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1 Introduction and preliminaries
A mapping f : U → V is called additive iff satis“es the Cauchy functional equation

f (x + y) = f (x) + f (y) (1.1)

for all x,y ∈ U. It is easy to see that the functionf (x) = ax is a solution of functional equa-

tion (1.1) and every solution of functional equation (1.1) is said to be an additive mapping.

A mapping f : U → V is called quadratic iff satis“es the quadratic functional equation

f (x + y) + f (x …y) = 2f (x) + 2f (y) (1.2)

for all x,y ∈ U. It is easy to see that the quadratic functionf (x) = ax2 is a solution of

functional equation (1.2), and every solution of functional equation (1.2) is said to be a

quadratic mapping. Mixed-type functional equation is the advanced development in the

“eld of functional equations. A single functional equation, which has more than one na-

ture, is known as mixed-type functional equation. Further, one can refer to [1…23] for

more information on functional equations and applications.

•Let G be a group andH be a metric group with a metricd(·, ·). Given� > 0, does there

exist � > 0 such that if a mappingf : G → H satis“esd(f (xy), f (x)f (y)) < � for all x,y ∈ G,

then there exists a homomorphisma : G → H with d(f (x),a(x)) < � for all x ∈ G?Ž This

problem for the stability of functional equations was raised by Ulam [24] and answered
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by Hyers [25]. Later, it was developed as Hyers…Ulam stability by Rassias [26], Rassias

[27, 28], and Gavruta [29].

Definition 1.1 (Fuzzy modular space [30]) Let µ be a fuzzy set onX ×R
+,V be a complex

or real vector space,� be a zero onV , and∗ be a continuous triangular norm. The triple

(V ,µ ,∗) is said to be a fuzzy modular space andµ is said to be a fuzzy modular if it satis“es

the following:

(i) µ(x,t) > 0;
(ii) µ(x,t) = 1 if and only if x = � ;

(iii) µ(x,t) = µ (…x,t);
(iv) µ(ax + by,r + t) ≥ µ(x,r) ∗ µ(y,t), a,b ≥ 0, a + b = 1;
(v) the function µ(x, ·) : (0,∞) → (0, 1] is continuous.

Example 1.2 Letµ be a fuzzy set onV ×R
+, V be a complex or real vector space, and∗

be a continuous triangular norm such thata ∗ b = a ∗M b = min{a,b}. Then

µ(x,t) =

⎧
⎨

⎩

t
t+µ(x) , t > 0,x ∈ V ,

0, t ≤ 0,x ∈ V ,

is a fuzzy modular space. This example holds even if we replacea∗b with a∗P b anda∗L b.

Definition 1.3 Let (V ,µ ,∗) be a fuzzy modular space. Let{zn} be a sequence inV .

(i) {zn} is said to be µ -convergent to z, denoted by zn
µ−→ z, if there exists a positive

integer m0 such that µ(zn …x,t) > 1 …� for all n ≥ m0, t > 0, and � ∈ (0, 1).
(ii) {zn} is said to be a Cauchy sequence if there exists a positive integer m0 such that

µ(zn …zm,t) > 1 …� for all n,m ≥ m0, t > 0, and � ∈ (0, 1).
(iii) Every µ -convergent sequence in an FM-space is a µ -Cauchy sequence. In (V ,µ ,∗),

if each µ -Cauchy sequence is µ -convergent sequence, then (V ,µ ,∗) is called a
µ -complete fuzzy modular space.

Definition 1.4 ([30]) If µ ful“lls the property µ (� z,t) = µ (z, t
|� |b ) for some “xedb ∈ (0, 1]

and a nonzero real number� , then (V ,µ ,∗) is said to be ab-homogeneous fuzzy modular

space.

In 2002, J. M. Rassias [31] studied the Ulam stability of a mixed-type functional equation

g

(
3∑

i=1

xi

)

+
3∑

i=1

g(xi) =
∑

1≤i≤j≤3

g(xi + xj).

