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Abstract
For the Hilbert type multiple integral inequality

∫
R
n
+

∫
R
m
+

K(‖x‖m,ρ ,‖y‖n,ρ)f (x)g(y)dx dy ≤M‖f‖p,α‖g‖q,β

with a nonhomogeneous kernel K (‖x‖m,ρ ,‖y‖n,ρ ) = G(‖x‖λ1
m,ρ/‖y‖λ2

n,ρ ) (λ1λ2 > 0), in this
paper, by using the weight function method, necessary and sufficient conditions that
parameters p, q, λ1, λ2, α, β ,m, and n should satisfy to make the inequality hold for
some constantM are established, and the expression formula of the best constant
factor is also obtained. Finally, their applications in operator boundedness and
operator norm are also considered, and the norms of several integral operators are
discussed.
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1 Introduction and preparatory knowledge
Let k ∈ N = {1, 2, 3, . . .}, ρ > 0, x = (x1, x2, . . . , xk), Rk

+ = {x = (x1, x2, . . . , xk) : xi > 0, i =
1, 2, . . . , k}, ‖x‖k,ρ = (xρ

1 + xρ
2 + · · · + xρ

k )1/ρ . Define

Lα
p
(
R

k
+
)

=
{

f (x) ≥ 0 : ‖f ‖p,α =
(∫

R
k
+

‖x‖α
k,ρ f p(x) dx

)1/p

< +∞
}

.

In this paper, for a class of nonhomogeneous kernels K(‖x‖m,ρ ,‖y‖n,ρ) = G(‖x‖λ1
m,ρ/

‖y‖λ2
n,ρ) (λ1λ2 > 0), we discuss the equivalent parameter conditions for the validity of

Hilbert type multiple integral inequality

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy ≤ M‖f ‖p,α‖g‖q,β . (1)
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That is, what conditions do parameters λ1, λ2, p, q, α, β satisfy to make (1) hold? On the
contrary, what conditions do the parameters satisfy when (1) holds? Meanwhile, the best
constant factor and its application in operator theory are also considered.

In [1], we studied the necessary and sufficient conditions for the validity of Hilbert type
multiple integral inequalities with kernel K(‖x‖m,ρ ,‖y‖n,ρ) = G(‖x‖λ1

m,ρ‖y‖λ2
n,ρ) (λ1λ2 > 0).

The present paper is a supplement and improvement of [1], more relevant research can
be referred to [2–20].

Lemma 1.1 ([21]) Let pi > 0, ai > 0, αi > 0(i = 1, 2, . . . , n),ψ(u) be measurable. Then

∫
( x1

a1
)α1 +···+( xn

an )αn ≤1;xi>0
ψ

((
x1

a1

)α1

+ · · · +
(

xn

an

)αn)
xp1–1

1 · · ·xpn–1
n dx1 · · · dxn

=
ap1

1 · · ·apn
n �( p1

α1
) · · ·�( pn

αn
)

α1 · · ·αn�( p1
α1

+ · · · + pn
αn

)

∫ 1

0
ψ(u)u

p1
α1

+···+ pn
αn –1 du,

where �(t) represents the gamma function.

By using Lemma 1.1, under the same conditions, it is not difficult to obtain: Let ϕ(u) be
measurable, ρ > 0, n ≥ 1, x = (x1, x2, . . . , xn) ∈R

n
+. Then

∫
‖x‖n,ρ≤r

ϕ
(‖x‖n,ρ

)
dx =

�n(1/ρ)
ρn–1�(n/ρ)

∫ r

0
ϕ(u)un–1 du,

∫
‖x‖n,ρ≥r

ϕ
(‖x‖n,ρ

)
dx =

�n(1/ρ)
ρn–1�(n/ρ)

∫ +∞

r
ϕ(u)un–1 du.

(2)

Suppose that K(u, v) = G(uλ1 /vλ2 ), then obviously K(u, v) satisfies the following property:

K(u, v) = K
(
1, u–λ1/λ2 v

)
= K

(
v–λ2/λ1 u, 1

)
.

