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1 Introduction

Let H be a separable complex Hilbert space and L(7{) be the set of bounded linear op-
erators on H. An operator T € L(H) is hyponormal if its self-commutator [T*,T] :=
T*T — TT* is positive semidefinite. Let dA be the normalized area measure on the open
unit disk D in C and L*(D) be a Hilbert space of square-integrable measurable functions
on D with the inner product

(f.6) = /D F2)g@ dAG).

The Bergman space A*(D) is the space of analytic functions in L*(D). The multiplica-
tion operator My, with symbol ¥ € L®(D) is defined by My,f = yif for f € A*(D). For any
¢ € L*(D), the Toeplitz operator T, on the Bergman space is defined by T,f = P(¢f) for
f € A%(D) and P is the orthogonal projection that maps L?(D) onto A*(D). Recall that the
power series representation of f € A%(D) is

oo oo 1
f(2) = Zunzn, where Z |, |? < 00.
n=0 n=0

n+1

In [1, 4, 5], and [7], the basic properties of the Bergman space and the Hardy space are
well known. The hyponormality of Toeplitz operators on the Hardy space has been de-

veloped in [2, 3, 10], and [12]. In [2], Cowen characterized the hyponormality of Toeplitz
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operator T, on H*(T) by the properties of the symbol ¢ € L>(T). Cowen’s method is to re-
construct the operator-theoretic problem of hyponormal Toeplitz operator into the prob-
lem of finding a solution of equations of functionals. Recently, in [8, 9], the authors char-
acterized the hyponormality of Toeplitz operators on the Bergman space with harmonic
symbols.

Proposition 1.1 ([8]) Let ¢(z) :@ +f(2), where f(2) = 2" + anz™ and g(z) = a_,,z2" +
a_nzN (0<m<N). If aman = a_ma_n, then T, is hyponormal
—L(laml* = lam|®)  ifla_n| < lanl,

N*(lanP? = lan?) < m*(|am)? = |a-m|®)  if lan| < la_x].

1
m(|ﬂN|2 —la_nl?) =

Proposition 1.2 ([9]) Let ¢(z) :@ +f(2), where f(2) = 2" + anz™ and g(z) = a_,,2" +
a_nz" (0 <m < N).If T, is hyponormal and |ay| < |a_y|, then we have

N*(lan? - lan?) < m?(|an]® - la_ml?).

Since the hyponormality of operators is translation invariant, we may assume that con-
stant term is zero. We shall list the well-known properties of Toeplitz operators T, on
the Bergman space. Let f, g be in L*(D) and «, 8 € C, then we can easily check that
Tofipg =Ty + BTy, Tf = Ty, and 15T, = Ty, if f or g is analytic.

We briefly summarize a number of partial results relating to the hyponormality of
Toeplitz operator with non-harmonic symbols, which have been recently developed in
[6] and [14].

Proposition 1.3 ([6])
(i) Suppose f = apn2"z" and g = ai,jz‘? withm>n,i>jand m—n>i—j. Then Ty, is
hyponormal if, for each k > 0, the term

App|Mm-—n+k+1 aij |i-j+k+1
aij | (m+k+1)? A | G+ Kk +1)2
is sufficiently large.
(ii) Supposef = aynz"z" and g = a,-,jzizj with m > n and i > j. Then Ty, is hyponormal
if, for each k = 0,
Amp|m—-n+k+1 aij |i-j+k+1
aij | m+k+1)2  |amu| (@+k+1)2
is sufficiently large.

Proposition 1.4 ([14]) Supposec € C,s € (0,00) and n € N. If Tyn.,.c\ys is hyponormal, then
|C| < %.If s > 2n, then the converse is also true (i.e., T ,c|,p is hyponormal <= |C| < %).

Furthermore, in [11], the authors extended Proposition 1.4 to the weighted Bergman
spaces. The purpose of this paper is to characterize the hyponormal Toeplitz operators
T, with non-harmonic symbols acting on A%(D).
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2 Toeplitz operators with non-harmonic symbols
We need several auxiliary lemmas to prove the main theorem in this section. We begin

with the following.

Lemma 2.1 ([8]) Foranys,teN,

s—t+l , s—t ;
Zt ifs>t,
P(Etzs) — Os+1 ;frs :t

The proof for Lemma 2.2 follows the proof of Lemma 2.1 in [8].