Later, Nakmalachalasint [32] generalized the above functional equation and obtained an

n-variable mixed-type functional equation of the form

g

( n∑

i=1

xi

)

+ (n … 2)
n∑

i=1

g(xi) =
∑

1≤i≤j≤n

g(xi + xj)

for n > 2 and investigated its Ulam stability.
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In 2005, Jun and Kim [33] introduced a generalized additive-quadratic functional equa-

tion of the form

g(x + ay) + ag(x …y) = g(x …ay) + ag(x + y) (1.3)

for a �= 0,±1.

Shen and Chen [30] introduced the concept of fuzzy modular spaces in 2013. Fur-

ther, Kumam [34, 35] and Wongkum et al. [36] introduced the “xed point concept

in fuzzy modular spaces and obtained some properties. Wongkum and Kumam [37]

investigated the Hyers…Ulam stability of sextic functional equation in fuzzy modular

spaces.

Motivated by the notion of fuzzy modular spaces and by the mixed-type functional

equations, we introduce a new generalizedn-variable mixed-type functional equation of

the form

n…1∑

i=1,j=i+1

(
f (kxi + xj)

)
+ f (kxn + x1) (1.4)

…k

[ n…1∑

i=1,j=i+1

(
f (xi + xj)

)
+ f (xn + x1)

]

=
(1 …k)2

2

n∑

i=1

(
f (xi) + f (…xi)

)
+

1 …k
k2 …k

n∑

i=1

(
k2f (xi) …f (kxi)

)

for positive integersn,k ≥ 2 and investigate its Hyers…Ulam stability in fuzzy modular

spaces.

This paper is structured as follows: In Sect.1, we provide necessary introduction of this

paper. In Sect.2, we obtain the general solution of functional equation (1.4). In Sect.3, we

investigate the Hyers…Ulam stability of (1.4) in fuzzy modular spaces using the “xed point

theory, and the conclusion is given in Sect.4.

2 General solution of a mixed-type functional equation
Let U and V be real vector spaces. In this section we obtain the general solution of a

generalizedn-variable mixed-type functional equation (1.4).

Lemma 2.1 Let a mapping f : U → V satisfy functional equation (1.4). If f is an even
mapping, then f is quadratic.

Proof Let a mappingf : U → V satisfy functional equation (1.4). Substituting (x1,x2, . . . ,

xn) by (x, 0, . . . , 0) in (1.4), we have

f (kx) + f (x) … 2kf (x) (2.1)

=
(1 …k)2

2

[
f (x) + f (…x)

]
+

1 …k
k2 …k

[
k2f (x) …f (kx)

]

for all x ∈ U. By the evenness off , equation (2.1) leads tof (kx) = k2f (x) for all x ∈ U, and

so f is quadratic. Hence, by the evenness off , the mixed-type functional equation (1.4) is
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reduced to the following quadratic functional equation of the form:

n…1∑

i=1,j=i+1

(
f (kxi + xj)

)
+ f (kxn + x1) …k

[ n…1∑

i=1,j=i+1

(
f (xi + xj)

)
+ f (xn + x1)

]

(2.2)

= (1 …k)2
n∑

i=1

(
f (xi)

)
+

1 …k
k2 …k

n∑

i=1

(
k2f (xi) …f (kxi)

)

for positive integersn,k ≥ 2. �

Lemma 2.2 Let a mapping f : U → V satisfy functional equation (1.4). If f is an odd map-
ping, then f is additive.

