.2295 < 0.7280 =

4

7

4 4
¥p~0.1704 < 0.8077 = (;)Fq<§>,

4 4
23~ 0.1332 < 0.8728 = (;)Fq(§>

forg = %, %, %, respectively. Table 1 shows these results. Figures 2a and 2b show the curves
of ¥4 and ¥p. Also, Figs. 1a and 1b show the curves of |Z7 ' [@1]ll;1 and | Z7 " [g]l 11,
respectively. Thus Theorem 3.3 implies that the nonlinear fractional g-differential equa-
tion (59) has a unique solution in ‘B.
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Table 1 Numerical results of problem (59) for g = ]g, %, é and (1) ||Ig‘1 [g11ll;1 and (2) ||Ig‘1 (g2l

in Example 4.1
noogil 9:(0) P s E‘f(;{fw)
Q) A B @ As B,
g=1

1672 0.2516 0.0267 04716 0.2196 0.7280
1737 0.2630 0.0344 0.4896 0.2274 0.7280
0.2526 0.3055 0.1930 1750 0.2653 0.0361 04932 0.2291 0.7280
0.2530 0.3058 0.1930 1753 0.2658 0.0364 04939 0.2294 0.7280

0.2413 0.2941 0.1930 0.1
0.1
0.1
0.1
0.3059 0.1930 0.1753 0.2659 0.0365 0.4941 0.2295 0.7280
0.1
0.1
0.1
0.1

0.2507 0.3036 0.1930

0.2531 0.3059 0.1930 1753 0.2659 0.0365 0.4941 0.2295 0.7280

O 00 N Oy U1 W N —
o
N
ul
w

0.2531 0.3059 0.1930 1754 0.2659 0.0365 04941 0.2295 0.7280
0.2531 0.3059 0.1930 1754 0.2659 0.0365 0.4941 0.2295 0.7280
0.2531 0.3059 0.1930 1754 0.2659 0.0365 04941 0.2295 0.7280
9=3
1 0.1461 0.1876 0.1161 0.1012 0.1067 0.0107 0.2943 0.1268 0.8077
2 0.1804 0.2225 0.1188 0.1250 0.1345 0.0248 0.3569 0.1436 0.8077
3 0.1985 0.2406 0.1192 0.1375 0.1499 0.0361 0.3906 0.1552 0.8077

1 0.1503 0.1663 0.0509 04254 0.1701 0.8077
10 02171 0.2593 0.1 0.1504 0.1664 0.0510 04257 0.1702 0.8077
11 02171 0.2593 0.1 0.1504 0.1665 0.0511 04258 0.1703 0.8077
12 0.2172 0.2594 0.1192 0.1505 0.1665 0.051 04259 0.1703 0.8077
13 0.2172 0.2594 0.1 0.1505 0.1665 0.051 04259 0.1704 0.8077
14 0.2172 0.2594 0.1 0.1505 0.1665 0.051 04259 0.1704 0.8077

1 0.1 1 04259 0.1704 0.8077

15 0.2172 0.2594 0.1

9 0.2169 0.2591 0.1

1505 0.1665 0.05

1 0.0187 0.0387 0.0320 0.0129 0.0134 0.0004 0.0521 0.0324 04938
2 0.0313 0.0560 0.0426 0.0217 0.0226 0.0010 0.0785 0.0436 0.5608
3 0.0446 0.0722 0.0507 0.0309 0.0323 0.0018 0.1045 0.0526 06119