Lemma 1.2 Let 1
p + 1

q = 1(p > 1), ρ > 0, m, n ∈ N, K(‖x‖m,ρ ,‖y‖n,ρ) = G(‖x‖λ1
m,ρ/‖y‖λ2

n,ρ),
α,β ∈ R. Then

ω1(m,α, p, y) =
∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)‖x‖– α+m
p

m,ρ dx

=
�m(1/ρ)

ρm–1�(m/ρ)
‖y‖

λ2
λ1

(– α+m
p +m)

n,ρ

∫ +∞

0
K(t, 1)t– α+m

p +m–1 dt

:=
�m(1/ρ)

ρm–1�(m/ρ)
‖y‖

λ2
λ1

(– α+m
p +m)

n,ρ W1, (3)

ω2(n,β , q, x) =
∫
R

n
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)‖y‖n,ρ
– β+n

q dy

=
�n(1/ρ)

ρn–1�(n/ρ)
‖x‖

λ1
λ2

(– β+n
q +n)

m,ρ

∫ +∞

0
K(1, t)t– β+n

q +n–1 dt

:=
�n(1/ρ)

ρn–1�(n/ρ)
‖x‖

λ1
λ2

(– β+n
q +n)

m,ρ W2. (4)

Moreover, if nλ1–αλ2
p + mλ2–βλ1

q = 0, then λ1W1 = λ2W2.
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Proof It follows from (2) that

ω1(m,α, p, y) =
�m(1/ρ)

ρm–1�(m/ρ)

∫ +∞

0
K

(
u,‖y‖n,ρ

)
u– α+m

p +m–1 du

=
�m(1/ρ)

ρm–1�(m/ρ)

∫ +∞

0
K

(‖y‖–λ2/λ1
n,ρ u, 1

)
u– α+m

p +m–1 du

=
�m(1/ρ)

ρm–1�(m/ρ)
‖y‖

λ2
λ1

(– α+m
p +m–1)+ λ2

λ1
n,ρ

×
∫ +∞

0
K(t, 1)t– α+m

p +m–1 dt

=
�m(1/ρ)

ρm–1�(m/ρ)
‖y‖

λ2
λ1

(– α+m
p +m)

n,ρ W1.

(4) can be proved at the same time.
When nλ1–αλ2

p + mλ2–βλ1
q = 0, notice that λ1λ2 > 0, we have

W1 =
∫ +∞

0
K(t, 1)t– α+m

p +m–1 dt

=
∫ +∞

0
K

(
1, t–λ1/λ2

)
t– α+m

p +m–1 dt

=
λ2

λ1

∫ +∞

0
K(1, u)u– λ2

λ1
(– α+m

p +m–1)– λ2
λ1

–1 du

=
λ2

λ1

∫ +∞

0
K(1, u)u– β+n

q +n–1 du

=
λ2

λ1
W2.

Thus λ1W1 = λ2W2. �

2 Main results
Theorem 2.1 Let 1

p + 1
q = 1(p > 1), ρ > 0, m, n ∈ N, λ1λ2 > 0, α,β ∈ R, K(‖x‖m,ρ ,‖y‖n,ρ) =

G(‖x‖λ1
m,ρ/‖y‖λ2

n,ρ)(λ1λ2 > 0) be nonnegative measurable and

W0 = |λ1|
∫ +∞

0
K(t, 1)t– α+m

p +m–1 dt

be convergent. Then
(i) If and only if nλ1–αλ2

p + mλ2–βλ1
q = 0, there exists a constant M > 0 such that

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy ≤ M‖f ‖p,α‖g‖q,β , (5)

where f (x) ∈ Lα
p (Rm

+ ), g(y) ∈ Lβ
q (Rn

+).
(ii) When (5) holds, the best constant factor is

inf M =
W0

|λ1|1/q|λ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

.
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Proof Let nλ1–αλ2
p + mλ2–βλ1

q = c.
(i) Suppose that (5) holds. We prove that c = 0. Consider the case of λ1 > 0, λ2 > 0. If

c > 0, take 0 < ε < c
λ1λ2

and

f (x) =

⎧⎨
⎩

‖x‖(–α–m–λ1ε)/p
m,ρ , ‖x‖m,ρ ≥ 1,

0, 0 < ‖x‖m,ρ < 1,

g(y) =

⎧⎨
⎩

‖y‖(–β–n–λ2ε)/q
n,ρ , ‖y‖n,ρ ≥ 1,

0, 0 < ‖y‖n,ρ < 1.