Lemma 2.2 For 0 < m <N, we deduce that
N = i 1
Q) 12" Y cid' I = Yoo g lcil

(i) IPE" 5 ez = 15, 22t el

In [13], the author characterized the hyponormality of Toeplitz operators Tz, with
bounded and analytic functions f and g by || (I-P)(gk)|| < ||I-P)(fk)| for every k in A>(ID).
Furthermore, many authors have used the inequality to study the hyponormal Toeplitz
operators. However, we consider the hyponormality of 7, on A*(D) with the non-analytic
symbol ¢. So, in our case, we cannot apply that inequality to ¢ since we cannot separate
¢ to analytic and coanalytic parts. Therefore we directly calculate the self-commutator of

T,. First, we consider the symbol ¢ of the form ¢(z) = a,,,2"z" with a,,, € C.

Theorem 2.3 Let ¢(z) = a,,,2"2" with a,,, € C. Then T, on A%(D) is hyponormal if and

only if m > n.

Proof 1If m > n, then the authors as in [6] proved that T, is hyponormal. Suppose that T,
is hyponormal. By the definition of hyponormal Toeplitz operators, T, is hyponormal if

and only if

o0 o0
<(T; T,-T, T;j) Z ¢z, Z cizi> >0
i=0 i=0

for all ¢; € C. Using Lemmas 2.1 and 2.2, we have that

2 2

00
T(p E Cl'Zl
i=0

00

* § i

T‘ﬂ CiZ
i=0

2 2

o0 oo

i i

Ty ez Z Ciz 17, 7o Z iz
i=0 i=0

2

2

[o¢]
m=n i
Play,,z"z E ciz

i=0

[e¢]
. —=m _n i
Pla,, 2"z E cz
i=0

9 = m+i-n+1l 9 = n+i-m+1 220
= [@m,n] Z m|ci| = lam,nl Z mkﬂ Z Y

i=max{n-m,0} i=max{m-n,0}
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Hence T, is hyponormal if and only if

o0 o o0 N
Z m+l—n+1| |2> Z n+z—m+1| |2
m+i+1)? T n+i+1)2
n,0

i=max{n-m,0} i=max{m—

for all ¢; € C. Since ¢;s are arbitrary, we have that T, is hyponormal if and only if m > n.

This completes the proof. O

We now consider the hyponormality of Toeplitz operators with two terms non-

harmonic symbols.

Theorem 2.4 Let ¢(z) = azz" + bz"Z" with nonnegative integers m, n with m > n and

nonzeros a,b € C. Then T, on A*(D) is hyponormal if and only if |a| > |b|.

Proof In a similar way to the proof of Theorem 2.3, T, is hyponormal if and only if
00 2 o 2

T, | - |13 cd
i=0 i=0

o0 oo
= P(ai” Z cizi+m> + P(b%’" Z cg””)
i=0 i=0
o0 _ o0
- P(a_z”’ Z cizi*") + P(bE" Z c,»z””’)
i=0 i=0

m+i—-n+1 n+i-m+1
=|a|22 |,|2+|h|22 el
i=0

(m+i+1)2 (n+z+1)2

2

2

S n+i-m+1 m+i—-n+1
2 2
—lal* )" 7|c, ~|bP? Z lcil

2
A~ (n+i (m+i+1)

| |2 |b| mn1m+z—n+1| |2
a 2( )
(m+i+1)? €

(o]
m+i-n+l n+i-m+1 9
+ - il“1=>0
.2:((m+i+1)2 (m+i+1)? >|Cl|:|_

l=m-n

Since Zimtl g izl | prizmil g6 nogitive for all i > 0 and i > m — i, respectively, T,
(m+i+1)2 (m+i+1)2  (n+i+1)2 ¢

is hyponormal if and only if |a| > |b|. O

The following theorem gives a general characterization of hyponormal Toeplitz opera-
tors with the symbols of the form ¢(z) = az"Zz" + bz’Z" (m > n >0, t > s > 0) with some

conditions.