21 1710 0.2046 0.0713 1185 0.1338 0.0485 0.3383 0.1199 0.8535

0.1 ! 0.1
22 0.1730 0.2065 0.0714 0.1199 0.1355 0.0501 0.3421 0.1214 0.8560
23 0.1748 0.2083 0.0714 0.1211 0.1371 0.0514 0.3454 0.1228 0.8581
24 0.1763 0.2098 0.0714 0.1222 0.1384 0.0527 0.3483 0.1240 0.8600
50 0.1869 0.2204 0.0714 0.1295 0.1478 0.0616 0.3682 0.1330 0.8725
51 0.1870 0.2205 0.0714 0.1295 0.1478 0.0617 0.3683 0.1330 0.8725
52 0.1870 0.2205 0.0714 0.1296 0.1479 0.0617 0.3684 0.1331 0.8726
53 0.1870 0.2206 0.0714 0.1296 0.1479 0.0617 0.3685 0.1331 0.8726
54 0.1871 0.2206 0.0714 0.1296 0.1479 0.0618 0.3685 0.1331 0.8726
55 0.1871 0.2206 0.0714 0.1296 0.1480 0.0618 0.3686 0.1331 08727
56 0.1871 0.2206 0.0714 0.1296 0.1480 0.0618 0.3686 0.1332 0.8727
57 0.1871 0.2206 0.0714 0.1296 0.1480 0.0618 0.3686 0.1332 08727
58 0.1871 0.2207 0.0714 0.1297 0.1480 0.0618 0.3687 0.1332 0.8727
59 0.1872 0.2207 0.0714 0.1297 0.1480 0.0618 0.3687 0.1332 0.8728
60 0.1872 0.2207 0.0714 0.1297 0.1480 0.0619 0.3687 0.1332 0.8728

Example 4.2 In this example, we apply Theorem 3.4 to prove that the fractional g-

differential equation

o LV (k@) "
D] [k1(t) = <1 - 1) |:6 kO +In(1+ (°D; [k](t))z) i 1:|, (60)
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Figure 1 Graphical representation of ||If2H lgilllx forg=z, %, g in Example 4.1

under the boundary conditions k(0) = k”(0) = 0 and &’ (i) = %k/ "(1) for t € (0,1), has at least
one nontrivial solution. It is obvious that o = § € (2,3), £ = & € (0,1), r = ; € (0,1), and

A= % > 0. We define function the w:J x R2 > R by

1\ (k1)
w(t, k(2),1()) = <1 - 1) [6 NN In(1 + (l(t))z) + 1].
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Figure 2 Graphical representation of %4 and g for g= ¢, 5, g in Example 4.1

Figures 3a and 3b show the curves of M; and M,. Let k, k € R. Then we have

(k(2))?
6 + (k(z)*

_ 1 \?2
(e, k)| = (1_ m)

1\ (k)? 1y’ — N2

Now from inequality (26) we can consider g;(¢) = (1 — )2 for i = 1,2,3 and

t+1

(kW)
T 6+ (k(2)Y

¢ (|k(®)|) =In(1 + (E(t))z).

¢1([k@))

FIn(1+ () + 1’
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Figure 3 Graphical representation of My and M, for g= ¢, 5, g in Example 4.2

Let us find 5 such that inequality (27) holds. In this case, by (14) we calculate A; and B; for
i=1,2,3. We obtain

A, ~0.5913,0.5109, 0.4445, By ~0.5453,0.4240,0.3353,
Ay ~0.5913,0.5109, 0.4445, By ~0.5453,0.4240,0.3353,

A3z~ 0.5913,0.5109, 0.4445, B; ~ 0.5453,0.4240,0.3353,
forg = %, %, %, respectively, and so

(——)—M +$"’15075
PT7s) " a-ora-n
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Table 2 Numerical results of problem (59) for g =

