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paper, by using the weight function method, necessary and sufficient conditions that
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operator norm are also considered, and the norms of several integral operators are
discussed.
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1 Introduction and preparatory knowledge
Let k e N={1,2,3,...}, p >0, x = (x1,%0,...,%%), le = {x = (1,%2,...,%) : x; > 0,i =

L2,...,k} 1%llk,y = (6] + &5 + -+ 1)/, Define

1/p
LY (RY) = {f(x) >0:|fllpe = (/Rk 1 of7 (%) dx) < +oo}.

In this paper, for a class of nonhomogeneous kernels K(|[ln,p, [¥llp) = GUlx[l5,/
||y||ﬁ,2p (A1A2 > 0), we discuss the equivalent parameter conditions for the validity of

Hilbert type multiple integral inequality

/ / K (1,00 17 1n,0)f (¥)g () dx dy < MI|f I llgll - (1)
R JR7
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That is, what conditions do parameters A, Ay, p, ¢, &, B satisfy to make (1) hold? On the
contrary, what conditions do the parameters satisfy when (1) holds? Meanwhile, the best
constant factor and its application in operator theory are also considered.

In [1], we studied the necessary and sufficient conditions for the validity of Hilbert type
multiple integral inequalities with kernel K(||x[l,,0, ¥ll4,0) = G(||x||f,,],p||y||f,,2p) (A1Ag > 0).
The present paper is a supplement and improvement of [1], more relevant research can
be referred to [2—20].

Lemma 1.1 ([21]) Letp;>0,a;>0,®; >0 =1,2,...,n), ¥ (u) be measurable. Then

2\ AN 1-1 -1
w ) oot | — x‘ll? xﬁ” dxl---dxn
(%)w1+---+(%)"nsl;xi>0 a1 n

afl...aﬁﬂr(%)...r(%) 1

041"'06;41—‘(%"'"""{:—2) 0

LA R 1 |

v (u)uff} " duy,

where U(t) represents the gamma function.

By using Lemma 1.1, under the same conditions, it is not difficult to obtain: Let ¢(u) be

measurable, p >0, n> 1, x = (x1,%2,...,%,) € R7. Then

M) [T
l#llnp) dx = ————— (w)u" " du,
/xn,pfr(p( /D) ,O”_IF(}'Z/,O) 0 ¢

Fn(l/p) +00 .
%)) dx = ———— ()" du.
fxn,pzr(p( p) o™ 1T (n/p) J, ¢

Suppose that K (u, v) = G(u*1 /v*?), then obviously K (u, v) satisfies the following property:
K(u,v) = K(1,u™"*v) = K(v2M14,1).

Lemma 1.2 Let L +1 = 1(p> 1), p > 0, m,1 € N, K(Ixllmps 19l) = GUUxll380/ 1911:2),

o,B €R. Then

1
q

_a+m

o, p,y) = f K(1%lmps 9l [l
RY

1/ b2 (ot OO s,
_ _[Mp) | B / K(t,1)¢ 7" de
p"1T (m/ p) 0

r(1/p) %(—"‘;’”m)
=—"||ylx w1, 3
1Tl p) lyllme 1 (3)

_Bn
wz(ﬂ,ﬂ,q;x) :/ I<(||x||m,p,”y”n,p)”y”n,p 4 dy
R}

n A (_Bn +00 .
__Mip) 2y e W/ KA, 0t 7 4
0

p"~1T(n/p)
r"(1/p) %(_%1’”)
= — |« Ws. 4
p”*ll"(n/p) ” ”m,p 2 ( )

Moreover, if =222 4 2B _ 0 then p W = Ay Wi,
p q
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Proof 1t follows from (2) that

" (1/p) e — A 1
_ K(u, Z d
prarm (4, 11y 1) 1 u

/o) [ . e,
= gy Jy K e )7 du
0

- I'"™(1/p) I ”%(—“;’”+m—l)+%
= " (mip) "

wl(m’ayp;y) =

oo a+m
x / K@D » " hde
0

I"(1/p) B2 em)
=———"yll.h * Wi
p" 1T (m/p)