Theorem 2.5 Let ¢(z)

nt>s, m#t, m—n=t—s and nonzeros a,b € C. If T, on A%(D) is hyponormal,

az"z" + bz’Z" with nonnegative integers m, n, s, t with m >
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then

jaf* = max{ {2 'Qz,A(m, m )b ift>m,
(

1) .
’fflz At s)YbI> ift<m,

|a|> > max{

(tri=s+1) _ (s+i=t+1)

- (t+i+1)2  (s+iv1)?
where A(m,n,t,8) = MaXic(m—no00) GuriomD i) -

(m+i+1)2 B (n+i+1)2

Proof In a similar way to the proof of Theorem 2.4, T, is hyponormal if and only if

00 2

2
T¢, E C,’Zl -

00
% i
T(p E Ciz
i=0 i=0

m+i—-n+1 s+i—t+1
2 2 2
= E i|°+1b E — ¢
=la | lcil D] — (S i 1)2| i

(m+i+1)?
00 n+i-m+1 frios+l
2 ) i
L e "Zm)m o
i=m—-n
- i1
+2Re ﬂE . -
( i:mX_:n(”‘*i+1)(t+i+1) lmntsﬂ)

3

—2Re| ab i+l >0
(& Ci
~— ( i 1)(S i 1) Civm-nCi—t+s | =

foranyc; e C(i=0,1,2,...).
Since m —n=t-sand m #t, from (2.1), T, is hyponormal if and only if

2 m+i-n+1 n+i-m+1
a E: ) E: )
i : (m+i+1)2 leil” - (mti+1)? i

o0 o o0 .
m+i—-n+1 n+i-m+1
Py - Y Yo 2.2
> |b| {Z AL Z cee e (2.2)
i=0 i=m-n
o0
— i+1 i+1
+2Rel ab - Civm—nCi_
( i;ﬂ((m+i+1)(s+i+1) (n+i+1)(t+i+1)> Hmnlmm)

for any ¢; € C (i = 0,1,2,...). Since ¢;s are arbitrary, set Re(abciymnCiomin) = 0 for any i,

i>m-n.1f0 <i<m-n,then (2.2) implies
(m+i+1)?

2> — b
||_(t l+1)2||

There are two cases to consider. If ¢ > m1, then :””*1))2 is increasing in i, and hence |a|? >

((iy;—”ﬂ |b|2. If t < m, then (m““)z is decreasing in i and hence

| |2>M| |2
— (t+1)2

Page 5 of 13
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Fori=m-n=t-s,

tri-s+1 _ s+i—t+1
(t+i+1)>  (s+i+1)2 b2
m+i-n+l _ pri-m+1 DI
(m+i+1)2 (n+i+1)2

la|> > max
i€[m—n,00)

Hence, if T, is hyponormal, then

2
|a|? > max{ ((i’:’n__’g)z ,A(m,n,t,8)}|b)>  ift>m,

2
lal” = max{G5r, AGm,m,t,9)}bI*  ift <m,

(t+i=s+1) _ (s+i-t+1)

- (ris])?  (s+ir1)?
where A(m,1,t,5) = MaXie(m-no0) Gusime T nsiomsl] - O
(m+f+1)2 (n+i+1)2

Corollary 2.6 Let ¢(z) = az"Z" + bz'Z" with nonnegative integers m, n, s, t with m > n,

t>s,m>t,m—n=t—sandnonzeros a,b € C.If

5 (m+1)? m+1)*(s+5)2m-n+1)*]
|a|* < max , b7,
E+1)? (E+1)2m+n)(t—s+1)2
then T, on A*(D) is never hyponormal.

Proof By a direct calculation,

(t+i—s+1) (s+i—t+1)

Gi? " a2 (mrie1Pn+i+ 1)+ )i+ (P +5° +1+5))
(mrizns) _ (rrizmsd) —(p 44 1)2(s + i+ 1)2{(m + n)i + (02 + m? + n+m)}
(m+i+1)2 (n+i+1)2

For convenience, we set

C(mri+D)m+i+1) (s+0)i+ (2 +s>+t+59)

0= i D d HO=

T m+n)i+m2+m+n+m)

then

A(m,m,t,s)= max G2()H().
ie[m-n,00)

By direct calculations,

(s+t-m-mi2+2{t+1(s+1)—(m+1n+1)}i
(E+i+1)>(s+i+1)?
m+n+2)t+1)(s+1)=(+t+2)m+1)(n+1)
+ .
E+i+1)2(s+i+1)2