A3) III;H [g3]ll;1 in Example 4.2

(2021) 2021:75

11

z
5:2'8

and () 125" [g1]ll,1, ) 129" (g2lll,1, and

n (1 As By 2 A By 3) A3 B3
agi1(0) g2(0) g3(0)
g=3
1 02125 05809 05452 02125 05809 05452 02125 05809 05452
2 02207 05892 05453 02207 05892 05453 02207 05892 05453
3 02224 05909 05453 02224 05909 05453 02224 05909 05453
4 02227 05912 05453 02227 05912 05453 02227 05912 05453
5 02228 05913 05453 02228 05913 05453 02228 05913 05453
6 02228 05913 05453 02228 05913 05453 02228 05913 05453
702228 05913 05453 02228 05913 05453 02228 05913 05453
q=1
1 01327 04399 04099 01327 04399 04099 01327 04399 04099
2 01630 04773 04219 01630 04773 04219 01630 04773 04219
3 01789 04943 04237 01789 04943 04237 01789 04943 04237
4 01871 05026 04240 01871 05026 04240 01871 05026 04240
5 01912 05068 04240 01912 05068 04240 01912 05068 04240
10 01953 05108 04240 01953 05108 04240 01953 05108 04240
1 01953 05109 04240 01953 05109 04240 01953 05109 04240
12 01954 05109 04240 01954 05109 04240 01954 05109 04240
13 01954 05109 04240 01954 05100 04240 01954 05109 04240
14 01954 05109 04240 01954 05109 04240 01954 05109 04240
q=1
1 00187 01773 01759 00187 01773 01759 00187 01773  0.1759
200309 02244 02199 00309 02244 02199 00309 02244 02199
3 00435 02607 02518 00435 02607 02518 00435 02607 02518
24 01626 04350 03352 01626 04350 03352 01626 04350 03352
25 01638 04362 03352 01638 04362 03352 01638 04362 03352
26 01648 04373 03353 01648 04373 03353 01648 04373 03353
27 01658 04382 03353 01658 04382 03353 01658 04382 03353
28 01666 04390 03353 01666 04390 03353 01666 04390 03353
50 01719 04444 03353 01719 04444 03353 01719 04444 03353
51 01720 04444 03353 01720 04444 03353 01720 04444 03353
52 01720 04444 03353 01720 04444 03353 01720 04444 03353
53 01720 04445 03353 01720 04445 03353 01720 04445 03353
54 01721 04445 03353 01721 04445 03353 01721 04445 03353
55 01721 04445 03353 01721 04445 03353 01721 04445 03353
S6 01721 04445 03353 01721 04445 03353 01721 04445 03353
( l) Mir— M a7
plg==)=M; + ~ 1. 5
2 1-9ri1-2)
M,
~ 0.9073.

7
p<q=§)=M1+(1—§)F

7(1-¢)

Tables 2 and 3 show these results. Also, Fig. 4 shows the curve of the p base on Table 2 for

1

17

[1(n) + o) + 1]p— 1 = [6 z - +1In(1+7%) + 1](1.5075) -1<0,

2

q = 5,3 5- Now we see that inequality (27) is equivalent to
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117

. _ My _ i
Table 3 Numerical results of My, My, and p=M; + .00 forg=z, 5, g in Example 4.2
n qg=1 g=1 9=14
My M; p M M, p My M; p
1 05809 05452 1.5070 04399 04099 11219 0.1773 0.1759 0.6224
2 0.5892 0.5453 1.5075 04773 04219 1.1421 02244 02199 0.7104
3 05909 05453 1.5075 04943 04237 1.1455 0.2607 02518 0.7677
4 0.5912 0.5453 1.5075 0.5026 04240 1.1465 02894 02750 0.8067
9 05913 0.5453 1.5075 05107 0.4240 1.1473 03722 0.3243 0.8834
10 0.5913 0.5453 1.5075 05108 04240 1.1473 03817 03276 0.8884
Il 05913 0.5453 1.5075 05109 0.4240 1.1474 0.3899 0.3299 0.8921
12 05913 0.5453 1.5075 05109 04240 1.1474 0.3969 03316 0.8949
13 05913 0.5453 1.5075 05109 0.4240 1.1474 0.4029 03327 0.8970
40 05913 0.5453 1.5075 05109 0.4240 1.1474 04435 03353 0.9071
41 05913 0.5453 1.5075 05109 04240 1.1474 04437 03353 0.9072
42 05913 0.5453 1.5075 05109 0.4240 1.1474 0.4438 03353 0.9072
43 05913 0.5453 1.5075 05109 04240 1.1474 04439 03353 0.9072
44 05913 0.5453 1.5075 05109 0.4240 1.1474 0.4440 03353 0.9072
45 05913 0.5453 1.5075 05109 04240 1.1474 04441 03353 0.9073
46 05913 0.5453 1.5075 05109 0.4240 1.1474 0.4442 03353 0.9073
47 05913 0.5453 1.5075 05109 04240 1.1474 04442 03353 0.9073
1.6 : : : .
15F
14 M, 1
p=M +
Al - on,a-9 ]
12 .
A HHHHHHAHHHA AN HHH K
SR .
1k -
09
08 -
—8—qg=1/5
o7k —¥—q=1/2| |
q=7/8
06 . . . L
0 5 10 15 20 25
n
. M .
Figure 4 2D graphs of p=M; + Wi“’f) forg= % % é in Example 4.2
5
772 2
[1(0) + do(n) + 1]p—n = [6+ +In(1+7n )+1}(1-1474)—n<0, (61)

