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1 Introduction
The mean inequalities arise in various contexts and attract many mathematicians by their
developments and applications. It has been proved throughout the literature that the mean

theory is useful in a theoretical point of view as well as in practical purposes.

1.1 Standard weighted means

As usual, we understand by (binary) mean a map m between two positive numbers such
that min(a,b) < m(a,b) < max(a,b) for any a,b > 0. Continuous (symmetric/homoge-
neous) means are defined in the habitual way. If m is a mean, then we define its dual by
m*(a, b) = (m(a~1,b71))"L. It is easy to see that if m is continuous,(resp. symmetric, homo-
geneous), then so is m*. Of course, m™* = m for any mean m. The means (a, b) —> min(a, b)
and (a, b) —> max(a, b) are called trivial means. A mean m is called strict if m(a, b) = a im-
plies a = b. The trivial means are not strict.

Among the standard means, we recall the arithmetic mean aVb = %, the geometric
mean afib = «/ab, the harmonic mean a'b = %, the logarithmic mean L(a, b) = logg%fogﬂ
with L(a,a) = a, and the identric mean I(a, b) = e~ (b/a®)"*-9) with I(a,a) = a. It is easy
to see that H* = A and G* = G, where H, A, and G stand for harmonic, arithmetic, and
geometric mean, respectively. The explicit expressions of L* and I* can be easily deduced
from those of L and I, respectively. All these means are strict. The following chain of in-
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equalities is well known in the literature (e.g. [2, Corollary 13 in Sect. 5 of Chapter II]):
a'b <I*(a,b) < L*(a,b) < atth < L(a,b) <I(a,b) < aVb. (1.1)

Let m, be a binary map indexed by v € [0, 1]. We say that m, is a weighted mean if the
following assertions are satisfied:

(i) m, is a mean for any v € [0, 1];
(ii) m1/2 := m is a symmetric mean;

(iii) my(a,b) =mi_,(b,a) for any a,b >0 and v € [0,1].

It is obvious that (iii) implies (ii). The mean m := m;; is called the associated symmetric
mean of m,. It is not hard to check that if m1, is a weighted mean then so is nz}.

The standard weighted means are recalled in the following. The weighted arithmetic
mean aV,b = (1 - v)a + vb, the weighted geometric mean afi,b = a'~"b", and the weighted
harmonic mean a!,b = (1 - v)a™! + vb~1)71. For v = 1/2, they coincide with aVb, ab, and
alb, respectively. These weighted means satisfy

al,b <at,b<aV,b (1.2)
for any a,b > 0 and v € [0, 1]. These weighted means are all strict provided v € (0, 1).
1.2 Two weighted means

Recently, Pal et al. [6] introduced a class of operator monotone functions from which they
deduced other weighted means, namely the weighted logarithmic mean defined by

1 1-v v
L,(a,b) = -a"'b") + ——(a'"b" - b 1.3
(@) loga—logb( v (a N )+1—v(a )> (1.3)
and the weighted identric mean given by
vb
1 1-20)@Wb) [ h1-v b-a
]V(a’b) = —(ﬂvvb) v(1-v)(b-a) ( = ) . (14)
e a2

One has Ly(a, b) := lim, o L,(a, b) = a and Li(a, b) := lim,4 L,(a, b) = b, with similar equal-
ities for I(a, b). One can see that L, and I, satisfy conditions (i),(ii), and (iii). For v = 1/2,
they coincide with L(a, b) and I(a, b), respectively.

It has been shown in [6, Theorem 2.4, Theorem 3.1] that the inequalities

afi,b < L,(a,b) < (at,b)V(aV,b) < aV,b (1.5)
and
att,b <I,(a,b) <aV,b (1.6)
hold for any a,b > 0 and v € [0, 1].
Otherwise, Furuichi and Minculete [3] gave a systematic study from which they ob-

tained a lot of mean inequalities involving L,(a, b) and I,(a, b). Some of their inequalities
are refinements and reverses of (1.5) and (1.6).
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The outline of this paper is organized as follows: In Sect. 2 we give simple forms for
L,(a,b) and I,(a, b), and mean inequalities are obtained in a fast and nice way. We also
deduce two other weighted means from L, (a, b) and I,(a, b). Section 3 is devoted to inves-
tigating a general approach in service of weighted means. We then obtain more weighted
means in another point of view. Section 4 displays the operator version of the previous
weighted means as well as their related inequalities. In Sect. 5 we recall the standard power
means known in the literature, and we use, in Sect. 6, our approach for obtaining some
new weighted means associated with the previous power means.