G'(i)=

()= DsD) _

Write G'(i) = % Since s + t —m — n < 0, P(i) has a maximum at i = — v

and since

PO =(m+n+2)t+1)(s+1)—(s+t+2)(m+1)(n+1)

=(m+1)(t+1D)(s—n)+m+1)(s+1)(¢t-m)<0,
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PG{)<0ini>m—-nand Q@) >0 in i > m — n. Hence G(i) is decreasing in i > m — n.
Similarly,

ms(m — s) + nt(n —t) + mt(m — t) + ns(n — s)

H'(i) =

’

{(m+n)i+ (0 +m® +n+m)}>

and since m > s, m > t, n > s, and

nt(n—t)+mt(m—t)>mt(m—t—|n—t|)>()

H'(i) > 0 and so H(i) is increasing in i,i > m — n. Furthermore, lim;_, o H(i) = n‘;fn , we have
that
s+t m+1)°(s+t)2m—-n+1
max G2()H(i) < max G2(i) < ( > X i .
i€[m—-n,00) m + N i€[m-n,00) (t + 1)2(}’}’1 + n)(2t S+ 1)2
Hence, by Theorem 2.5, we have the results. O

1 m—1

Theorem 2.7 Let ¢(z) = azz"™ " + bz" 22 with m > 0 and nonzeros a,b € C. IfT, on

A%(D) is hyponormal, then
1
jal? (m s 7 e

Proof Let ¢(z) = az"z"™" + bz"'2"-2. From (2.1), if T, is hyponormal, then
i+2 >
2 12 2
la| :Z(WHDN lZ( )2|,|}
SN ) - i
> b2 12 _ - i2
z| |{;(m+i)2c ;(m+i—1)2|c|}

for any ¢; € C with Re(abci,oc;) =0 (i =0,1,2,...). If cg #0 and ¢; = 0 for i > 0, then |a|®> >
(":;—21)2|b|2 andif g =0and ¢; #0 fori>1,

w2 i
12 i—1)2
m+i m+i-1
la|? > ‘n[llax) %4(.)”7?.
c[loo) —2— — ——
! (m+i+1)2 (m+i)?

i+2 i
M+ 2 (m+i-1)

If i > 1, then we can easily check that 7,2 is decreasing in i. Hence, if T, is hy-
(m+i+1)2 - (m+i)2

ponormal, then

2 20912 _ V91

al? > max (m+1) ’ (m+2)*2m* —2m —1) b2
m> m2(2m? + 2m — 1)

Since for every nonnegative integer m,

m+1)? (m+2)2Q2m*-2m-1)
>
m? m2(2m? + 2m —1)

’

this completes the proof. d



Kim and Lee Journal of Inequalities and Applications (2021) 2021:67

Now we give the example mentioned above.
Example 2.8 Let ¢(z) = az’z* + bzz* with nonzeros a, b € C. Then, by Theorem 2.7,

(m+1)> 16
m2 9’

and so if T, is hyponormal, then

16
lal®> > — |b|>.
9

Theorem 2.9 Let ¢(z) = az"z" + bz°Z" with nonnegative integers m, n, s with m > s> n
and nonzeros a,b € C. If T, on A*(D) is hyponormal, then

2 2 @2m-n=s) _ _ (s=n)

m — 48 — )2 — 2

|a|* > max{ > , n)z(m_:;”" D" A(m, n,m,s)}|b|2,
m-n-—s W

where A(m,n, m,s) is given in Theorem 2.5.

Proof In a similar way to the proof of Theorem 2.5, if T, is hyponormal, then

[o¢] 2 o0 2
i e i
T, E cz Tw E c;z
i=0 i=0

m+i-n+1l 9 S s+i-m+1 9
-||Z leil® + 1B 3 =~ leil

2
m+i+1) i=m—s( +1)2
||2 S n+i- m+1| |2 |b| m+i— s+1I |2
. 1:Zm (m+i+1)? G Z m+i+1)? G

or, equivalently,
2 m+i-n+1 5 n+i-m+1
a 2 ) 2 )
| |< (m+z+1)2|lI (}’l+l+1)2|l|

S m+i—-s+1 X s+i-m+1
> |p? E arrmer- ,2_§ R PP
= (i=0 (m+i+1)? i (s+i+1)? lCl')

i=m-s

for any ¢; € C with Re(abci_yinCiom-s) = 0and Re(abt,m_nCimis) =0(i=0,1,2,...).If¢; 0
for0 <i<m—sandc; =0 fori>m—s, then (2.3) implies
m+i—-s+1

la|* > ————|b]%,
m+i—-n+1

m+i—s+1
m+i-n+1

and since is increasing in i, we have that

2m —2s
la)* > ———|b|*.

