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1 Introduction
Throughout this paper, let H be a real Hilbert space and C be a nonempty closed convex
subset of H with the inner product (-,-) and norm || - ||. Let T : C — C be a mapping. Then
T is called nonexpansive if | Tx — Ty| < ||x — y||, for all x, y € C. We denote by F(T) the set
of fixed points of T, that is, F(T) = {x € C: Tx = x}. It is well known that F(T) is closed
convex and also nonempty.

Let B: H — H be a mapping and M : H — 2 be a multi-valued mapping. The varia-
tional inclusion problem is to find x € H such that

0 € Bx + Mx, (1)

where 0 is the zero vector in H. The set of solutions of (1) is denoted by VI(H,B, M).
This problem has received much attention due to its applications in large variety of prob-
lems arising in convex programming, variational inequalities, split feasibility problems,
and minimization problems. To be more precise, some concrete problems in machine
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learning, image processing, and linear inverse problems can be modeled mathematically
by this formulation.

The variational inequality problem (VIP) is to find a point u# € C such that
(Au,v—u) >0, VveC. (2)

The set of solutions of the variational inequality problem is denoted by VI(C,A). This
problem is an important tool in economics, engineering and mathematics. It includes, as
special cases, many problems of nonlinear analysis such as optimization, optimal control
problems, saddle point problems and mathematical programming; see, for example, [1-4].

It is well known that one of the most popular methods for solving the problem (VIP)
is the extragradient method proposed by Korpelevich [5]. The extragradient method is
needed to calculate two projections onto the feasible set C in each iteration. So, in the
case that the set C is not simple to project on to it, as analyzed in some remarks of the
authors in [6], when the subset is a closed expression as in the case of a ball or a half-
space, the projection onto the feasible subset C can be computed easily. This can affect
the efficiency of the used method. In recent years, the extragradient method has received
great attention by many authors, who improved it in various ways; see, e.g. [7—13] and the
references therein.

In 2011, Censor et al. [12] proposed the subgradient extragradient method for solving
variational inequality problems as follows:

Yn = Pc(x, — LAx,),
T,={xe€H: (X, — MAXy — Y, x — yu) <0}, (3)
KXn+l = PT,, (xn - )‘-Ayn),

for each n > 1, where A € (0,1/L). In this method, they have replaced the second projec-
tion in Korpelevich’s extragradient method by a projection on to a half-space, which is
computed explicitly.

Motivated by the problem (1), in this paper, we introduce a new problem of the system
of variational inclusions in a real Hilbert space as follows:

Let H be a real Hilbert space and let A : H — H be mapping and M4, Mp : H — 2 be
set value mapping. We consider the problem for finding x* € H such that

0 c Ax* + Myx* and 0 € Ax™ + Mpx®, (4)

where 6 is the zero mapping in H, which is called a generalized system of modified vari-
ational inclusion problems (in short, GSMVIP). The set of solutions of (4) is denoted by
Qjie, Q={x"eH:0 € Ax* + Myx* and 0 € Ax* + Mpx*}. In particular, if M4 = Mg, then
the problem (4) reduces to the problem (1) and if Ju1,,5., = Jumz,.z = Pc, then the problem
(4) reduces to VIP.

In 2012, Kangtunyakarn [14] modified the set of variational inequality problems as fol-

lows:

VI(C,aA + (1 - a)B)
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= {x € C:<y—x, (aA +(1 —a)B)x) >0,VyeC,ae (0,1)}, (5)

where A and B are the mappings of C into H.

In order to develop efficient algorithms for finding solution of a finite family variational
inequalities problem, inspired by problem (5), we define the new half-space Q, = {z€ H :
(- A Zﬁl aiAi)%y — Yu,¥n — 2) > 0}, which as a tool to prove the strong convergence
theorem. In particular, if we put i = 1, then Q, reduces to T}, in subgradient extragradient
method (3). However, the sequence {x,,} generated by (3) converges weakly to a solution
of the variational inequality problem.