Proof Let a mappingf : U → V satisfy functional equation (1.4). Substituting (x1,x2, . . . ,

xn) by (x, 0, . . . , 0) in (1.4), we get (2.1). By the oddness off , equation (2.1) leads to

f (kx) = kf (x) for all x ∈ U, and sof is additive. Hence, by the oddness off , the mixed-

type functional equation (1.4) is reduced to the following additive functional equation of

the form:

n…1∑

i=1,j=i+1

(
f (kxi + xj)

)
+ f (kxn + x1) …k

[ n…1∑

i=1,j=i+1

(
f (xi + xj)

)
+ f (xn + x1)

]

(2.3)

=
1 …k
k2 …k

n∑

i=1

(
k2f (xi) …f (kxi)

)

for n ∈N. �

Theorem 2.3 Let an even mapping f : U → V satisfy functional equation (2.2), then f is
quadratic.

Proof Suppose thatf is even and satis“es functional equation (2.2). Settingx1 = x2 = · · · =

xn = 0 and replacing (x1,x2, . . . ,xn) with (x, 0, . . . , 0) in (2.2), we obtainf (0) = 0 and

f (kx) = k2f (x), (2.4)

respectively, for allx ∈ U. Replacing (x1,x2,x3, . . . ,xn) with (x1,x2, 0, . . . , 0) in (2.2) and us-

ing (2.4), we have

f (kx1 + x2) …kf (x1 + x2) =
(
k2 …k

)
f (x1) + (1 …k)f (x2) (2.5)

for all x1,x2 ∈ U. Replacingx2 with …x2 in (2.5), using the evenness off and again adding

the resultant to (2.5), we get

f (kx1 + x2) + f (kx1 …x2) (2.6)

= kf (x1 + x2) + kf (x1 …x2) + 2
(
k2 …k

)
f (x1) + 2(1 …k)f (x2)
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for all x1,x2 ∈ U. Replacing (x1,x2) with (x1,x1 + x2) in (2.6), we get

f
(
(k + 1)x1 + x2

)
+ f

(
(k … 1)x1 …x2

)
(2.7)

= kf (2x1 + x2) + f (…x2) + 2
(
k2 …k

)
f (x1) + 2(1 …k)f (x1 + x2)

for all x1,x2 ∈ U. Replacing (x1,x2) with (x1,…x2) in (2.7) and again adding the resultant to

(2.7), we get

f
(
(k + 1)x1 + x2

)
+ f

(
(k + 1)x1 …x2

)
+ f

(
(k … 1)x1 + x2

)
(2.8)

+ f
(
(k … 1)x1 …x2

)
…k

[
f (2x1 + x2) + f (2x1 …x2) + 2f (x2)

]

= 4
(
k2 …k

)
f (x1) + 2(1 …k)

[
f (x1 + x2) + f (x1 …x2)

]

for all x1,x2 ∈ U. Now, by (2.6) and (2.8) and by assuming di�erent values ofk ask + 1,

k … 1, and 2, we obtain (1.2). Hence the mappingf is quadratic. �

Theorem 2.4 Let an odd mapping f : U → V satisfy functional equation (2.3). Then f is
additive.

Proof Suppose thatf is odd and satis“es functional equation(2.3). Replacing (x1,x2, . . . ,xn)

with (0,0, . . . , 0) and (x, 0, . . . , 0) in (2.3), we obtainf (0) = 0 and

f (kx) = kf (x), ∀x ∈ U, (2.9)

respectively. Replacing (x1,x2,x3,x4, . . . ,xn) with (x1,x2, 0, 0, . . . , 0) in (2.3), we obtain

f (kx1 + x2) …kf (x1 + x2) = (1 …k)f (x2) (2.10)

for all x1,x2 ∈ U. Replacingx2 with …x2 in (2.10), using the oddness off and again adding

the resultant to (2.10), we get

f (kx1 + x2) + f (kx1 …x2) = kf (x1 + x2) + kf (x1 …x2) (2.11)

for all x1,x2 ∈ U. Replacing (x1,x2) with (x2,x1) in (2.11), we get

f (x1 + kx2) …f (x1 …kx2) = kf (x1 + x2) …kf (x1 …x2) (2.12)

for all x1,x2 ∈ U. Replacingx2 with kx2 in (2.11) and using (2.9), we get

f (x1 + kx2) + f (x1 …kx2) = f (x1 + x2) + f (x1 …x2) (2.13)

for all x1,x2 ∈ U. Replacingx1 with x1 + kx2 in (2.12), we get

f (x1 + 2kx2) …f (x1) = kf
(
(x1 + x2) + kx2

)
…kf

(
(x1 …x2) + kx2

)
(2.14)
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for all x1,x2 ∈ U. Replacingx2 with …x2 in (2.14), adding the resultant to (2.14) and using