T 2m-n-s

Page 8 of 13
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Ifc;#0form—s<i<m-nandc¢; =0fori<m—sori>m-—n,then

mti-s+l _ s+i-m+1
(m+i+1)2 (s+i+1)2 2
dmrie” GD7 2,
m+i—n+1
(m+i+1)2

|a|* >

m+i—s+1 _ s+i—m+1
(m+i+1)2 (s+i+1)2
m+i—n+1
2

By direct calculations, is increasing and hence

(m+i+1)

@2m-n=s) _ _ (s=n)

(2m-n)? (s+m—n)? b2
2(m—n) l | :
(2m-n)?

|a|* >

Ifc; #0 for i > m — nand ¢; = 0 for i < m — n, then
la|*> > A(m, n,m, s)|b|%,
where A(m, n,m,s) is given in Theorem 2.5. O

Corollary 2.10 Let ¢(z) = az"z" + bz°Z" with nonnegative integers m, n, s withm > s > n
and nonzeros a,b € C. If |a|* < C|b|?, where

@2m-n=s) _ _ (s=n)
C = max 2m —2s (2m—n)? (s+m—n)2
2m—n—-s’ 2(m-—n) ’
(2m-n)?

(m=s)2m® +(s—n+1)m+s*+s—su} m*>—s>
(m—-n)2m? +m+n) "m?-n? |’

then T, on A*(D) is never hyponormal.

Proof By a direct calculation,

(m+i—s+1) (s+i—-m+1)

e~ (2 i+ 12 {(m+ 5)(m = )i+ (m = 5)(m® + 5>+ m +5))

(mriznsl) _ (neimmel) = (g4 j 4 1)2{(m + n)(m — n)i + (m — n)(n2 + m® + n+m)}’
(m+i+1)2 (n+i+1)2

For convenience, we set

L on+i+l o (mts)m—s)i+(m—s)m®+5>+m+s)
G(l)_s+i+1 and H(l)_(m+n)(m—n)i+(m—n)(n2+m2+n+m)’

then

A(m,n,m,s) = max )Gz(i)H(i).

i€[m-n,00

Since

Ss—n

G/(i) = m,

G(i) is increasing and lim;_, o, G(i) = 1. Similarly,

2 2

_(m=s){(m+s)(m® +n® + m+n) - (m+n)(m* + s>

H ) +m+s)}

(m —n){(m +n)i + (m? + n? +m+n)}?
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and thus H (i) is monotone for i > m — n. Therefore

max H(i) < max

(m=s)2m*+(s—n+1)m+s*+s—sn} m*>—s>
i€[m—n,00)

(m —n)2m? + m + n) " m? - n?
Furthermore, we have that

max Gz(z)H(z)< max H(i)

i€[m-n,00) ie[m-n,00)

’

{(m—s){2m2+(s—n+1)m+s2+s—sn} mz—sz}
< max
22

(m—n)2m? +m + n)
Hence, by Theorem 2.9, we have the results. g

Example 2.11 Let ¢(z) = az’Z + bz*Z° with nonzeros a,b € C. Then, by Theorem 2.9,

@m-n-s) _ _ (s=n)
2m —2s _ E (2m—n)? (stm-nm)? §
2m-n—-s 3 2(rm—n) 64’
(2m-n)?

(i +2)%(5i + 18)

A(m,n,t,s) = max ———————.
( ) ie[2,00) 4(i + 3)2(2i + 7)
. (i+2)%(5i+18) . . . .
Since 4327 18 increasing for i > 2, we have that

L (i+22(6i+18) 5
Al mt9) = lhw4(l+3)2(2l+7) 8

Therefore, if T, is hyponormal, then

Theorem 2.12 Let ¢(z) = az"z" + bz°z" with nonnegative integers m, n, s withm>n>s

and nonzeros a,b € C. If T, on A*(D) is hyponormal, then

+1 2m-2s
m-—=3S 2m—s)2
|a|? > max (2m—s) , A(m,n,m,s) {|b|%
m—n+ 1 2m—s-n _ __n-s
2m-s)2  (n+m-s)?

where A(m,n, m,s) is given in Theorem 2.5.