In this paper, motivated by recent research [7, 12] and [14], we introduce a new problem
(4) and the new iterative scheme for finding a common element of the set of a finite family
of variational inequalities problems and the set of solutions of the proposed problem (4) in
a real Hilbert space. Then we establish and prove the strong convergence theorem under
some proper conditions. Furthermore, we also give some various examples to support our

main result.
2 Preliminaries
In this section, we give some useful lemmas that will be needed to prove our main result.

Let C be a nonempty closed convex subset of a real Hilbert space H. We denote strong
convergence and weak convergence by the notations — and —, respectively. For every
x € H, there exists a unique nearest point Pcx € C such that

e = Pex|| < llx—yll, VyeC.

P is called a metric projection of H onto C. It follows that

= ylI> > llx — Pcx||* + ly — Pcx||®, forallxe H,y e C. (6)

Lemma 2.1 ([15]) Givenx € H andy € C. Theny = Pcx if and only if we have the inequal-
ity

(x—y,y-2)>0, VzeC.

Definition 2.2 Let M : H — 2’ be a multi-valued mapping.
(i) The graph G(M) of M is defined by

G(M) := {(x,u) eHxH:u eM(x)},
(ii) the operator M is called a maximal monotone operator if M is monotone, i.e.
(u—v,x—y)>0 YueMkx),veMy),
and the graph G(M) of M is not properly contained in the graph of any other monotone

operator. It is clear that a monotone mapping M is maximal if and only if for any (x,u) €
H x H, (u—v,x—y) >0 for every (y,v) € G(M) implies that u € M(x).
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Let M : H — 2 be a multi-valued maximal monotone mapping, then the single-valued
mapping Jar,, : H — H defined by

T () = (I + AM) ™ (u), YueH,

is called the resolvent operator associated with M where A is positive number and [ is an
identity mapping; see [16]. Note that /51, is a nonexpansive mapping.

Definition 2.3 Let A: C — H be a mapping.
(i) A is called u-Lipschitz continuous if there exists a nonnegative real number p > 0
such that

lAx - Ayl < pullx—yll, Vx,yeC.

(i) A is called a-inverse strongly monotone if there exists a nonnegative real number
o > 0 such that

(x—y,Ax — Ay) > a||Ax — Ay||*>, Vx,yeC.

Lemma 2.4 ([14]) Let C be a nonempty closed convex subset of a real Hilbert space H and
let A,B: C — H be o- and B-inverse strongly monotone mappings, respectively, with o, 8 > 0
and VI(C,A) N VI(C,B) #@. Then

VI(C,aA +(1-a)B) = VI(C,A)N VI(C,B), Vae€(0,1).

Furthermore, if 0 < y < min{2«, 2B}, we find that I — y(aA + (1 — a)B) is a nonexpansive
mapping.

Remark2.5 Foreveryi=1,2,...,N the mapping A; : C — H be o;-inverse strongly mono-

tone mappings with n = min; o _n{e;} and ﬂf\il VI(C,A;) #@. Then

,,,,,

N N
v1<c, ZaiA,») = VI(C,A)), @)

i=1 i=1

where "N, a;=1and 0 < a; < 1 for every i = 1,2,..., N. Moreover, we find that "N, #,4;
is monotone and is a u-Lipschitz continuous mapping.

Proof It easy to see that Zf‘\:{ku ﬁfh is n-inverse strongly monotone mappings with
=144
n =min{B;} foreachi=2,...,Nand k=1,2,...,N - 1.
Take N =3 and let VI(C,A;) N VI(C,Ay) N VI(C,As) #§. By using Lemma 2.4, we have

VI(C,(llAl + ﬂzAz + tlgAg) =Vi C,ﬂlAl + (1 - 6!1) & A2 + e A3
1 —a] 1 —a;

ar as
= VI(C,Al)ﬂ VI C, —A2+ A3
1 —a) 1 —al

= VI(C,A;) N VI(C,A3) N VI(C, As), (8)

where ay,a,,a3 € (0,1) and Z?ﬂ a;=1.
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Take N =4 and let ﬂil VI(C,A;) # 9. By using Lemma 2.4 and (8), we have

V](C, ﬂlAl + (lez + tl3A3 + a4A4)

= VI(C, (1 - 614)( l Al + e A2 + % Ag) + 614,A4)