2 Another point of view for defining L, (a, b) and /,(a, b)

We preserve the same notations as in the previous section. The expressions (1.3) and spe-
cially (1.4) seem to be hard in computational context. We will see that we can rewrite them
in other forms having convex characters.

2.1 Simple forms of L,(a, b) and I, (a, b)
The key idea of this section turns out to be the following result.

Theorem 2.1 Foranya,b>0andv € [0,1], we have
Lv(a’ b) = (1 - V)L(aﬁvbr d) + VL(aﬂvb7 b) =: L(dﬁvb’ d)VVL(dﬁvb, b)r (21)
L(a,b) = (IaV,b,a)) ™" (1aV,b, b))’ =: I(aV,b,a)t,I(aV,b,b). (2.2)

Proof Starting from the middle expression of (2.1) and using the definition of L(a, ) and
atl,b, we get the desired result after simple algebraic manipulations as follows:

1—v) a™'b’ —a N al™b’ —b
logal="b" —loga logal=b" —logb
~ a™'b —a al™b’ —b

= +
5 loga+ {5 logh  “llogh+ ¥ loga
1- _ 1—vbv 1—vbv -b
S r—(Z = L(a,b).
v \loga—logh 1-v\loga-logh

In a similar way we get (2.2) as

1-v v

1-v v 1 a* T b-a) bt aT=G-a
1(aV,b, 1avV,b,b) =~ ———— v
( (a 61)) ( (a )) e ((dvvb)”v"b) ((avvh)“vvb>

1V,

Yo e

1- — =

l((Wvb)“v”b) a0 <b - > ‘
e av

v,

a v

1 (1-20)(aVyb) [ T =
_(avvb) v(1-v)(b-a) T = Iv(ﬂ’ b), 0
e

In what follows we will see that inequalities (1.5) and (1.6) can be immediately deduced
from (2.1) and (2.2), respectively. In fact we will prove more.

Theorem 2.2 Let a,b >0 and v € [0,1]. Then we have

aflyb < (aty b)Vi(at 1 b) < L(a,b) < (atb)V(aV,b) < aV,b, (2.3)
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alyb < (aV,b)i(at,b) < I,(a,b) < (aVyb)t,(aViwb) < aV,b. (2.4)

Proof The two right inequalities of (2.3) are those of (1.5). We will prove them again by
using (2.1). Indeed, (2.1) with the help of (1.1), and then (1.2) yields

L,(a,b) < (1 -v)(atl,b)Va + v(at,b)Vb = (al,b)V(aV,b) < aV,b.

We now prove the two left inequalities of (2.3). Again, (2.1) with (1.1) and then (1.2) implies
that
Ly(a,b) = (1 -v)(at.b)ta + v(at,b)th = (1 - v)atyb + vati. b

= (at,b)*(VaV,V/b) = (at,b)"*(Vat,V/b) = ab.
We left to the reader the routine task to prove (2.4) in a similar manner. O

Remark 2.3
(i) From (2.1) and (2.2) we immediately see that L,(a,b) = L1_,(b,a) and
I,(a,b) =1_,(b,a) forany a,b >0and v € [0, 1].
(ii) From (2.1) and (2.2), it is immediate to see that L,(a, b) and I,(a, b) are binary
means in the sense that they satisfy the conditions itemized in [6].
(iii) Inequalities (2.3) and (2.4) give alternative simple proofs for [3, Corollary 2.2] and
[3, Corollary 2.3], respectively.