Proof In a similar way to the proof of Theorem 2.4, T,, is hyponormal if and only if

P m+i-n+1 S n+i-m+1
2 - 2 - 2
a E — | - E —_— ¢
i ( (m+i+1)? el , (m+i+1)? |l|>
i=0 i=m—n
m+i—-s+1 S+i—-m+1
> p|? Z 2 Z cil?
=l |< (m+l+1)2|l| (s+z+1)2|l|

i=0

(2.4)

Page 10 0of 13
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for any ¢; € C with Re(abci_pinCim-s) = 0 and Re(abCi,pm-nCimss) =0(i=0,1,2,...). If ¢; #0
for0<i<m—mnandc; =0 for i > m —n, then (2.4) implies

m+i—s+1
|a)* > |b)?

’

m+i-n+1

m+i—s+1

and since ;o=

is decreasing in i, we have that

m—-s+1
la|* > ———|b|?
m-n+1

Ifc;#0form—-n<i<m-sandc¢;=0fori<m—mnori>m-s,then

m+i—s+1
2 (m+i+1)2 2
"> e g [P
mti-n+l _ pti-m+1
(m+i+1)2 (n+i+1)2

la

m+i—s+1
(m+i+1)2
n+l _ n+i-m+1
2 (n+iv1)2

By direct calculations,

(m+i+1)

is increasing and hence

2m—2s
2 (2m—s)? 2
lal” > s 161
(2m—s)? (n+m-—s)?

If¢; #0 for i > m — s and ¢; = 0 for i < m — 5, then
la|?> > A(m, n,m, s)|b|%
where A(m, n,m,s) is given in Theorem 2.5. O

Corollary 2.13 Let ¢(z) = az"z" + bz°Z" with nonnegative integers m, n, s withm > n>s
and nonzeros a,b € C. If
2m-2
m—s+1 (22,3;2 Ci(m + 1)? b2
)2 ’

? 2m—s—n n-s "’
m-n+1 - s+m-n+1
(2m—s)? (n+m-—s)? (

|a|2 < max{

m—s){2m® +(s—n+1)m+s +s—sn}

where Cy = max{( , '"22:;22 }, then T, on A*(D) is never hyponormal.

(m—-n)(2m2+m+n) m
Proof
(m+i—s+1)  (s+i—m+1) . 2 , 2 2
i) ez (n+i+r D)H(m+s)im—s)i+ (m—s)(m” +s” + m+s)}

(meiznsl) _ (neimmil) (g4 j 4 1)2{(m + n)(m — n)i + (m— n)(n? + m® + n+ m)}’
(m+i+1)2 (n+i+1)2

For convenience, we set

n+i+l (m+8)m—=s)i+(m—s)(m>+s>+m+5s)

G(@) =

s+i+1 and  H(i) = (m+n)(m-n)i+(m-n)n2+m?+n+m)

then

A(m,n,m,s)= max  G2()H().
i€[m—n,00)
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Since

G0) s—n
)=—"—"=,
(s+i+1)2

G(i) is decreasing. Similarly,

H) = (m=s){(m +s)(m? + 1 + m+n) — (m+n)(m? +s* + m +5)}
V= (m —n){(m + n)i + (Mm% + n2 + m+ n))? ’

and thus H (i) is monotone for i > m — n. Therefore

max H(i)fmax{(m_s){2m2+(5—n+1)m+s2+s—sn} 2 — }

i€[m—n,00) (m —n)(2m? + m + n) " m? — pn?