1-ay 1-ay 1-ay

ay az as

= v1<c, - A3> N VI(C, Aqs)

—ay 1—614 1—ﬂ4

= VI(C,A1) N VI(C,A;) N VI(C,A3) N VI(C, Ay), 9)

where a1,a,,as,a4 € (0,1) and Zil a;=1.
In the same way, if ﬂﬁl VI(C,A;) # @, we obtain

N N
v1<c, ZaiA,») = VI(C,Ay), (10)

i=1 i=1
where a; € (0,1), for eachi=1,2,...,N, and Zf\il a; =1. O

Lemma 2.6 [n real Hilbert spaces H, the following well-known results hold:
(i) For all x,y € H and « € [0,1],

2
Jox + (1= a)y|” = allell* + (1 =)y * — (1 - )llx~y11%,
(id) [l + y112 < l%1% + 2(y, % + y) for all x,y € H.
Lemma 2.7 ([17]) Let C be a nonempty closed and convex subset of a real Hilbert space
H.IfT:C — C is a nonexpansive mapping with F(T) # (0, then the mapping I — T is
demiclosed at 0, i.e., if {x,} is a sequence in C weakly converging to x € C and if {x,, — Tx,}

converges strongly to 0, then x € F(T).

Lemma 2.8 ([17]) Let {s,} be a sequence of nonnegative real numbers satisfying
Sui1l < (1 —0)sy + 6, V20,
where {a,} is a sequence in (0,1) and {5,} is a sequence such that
(1) 325 o = 00;
(2) limsup,,_., 2—’; <0o0r) 2 |8, = 0c0.

Then lim,_,¢s, = 0.

Lemma 2.9 ([17]) Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence
{x,} with x,, — x, the inequality

liminf ||x, — x| < liminf|x, — ||
n— 00 n—00

holds for everyy € H with x # y.

Page 5 of 23
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Lemma 2.10([16]) u € H is a solution of variational inclusion (1) ifand only if u = Ja (u—
ABu), VA >0, i.e.,

VI(H,B,M) = F(Jy,(I - AB)), VA>0.
If \ € (0,2a], then VI(H, B, M) is a closed convex subset in H.

The next lemma presents the association of the fixed point of a nonlinear mapping and
the solution of GSMVIP under suitable conditions on the parameters.

Lemma 2.11 Let H be a real Hilbert space and let Ag : H — H be an «o-inverse strongly
monotone mapping. Let M, Mp : H — 2/ be multi-value maximum monotone mappings
with Q # 0. x* € Q if and only if x* = Gx*, where G : H — H is a mapping defined by

G(®) = Iy, I = 2aAG) (bx + (1 = B) a1 — ApAG)x),

forall x e H, b € (0,1) and A4, rp € (0,2a). Moreover, we see that G is a nonexpansive
mapping.

Proof Let the conditions hold.

(=) Let x* € @, we have x € H such that 6 € Agx™ + Max* and 6 € Agx™ + Mpx™, that is,
x* € VI(H,Ag,M,) and x* € VI(H,Ag, Mp).

From Lemma 2.10, we have x* € F(Jar, 5., ([ — AaAg)) and x* € F(Jy,,(I — AgAg)).

It implies that

X =Ty a = AaAg)x™ (11)
and

X = Jugap( — ABAG)X". (12)
By the definition of G, (11) and (12), we have

G(5") = sy pa I = AaAg) (bx" + (1 = B) a0, (I — AAG)x™)

=x".

(<) Let x* = G(x*). Applying the same method of Lemma 2.1 (2) in [16], we find that

Iy, = AaAg) and Jurg 5, (I — ApAg) are nonexpansive mappings.
Since x* = G(x*), we have

& = G(x") = Ty, I = 2aAg) (bx™ + (1 = B) (I — ApAG)x™).