Then

M‖f ‖p,α‖g‖q,β = M
(∫

‖x‖m,ρ≥1
‖x‖–m–λ1ε

m,ρ dx
)1/p(∫

‖y‖n,ρ≥1
‖y‖–n–λ2ε

n,ρ dy
)1/q

= M
(

�m(1/ρ)
ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

×
(∫ +∞

1
u–1–λ1ε du

)1/p(∫ +∞

1
u–1–λ2ε du

)1/q

=
M

ελ
1/p
1 λ

1/q
2

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

,

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy

=
∫

‖x‖m,ρ≥1
‖x‖(–α–m–λ1ε)/p

m,ρ

(∫
‖y‖m,ρ≥1

K
(‖x‖m,ρ ,‖y‖n,ρ

)‖y‖(–β–n–λ2ε)/q
n,ρ dy

)
dx

=
∫

‖x‖m,ρ≥1
‖x‖– α+m+λ1ε

p
m,ρ

(
�n(1/ρ)

ρn–1�(n/ρ)

∫ +∞

1
K

(‖x‖m,ρ , u
)
u– β+n+λ2ε

q +n–1 du
)

dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫
‖x‖m,ρ≥1

‖x‖– α+m+λ1ε
p

m,ρ

(∫ +∞

1
K

(
1, u‖x‖–λ1/λ2

m,ρ
)
u– β+n+λ2ε

q +n–1 du
)

dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫
‖x‖m,ρ≥1

‖x‖– α+m+λ1ε
p + λ1

λ2
(– β+n+λ2ε

q +n–1)+ λ1
λ2

m,ρ

×
(∫ +∞

‖x‖–λ1/λ2
m,ρ

K(1, t)t– β+n+λ2ε
q +n–1 dt

)
dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫
‖x‖m,ρ≥1

‖x‖–m+ c
λ2

–λ1ε

m,ρ

(∫ +∞

‖x‖–λ1/λ2
m,ρ

K(1, t)t– β+n+λ2ε
q +n–1 dt

)
dx

≥ �n(1/ρ)
ρn–1�(n/ρ)

∫
‖x‖m,ρ≥1

‖x‖–m+ c
λ2

–λ1ε

m,ρ

(∫ +∞

1
K(1, t)t– β+n+λ2ε

q +n–1 dt
)

dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫ +∞

1
K(1, t)t– β+n+λ2ε

q +n–1 dt
∫

‖x‖m,ρ≥1
‖x‖–m+ c

λ2
–λ1ε

m,ρ dx

=
�m+n(1/ρ)

ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

1
K(1, t)t– β+n+λ2ε

q +n–1 dt
∫ +∞

1
u–1+ c

λ2
–λ1ε du.
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It follows that

�m+n(1/ρ)
ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

1
K(1, t)t– β+n+λ2ε

q +n–1 dt
∫ +∞

1
u–1+ c

λ2
–λ1ε du

≤ M
ελ

1/p
1 λ

1/q
2

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

< +∞.

But since 0 < ε < c
λ1λ2

, we have c
λ2

– λ1ε > 0 and
∫ +∞

1 u–1+ c
λ2

–λ1ε du = +∞, which is contra-
dictory, hence c > 0 is not valid.

If c < 0, take 0 < ε < –c
λ1λ2

and

f (x) =

⎧⎨
⎩

‖x‖(–α–m+λ1ε)/p
m,ρ , 0 < ‖x‖m,ρ ≤ 1,

0, ‖x‖m,ρ > 1.

g(y) =

⎧⎨
⎩

‖y‖(–β–n+λ2ε)/q
n,ρ , 0 < ‖y‖n,ρ ≤ 1,

0, ‖y‖n,ρ > 1.