In order to emphasize even more the importance of (2.1) and (2.2), we present below
more results. These results investigate some inequalities refining the right inequalities in
(2.3) and (2.4). We need the following lemma.

Lemma 2.4 Let a > 0 be fixed. Then the real functions x — L(a,x) and x —> I(x,a) are

(strictly) concave for x > 0.
Proof 1t is a simple exercise of real analysis. O

Theorem 2.5 Forany a,b>0andv € [0,1], we have

L,(a,b) < L(atl,b,aV,b) < I(att,b,aV,b) < (al,b)V(aV,b), (2.5)
atyb < (aV,(atb))t,((atb)V,b) < I,(a,b). (2.6)

Proof We prove the first inequality in (2.5). Since the map x —> L(afl,b, x) is concave for
x>0, then (2.1) yields

L,(a,b) < L(aﬁvb, 1-v)a+ Vb) = L(atl,b,aV,b).

The second and third inequalities of (2.5) follow from (1.1).
To prove the second inequality of (2.6), we write by using the previous lemma

I(aV,b,a) = I((l —V)a + vb, a) > (1-v)(a,a)+VvI(b,a) = (1 -v)a +vi(a,b).
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This, with the fact that I(a, b) > atlb, implies that I(aV, b, a) > aV,(atb). Similarly, we show
that I(aV,b, b) > (afib)V,b. This, with (2.2), yields the second inequality of (2.6). To prove
the first inequality of (2.6), we write

(ﬂvv(aﬁb))ﬁv((aﬁb)vvb) = (ﬂﬁv(ﬂnb))ﬁv((ﬂﬁb)ﬁvb) =afl,b
after a simple computation. The proof is finished. O

2.2 Two other weighted means
A natural question arises from the previous subsection: do we have a weighted mean
M, (a, b) such that

M,(a,b) = M(att,b,a)\,M(at,b, b)? (2.7)
We can also put the following question: do we have a weighted mean P, (a, b) such that
P(a,b) = P(a!,b,a)d,P(a!,b, b)? (2.8)

In what follows we will answer the two preceding questions. Recall that L* denotes the
dual of the logarithmic mean L, and L} is the dual of the weighted logarithmic mean L,, as
previously defined. Similar sentence for I* and I’}. We will establish the following result.

Theorem 2.6 Forany a,b>0andv € [0,1], we have

Lt(ar b) = L*(dﬁvbr a)!VL*(aﬁvby b)’ (2'9)

I’(a,b) = I"(al\,b,a)t,I" (al,b, b). (2.10)

1

Proof We can of course assume that v € (0,1). If in (2.1) we replace a and b with a~ and

b1, respectively, then we get
L(a b7 )= -vL(a b a™ ') +vLi(a 8,67, b7Y).

Taking the inverses side by side and using the definition of the weighted harmonic mean,
we infer that

(L@ ™) = (L@t b a ) L (L(a b b)) (2.11)

Now, let us set

-1

M(at,b,a) = (L(a '8,b™",a7")) (2.12)

If v € (0,1) is fixed, for any a > 0 and x > 0, it is easy to see that there exists a unique b > 0
such that aff,b = x. This means that M is well defined by (2.12). Further, if we remark that

att,b = x implies x™' = a7',,b7!, then (2.12) becomes

M(x,a) = (L(x’l,a’l))_1 = L*(x,aq).
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It follows that M is the dual of the logarithmic mean L. Following (2.11) and (2.7), the
associated weighted mean M, of M is such that

M, (a,b) = (L‘,(a_l,b_l))_1

:=L%a,b)
i.e. M,(a, b) is the dual of the weighted logarithmic mean L,. We left to the reader the task

to prove (2.10) in a similar manner. O

Remark 2.7 After this, let us observe the following question: is L, the unique weighted
mean satisfying (2.1)? In the next section, we answer this question via a general point of

view. A similar question can be put for (2.2), (2.9), and (2.10).

3 Weighted means in a general point of view
As already pointed before, we investigate here a study that shows how to construct some

weighted means in a general point of view.