Lety € Q, we have 0 € Agy + Muy and 6 € Agy + Mpy.
From Lemma 2.10, it implies that
¥ € FUmgan I — 2aAg)) N F(ptgp,(I — ApAg)). Then

6% = 31* = [Vt I = 2aAg) (b + (1= Bty 25 (I = AAG)x") — |
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= oty 0 T = 2aAG) (b5* + (1 = B)ay (I — ApAg)x™)
~Jitaa I = sy

< [[(bx* + (1 = Vst 5 (I - 25AG)E") - 9|

= [b(x* = y) + (1 = B)Jatp s (I - 2pAG)x* —y)

= b5~ y|* + (1= ) ntpis U~ 2sAc)x™ —

—b(1 = b)|x* = Jatgs (I - 2AG)x* |

I

< be* —y||2 +(1- b)Hx* —y||2 - b(1-b) ”x*
— Jatgip I = ApAc)x" |

= [ =y * = B = B) %" = Jaggrs (I - ApAG)x"|". (13)

It implies that [|x* — Jagz 0, (I — AgAg)x™|| = 0.
That is, x* € F(]MBvAB (1 - )\BAG)).
Since x* = G(x*) and x* € F(Ja,5.,(I — AgAg)), we have

X =T, - )\AAG)(bx* + (1= D) rtp s — )»BAG)x*)
= Iraia I = 2aAg) (bx* + (1 - b)x*)

=g I = AaAg)x™.

Therefore x* € F(J, 5., (I — M4Ag)).

From Lemma 2.10, x* € F(Jar, 5, (I — A4Ag)) and x* € F(Jarp,(I — AgAg)), we have 6 €
Agx® + Max*® and 6 € Agx™ + Mpx*. Then x* € Q.

Applying (13), we can conclude that G is a nonexpansive mapping. O

We give some examples to support Lemma 2.11 and show that Lemma 2.11 is not true
if some condition fails.

Example 2.12 Let H = R? be the two dimensional space of real numbers with an inner
product {-,-) : R? x R? — R defined by (X,y) = x - y = X191 + x2y>, for all x = (x1,x,) €
R%y = (y1,92) € R* and a usual norm || - || : R? x R* — R give by x| = /&3 +x3 for all
X = (x1,%) € R?and Ag: R? — R? defined by Ag((x1,%2)) = (x1 =5, —5). Let M4 : R* —
2%’ be defined by {(2x; — 1,2x, — 1)} and Mz : R*> — 2% be defined by {(% +2,%2 +2)}.
Show that (2,2) € F(G).

Solution. It is obvious that Q = {(2,2)}. Choose A4 = % From M4 (x1,%7) = {(2%1 — 1, 2x5 —
1)} and the resolvent of My, Ja, 1, % = (I + AaMa) " for all x = (x1,%2) € R?, we have

+ -, (14)

NI R
NS,

]MA,AA (x) =

forall x = (x1,%,) € R%. Choose Az = 1. From Mg(x1,%,) = {(3 +2, % +2)} and the resolvent

of Mg, Jagzx = (I + AgMp)~'x for all x = (x1,x,) € R?, we have

2x 4

]MB,)»B(x) = ? - g’ (15)



Kheawborisut and Kangtunyakarn Journal of Inequalities and Applications (2021) 2021:53 Page 8 of 23

for all x = (x1,%,) € R It is easy to see that Ag is 1-inverse strongly monotone. Choose
b= %. From (14) and (15), we have

1 1 3
G(x) :]MA,% ( - EAG) (19‘? + L_L]MB’l(I_ lA(.;)x)

X 30

=—+—,

16 16

for all x = (x1,%7) € R% By Lemma 2.11, we have (2,2) € F(G).

Example 2.13 Let H = R? be the two dimensional space of real numbers with an inner
product {-,-) : R? x R? — R defined by (X,y) = x - y = X191 + x2y>, for all x = (x1,%,) €
R2,y = (y1,y2) € R?* and a usual norm || - || : R? x R? — R give by ||x|| = m for all
X = (x1,%) € R? and Ag: R? — R? defined by Ag((x1,%2)) = (x1 =5, —5). Let M4 : R* —
2R be defined by {(2x; — 1,2x, — 1)} and Mp: R?> — 2% be defined by {(5 +2,% +2)}.
Show that (2,2) ¢ F(G).