(2.12), we obtain

f (x1 + 2kx2) + f (x1 … 2kx2) = k2[f (x1 + 2x2) + f (x1 … 2x2)
]

… 2k2f (x1) + 2f (x1) (2.15)

for all x1,x2 ∈ U. Replacingx2 with x2
2 in (2.15) and using (2.13), we get

f (x1 + x2) + f (x1 …x2) = 2f (x1) (2.16)

for all x1,x2 ∈ U. Replacing (x1,x2) with (x2,x1) in (2.16) and adding the resultant to (2.16),

we obtain (1.1). Hence the mappingf is additive. �

Lemma 2.5 ([33]) Let a mapping f : U → V satisfy functional equation (1.3), then f is
additive-quadratic.

Theorem 2.6 Let an odd mapping f : U → V satisfy functional equation (1.4). Then f
satisfies (1.3).

Proof Suppose that an odd mappingf satis“es functional equation (1.4). Replacing

(x1,x2, . . . ,xn) with (x1,x2, 0, . . . , 0) in (1.4), we obtain

f (kx1 + x2) …kf (x1 + x2) = (1 …k)f (x2) (2.17)

for all x1,x2 ∈ U. Replacingx2 with …x2 in (2.17), using the oddness off , and again adding

the resultant to (2.17), we get

f (kx1 + x2) + f (kx1 …x2) = kf (x1 + x2) + kf (x1 …x2) (2.18)

for all x1,x2 ∈ U. Replacing (x1,x2) with (x2,x1) in (2.18), we get (1.3). �

3 Stability of a mixed-type functional equation
In this section, we obtain the Hyers…Ulam stability of a generalizedn-variable mixed-type

functional equation (1.4) in a fuzzy modular space by using the “xed point technique. For

the mappingf : M → (V ,µ ), consider

S(x1,x2, . . . ,xn) =
n…1∑

i=1,j=i+1

(
f (kxi + xj)

)
+ f (kxn + x1)

…k

[ n…1∑

i=1,j=i+1

(
f (xi + xj)

)
+ f (xn + x1)

]

…
(1 …k)2

2

n∑

i=1

(
f (xi) + f (…xi)

)
…

1 …k
k2 …k

n∑

i=1

(
k2f (xi) …f (kxi)

)

for n ∈N, k ≥ 2.
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Theorem 3.1 Let M be a linear space,V be a real vector space, (V ,µ ,∗) be a µ -complete b-
homogeneous fuzzy modular space,and � ∈ {…1,1} be fixed.Suppose that an even mapping
f : M → (V , � ,∗) satisfies

µ
(
S(x1,x2, . . . ,xn),t

) ≥ � (x1,x2, . . . ,xn,t) (3.1)

for all x1,x2, . . . ,xn ∈ M and a given mapping � : M × M → � such that

�
(
kax1,kax2, . . . ,kaxn,k2baNt

) ≥ � (x1,x2, . . . ,xn,t) (3.2)

for all x1,x2, . . . ,xn ∈ M and

lim
m→∞ �

(
kamx1,kamx2, . . . ,kamx2,k2bamt

)
= 1 (3.3)

for all x1,x2, . . . ,xn ∈ M and a constant 0 < N < 1

( k2…2k+1
k2…k

)b
. Then there exists a unique

quadratic mapping Q : M → (V ,µ ) satisfying (1.4) and

�
(

Q(x) …f (x),
t

k2bN � …1
2 (1 … (k

2…2k+1
k2…k )bN)

)

≥ � (x, 0, . . . , 0,t) (3.4)

for all x1,x2, . . . ,xn ∈ M.