3.1 Position of the problem

Leta,b>0and v € [0,1]. Let p, and g, be two weighted means. We write ap,b := p,(a, b)

and aq,b := q,(a, b) for the sake of simplicity. As previously, p := p1» and g := 172, and we

write apb := p(a, b) and aqgb = q(a, b). To fix the idea, and for the first time, we can choose

py and g, among the three standard weighted means i.e. ap,b,aq,b € {aV,b,atl,b, al,b}.
Our general problem reads as follows: do we have a weighted mean M, (a, b) such that

M,(a,b) = M(ap,b,a)q,M(ap,b, b)? (3.1)

To answer this question, it is in fact enough to justify that there exists one and only one

(symmetric) mean M such that
M(a,b) = M(apb, a)gM(apb, b). (3.2)

Indeed, p,(a, b) and gq,(a, b) are given. Once the (symmetric) mean M is found, we obtain
M, (a, b) by substituting M(a, b) in (3.1).

Note that if ap,b,aq,b € {aV,b,atl,b,a!, b}, then we have nine cases. Theorem 2.1 an-
swers the previous question for (p,,q,) = (4,, V,) and (p,, q,) = (V,, t1,), while Theorem 2.6
answers the question for (p,,q,) = (8,1,) and (p,,q,) = (\,, ;).

Our aim here is to answer the previous question in its general form. We need to re-
call some notions and results as background material that we will summarize in the next

subsection.

3.2 Stable and stabilizable means
We recall here in short the concept of stable and stabilizable means introduced in [7, 8, 10].
Let m;, my, and m3 be three given symmetric means. For all 4,5 > 0, the resultant mean

map of my, my, and ms is defined by [7]

R(my, ma, m3)(a, b) = my (ma(a, ms(a, b)), my(ms(a, b),b)).
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A symmetric mean m is called stable if R(m, m, m) = m and stabilizable if there exist two
nontrivial stable means m; and m; such that R(my, m, my) = m. We then say that m is
(m1, my)-stabilizable. If m is stable, then so is m*, and if m is (m1, m,)-stabilizable, then
m* is (m], m})-stabilizable. The tensor product of #1; and m1, is the map, denoted m; @ m,,
defined by

Va,b,c,d >0 my @ my(a,b,c,d) = my(my(a,b), my(c,d)).

A symmetric mean m is called cross mean if the map m®? := m ® m is symmetric in its four
variables. Every cross mean is stable, see [7], and the converse is still an open problem.

It is worth mentioning that the operator version of the previous concepts as well as their
related results has been investigated in a detailed manner in [11]. It has been proved there
that every cross operator mean is stable but the converse does not in general hold provided
that the Hilbert operator space is of dimension greater than 2.

The following results will be needed later, see [7, 8, 10].

Theorem 3.1
(i) The arithmetic, geometric, and harmonic means are cross means, and so they are
stable.
(i) The logarithmic mean L is (!, V)-stabilizable and (V,1)-stabilizable, while the
identric mean I is (8, V)-stabilizable.
(iii) The mean L* is (V,)-stabilizable and (!, 8)-stabilizable, while I* is (8,')-stabilizable.

For more examples and properties about stable and stabilizable means, we can consult
[7,8,10, 11]. See also Sect. 5.

Theorem 3.2 Let my and my be two symmetric means such that my, < my (resp. my <
my). Assume that m; is a strict cross mean. Then there exists one and only one (my, my)-
stabilizable mean m such that m; < m < my (resp. my < m < my).

3.3 The main result
Now, we are in the position to answer our previous question as recited in the following

result.

Theorem 3.3 Let a,b >0 and v € [0,1]. Let p, and q, be two weighted means such that
P :=pip and q := q1o are stable. Assume that q is a strict cross mean. Then there exists
one and only one weighted mean M, (a, b) such that (3.1) holds. Further, M := My, is the
unique (q, p)-stabilizable mean.