Solution. It is obvious that Q = {(2,2)}. Choose A4 = 2. From M4 (x1,%5) = {(2x1 — 1, 2% —
1)} and the resolvent of My, Jar, %= (I + AaMy) " x for all x = (x1, %) € R?, we have

[S201 V]

Tot o, (%) = ’g‘ = (16)

forallx = (x1,%;) € R% Choose Ag = 4. From Mp(x;,%,) = {(%1 +2,%2 +2)} and the resolvent

of Mg, Jugzx = (I + AgMp)~'x for all x = (x1,x2) € R?, we have

8
i @) =3 = 3 (17)

[SSRIR

for all x = (x1,%2) € R?. Choose b = %. From (16), (17) and A¢ being 1-inverse strongly

monotone, we have

1 3
G(x) = Ju, 2 — 2A¢) (Zx + Z]MBA(] - 4AG)9C>

x 9

= — 4+ -,
10 5
for all x = (x1,x7) € R% By Lemma 2.11, we have (2,2) ¢ F(G).
Lemma 2.14 ([18]) Let {I",,} be a sequence of real numbers that do not decrease at infinity,
in the sense that there exists a subsequence { Ly} of {T',,} such that Ly < T forallj>0.
Also we consider the sequence of integers {T(n)},>n, defined by
t(n) =max{k <n:Ty < Tk}

Then {t(n)},>n, is a nondecreasing sequence verifyinglim,_, o T(n) = 00 and, for all n > ny,

max{rr(n), )< FT(V[)+1'
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Lemma 2.15 Let H be a real Hilbert space, for everyi=1,2,...,N, let A;: H — H be o;-
inverse strongly monotone mappings with n = min{o;,}. Let {x,,}52, and {y,}52, be a sequence
generated by y, = Pc(I — A Zf\il aiA)xn, Qu={zeH: (- Zf\il aiAD)%y — Y, Yn — 2) = 0}

and x* € ﬂﬁl VI(C,A;) foralli=1,2,...,N. Then the following inequality is fulfilled:

2

i=1

< -~ (1-2)
A

- <1 - _>||xn _yn”z;
n

where Zfil a;=1,0<a;<1and : € (0,n) with n =min;_1 5, n{o;} foreveryi=1,2,...,N.

N
Py, (x,, —A Z aiA,-y,,) —x*

2

N
Py, (x,, - A Z oz,-A,y,,) — Vn

i=1

Proof Since x* € ﬂf\il VI(C,A;), we have x* € VI(C,A;) foreveryi=1,2,...,N and (6), we

obtain

2

N
Py, (xn —A Z a,fAlfyn> —x*

i=1

2

<

N
Xp— A ZaiAiy,, —x*
i=1

2

N N
Pq, (x,, - A Z aiA,vy,,) - (x,, -A Z a,»Aiyn>
i=1

i=1

- o[

N N
- 2A<PQn (x,, - Z a,A,»y,,) —x", Z a,'A,»y,,>

i=1 i=1
2
(18)

N
Py, (x,, - A Z a,-A,y,,) - Xy

i=1

From the monotonicity of Zf\il a;A;, we have

N N

0< ZaiAiy,, - ZaiAix*,yn - x*>
i=1 i=1

N N

ZaiAiyn,y,, - x*> - <Z @iAX", Yy — x*>

i i=1

N

> @Ay —x*>

N N
ZdiAiyn:yn - PQn (xn - A ZdiAiyn)>

i=1

Page 9 of 23
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N N
+ <Z aiAyn; Pg, (x,, —-A Zaﬂ,y,,) —x*>.

i-1 i=1
It implies that

N N
<x* - PQn (x,, —A Z aiAiy,,> , Z ﬂiAiyn>

i=1 i=1

N N
< <Z aiAiYn yn = Pa, (xn — A ZaiAiyn>>' (19)

i=1 i=1
From (18) and (19), we have

2

N
PQn (xn - A Z ﬂ,’A,‘yn> — x*

i=1

N N
< ||%n —&* H2 + 2A<Z aiAiYn,¥n — Po, (x,, - ZaiAiy,,)>

i=1 i=1
2

N
PQ" (x,, —A Z diAi_)/n) — Xy

i=1
N 2
= [, = #*])” - | o, (x —AZﬂiAiyn) = | = llyn = 2all?
i=1
N
- 2<PQn (xn - Z aiA,-yn) — YV — xn>
i=1
N N
+ 2A<Z aiAiyn, yn — Pg, (x,, - A ZuiAiy,,)>
i=1 i=1
N 2
= [, = #*])” - | o, (x —kZaiAiyn) = | = llyn = 2all?
i=1