Similarly, we can get

�m+n(1/ρ)
ρm+n–2�(n/ρ)�(m/ρ)

∫ 1

0
K(1, t)t– β+n–λ2ε

q +n–1 dt
∫ 1

0
u–1+ c

λ2
+λ1ε du

≤ M
ελ

1/p
1 λ

1/q
2

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

< +∞.

Since 0 < ε < –c
λ1λ2

, we obtain c
λ2

+ λ1ε < 0 and
∫ 1

0 u–1+ c
λ2

+λ1ε du = +∞, this is still a contra-
diction, hence c < 0 cannot hold.

To sum up, when λ1 > 0, λ2 > 0, we have c = 0, that is, nλ1–αλ2
p + mλ2–βλ1

q = 0.
Moreover, consider the case of λ1 < 0, λ2 < 0. If c > 0, take 0 < ε < c

λ1λ2
and

f (x) =

⎧⎨
⎩

‖x‖(–α–m–λ1ε)/p
m,ρ , 0 < ‖x‖m,ρ ≤ 1,

0, ‖x‖m,ρ > 1,

g(y) =

⎧⎨
⎩

‖y‖(–β–n–λ2ε)/q
n,ρ , 0 < ‖y‖n,ρ ≤ 1,

0, ‖y‖n,ρ > 1.

Then, by calculation,

M‖f ‖p,α‖g‖q,β =
M

ε(–λ1)1/p(–λ2)1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

,
∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy

=
∫

0<‖x‖m,ρ≤1
‖x‖(–α–m–λ1ε)/p

m,ρ

(∫
0<‖y‖n,ρ≤1

K
(‖x‖m,ρ ,‖y‖n,ρ

)‖y‖(–β–n–λ2ε)/q
n,ρ dy

)
dx

=
∫

0<‖x‖m,ρ≤1
‖x‖– α+m+λ1ε

p
m,ρ

(
�n(1/ρ)

ρn–1�(n/ρ)

∫ 1

0
K

(‖x‖m,ρ , u
)
u– β+n+λ2ε

q +n–1 du
)

dx
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=
�n(1/ρ)

ρn–1�(n/ρ)

∫
0<‖x‖m,ρ≤1

‖x‖– α+m+λ1ε
p

m,ρ

(∫ 1

0
K

(
1, u‖x‖–λ1/λ2

m,ρ
)
u– β+n+λ2ε

q +n–1 du
)

dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫
0<‖x‖m,ρ≤1

‖x‖– α+m+λ1ε
p + λ1

λ2
(– β+n+λ2ε

q +n–1)+ λ1
λ2

m,ρ

×
(∫ ‖x‖–λ1/λ2

m,ρ

0
K(1, t)t– β+n+λ2ε

q +n–1 dt
)

dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫
0<‖x‖m,ρ≤1

‖x‖–m+ c
λ2

–λ1ε

m,ρ

(∫ ‖x‖–λ1/λ2
m,ρ

0
K(1, t)t– β+n+λ2ε

q +n–1 dt
)

dx

≥ �n(1/ρ)
ρn–1�(n/ρ)

∫
0<‖x‖m,ρ≤1

‖x‖–m+ c
λ2

–λ1ε

m,ρ

(∫ 1

0
K(1, t)t– β+n+λ2ε

q +n–1 dt
)

dx

=
�n(1/ρ)

ρn–1�(n/ρ)

∫ 1

0
K(1, t)t– β+n+λ2ε

q +n–1 dt
∫

0<‖x‖m,ρ≤1
‖x‖–m+ c

λ2
–λ1ε

m,ρ dx

=
�m+n(1/ρ)

ρm+n–2�(n/ρ)�(m/ρ)

∫ 1

0
K(1, t)t– β+n+λ2ε

q +n–1 dt
∫ 1

0
u–1+ c

λ2
–λ1ε du.

It follows that

�m+n(1/ρ)
ρm+n–2�(n/ρ)�(m/ρ)

∫ 1

0
K(1, t)t– β+n+λ2ε

q +n–1 dt
∫ 1

0
u–1+ c

λ2
–λ1ε du

≤ M
ε(–λ1)1/p(–λ2)1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

< +∞.