Proof As already pointed before, it is enough to consider (3.2). Following the previous
subsection, (3.2) can be written as

M =R(q, M, p).
This means that M is (g, p)-stabilizable. According to Theorem 3.2, such M exists and is

unique. Since p, and g, are given, we then deduce the existence and uniqueness of M,
satisfying (3.1). The proof is finished. O
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Following Theorem 3.1, the symmetric means aVb, ath, a'b are cross means, and so they

are stable. From the preceding theorem we immediately deduce the following corollary.

Corollary 3.4 If p,,q, € {V,,t,,1,}, then we have the same conclusion as in the previous

theorem.

The condition p,,q, € {V,,,,!,} includes exactly nine cases. The following examples

discuss these cases in detail.

Example 3.5
(i) Assume that (p,,q,) = (8,, Vy). Theorem 3.3 implies that M is the unique

(V, f1)-stabilizable mean, and so Theorem 3.1 gives M = L. The related weighted
mean is the weighted logarithmic mean L, given by (2.1).

(i) Assume that (p,,qy) = (V,,1,). In a similar way as previously, M = I and M, =1, is
given by (2.2).

(iii) Similarly, if (py,q,) = (8, 1), then M = L* and M, is given by (2.9). If (p,, q,) = (I, ),
then M = I'* and M, is given by (2.10).

Example 3.6 For the three cases p, = q, € {V,,1,,,}, it is not hard to check that M, = p, =
qv, and so M = p = q. We can show this separately for every case by checking (3.1) or use
Theorem 3.3 when combined with Theorem 3.1. The details are immediate and therefore

omitted here for the reader.

We have two cases left to see, namely (p,,q,) = (V,,1,) and (p,, qv) = (1, V,), which we

discuss in the two following examples, respectively.

Example 3.7 Assume that (p,,q,) = (V,,!,). Following Theorem 3.3, M is the unique (!, V)-
stabilizable mean and by Theorem 3.1 one has M = L. The related weighted mean M, is
given by

M,(a,b) = L(aV,b,a),L(aV,b,D). (3.3)

By construction, we have M = L the logarithmic mean. From (3.3) we can check again that
M := My, = L. In other words, the weighted mean M,(a, b) defined by (3.3) is a second
weighted logarithmic mean which we denote by L,. Its explicit form is given by

b-a

Ly(a,b) =

5 L,(a,a) = a.

v(1-v)

log(aV,b) + 1 logb - 1—;" loga’
Example 3.8 Assume that (py,q,) = (1, V). In a similar way as previously, we show that

the associated mean M is here given by M = L* the dual logarithmic mean. The associated

weighted mean M, is defined by

M,(a,b) = L*(aV,b,a)\,L*(aV,b,b).
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Table 1 The weighted means M, constructed by p, and g,

p\gy Vv 8l

\ vy Iy v
v Ly v Lt
I, Ly 0 Iy

Also, from this latter relation we can verify that M := My, = L* and M, = L}, with
L(a,a) = a and

Lia,b) = (L (a" b))

1 1-2 1-
< Y log(1/aV,1/b) — % logh + Tv loga)

T 1Ub—1/a\v(1-v)
ab [ 1-2v v 1-v

=— log(1/aV,1/b)™ + —— logh — ——1
b—a(v(l—v) og(1/aV,1/b) + 1, log ” 0ga>
ab 1-2v v 1-v

=— 1 ,b)+ —logh— ——1 .
b—a(v(l—v) ogla )+1—v °8 v 0ga>

The previous examples are summarized in Table 1.

4 Operator version

The operator version of the previous weighted means as well as their related operator
inequalities have been also discussed in [6]. By using their approach for operator mono-
tone functions and referring to the Kubo—Ando theory [5], they studied the analogues
of L,(a,b) and I,(a, b) when the positive real numbers a and b are replaced with positive
invertible operators.

Here, and with (2.1) and (2.2), we do not need any more tools for giving in an explicit
setting the operator versions of L,(a,b) and I,(a, b). Before exploring this, let us recall a
few basic notions about operator means.