Proof Letting (x1,x2, . . . ,xn) by (x, 0, . . . , 0) in (3.1), we obtain

µ
(

k2 … 2k + 1
k2 …k

(
f (kx) …k2f (x)

)
,t

)

≥ � (x, 0, . . . , 0,t) (3.5)

for all x ∈ M, and so

µ
(

f (kx)
k2

…f (x),t
)

= �
(

k2 … 2k + 1
k2 …k

(
f (kx) …k2f (x)

)
,
(

k2 … 2k + 1
k2 …k

)b

k2bt
)

(3.6)

≥ �
(

x, 0, . . . , 0,
(

k2 … 2k + 1
k2 …k

)b

k2bt
)

for all x ∈ M. Replacingx with k…1x in (3.6), we obtain

µ
(

f (k…1x)
k…2

…f (x),t
)

= µ
(

f (x)
k2

…f
(
k…1x

)
,

t
k2b

)

(3.7)

≥ �
(

k…1x, 0, . . . , 0,
(

k2 … 2k + 1
k2 …k

)b

k2bN…1Nt
k2b

)

≥ �
(

x, 0, . . . , 0,
(

k2 … 2k + 1
k2 …k

)b

k2bN…1t
)

.

From (3.6) and (3.7), we obtain

µ
(

f (kax)
k2a …f (x),t

)

≥ � (x,t) := �
(

x, 0, . . . , 0,
(

k2 … 2k + 1
k2 …k

)b

k2bN
a…1

2 t
)

(3.8)
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for all x ∈ M. ConsiderP := {h : M → (V ,µ )|h(0) = 0} and de“ne 	 on P as follows:

	 (h) = inf
{
l > 0 :�

(
h(x),lt

) ≥ � (x,t),∀x ∈ M
}
.

One can easily prove that	 is modular onN and indulges the� k-condition with kb = 


and the Fatou property. Additionally,N is 	 -complete (see [38]). Consider the mapping

R : P	 → P	 asRQ(x) := Q(kax)
k2a for all Q ∈ P	 .

Let h, j ∈ P	 and l > 0 be an arbitrary constant with	 (h …j) ≤ l. From the de“nition of 	 ,

we get

µ
(
h(x) …j(x),lt

) ≥ � (x,t)

for all x ∈ M, and so

µ
(
Rh(x) …Rj(x),Nlt

)

= µ
(
k…2ah

(
kax

)
…k…2aj

(
kax

)
,Nlt

)

= µ
(
h
(
kax

)
…j

(
kax

)
,k2baNlt

)

≥ �
(
kax,k2baNt

)

≥ � (x,t)

for all x ∈ M. Hence	 (Rh…Rj) ≤ N 	 (h…j) for all h, j ∈ P	 , which means thatR is an	 -strict

contraction. Replacingx with kax in (3.8), we get

µ
(

f (k2ax)
k2a …f

(
kax

)
,t

)

≥ �
(
kax,t

)
(3.9)

for all x ∈ M, and therefore

µ
(
k…2(2a)f

(
k2ax

)
…k…2af

(
kax

)
,Nt

)
(3.10)

= µ
(
k…2af

(
k2ax

)
…f

(
kax

)
,k2baNt

)

≥ �
(
kax,k2baNt

)

≥ � (x,t) (3.11)

for all x ∈ M. Now

µ
(

f (k2ax)
k2(2a)

…f (x),
(

k2 … 2k + 1
k2 …k

)b

(Nt + t)
)

(3.12)

≥ µ
(

f (k2ax)
k2(2a)

…
f (kax)

k2a ,Nt
)

∧ µ
(

f (kax)
k2a …f (x),t

)