(4) can be proved at the same time.
When ”’\l%h + msz—ﬁh =0, notice that A; A, > 0, we have

+o0 o+m
W, = / KD » "™ de
0

+00 oa+m
= f K(1,t772) e
0

A +oo lp_erm Ly 22
=2 K@uwu 2T TR gy
1Jo
A +o0 _Bn
=22 K1,uwu <" ' du
1Jo
A2
= —=W,.
PP
Thus )LIWI =)»2W2. O

2 Main results
Theorem 2.1 Let }17 + % =1p>1),p>0,mneN, LAy >0, a,8 € R, K(%ll 5 1Y) =

G(||x||ﬁ},p/||y||ﬁ,2p)()»1)\2 > 0) be nonnegative measurable and
0o oa+m
W, = |A1|/ KDt » " tae
0

be convergent. Then
(2) If and only zf"h;%‘“2 + msz—ﬂM =0, there exists a constant M > 0 such that

/ ) fR (Wl 17110 ) (<)) dxdy < MIf a5 (5)

where f (x) € L4(R™), g(y) € L (R™).
(ii) When (5) holds, the best constant factor is

inf M

__ W ( " (1/p) )”"( " (1/p) )“P
MY Ve \ pm1T (m) p) T (nlp))
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Proof Let ”’\‘%“ + msz—ﬂh =c.

(i) Suppose that (5) holds. We prove that ¢ = 0. Consider the case of A; >0, A; > 0. If

Sl
o) = Il ™, i > 1,
0, 0 < [[%llmp < 1,
B-n—2ze)lq
Iy l5s s Yl =1,
gb) =
0, 0<|Iylln,p <1.
Then

1/p 1/q
Mlfllpc gl =M ( el 10 dx) ( f [ dy>
{11772, > 1 IYlln,p=1
_M< r” 1/:0 >1/p( Fn(l/p) >1lq
~ 7\ p" T (mlp) 0" 1T (1l p)

1/p +00 1/q
x (/ —l—kls dlx[) (/ u—l—kzs dl/t>
1 1

_ ( ™ (1/p) )“P( "(1/p) )“’f
‘gx}/%’q m1T(m/p)) \p*T(nip))

/ / K (112l m,00 17110 )f ()€ (y) dx dy
r? JR7

- f e ME”P( f K (%l ||y||n,p)||y||£,j£-"-“f>/qdy) d
%1l 7,0 =1 Iyllm,p =1

7¢y+m+)»1£ Fn 1/ +00 Brntine
= / 1 llmp (—_( ’) K (1llmpr )™ *"‘ldu)dx
{11772, > 1 1

p" T (n/p)
r” 1/ _atmiige +00 _ Banthoe
= - 1( 10) ”x”m,p P </ I((l,u”x”;n)»})/kz)u 7 th- ld )dx
P" L)) el p21 1 ’
I'"(1/p) —a+m;h€+%(—W+n—l)+%

=— (1122,
PP 01P) N1

+00 B+n+roe
x (f Ko o 1dt) dx
I —A1/hy

mep
r~ 1/ - S +00 _ Brnirge
= % IIxIIn:,Z+A2 18(/ K, 7. 1dt> dx
pn* F(}’l/p) %l m,p>1 ”x”;n)%/)»z
r. ]./ —m+-S—h1e oo _ Brnirge
> —1( P) ”x“m’:lo 2 </ K1, 4 Een 1dt> dx
P (11 0) Jixim,p=1 )
Fn 1/ +oo _ Binthge _m+ S e
= 71( P) KL 7 1dt/ ||x||,,f1 2 gy
pT(nlp) Ji el >1