Let H be a complex Hilbert space, and let 3(H) be the C*-algebra of bounded linear
operators acting on H. The notation B3*(H) refers to the open cone of all (self-adjoint)
positive invertible operators in B(H). As usual, the notation A < B means that A, B € B(H)
are self-adjoint and B—A is positive semi-definite. A real-valued function f on a nonempty
J of R is said to be operator monotone if and only if A < B implies f(A) < f(B) for self-
adjoint operators A and B whose spectral o (4),0(B) CJ. As usual, f(A) is defined by the
techniques of functional calculus. For further details about operator monotone functions,
we can consult [1, 4, 12, 13] and the related references cited therein. Some examples of
operator monotone functions are considered in what follows.

Following the Kubo—Ando theory [5], there exists a unique one-to-one correspondence
between operator means and operator monotone functions. More precisely, an operator
mean m in the Kubo—Ando sense is such that

AmB =A"*f,,(A7V?BATV) A2, £,(1) =1 (4.1)
for some positive monotone increasing function f,,, on (0, 00). The function f,, in (4.1) is

called the representing function of the operator mean m. An operator mean in the Kubo-
Ando sense is called operator monotone mean.
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Let A,B € B**(H) and v € [0, 1]. As standard examples of operator monotone means,
the following

AV,B=(1-v)A +vB,Af,B = AV* (A7 2BA™1?) A2,

ALB=((1-vA"+vB )™
are known in the literature as the weighted arithmetic mean, the weighted geometric
mean, and the weighted harmonic mean of A and B, respectively. If v = 1/2, they are sim-

ply denoted by AV B, AtiB, and A!B, respectively. The previous operator means satisfy the
following double inequality:

AlB < At,B < AV,B. (4.2)

The weighted logarithmic mean and the weighted identric mean of A and B can be, re-

spectively, defined through:
L,(A,B) = A"?F; (A7'?BA™?)A', Fp,(x) = L,(1,%), (4.3)
I,(A,B) = AVF; (A7*BAT'?) A, F, (%) = L(1,x). (4.4)

For v = 1/2, they are simply denoted by L(A, B) and I(A, B), respectively. From (1.1), with

the help of (4.1), we can immediately see that the chain of inequalities
AB<A#B<L(A,B)<I(A,B) <AVB (4.5)

is also valid for any A, B € B**(H) and v € [0, 1].
For the sake of information, the logarithmic mean L(A, B) previously defined can be also

alternatively given by one of the following integral forms:

1 1 -1
L(A,B) = /0 Ajthdt:< /0 (AVtB)ldt> )

It is worth mentioning that (4.3) and (4.4) define L,(A, B) and I,(A, B) just in the theo-
retical context. To give the explicit forms of L,(A, B) and I,(4, B), analogues to those of
(1.3) and (1.4), by using (4.3) and (4.4), appears to be not obvious and no result reaching
from this way. However, according to Theorem 2.1 with (4.1), we immediately deduce the

following.

Theorem 4.1 Forany A,B € B**(H) and v € [0, 1], we have

LV(A!B) = L(AﬁvBtA)VVL(AﬁVBrB)) (46)

I,(A,B) =I1(AV,B,A)4,I(AV,B, B). (4.7)

Since all the involved operators in (4.6) and (4.7) are operator means in the sense of (4.1),

then by Theorem 2.2 we immediately deduce the following result as well.
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Theorem 4.2 Let A,B € B**(H) and v € [0,1]. Then we have

AfB < (Afly B)V,(Af1 B) < Ly(A, B) < (A1,B)V(AV,B) < AV, B, (4.8)
AfB < (AV,B)(A,B) < I,(A, B) < (AVyB)t,(AV1y B) < AV,B. (4.9)

Remark 4.3 The operator inequalities (4.8) and (4.9) recover Theorem 2.4 and Theo-
rem 3.2 of [6], respectively.

By the same arguments as previous, the operator version of Theorem 2.5 is immediately

given in the following statement.