≥ � (x,t)
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for all x ∈ M. In (3.12), replacingx with kax and (k2…2k+1
k2…k )b(Nt + t) with ( k2…2k+1

k2…k )bk2ba(N2t +

Nt), we get

µ
(

f (k3ax)
k2(2a)

…f
(
kax

)
,k2ba

(
k2 … 2k + 1

k2 …k

)b(
N2t + Nt

)
)

≥ �
(
kax,k2baNt

)
(3.13)

≥ � (x,t)

for all x ∈ E. Therefore,

µ
(

f (k3ax)
k3(2a)

…
f (kax)

k2a ,
(

k2 … 2k + 1
k2 …k

)b(
N2t + Nt

)
)

≥ � (x,t) (3.14)

for all x ∈ M, and so

µ
(

f (k3ax)
k3(2a)

…f (x),
(

k2 … 2k + 1
k2 …k

)b((
k2 … 2k + 1

k2 …k

)b(
N2t + Nt

)
+ t

))

(3.15)

≥ µ
(

f (k3ax)
k3(2a)

…
f (kax)

k2a ,
(

k2 … 2k + 1
k2 …k

)b(
N2t + Nt

)
)

∧ µ
(

f (kax)
k2a …f (x),t

)

≥ � (x,t)

for all x ∈ M. Generalizing the above inequality, we obtain

µ

(
f (kamx)
k2(am)

…f (x), (3.16)

(((
k2 … 2k + 1

k2 …k

)b

N
)m…1

+
(

k2 … 2k + 1
k2 …k

)b m…1∑

i=1

((
k2 … 2k + 1

k2 …k

)b

N
)i…1

)

t

)

≥ � (x,t)

for all x ∈ M and a positive integerm. Hence we have

	
(
Rmf …f

)
(3.17)

≤
((

k2 … 2k + 1
k2 …k

)b

N
)m…1

+
(

k2 … 2k + 1
k2 …k

)b m…1∑

i=1

((
k2 … 2k + 1

k2 …k

)b

N
)i…1

≤
(

k2 … 2k + 1
k2 …k

)b m∑

i=1

((
k2 … 2k + 1

k2 …k

)b

N
)i…1

≤ ( k2…2k+1
k2…k )b

1 … (k
2…2k+1
k2…k )bN

.

Now, one can easily prove that{Rm(f )} is 	 -convergent toQ ∈ P	 (see [37]). Therefore,

(3.17) becomes

	 (Q …f ) ≤ ( k2…2k+1
k2…k )b

1 … (k
2…2k+1
k2…k )bN

, (3.18)
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which implies

µ
(

Q(x) …f (x),
( k2…2k+1

k2…k )b

1 … (k
2…2k+1
k2…k )bN

t
)

(3.19)

≥ � (x,t) = �
(

x, 0, . . . , 0,
(

k2 … 2k + 1
k2 …k

)b

k2bN
a…1

2 t
)

for all x ∈ M, and hence we have

µ
(

Q(x) …f (x),
t

k2bN a…1
2 (1 … (k

2…2k+1
k2…k )bN)

)

≥ � (x, 0, . . . , 0,t) (3.20)

for all x ∈ M, and so inequality (3.4) holds. One can easily prove the uniqueness ofQ (see
[37]). �

Theorem 3.2 Let M be a linear space,V be a real vector space, (V ,µ ,∗) be a µ -complete b-
homogeneous fuzzy modular space, and � ∈ {…1,1} be fixed. Suppose that an odd mapping
f : M → (V , � ,∗) satisfies