Fm+n(1/p) /+00
- K(@1,1)¢
p"™=2T(n/ p)T (m/p) Jy

AL L T e e
7 "t u T2 M du
1
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It follows that

rmn(1/ +00 B+nthge O e
( :0) 1((1’ t)t 7 EX28 tn— ldt/ u 1+A2 ALE du
"2 (n/ p)T" (m/ p) 1

M r(1/p) \"7( T"1/p) \"
= 1/p4 1/q m—lr*( / ) n—lF( / ) < +00.
Ekl )\2 P mip 1Y nip

. +00  —1+:5-re . .
But since 0 < ¢ < ﬁ, we have i —A1&>0and fl u 2 " dy = +00, which is contra-

dictory, hence ¢ > 0 is not valid.
Ifc<0,take 0 < & < 5=~ and
142

r1€)/,
o i1, 0 < [ll,p <1,
0, 1%l s, p > 1.
B-n+rze)lq
Iyl5s , 0<ylln, <1,
gb) =
0, IYlln,p > 1.

Similarly, we can get

rmn(y/ 1 Banige 1 e
( :0) I((l,t)t 7 2% 4n ldt/ u 1+A2+}‘18 du
=2 (n/ p)T" (m/ p) 0

..M ( I(1/p) )””( I (1/p) )1/q<+oo
exyP23/1\ p™-1T (ml p) p" 1T (n/p)

-1+:5 +A1e
Ry M

. - . 1 L.
Since0< e < ﬁ, we obtain ﬁ +A16 <0 and fo u du = +00, this is still a contra-

diction, hence ¢ < 0 cannot hold.
To sum up, when A1 >0, A, > 0, we have ¢ = 0, that is,
Moreover, consider the case of A; <0, A, <0.If ¢ >0, take 0 < € < ﬁ and

nkl;akz + mip—BAr1 =0.

a—m-r18)/
(B [Pvaaiis

flx) =

0, ”x”m,p >1,

v 0<xllme =1,

B-n=oe)l
Iyl ™72, 0 < [yl < 1,

g =
0, ¥,y > 1.

Then, by calculation,

MIflpaliglys = ——im Lr(ilp) (Mo )
pel8lel = G2\ T mlp) ) \ i)

f / K (1%l 00 17110 )f ()@ () dix dy
R JR7

—A18)/, —A26)/
- f o) P( / K (18l 19 I ICE-1-22) qdy) d
0<||]lm,p <1 0<lylln,p<1

_atmidje Fn(l/p) 1 _ panrige
=/ % llm,p © (T K(Ixllmpr )™ 7 "' du )dx
0<lxllm,p <1 o1 (n/p) Jo
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(1) _wimiige 7 ol Bt
75 g P () O )
p" (1l ) Joc)xlm, <1 0 |

o) e i
=—= 1% 11,0
0<|l%[lm,p <1

p"—lF(n/p)
Il /2 Brntige 1
. (/ Kor o dt)d"
0
Al/xz
- s ae ([ 10m A
) #/\ ” ”m'p 1 (f 1 t)t q 28 1 p-1 dt) dx
o 1T (n/ p) 0<[lllm,p <1 0

Fn 1 n+ine
e A R | e e et B
p" 1T (n/p) O<|lllm,p <1 0

(1 1 on - “he
C T / K,pe 10 ldt/ el 2 dx
p" 1T (n/p) Jo 0<%l m,p <1

Fm+” 1 Bn+hoe 1 1.
) f Kot 1 +”_1dt/ W dy,
P21 (n/ p)T"(ml p) Jo 0

It follows that

Fm+n(1/p)
P21 (n/ p)T" (m/ p)

- M r(1/p) \"7/ T1/p) \"
= AP (a1 (pm-lr(m/p)) (m—lr(n/p)) e

1
K(1,0t

1
Brnthoe I
7 tn ldt/ u 1+)\2 Msdu
0

1efo .
Since 0 < & < 5= and 11 <0, then = — 2,6 <0and fol u 7™M qy = 400, This is a con-

tradiction, therefore ¢ >0 cannot hold.