Since 0 < ε < c
λ1λ2

and λ1 < 0, then c
λ2

– λ1ε < 0 and
∫ 1

0 u–1+ c
λ2

–λ1ε du = +∞. This is a con-
tradiction, therefore c > 0 cannot hold.

If c < 0, take 0 < ε < –c
λ1λ2

and

f (x) =

⎧⎨
⎩

‖x‖(–α–m+λ1ε)/p
m,ρ , ‖x‖m,ρ ≥ 1,

0, 0 < ‖x‖m,ρ < 1.

g(y) =

⎧⎨
⎩

‖y‖(–β–n+λ2ε)/q
n,ρ , ‖y‖n,ρ ≥ 1,

0, 0 < ‖y‖n,ρ < 1.

Similarly,

�m+n(1/ρ)
ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

1
K(1, t)t– β+n–λ2ε

q +n–1 dt
∫ +∞

1
u–1+ c

λ2
+λ1ε du

≤ M
ε(–λ1)1/p(–λ2)1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

< +∞.

Since 0 < ε < –c
λ1λ2

and λ1 < 0, we have c
λ2

+ λ1ε > 0 and
∫ +∞

1 u–1+ c
λ2

+λ1ε du = +∞. That is
still a contradiction, so c < 0 does not hold either.

To sum up, when λ1 < 0, λ2 < 0, we still have c = 0, that is, nλ1–αλ2
p + mλ2–βλ1

q = 0.
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Conversely, if nλ1–αλ2
p + mλ2–βλ1

q = 0, set a = α+m
pq , b = β+n

pq , it follows from Hölder’s in-
equality and Lemma 1.2 that

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy

=
∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)(‖x‖a
m,ρ

‖y‖b
n,ρ

f (x)
)( ‖y‖b

n,ρ

‖x‖a
m,ρ

g(y)
)

dx dy

≤
(∫

R
n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)‖x‖ap
m,ρ

‖y‖bp
n,ρ

f p(x) dx dy
)1/p

×
(∫

R
n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

) ‖y‖bq
n,ρ

‖x‖aq
m,ρ

gq(y) dx dy
)1/q

=
[∫

R
m
+

‖x‖
α+m

q
m,ρ f p(x)

(∫
R

n
+

‖y‖– β+n
q

n,ρ K
(‖x‖m,ρ ,‖y‖n,ρ

)
dy

)
dx

]1/p

×
[∫

R
n
+

‖y‖
β+n

p
n,ρ gq(y)

(∫
R

m
+

‖x‖– α+m
p

m,ρ K
(‖x‖m,ρ ,‖y‖n,ρ

)
dx

)
dy

]1/q

=
(∫

R
m
+

‖x‖
α+m

q
m,ρ f p(x)ω2(n,β , q, x) dx

)1/p(∫
R

n
+

‖y‖
β+n

p
n,ρ gq(y)ω1(m,α, p, y) dy

)1/q

=
(

�n(1/ρ)
ρn–1�(n/ρ)

)1/p(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q

× W 1/q
1 W 1/p

2

(∫
R

m
+

‖x‖
α+m

q + λ1
λ2

(– β+n
q +n)

m,ρ f p(x) dx
)1/p

×
(∫

R
n
+

‖y‖
β+n

p + λ2
λ1

(– α+m
p +m)

n,ρ gq(y) dy
)1/q

=
(

�n(1/ρ)
ρn–1�(n/ρ)

)1/p(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q

W 1/q
1 W 1/p

2

×
(∫

R
m
+

‖x‖α
m,ρ f p(x) dx

)1/p(∫
R

n
+

‖y‖β
n,ρgq(y) dy

)1/q

=
(

�n(1/ρ)
ρn–1�(n/ρ)

)1/p(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q

W 1/q
1 W 1/p

2 ‖f ‖p,α‖g‖q,β .

Arbitrarily take a constant M satisfying

M ≥
(

�n(1/ρ)
ρn–1�(n/ρ)

)1/p(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q

W 1/q
1 W 1/p

2 ,

then

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy ≤ M‖f ‖p,α‖g‖q,β .