µ
(
S(x1,x2, . . . ,xn),t

) ≥ � (x1,x2, . . . ,xn,t) (3.21)

for all x1,x2, . . . ,xn ∈ M and a given mapping � : M × M → � such that

�
(
kax1,kax2, . . . ,kaxn,kbaNt

) ≥ � (x1,x2, . . . ,xn,t) (3.22)

for all x1,x2, . . . ,xn ∈ M and

lim
m→∞ �

(
kamx1,kamx2, . . . ,kamx2,kbamt

)
= 1 (3.23)

for all x1,x2, . . . ,xn ∈ M and a constant 0 <N < 1

( k2…2k+1
k2…k

)b
. Then there exists a unique addi-

tive mapping A : M → (V ,µ ) satisfying (1.4) and

�
(

A(x) …f (x),
t

kbN � …1
2 (1 … (k

2…2k+1
k2…k )bN)

)

≥ � (x, 0, . . . , 0,t) (3.24)

for all x1,x2, . . . ,xn ∈ M.

Proof Replacing (x1,x2, . . . ,xn) with (x, 0, . . . , 0) in (3.21), we obtain

µ
(

k2 … 2k + 1
k2 …k

f (kx) …kf (x),t
)

≥ � (x, 0, . . . , 0,t) (3.25)

for all x ∈ M, and so

µ
(

f (kx)
k

…f (x),t
)

= �
(

k2 … 2k + 1
k2 …k

f (kx) …kf (x),
(

k(k2 … 2k + 1)
k2 …k

)b

t
)

(3.26)

≥ �
(

x, 0, . . . , 0,
(

k(k2 … 2k + 1)
k2 …k

)b

t
)
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for all x ∈ M. Replacingx with k…1x in (3.26), we obtain

µ
(

f (k…1x)
k…1

…f (x),t
)

= µ
(

f (x)
k

…f
(
k…1x

)
,

t
( k(k2…2k+1)

k2…k )b

)

(3.27)

≥ �
(

k…1x, 0, . . . , 0,
(

k(k2 … 2k + 1)
k2 …k

)b

N…1 Nt
( k(k2…2k+1)

k2…k )b

)

≥ �
(

x, 0, . . . , 0,
(

k(k2 … 2k + 1)
k2 …k

)b

N…1t
)

.

From (3.26) and (3.27), we obtain

µ
(

f (kax)
ka …f (x),t

)

≥ � (x,t) := �
(

x, 0, . . . , 0,
(

k(k2 … 2k + 1)
k2 …k

)b

N
a…1

2 t
)

(3.28)

for all x ∈ M. ConsiderP := {h : M → (V ,µ )|h(0) = 0} and de“ne 	 on P as follows:

	 (h) = inf
{
l > 0 :�

(
h(x),lt

) ≥ � (x,t),∀x ∈ M
}
.

One can easily prove that	 is modular onN and indulges the� k-condition with kb = 

and the Fatou property. Additionally,N is 	 -complete (see [38]). Consider the mapping
R : P	 → P	 asRA(x) := A(kax)

ka for all A ∈ P	 .
Let h, j ∈ P	 and l > 0 be an arbitrary constant with	 (h …j) ≤ l. From the de“nition of 	 ,

we get

µ
(
h(x) …j(x),lt

) ≥ � (x,t)

for all x ∈ M, and so

µ
(
Rh(x) …Rj(x),Nlt

)

= µ
(
k…ah

(
kax

)
…k…aj

(
kax

)
,Nlt

)

= µ
(
h
(
kax

)
…j

(
kax

)
,kbaNlt

)

≥ �
(
kax,kbaNt

)

≥ � (x,t)

for all x ∈ M. Hence	 (Rh…Rj) ≤ N 	 (h…j) for all h, j ∈ P	 , which means thatR is an	 -strict
contraction. Replacingx with kax in (3.28), we have

µ
(

f (k2ax)
ka …f

(
kax

)
,t

)

≥ �
(
kax,t

)
(3.29)

for all x ∈ M, and therefore

µ
(
k…2af

(
k2ax

)
…k…af

(
kax

)
,Nt

)
(3.30)

= µ
(
k…af

(
k2ax

)
…f

(
kax

)
,kbaNt

)