Hence

Ci(m + 1)?
max G*()H@G) <C; max G2() < L,
i€[m—-n,00) i€[m-n,00) (s+m-n+1)2

—s){2m2+(s—n+l)m+sz +5—SH

(m—-n)(2m2+m+n)
results. O

where C; = max({ (o }, Z;:j; }. Hence, by Theorem 2.12, we have the

Example 2.14 Let ¢(z) = az’Z* + bzz° with nonzeros a, b € C. Then, by Theorem 2.12,

2m-n—s+1)

m—-s+1 B § Qm—n+1)2 B @
m-n+1 2 @m2n+l) 1 23’
(2m-n+1)2 (m+1)2
4(i +3)2(2i + 7)

A(m,n,t,s) = max .
( ) ie[1,00) (i +2)2(5i + 18)

4(i+3)2(2i+7)

Since 220is18) is decreasing for i > 1, we have that
64
A(m,n,t,s) = —.
23

Therefore, if T, is hyponormal, then

64
la* > —b|*.
23

Acknowledgements
The authors would like to thank the reviewers for their suggestions that helped improve the original manuscript in its
present form.

Funding

The first author was supported by the Basic Science Research Program through the National Research Foundation of
Korea (NRF) funded by the Ministry of Education (2020R11TATA01053085 and 2019RTA6A1A10073079). The second
author was supported by the Basic Science Research Program to Research Institute for Basic Sciences (RIBS) of Jeju
National University through the National Research Foundation of Korea (NRF) funded by the Ministry of Education
(2019R1A6ATA10072987) and the Basic Science Research Program through the National Research Foundation of Korea
(NRF) funded by the Ministry of Education (No. 2018R1D1A1B07048620).

Availability of data and materials
Not applicable.



Kim and Lee Journal of Inequalities and Applications (2021) 2021:67 Page 13 0f 13

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
'Department of Mathematics, Sungkyunkwan University, Suwon, 440-746, Korea. *Department of Mathematics, Jeju
National University, Jeju, 63243, Korea.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 24 November 2020 Accepted: 30 March 2021 Published online: 07 April 2021

References
1. Axler, S Bergman spaces and their operators. In: Surveys of Some Recent Results in Operator Theory, Vol. I. Pitman
Research Notes in Mathematices, vol. 171, pp. 1-50. Longman, Harlow (1988)
2. Cowen, C.: Hyponormality of Toeplitz operators. Proc. Am. Math. Soc. 103, 809-812 (1988)
3. Cowen, C.: Hyponormal and subnormal Toeplitz operators. In: Surveys of Some Recent Results in Operator Theory,
Vol. I. Pitman Research Notes in Mathematices, vol. 171, pp. 155-167. Longman, Harlow (1988)
4. Douglas, R.G.: Banach Algebra Techniques in Operator Theory. Academic Press, New York (1972)

5. Duren, P: Theory of H? Spaces. Academic Press, New York (1970)
6. Fleeman, M, Liaw, C.: Hyponormal Toeplitz operators with non-harmonic symbol acting on the Bergman space. Oper.
Matrices 13,61-83 (2019)
7. Hedenmalm, H., Korenblum, B., Zhu, K.: Theory of Bergman Spaces. Springer, New York (2000)
8. Hwang, |.S:: Hyponormal Toeplitz operators on the Bergman spaces. J. Korean Math. Soc. 42, 387-403 (2005)
9. Hwang, IS, Lee, J.. Hyponormal Toeplitz operators on the Bergman spaces. II. Bull. Korean Math. Soc. 3, 1-6 (2007)
10. Hwang, 1S, Lee, W.Y:: Hyponormality of trigonometric Toeplitz operators. Trans. Am. Math. Soc. 354, 2461-2474

(2002)

11. Le, T, Simanek, B.: Hyponormal Toeplitz operators on weighted Bergman spaces. arXiv:2003.07330

12. Nakazi, T, Takahashi, K.: Hyponormal Toeplitz operators and extremal problems of Hardy spaces. Trans. Am. Math. Soc.
338, 759-769 (1993)

13. Sadraoui, H.: Hyponormality of Toeplitz operators and composition operators. Thesis, Purdue University (1992)

14. Simanek, B.: Hyponormal Toeplitz operators with non-harmonic algebraic symbol. Anal. Math. Phys. 9, 1613-1626
(2019)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://arxiv.org/abs/arXiv:2003.07330

	Hyponormality of Toeplitz operators with non-harmonic symbols on the Bergman spaces
	Abstract
	MSC
	Keywords

	Introduction
	Toeplitz operators with non-harmonic symbols
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