Thus (5) holds.
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(ii) Assume that there is a constant M0 satisfying

M0 <
W0

|λ1|1/q|λ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

(6)

such that, for any f (x) ∈ Lα
p (Rm

+ ), g(y) ∈ Lβ
q (Rn

+), we have

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy ≤ M0‖f ‖p,α‖g‖q,β .

Take sufficiently small ε > 0, δ > 0, and set

f (x) =

⎧⎨
⎩

‖x‖(–α–m–|λ1|ε)/p
m,ρ , ‖x‖m,ρ ≥ δ,

0, 0 < ‖x‖m,ρ < δ.

g(y) =

⎧⎨
⎩

‖y‖(–β–n–|λ2|ε)/q
n,ρ , ‖y‖n,ρ ≥ 1,

0, 0 < ‖y‖n,ρ < 1.

It can be obtained by calculation that

M0‖f ‖p,α‖g‖q,β = M0

(∫
‖x‖m,ρ≥δ

‖x‖–m–|λ1|ε
m,ρ dx

)1/p(∫
‖y‖m,ρ≥1

‖y‖–n–|λ2|ε
n,ρ dy

)1/q

=
M0 · δ–|λ1|ε/p

ε|λ1|1/p|λ2|1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

.

Since nλ1–αλ2
p + mλ2–βλ1

q = 0,

∫
R

n
+

∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x)g(y) dx dy

=
∫

‖y‖n,ρ≥1
‖y‖(–β–n–|λ2|ε)/q

n,ρ

(∫
‖x‖m,ρ≥δ

‖x‖(–α–m–|λ1|ε)/p
m,ρ K

(‖x‖m,ρ ,‖y‖n,ρ
)

dx
)

dy

=
∫

‖y‖n,ρ≥1
‖y‖(–β–n–|λ2|ε)/q

n,ρ

(
�m(1/ρ)

ρm–1�(m/ρ)

∫ +∞

δ

u– α+m+|λ1|ε
p +m–1K

(
u,‖y‖n,ρ

)
du

)
dy

=
�m(1/ρ)

ρm–1�(m/ρ)

∫
‖y‖n,ρ≥1

‖y‖(–β–n–|λ2|ε)/q
n,ρ

×
(∫ +∞

δ

u– α+m+|λ1|ε
p +m–1K

(
u‖y‖–λ2/λ1

n,ρ , 1
)

du
)

dy

=
�m(1/ρ)

ρm–1�(m/ρ)

∫
‖y‖n,ρ≥1

‖y‖– β+n+|λ2|ε
q + λ2

λ1
(– α+m+|λ1|ε

p +m–1)+ λ2
λ1

n,ρ

×
(∫ +∞

δ‖y‖–λ2/λ1
n,ρ

t– α+m+|λ1|ε
p +m–1K(t, 1) dt

)
dy

=
�m(1/ρ)

ρm–1�(m/ρ)

∫
‖y‖n,ρ≥1

‖y‖
–1
λ1

(nλ1+ λ1|λ2|ε
q + |λ1|λ2ε

p )
n,ρ

×
(∫ +∞

δ‖y‖–λ2/λ1
n,p

t– α+m+|λ1|ε
p +m–1K(t, 1) dt

)
dy
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≥ �m(1/ρ)
ρm–1�(m/ρ)

∫
‖y‖n,ρ≥1

‖y‖–n–|λ2|ε
n,ρ

(∫ +∞

δ

t– α+m+|λ1|ε
p +m–1K(t, 1) dt

)
dy

=
�m(1/ρ)

ρm–1�(m/ρ)

∫ +∞

δ

t– α+m+|λ1|ε
p +m–1K(t, 1) dt

∫
‖y‖n,ρ≥1

‖y‖–n–|λ2|ε
n,ρ dy

=
�m+n(1/ρ)

ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

δ

t– α+m+|λ1|ε
p +m–1K(t, 1) dt

∫ +∞

1
u–1–|λ2|ε du

=
�m+n(1/ρ)

ε|λ2|ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

δ

t– α+m+|λ1|ε
p +m–1K(t, 1) dt.