Ifc<0,tal<e0<s<%and
142

),
fw= 1 I ™41, Yl = 1,
0, 0 < [|%]lm,p < 1.
B-n+rze)lq
IIyIIn v Al =1
g =
0, 0 < Iyllnp < 1.
Similarly,
l"m+}’1 1/ +00 75*’”71 & B +00 B ¢
. ( ,0) I((l,t)t 7 2% 1dt/ u 1+*2+Mgdu
P =21 (n/ p)T (m/ p) Jy 1

- M r(1/p) "7/ T1/p) \
= e (—ag) (pmlwm/p)) (pnlrm/m) ST

n x
still a contradiction, so ¢ <0 does not hold either.

To sum up, when 11 <0, A, <0, we still have ¢ = 0, that is, ”“;%AZ + 'MZT”“‘ =0.

—1+.L+A e .
7271 dy = +oo. That is
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atm o P+

=0, seta= , 247 it follows from Holder’s in-
rq rq

Conversely, if "“%’\2 + "’MT%

equality and Lemma 1.2 that

/ / Kl 1910} )2 () ey
R? JR
/fK 1l ] )(” I, ())(”y””'” )
eI i, =l
/ / K %l b
n ||ac||m,,,||y||np)|| 2 f9(2) de dy
||y||n?p . )”’1
x ( / ,1 /R s ) 7 1)

atm _Bin lp
- [ fR Nl £ ( /R Wlns” K1l 171) dy) dx}

Btn a+m 1/q
X [/ Iyl g7() </ 12 K (10 19 ]1) ) dy}
RY RY

a+m B+n

1/p 1/q
_ ( [ 1l 57wt .09 dx) ( [ 1 g ) dy>

_( I"(1/p) )””( "(1/p) >“q
-\ p™ T (n/p) p"1T (m/ p)

Y wom 2L By Ve
q q
xWIqWZ”(f el f”(x)dx)

R

M+)‘_2(,M+m) 1/q

A

(f Iyl 7 gqmdy)
R/

=< I (1/p) )1/1’( " (1/p) )Uqu/qu/p
p" 1T (n/p) P T (m/ p) b

1/p l/q
a gp B
x ( /R Il dx) ( fR I1E,0) dy)

_( I"(1/p) )“P( " (1/p)
~ \p™ 1T (n/p) p"1T (m/ p)

1
) W IW, P f e €06

Arbitrarily take a constant M satisfying

r(1/p) )“1’( I(1/p) )”" Vg rllp
M > Wi WL
= (pnll“(n/p) " 1T (m/ p) b

then

f / K1l 1511 ) @2 0) e dy < MIf gl
R Jrm

Thus (5) holds.
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(ii) Assume that there is a constant M satisfying

A1V Aa|VP \ 1T (m/ p) p" 1T (n/p)

Mo <
such that, for any f(x) € L, R™), gy) € Lg (R?), we have
[ [ K0 191, 00) sy < Mol .
R? JR?

Take sufficiently small ¢ > 0, § > 0, and set

A
P L Iy 12, 1l > 6,
0, 0 < [|%]lm,p < 8.
p-n— \Az\s)/q
Iy l5 1l > 1,
gb) =
0) 0 < ||y||n,p <1.