N N
+ 2<xn —Yu— A ZaiA,-y,,,PQn (x,, - A Za,A,-y,,) —yn>

i=1 i=1
N 2
= [l =" - | Pa, (x —kZaiAiyn) = | = llyn = 2l
i=1
N N
+ 2< (1 -\ ZaiAl)x,, -V Pg, (x,, -\ ZaiAiy,,) —y,,>
i=1 i=1
N N N
+ 2<A Z aiAix, — A Z aiAiyn, Po, (x,, - Z ﬂiAiyn) —J/n>
i=1 i=1 i=1
N 2
< [l —|* - | P, (x,, —AZaiAiyn) ~ Y| = lyn = xall?
i=1
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N N N
+ 2\ Za,-A,-x,, - Zﬂl‘Aiyn PQ,,, (xn -2 ZaiAiyn) —Yn
i=1 i=1 i=1

2

2
- ”yn —Xn ”

2
= [l =" -

N
Py, (x,, - A Z a,-Aiy,,) -V

i=1

N
Py, (x,, —-A Z aiA,-y,,> — Y

i=1

A
+2— ”xn _yn”
n

2

= lyn = %n
2)

N 2
Pq, (x,, -\ Z a,»Aiy,,) — Y

= o =" - I”

N
Pg, (x,, —-A Z a,»Aiy,,> — Y

i=1

A 2
+ - ”xn_yn” +
n

N
Py, (xn - A ZaiAiy,,) = Vn

i=1
-l (1-7)
n

- (1 - 5) 1y = 2all?. (20)
n

i=1

3 Main result
In this section, we prove the strong convergence of the sequence acquired from the pro-
posed iterative methods for finding a common element of the set of finite family variational

inequalities problems and the set of solutions of the proposed problem.

Theorem 3.1 Let H be a real Hilbert space. For i = 1,2,...,N, let A; : H — H be o;-
inverse strongly monotone mappings and let Ag : H — H be ag-inverse strongly monotone
mappings. Define the mapping G : H — H by G(x) = Jar, 0, (I — A aAG)(bx + (1 — D)5 -
ABAG)x) for all x € H, b € (0,1) and *4, g € (0,20). Assume that T = ﬂﬁl VI(C,A;) N
F(G) #9. Let the sequence {y,} and {x,} be generated by x,,u € H and

Yn = PC(I - Zf\il ﬂin)x,,,
Qu.={zeH:(I-x Zfil WA )%y = Yy Y — 2) > 0}, (21)
Xn+1 = Qulh + ,BnPQ,, (xn - A Zf\il aiAiyn) + ynme

where Zﬁlai =1,0 <a; < 1,{a,}, {Bu}, {yn} C [0,1] with o, + By + v = 1, A € (0,n) with
n=min; o, N{o)

Suppose the following conditions hold:

(D) Y02 oty = 00, limy, 0oty = 0,

(@) 0<c< By yn=<d<l.

Then {x,} converges strongly to x* € I" where x* = Pru.

Proof We must show that {x,} is bounded. Let z,, = Pg, (%, — A Zﬁl aiAiyy).

We consider

Xn+l = Ayl + ,ann + ynGxn
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n~n }’IG n
:W(l_%)(w)

1-a,

=o,u+ (1 —a,)t,

where t,, = 2222795 [ etting x* € I' = (Y, VI(C,A;) N F(G), we have

2
o = | Bt 25
1-a,
_ ‘ ﬁnzn +VnGxn_(1_an)x* 2
B 1-a,
e I R o
Btz = Gl (22)
- (1_0[”)2 Zy — GXy|l”.