Consequently,

�m+n(1/ρ)
|λ2|ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

δ

t– α+m+|λ1|ε
p +m–1K(t, 1) dt

≤ M0δ
–|λ1|ε/p

|λ1|1/p|λ2|1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

.

Let ε → 0+, and by using the famous Fatou lemma, we obtain

�m+n(1/ρ)
|λ2|ρm+n–2�(n/ρ)�(m/ρ)

∫ +∞

δ

t– α+m
p +m–1K(t, 1) dt

≤ M0

|λ1|1/p|λ2|1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

.

Let again δ → 0+, then

�m+n(1/ρ)W1

|λ2|ρm+n–2�(n/ρ)�(m/ρ)
≤ M0

|λ1|1/p|λ2|1/q

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/p(
�n(1/ρ)

ρn–1�(n/ρ)

)1/q

.

It follows that

W0

|λ1|1/q|λ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

≤ M0.

This contradicts (6). Thus

W0

|λ1|1/q|λ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

is the best constant factor of (5). �

3 Applications in operator theory
Let p > 1, ρ > 0, m, n ∈N, α,β ∈R, K(u, v) be nonnegative measurable. Define

T(f )(y) =
∫
R

m
+

K
(‖x‖m,ρ ,‖y‖n,ρ

)
f (x) dx, f (x) ∈ Lα

p
(
R

m
+
)
. (7)

Then T is a singular integral operator defined on Lα
p (Rm

+ ). Using this operator and accord-
ing to Hilbert type integral operator theory, (5) is equivalent to

∥∥T(f )
∥∥

p,β(1–p) ≤ M‖f ‖p,α ,

so we get the following.
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Theorem 3.1 Under the same conditions as in Theorem 2.1, let the singular integral op-
erator T be defined as in (7). Then

(i) T is a bounded operator from Lα
p (Rm

+ ) to Lβ(1–p)
p (Rn

+) if and only if nλ1–αλ2
p + mλ2–βλ1

q = 0.
(ii) When T is a bounded operator from Lα

p (Rm
+ ) to Lβ(1–p)

p (Rn
+), the operator norm of T is

‖T‖ =
W0

|λ1|1/q|λ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

.

Corollary 3.1 Let 1
p + 1

q = 1(p > 1), ρ > 0, λ > 0, λ1λ2 > 0, m, n ∈ N, α,β ∈ R, 0 < 1
ρλ1

( m
q –

α
p ) < λ. Define a singular integral operator T by

T(f )(y) =
∫
R

m
+

f (x)
[1 + (

∑m
k=1 xρ

k )λ1 /(
∑n

k=1 yρ

k )λ2 ]λ
dx.

Then T : Lα
p (Rm

+ ) → Lβ(1–p)
p (Rn

+) is a bounded operator if and only if nλ1–αλ2
p + mλ2–βλ1

q = 0.
And when T is bounded, its operator norm is

‖T‖ =
1

|λ1|1/q|λ2|1/p B
(

1
ρλ1

(
m
q

–
α

p

)
,λ –

1
ρλ1

(
m
q

–
α

p

))

×
(

�m(1/ρ)
ρm�(m/ρ)

)1/q(
�n(1/ρ)
ρn�(n/ρ)

)1/p

,

where B(u, v) represents the beta function.

Proof First, notice that

1
[1 + (

∑m
k=1 xρ

k )λ1 /(
∑n

k=1 yρ

k )λ2 ]λ
=

1
(1 + ‖x‖ρλ1

m,ρ/‖y‖ρλ2
n,ρ )λ

= G
(‖x‖ρλ1

m,ρ/‖y‖ρλ2
n,ρ

)
= K

(‖x‖m,ρ ,‖y‖n,ρ
)

and

nλ1 – αλ2

p
+

mλ2 – βλ1

q
= 0

is equivalent to

n(ρλ1) – α(ρλ2)
p

+
m(ρλ2) – β(ρλ1)

q
= 0.