[61(n) + da(n) +1]p -1 = [6’1

for g =

11
572’

2

n4

,74

+1In(1+7%) + 1](0.9073) -1<0,

%, respectively. Now by using Algorithm 6 we try to find a suitable value for 5

in inequalities (61). The algorithm is created for the same problems. On the other hand,

the results show that it works exactly. According to Table 4, the suitable values of 7 in (61)
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Algorithm 6 MATLAB lines for finding suitable values of 1 in Eq. (27) for g variable in
Example 4.2

1 psi=[sym("t*2/(6+t"4")) sym("log(1+t"2)") ];
2 q=[1/5 1/2 7/8];

3 [xq yql=size(q);

4 sp=1;

5 for j=1:yq

6 maxj(j)= max(M(:,j=5));

7 row=1;

8 for t=5:0.1:9

9 eta (row, sp)=row;

10 eta(row, sp+1)=t;

11 temp=(eval (subs(psi(1), t))+ eval(subs(psi(2), t))+1)*maxj(j) — t;
12 eta (row, sp+2)=temp;

13 row=row+1;

14 end;

15 sp=sp +3;

16 end;

Table 4 Numerical results for finding suitable values of i in equation (27) forg= <, 5, g in

Example 4.2, where Q(n) = [¢1 (1) + p2(n) + 11(M7 + Mﬂ%) -n

n n Q(T]) <0

g=1 q=3 q=4

1 3.0000 21347 09079 0.0906

2 3.1000 21154 08693 00392

3 3.2000 20943 08294

4 3.3000 20715 07882 200668

9 3.8000 19351 05649 03480
10 3.9000 1.9036 05170 ~04068
1 40000 18708 04681 04663
12 41000 18367 04183 ~0.5266
13 42000 18014 03676 05877
18 47000 16077 0.1007 ~09033
19 4.8000 15658 00449 ~0.9684
20 49000 15229 ~1.0340
21 5.0000 14790 200690 -1.1002
22 5.1000 14342 ~0.1270 211670
23 5.2000 13884 01857 12344
47 7.6000 00745 ~1.7591 29806
48 7.7000 00126 ~1.8301 230577
49 7.8000 ~1.9015 -3.1351
50 7.9000 201126 19732 32127
51 8.0000 01759 220452 232906
52 8.1000 ~02395 21176 33687
53 82000 03037 21903 34471

are n =4,5,8 for g = é, %, %, respectively. Note that Q(n) defined by

M,
Q(n) = [¢1(n) + ¢2(n) +1] (Ml + m) -n
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Table 5 Numerical results of I'y(0 - 2), T'4(¢), and A = ILHL)FQ@) in equation (62) forg=1, 1, £