≥ �
(
kax,kbaNt

) ≥ � (x,t)
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for all x ∈ M. Now

µ
(

f (k2ax)
k2a …f (x),

(
k2 … 2k + 1

k2 …k

)b

(Nt + t)
)

(3.31)

≥ µ
(

f (k2ax)
k2a …

f (kax)
ka ,Nt

)

∧ µ
(

f (kax)
ka …f (x),t

)

≥ � (x,t)

for all x ∈ M. In (3.31), replacingx with kax and (k2…2k+1
k2…k )b(Nt + t) with kba( k2…2k+1

k2…k )b(N2t +

Nt), we obtain

µ
(

f (k3ax)
k2a …f

(
kax

)
,kba

(
k2 … 2k + 1

k2 …k

)b(
N2t + Nt

)
)

(3.32)

≥ �
(
kax,kbaNt

) ≥ � (x,t)

for all x ∈ E. Therefore,

µ
(

f (k3ax)
k3a …

f (kax)
ka ,

(
k2 … 2k + 1

k2 …k

)b(
N2t + Nt

)
)

≥ � (x,t) (3.33)

for all x ∈ M, and so

µ
(

f (k3ax)
k3a …f (x),

(
k2 … 2k + 1

k2 …k

)b((
k2 … 2k + 1

k2 …k

)b(
N2t + Nt

)
+ t

))

(3.34)

≥ µ
(

f (k3ax)
k3a …

f (kax)
ka ,

(
k2 … 2k + 1

k2 …k

)b(
N2t + Nt

)
)

∧ µ
(

f (kax)
ka …f (x),t

)

≥ � (x,t)

for all x ∈ M. Generalizing the above inequality, we get

µ

(
f (kamx)

kam …f (x), (3.35)

(((
k2 … 2k + 1

k2 …k

)b

N
)m…1

+
(

k2 … 2k + 1
k2 …k

)b m…1∑

i=1

((
k2 … 2k + 1

k2 …k

)b

N
)i…1

)

t

)

≥ � (x,t)

for all x ∈ M and a positive integerm. Hence we have

	
(
Rmf …f

)
(3.36)

≤
((

k2 … 2k + 1
k2 …k

)b

N
)m…1

+
(

k2 … 2k + 1
k2 …k

)b m…1∑

i=1

((
k2 … 2k + 1

k2 …k

)b

N
)i…1

≤
(

k2 … 2k + 1
k2 …k

)b m∑

i=1

((
k2 … 2k + 1

k2 …k

)b

N
)i…1

≤ ( k2…2k+1
k2…k )b

1 … (k
2…2k+1
k2…k )bN

.
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Now, one can easily prove that{Rm(f )} 	 -converges toA ∈ P	 (see [37]). Therefore, (3.36)

becomes

	 (A …f ) ≤ ( k2…2k+1
k2…k )b

1 … (k
2…2k+1
k2…k )bN

, (3.37)

which implies

µ
(

A(x) …f (x),
( k2…2k+1

k2…k )b

1 … (k
2…2k+1
k2…k )bN

t
)

≥ � (x,t) (3.38)

= �
(

x, 0, . . . , 0,
(

k2 … 2k + 1
k2 …k

)b

kbN
a…1

2 t
)

for all x ∈ M, and hence we have

µ
(

A(x) …f (x),
t

kbN a…1
2 (1 … (k

2…2k+1
k2…k )bN)

)

≥ � (x, 0, . . . , 0,t)

for all x ∈ M, and hence inequality (3.24) holds. One can easily prove the uniqueness ofA
(see [37]). �

4 Conclusion
In this paper, we introduced a newn-variable mixed-type functional equation which satis-

“es f (x) = x+x2. Mainly, we obtained its general solution and investigated its Hyers…Ulam

stability in fuzzy modular spaces by using the “xed point method, and we hope that this

research work is a further improvement in the “eld of functional equations.
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