It can be obtained by calculation that

1/p 1/q
Mollf llpelligllgs = Mo (/ el e ale dx) </ lyll; - ale dy>
Hme,leS ”J’”m,le

_ MO'S‘“W< r"(1/p) )”"( I"(1/p) )“‘f
" e[M|Y2 2|V \ p1T (m) p) p"'T(nlp))

nA1—ado + miy—BAr1 =0
p )

Since
q

/ / Kl 19100} g () ey
R} JRY

:/ ||y|| -p-n— ne)/q(/ ”x”;z—m—lmla)m]((”x”m‘p’ ||y||n,p) dx) dy
Iylln,p=1 [l 22,0 =6

T (1/p) YOO _armiihle
:/ ||y|| —B-n—|ra| )/q(ﬁ u 7 +m 11((14, ”y”n,p) du dy
Iyllnp=1 o (mlp) Js

__MWe) Iy,
pm-ll"(m/p) Iylls,0=1

+00 a+m+\)~ le
x (f Wb 'K (u Iyl 22", 1)du> dy
8

/3+n+\)»2\a A2( a+m+|ryle Ay
+m-1)+74
P A1

:M Iyl T
P (mlp) Jiypppzr

+00 a+m+\)»1|£+m 1
x / £ 7 K(t,1)dt | dy
s -A/h1

[571P%;
~ I™(1/p) / e 2
[Yllnp=1

| ~B-n—|r2le)/q

~ p" T (mlp)

+00 atmt|igle -1
x a7 K(t,1)dt
Slylyr !
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Fm 1/ +00 7¢x+m+\k |£+m7
. 1( p) Iyl lhale (/ PR 1K(ul)dr) dy
P (mlp) iy 5
r”(1/ OO awmtile
_ m_l(ip) £ e 1) de / Iyl 2 dy
" 1T (m/p) Js I¥ll,p>1
rmn(l TOO  aam+rle +oo
_ ( /,0) tiT]H’nilI((t, l)dt_/ u—1—|)u2|8 du
P2 (n/ )T (ml p) Js 1
Fm”’(l/p)

o0 a+m+|ryle
= / e (t,1)dt.
&|Aal =21 (n/ p)T (ml p) Js

Consequently,

FWHn(l/,O) +00 _atmi|Agle el
m+n-2 / t ’ I<(tr 1) dt
[A2]p ['(n/p)T(mlp) Js

< Mo*'*””"( I"(1/p) )“p< I(1/p) )“q
= |A1|1/p|k2|1/q pm_lr(m/p) p”‘lf‘(n/,o)

Let ¢ — 0%, and by using the famous Fatou lemma, we obtain

71(1/p) /*‘X’ ey
t K(t,1)dt
Palp™ 2Tl )T mip) Js (&1)

< Mo ( L"(1/p) )“‘“( r"(1/p) )“q
= Ml aYa\ pm i (mip) ) \p"IT(nip))

Let again § — 0%, then

T+ (1/p) W, M ( I (1/p) )””( r"(1/p) )”q
|Aalp™+n=2T (n/ )T (m/p) ~ |A1|VP|Aa |V \ p™=1T (m/p) p" T (nlp))

It follows that

Wo ( 7(1/p) )“q< I (1/p) )”"<M
|A1 [V Aa|VP \ p™=1T (m/ p) p"1T(n/p) =

This contradicts (6). Thus

Wo < I"(1/p) )1”( r"(1/p) )”P
|A1 V4| Ao | VP \ p™=1T (m/ p) p" 1T (n/p)

is the best constant factor of (5). O

3 Applications in operator theory
Letp>1,p>0,mneN, o, B €R, K(u,v) be nonnegative measurable. Define

100 = [ Kb Wl @b, f0) € L (RD). @)

Then T is a singular integral operator defined on Lj(RY"). Using this operator and accord-
ing to Hilbert type integral operator theory, (5) is equivalent to

” T(f) ||p,f3(17p) = M”f”p,on

so we get the following.
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Theorem 3.1 Under the same conditions as in Theorem 2.1, let the singular integral op-
erator T be defined as in (7). Then

(i) T is a bounded operator from L, (R™) to Lﬁ(l_p)(R’j) ifand only if”“l_‘f‘)‘Az + ”‘“T”“l =0.