Theorem 4.4 Forany A,B € B**(H) and v € [0, 1], we have

L,(A,B) < L(A#,B,AV,B) < 1(A4,B,AV,B) < (Al,B)V(AV,B), (4.10)

At B < (AV,(AtB))t,((A£B)V,B) < L,(A, B). (4.11)

5 Power symmetric means
This section deals with some weighted means for power symmetric means in one or two
parameters. Let 4,b > 0 and p, g be two real numbers. We recall the following:

e The power binomial mean defined by

P 1/p
a +bp) . (5.1)

B,(a,b) = ( 5

This includes the particular cases Bi(a,b) = aVb, By(a,b) := lim,_.oBy,(a,b) = affb and
B_i(a,b) = alb. Note that By 5(a, b) = (aVb)V(atb).
e The power logarithmic mean defined by

ap+1 _ bp+1

1/p
m) » Lp((l, ﬂ) =da. (5.2)

Ly(a,b):=L, = (
We have L_y(a,b) = atth, L_i(a,b) = L(a,b), Lo(a, b) = I(a,b), Li(a,b) = aVb.

e The power difference mean given by

p ap+1 _bp+1

D,(a,b):=D, = ——
D@ b)i=Dy =

, D,(a,a) = a. (5.3)
In particular, D_5(a, b) = alb, D_1(a,b) = L*(a,b), D_1,2(a, b) = atib, Dy(a,b) = L(a, b), and
Di(a,b) =aVbh.

e The power exponential mean defined as

1 a1 —bPlogh
L(a,b):=1,= exp(—}—? + %), I,(a,a) = a. (5.4)

As special cases, I_1(a,b) = I*(a, b), Iy(a, b) = atth, and I,(a, b) = I(a, b).
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e The second power logarithmic mean defined through

1 b-a?

1/p
- = ), L(a,a) = a. 5.5
plogb—loga) p(@,a) =a (5:5)

Ly(ab):=L,= (

In particular, £_;(a,b) = L*(a, b), Lo(a, b) = afib, and L,(a, b) = L(a, b).
e The previous power means are included in the so-called Stolarsky mean S, ;

/(q-p)
pbt—at\'
Spq = Spqla, b) = <5 o , Spqla,a) = a, (5.6)
in the sense that

Bp = Op2ps Lp = Sl,p+1) Dp = Sp,p+1,

(5.7)
I,=5,,:=1imS,, L =Sop.
q—p

All the previous power means are symmetric in @ and b. Also, remark that S, ; is symmetric
in p and g. Otherwise, the power binomial mean B, is stable for any p € R and the following
result holds, see [9].

Theorem 5.1 For any p,q € R, the Stolarsky mean S, is (B;_p, B,)-stabilizable.

The previous theorem, when combined with (5.7) and a simple argument of continuity,
immediately implies the following, see also [7].

Corollary 5.2 For all real number p, the following assertions hold:
(i) The power mean L, is (Bp, V)-stabilizable, while D, is (V, B,)-stabilizable.
(i) The power mean I, is (8, B,)-stabilizable, while L, is (B, ti)-stabilizable.

Now, let us observe the following remark which is of interest.

Remark 5.3 Since S,, = S;,, we can also say that S, is (B,_;,B,)-stabilizable. This,
with (5.7), implies also that L, is (B_,, B,.1)-stabilizable, D, is (!, B,.1)-stabilizable, £, is
(B_p, B,)-stabilizable, and no news for I,. Obviously, (i) and (ii) of Corollary 5.2 are simpler
than these latter statements.

6 Some new weighted power means
In this section we investigate the weighted means of the previous power means. The
weighted power binomial mean can be immediately given by

Bp(a,b) = (1-v)a’ +vi")"",  Boy(a,b) =at,b.

This, with the results presented in the preceding section, will allow us to construct some
new weighted power means. Recall that 1, is called weighted mean if it satisfies the con-
ditions: m, is a mean for any v € [0,1], m := my, is a symmetric mean, and m,(a,b) =
mi_y(b,a) for any a,b > 0 and v € [0, 1]. We then say that m, is a m-weighted mean and m
is the symmetric mean of m,. It is obvious that for any weighted mean m, its associated
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symmetric mean m := my; is unique. However, for a given symmetric mean m, we can
have two m-weighted means m, and [, i.e. my; = [/ = m. For more explanation about
this latter situation, see the examples below.