q(O'*z)Fq(f
in Example 4.3
noog=3 =3 =5
Tyo-2 Ty¢) A To-2 TL,@) A To-2 Ty@) A

1 1.2612 1.0573 1.2030 1.2839 1.0584 1.1809 0.8642 0.9059 1.9386

2 12714 1.0600 1.1915 1.3507 1.0773 1.1103 0.9815 0.9493 1.6555

3 1.2734 1.0605 1.1892 1.3826 1.0861 1.0792 1.0708 0.9805 1.4860

4 12738 1.0606 1.1888 1.3982 1.0905 1.0646 1.1416 1.0043 13727

5 1.2739 1.0606 1.1887 1.4059 1.0926 1.0575 1.1991 1.0231 1.2917

6 1.2739 1.0606 1.1887 1.4097 1.0936 1.0540 1.2466 1.0382 1.2311

7 12739 1.0606 1.1887 14116 1.0942 1.0522 1.2863 1.0506 1.1843

8 1.2739 1.0606 1.1887 14126 1.0944 1.0514 13197 1.0608 1.1473

9 12739 1.0606 1.1887 14131 1.0945 1.0509 1.3480 1.0694 1.1176
10 1.2739 1.0606 1.1887 14133 1.0946 1.0507 13722 1.0767 1.0933
1 12739 1.0606 1.1887 14134 1.0946 1.0506 1.3929 1.0828 1.0733
12 1.2739 1.0606 1.1887 14135 1.0947 1.0505 14106 1.0881 1.0566
13 12739 1.0606 1.1887 14135 1.0947 1.0505 1.4260 1.0925 1.0426
14 1.2739 1.0606 1.1887 14135 1.0947 1.0505 1.4392 1.0964 1.0308
15 12739 1.0606 1.1887 14136 1.0947 1.0505 1.4506 1.0997 1.0208
16 1.2739 1.0606 1.1887 14136 1.0947 1.0505 1.4605 1.1026 1.0122
51 1.2739 1.0606 1.1887 14136 1.0947 1.0505 1.5269 11214 0.9582
52 12739 1.0606 1.1887 14136 1.0947 1.0505 15270 1.1215 0.9582
53 1.2739 1.0606 1.1887 14136 1.0947 1.0505 1.5271 1.1215 0.9581
54 12739 1.0606 1.1887 14136 1.0947 1.0505 15271 1.1215 0.9581
55 1.2739 1.0606 1.1887 14136 1.0947 1.0505 15272 1.1215 0.9580
56 12739 1.0606 1.1887 14136 1.0947 1.0505 15272 1.1215 0.9580
57 1.2739 1.0606 1.1887 14136 1.0947 1.0505 15273 1.1215 0.9580
58 12739 1.0606 1.1887 14136 1.0947 1.0505 15273 1.1215 0.9579
59 1.2739 1.0606 1.1887 14136 1.0947 1.0505 1.5273 1.1216 0.9579
60 1.2739 1.0606 1.1887 14136 1.0947 1.0505 1.5273 11216 0.9579

is negative for values of n. Thus Theorem 3.4 implies that the nonlinear fractional g-
differential equation (60) has at least one nontrivial solution in 8.

Example 4.3 In this example, we consider the fractional g-differential equation

18 _f2 5
‘D, [kI(¢) = 1 tz |: ?71 + exp(—n (k(t) + chg [k](t))):| (62)
ULk + D2 K (®) + 67

under boundary conditions k(0) = k”(0) = 0 and K’ (%) = %k”(l) for ¢ € (0,1) such that the
assumptions of Lemma 3.6 hold. Clearly, o = 1—78 €(2,3),¢ = g €(0,1), r= % € (0,1), and
A =250.Also, A(0c —2) = £ > 1. Table 5 shows that A ~ 1.1887, 1.0505, 0.9579 for g = 1,

L %, respectively, which we calculated by Algorithm 7. In the algorithm, we define the

27
matrix for saving the results for g = £, 1,Z. We define the function w:J x R> — R by
1-¢2 37
t,k(t),l(t)) = —m (k(t) + I(¢t .
(e k0,10) = 15 ST o (k0 10)

Figure 5 shows the curve of the A base on Table 5 for g = %, %, % If we define the functions
y:R?— Rand u:J — R* by

3

y(k(t),l(t)) = m + exp(—n (k(t) + l(t)))
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Algorithm 7 MATLAB lines for calculating values of A = % in Theorem 3.7 for g
variable in Example 4.3

1 format long;

2 q=[1/5 1/2 7/8];

3 [xq yql=size(q);

4 sigma=18/7; zeta=5/6; e=3/8; lambda=15/4;

5 n=60;

6 column=1;

7 for j=1:yq

8 for i=1:n

9 Assumption (i, column)=i;

10 Assumption (i, column+1) = qGamma(q(j), sigma-2 , i);

1 Assumption (i, column+2) = qGamma(q(j), zeta , i);

12 Assumption (i, column+3) = (1+ (sigma-2) % Assumption(i, column+2))/

(Assumption (i, column+1) % Assumption(i, column+2) );

13 end;

14 column=column +4;

15 end;

2 T T T T
—8—q=1/5
—k—q=1/2
18 q=7/8 |
14020,
Fq(g - Q)Fq(o
16 b
< 14r 1
i W]
S e e e 3
1k i
08 1 1 1 1
0 5 10 15 20 25
n
. _ 1+(0-2Tq() _11 7
Figure 5 2D graphs of A = oo 2@ forg=z, 5, g in Example 4.3

and u(z) = %, then assumption (A1) holds. Now we verify assumption (A2). Let

W

= 18 18
04(8) ERNG S TG )
4 178_2 ’