Since

W0 = |ρλ1|W1 = |ρλ1|
∫ +∞

0
K(t, 1)t– α+m

p +m–1 dt

= |ρλ1|
∫ +∞

0

1
(1 + tρλ1 )λ

t– α+m
p +m–1 dt =

∫ +∞

0

1
(1 + u)λ

u
1

ρλ1
( m

q – α
p )–1 du

= B
(

1
ρλ1

(
m
q

–
α

p

)
,λ –

1
ρλ1

(
m
q

–
α

p

))
,
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we have

W0

|ρλ1|1/q|ρλ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

=
1

ρ|λ1|1/q|λ2|1/p B
(

1
ρλ1

(
m
q

–
α

p

)
,λ –

1
ρλ1

(
m
q

–
α

p

))

×
(

�m(1/ρ)
ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

=
1

|λ1|1/q|λ2|1/p B
(

1
ρλ1

(
m
q

–
α

p

)
,λ –

1
ρλ1

(
m
q

–
α

p

))

×
(

�m(1/ρ)
ρm�(m/ρ)

)1/q(
�n(1/ρ)
ρn�(n/ρ)

)1/p

.

According to Theorem 3.1, Corollary 3.1 holds. �

Corollary 3.2 Let 1
p + 1

q = 1(p > 1), ρ > 0, λ1 > 0, λ2 > 0, m, n ∈ N, α,β ∈ R, –λ1 < m
q – α

p <
λ1. Define a singular integral operator T by

T(f )(y) =
∫
R

m
+

min{1,‖x‖λ1
m,ρ/‖y‖λ2

n,ρ}
max{1,‖x‖λ1

m,ρ/‖y‖λ2
n,ρ}

f (x) dx, f (x) ∈ Lα
p
(
R

m
+
)
.

Then T : Lα
p (Rm

+ ) → Lβ(1–p)
p (Rn

+) is a bounded operator if and only if nλ1–αλ2
p + mλ2–βλ1

q = 0,
and when T is bounded, its operator norm is

‖T‖ =
2λ2

1

λ
1/q
1 λ

1/p
2 (λ1 + m

q – α
p )(λ1 – m

q + α
p )

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

.

Proof Since –λ1 < m
q – α

p < λ1, then m
q – α

p + λ1 > 0 and m
q – α

p – λ1 < 0, therefore

W0 = λ1

∫ +∞

0
K(t, 1)t– α+m

p +m–1 dt

= λ1

∫ +∞

0

min{1, tλ1}
max{1, tλ1} t

m
q – α

p –1 dt

= λ1

∫ 1

0
t

m
q – α

p +λ1–1 dt + λ1

∫ +∞

1
t

m
q – α

p –λ1–1 dt

=
λ1

m
q – α

p + λ1
–

λ1
m
q – α

p – λ1
=

–2λ2
1

( m
q – α

p + λ1)( m
q – α

p – λ1)
.

It follows that

W0

|λ1|1/q|λ2|1/p

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

=
2λ2

1

λ
1/q
1 λ

1/p
2 (λ1 + m

q – α
p )(λ1 – m

q + α
p )

(
�m(1/ρ)

ρm–1�(m/ρ)

)1/q(
�n(1/ρ)

ρn–1�(n/ρ)

)1/p

.

According to Theorem 3.1, Corollary 3.2 holds. �
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18. Krnić, M., Vuković, P.: A class of Hilbert-type inequalities obtained via the improved Young inequality. Results Math. 71,

185–196 (2017)
19. Brevig, O.F.: Sharp norm estimates for composition operators and Hilbert-type inequalities. Bull. Lond. Math. Soc.

49(6), 965–978 (2017)
20. Tserendorj, B., Vandanjav, A., Azar, L.E.: A new discrete Hilbert-type inequality involving partial sums. J. Inequal. Appl.

2019 (2019) 127
21. Fichtingoloz, G.M.: A Course in Differential and Integral Calculus. People’s Education Press, Beijing (1957) (in Chinese)


	Conditions for the validity of a class of optimal Hilbert type multiple integral inequalities with nonhomogeneous kernels
	Abstract
	MSC
	Keywords

	Introduction and preparatory knowledge
	Main results
	Applications in operator theory
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