(ii) When T is a bounded operator from Ly (R”) to Lﬁ (1) (R?), the operator norm of T is
W r(1/p) \Y/ Tr/p) \'*
1T = 351 - - .
[A1|Y4]Aa [P\ o211 (m/ p) p" 1T (n/p)

Corollary 3.1 Letll’+%=1(p>1),p>0,A>O,A1A2>O, mneN,a,eR,0< p—}h(%_

;’—;) < M. Define a singular integral operator T by

f(x)
= dx.
T(f)(y) /RT 1+ (Zﬁl xl/;)xl/(zzzlyf)xz]k X

Then T : LZ(RT) — Lg(lfp) (R") is a bounded operator if and only zf”’\‘%“ + ”’*ZT‘MI =0.

And when T is bounded, its operator norm is

1 1 /(m « 1 m o
e st G (554 -3)
[A[Va[Aa] VP N\ pAr\ g P prAINg P
< I"(1/p) )”‘1( I"(1/p) )”P
X )
"I (mlp) p"T'(n/p)

where B(u, v) represents the beta function.

Proof First, notice that

1 1

1+ Qo ) QT )2 (L + s Iy 02>

= GIIx55/1y1252) = K (1o 1911,0)

and

n)»l - Ol)uz Wl)\,z — ,3)\.1
+
p q

=0

is equivalent to

n(pi1) —a(phs) s m(pis) — B(pA1) _
p q

0.

Since

+00
Wo = [pA1|W1 = |,0)»1|/ K, » e
0
oo 1 _arm oo 1 1o m_ay
= |pA — ¢t ldtzf YLy L
o 1'/0 (1 + oy o (L+uy

< 1 (m (x) 1 <m a>)
:B - - - ))‘-_— - - ’
prM\g p prA\g p
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we have

Wo ( "(1/p) )“q( r"(1/p) )”f’
loA1 V4] pAs| VP \ p™=1T (m/ p) p"1T(n/p)

1 (1 (m oz) 1 (m a))
-—— Bl— (== r-—(==2
plaYar VP N\ pri\ g p pA1\q P
( r"(1/p) )“f’( r"(1/p) )“"
X
" 1T (m/ p) p" 1T (n/p)
1 <1 (m a) 1 <m a>)
=—  Bl— (=== ) r-— (===
M Valra P\ pa N\ g p pr\g p
X( I"(1/p) )”‘f( "(1/p) )”f’
P T (m/p) p"T(nlp))

According to Theorem 3.1, Corollary 3.1 holds. g

Corollary 3.2 Let}? +$ =1p>1),p>0,A1>0,1>0,mneN,a,BeR, -1 < %—;’—;<
A1. Define a singular integral operator T by

. A A
min{L, [|%[[m,/[1y 1

() = /

A A
R max{L, 1%,/ 1yl

}f(x) dx, f(x) € Ly (RT).
Then T : L3 (RY) — Lg(l—p) (R") is a bounded operator if and only Lf"’\l;foM2 + msz—ﬂh =0,
and when T is bounded, its operator norm is

2)2

1 1
MDA (g + m

r~ 1/q r” 1/p
\T| = (1/p) )) ( (l/p))> .

- -2+ %) (P"’1F(ﬂ’1/,0 o" 1T (n/p
» a0

Proof Since -} < % - % < A, then % - % + A1 >0and % — % — A1 <0, therefore

*° min{l, M} m_e_
=A1/ #m r e
o max{l,t}

1 m_«a +oo m_ o
=A1/ ta ptl dt+k1/ ta r T de
0 1

A A 22
T m 3 m a :
-\ (;—1—,‘”\1)(;—;—)»1)

It follows that
Wo ( r(1/p) )“q< r*(1/p) )“ﬂ
|A1 |4 2o VP \ p"=1T (m p) o™ 1T (n/p)
_ 223 ( I (1/p) )”"( r(1/p) )”P
WG + 2~ )y - 2+ ) \p" T(mlp)) \pT(wlp))

According to Theorem 3.1, Corollary 3.2 holds. d
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