In a general context, we have the following result.

Theorem 6.1 Let m and [ be two stable means, and let M be (I, m)-stabilizable. Let m,
and l, be the m-weighted mean and the [-weighted mean, respectively. Then the following

M, (a,b) = R(l,, M, m,)(a, b) = M(am,b, a)l,M(am,b, b) (6.1)
is a M-weighted mean.

Proof 1t is straightforward. The details are simple and therefore omitted here for the
reader. U

Applying the previous simple result to the preceding power means, we immediately ob-
tain their associated weighted power means. We present these in the following examples.
We begin by the S, ;-weighted mean, and we then deduce the other weighted power means

as particular cases.

Example 6.2 By Theorem 5.1, S, is (B;_p,B,)-stabilizable. By Theorem 6.1, an S, -
weighted mean is given by

Spaiv(@ b) = By_piy(Spq(Bpiw(a, b), ), Sy (Bpw(a, b), b)). (6.2)

Utilizing (5.6) with (5.1), the explicit form of S, 4, (a, b) is given by (for a # b)

1

al-Bl, pbi- BZ;V) =7
+v—
a’-B,, qb’-By,

Sy, b) = ((1 - V)’;

pl-val-Bl, p v b1-Bj, =
= —_ +_
q v a?-b? ql-vDbl-a?

1
p 1 1-v v =7
= ( (— (BZ;V — dq) + 1— (bq — BZ:"))) )

c_sz—ap v -V

provided thatp #0, g #0, p # q, where we write B,,, := By, (a, b) for simplifying the writing.
The three cases p =0, g = 0, and p = g will be presented later.

Example 6.3 Since S,, is also (B,_;,B,)-stabilizable, see Remark 5.3, another S,,-
weighted mean is given by

Spaiv(@ b) = By_g (Sp,q (Bq;v (a,b), “)' Spa (Bq:v(“’ b),b ))’

or, in an explicit form, if p #0, g #0, p #q, and a # b,

qg 1 1-v % =i
Sp,q;v(ﬂyb) = <; bq _gq <T(st" —(,lp) + 1 ~ V(bp _BII;;V))) .
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Example 6.4
(i) By Corollary 5.2, L, is (Bp, V)-stabilizable. By Theorem 6.1, the L,-weighted mean is
given by

Lyy(a,b) = By, (Ly(aV,b,a),L,(aV,b,b)).

By (5.1), (5.2), and (5.6), or just using the relation L, = S} 5,1 with (6.2), we obtain the
explicit form of L,

Ly, (a,b)

1/p

_ 1 1-v a oy Y .
_((p+1)(b—a)( » ((ﬂva)p al )+1_V(bp (aVyb)p )))

(ii) Similarly, since D,, is (V, B,)-stabilizable, we then deduce that the D,-weighted

mean is given by
Dp;v(ar b) = Dp (Bp;v(ar b): a) vap (Bp;v((lr b); b)r

or in an explicit form, with B,,, := By, (a, b),

_ b 1 I-v +1 +1 v +1 +1
Din(a’b)_p_l_lb}g_ap( v (Bﬁ;v —a’ )+1—(bp _Bﬁ;v)>‘

4

Example 6.5 By similar arguments as in the previous examples, we obtain:
(i) The £,-weighted mean is defined by

Lp(a,b) = By (L,(aVyb,a), £,(aV,b, b)),

or in an explicit form

=

1-v v -
Lyy(a,b) = <bp ‘f p (T(IOng;v —loga) + :(IOgb - 10ng;v)>> .

(ii) The I,-weighted mean is given by
Ip;v(“: b) = Ip (Bp;v(ﬂy b), a)ﬁvlp (Bp;v(ﬂ: b), b)

We left to the reader the task of giving the explicit form of this latter weighted power mean.
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