&>
£ <

®©|w

15 g>%,

220 -g0)P-q) D, <3
Therefore
4 4
Fq(;)lq’ [14(8)04(8)](1)

1 18
:/0 (1-g8)7 P u(&)0q(8) dgk
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Table 6 Numerical results of f(J - &) 03 (E)0q(E) dgé for o = ? in Assumption (A2) and for

g= ;2 in Example 4.3

n 0< [y (1-G&)7 I u(E)og®) dgk <1
g=1 9=1 =1
1 028515 031485 0.00482
2 034871 047839 001824
3 036161 057866 004195
4 036420 063251 007572
5 036472 066022 0.11804
6 036482 067425 0.16674
7 036484 068130 021946
8 036485 068484 0.25289
9 036485 068661 0.28682
10 036485 068750 031984
i} 036485 068794 035125
15 036485 068836 045528
16 036485 068837 047565
17 036485 068838 049394
18 036485 068838 051030
19 036485 068838 052486
77 036485 068838 063313
78 036485 068838 063314
79 036485 068838 063314
80 036485 068838 063315
81 036485 068838 063315
82 036485 068838 063315
83 036485 068838 063316
84 036485 068838 063316
85 036485 068838 063316

[0S oeras

0.36485, q= 1,
=10.68838, ¢q=1, (63)
0.63316, q=1%

So assumption (A2) holds. Table 6 showsthese results. For this, we use Algorithm 8. Fig-
ure 6 shows the results of equation (63). On the other hand,

- lim y(k,1)
(ki+l—o k| + |1]

1 3
[k( ) - + exp(—n (k(t) + l(t)))]

= i
(ko 1K+ 11| kO + 1) + 6

= OO,
y (k1)

= 1m
(kI+1)—o0 |k| + ||

. 1 37
= (kMo TR+ 11 [k(t) T en HoR k@ l(t>))}

=0.
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Algorithm 8 MATLAB lines for calculating fol(l - qE)(”’3)/L(S)Qq($)dq$ in Assump-

tion (A2) for g variable in Example 4.3

1 function vout = Iq_sigmaforproblem(q, sigma, n, e, lambda, t)
2 p=0;
3 for k=0:n
4 sl=1;
5 for i=0:k-1
6 sl=sl*(l-q”(sigma+i));
7 end
8 s2=1;
9 for i=0:k-1
10 s2=s2%(1-q~(i+1));
1 end
12 funl= (1-(txq k)" 2)/(1+(txq k) "2);
13 fun2= varrho_q(q, sigma, k, e, lambda, txq"k);
14 p=p + q kxslx funlxfun2/s2;
15 end;
16 vout = round ((t"sigma)* ((1-q)”sigma)* p, 6);
17 end
18
19 format long;
20 q=[1/5 1/2 7/8];
u [xq yql=size(q);
2 sigma=18/7; zeta=5/6; e=3/8; lambda=15/4;
23 n=120;
24 column=1;
25 for j=1:yq
2 for i=1:n
27 Resu(i, column)=i;
28 Resu(i, column+1)= Iq_sigmaforproblem(q(j), sigma, i, e, lambda, 1);
29 end;
30 column=column +2;
31 end;
0.7
06
05
g
C04f
2
<3
50.3’
< ! ‘
Ll [ 0= ouenie e
k 0
o4l —B—q=1/5| |
: —¥—q=1/2
q=7/8
0 . . . .
0 5 10 15 20 25

Figure 6 2D graphs of fol - qé)(“‘3)u($)gq(§)dq§ for g

1
5

’

1
2

, % in Example 4.3

Thus by Theorem 3.7 we get that problem (62) has at least one nonnegative solution.
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5 Conclusion

The g-differential boundary equations and their applications represent a matter of high
interest in the area of fractional g-calculus and its applications in various areas of science
and technology. g-differential boundary value problems occur in the mathematical mod-
eling of a variety of physical operations. In the end of this paper, we investigated a compli-
cated case by utilizing an appropriate basic theory. An interesting feature of the proposed
method is replacing the classical derivative with g-derivative to prove the existence of non-
negative solutions for a familiar problem for g-differential equations on a time scale, and
under suitable assumptions, we have presented the global convergence of the proposed
method with the line searches. The results of numerical experiments demonstrated the

effectiveness of the proposed algorithm.
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