From definition of x,,,; and (22), we consider

||x,,+1 —x* ||2 = ||otnu +(1—a,t, —x* ||2

= Jon(ae =) = (1= ) (6 =) [

= flu—x|* + (1= )|t — x| =l — )l — 2,
= -] 1P
V2 2 Buy
T [ RE RPELoT GngZ]
_an(l_an)”u_tnnz
>k 2 €3 2 K 2
== |+ Balzn = x| + v || Gow — x|
B Gl — a1 - a5y
n
<apfu—a "+ Bullzu— 2|+ v 0n - °|
P G — (1~ 5P (23)
n
By Lemma 2.15 and X € (0, 1), we have
2 =2 |* < fJon - "] ”. (24)

From (23) and (24), we get

e B L A A e L

_ Bn¥n

Iz, — Gxn”Z —ay(1—ap)llu— tn”Z
1-a,

e e R A e A T
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_ Buvn
1-a,

Iz — Gxn”2 —ay(l—ap)llu— tn||2

o=+ (1= B =

_ BnVn
1-o,

Iz, — Gxn”z —au(l— o) llu— tn”z

<ofu=a "+ (= ) oo =[]

< max{Hu—x*||2+ ||x1—x*||2}. (25)
By induction,
Jotwer = < max{ e 2% |+ [ -]},

then {x,} is a bounded sequence.

We use

e L e e A e L

_ Bn¥n
1-0o,

A
<apfu-x| +,3n|:||xn |- (1 _ ;)llzn —yll?

)
- (1 - ;) [ —ynllz] + Yulon =2 - 1/3nyn Iz = Gl

—ay

2
”Zn - Gxn”

A
:anuu—x*uz+<1—an>||xn—x*u2—ﬂn(1— ;)nzn—w

A Bu¥n
_IBn(l_E)”xn_yn”Z_ ||ZVI_Gle||2

1-«a,

A
<apfu-x?s ||xn-x*||2-;sn(1— ;)nzn—ynnz

X Bny
- ,Bn <1 - ;)”xn _yn||2 - ﬁ”zn - Gxnnz'
- n

It implies that

A A BuYs
ﬂn (1 - E) ”Zn —J’n||2 + ,Bn(l - ;) ”xn __ynH2 + ﬁ”zn - Gxnllz

n

N P O P T (26)

Let S, := B,(1 - %)”Zn —an|2 + Bu(l - %)”xn _yn||2 + Ifj—ZZ”Zn - Gxu|*
Then we have

R R [ e @)

Now, we consider two possible cases:
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Case1.Put T, := ||x, —x*||? forall n € \V.

Assume that there is #y > 0 such that, for each n > ngy, I',,,1 < T,

In this case, lim,,_, o [',, exists and lim,,_, oo (I",; = [',,.41) = 0.

Since lim,,_, o, &, = 0, it follows from (27) that lim,_, . S, = 0.

Therefore, we have lim,,_, oo 8,(1 — %)Hzn —yul1? =0, lim, 00 Bu(1 - %)Hxn —y,/?>=0and

lim, 0 222 (12 = Gotal|” = 0.

From the assumptions i), ii), we obtain

lim |z, - yull = lim [lx, = yull = lim ||z, — G, = 0. (28)
n—00 n—00 n—>00

Hence, we obtain
e = G ll < ot = Yull + 190 = zull + 1120 — Gl

From (28), we have
lim ||x, — Gz, = 0. (29)
n—0oQ

We now show that limsup,,_, . (# — x*,x, —x*) <O0.

We can choose a subsequence {x,,} of {x,} such that

limsup(s — x*, %, — &%) = lim (1 — %, x,,, — x*). (30)
n—00 =00
Because {x,} is abounded sequence in H, there exists a subsequence of {x,} that converges
weakly to an element in H. Without loss of generality, we can assume that x,, — w where
w € H. Since lim,,_, o |4 — 2| = 0, we have z,,, — w.
Since lim,,_ o [|%; — ¥ull = 0, ¥, — w.
Assume that w ¢ ﬂf\il VI(C,A;). So, we have w & F(Pc(I — A Zﬁl a;A;)).
Then we have w # Pc(I — A Zf\il a;A;)w. By the nonexpansiveness of Pc(I — A Zfil a;A),
(28) and Opial’s property, we have

liminf [lx,, — w|
n—0o0

N
Xn; —PC ([ —-A ZﬂiAz)W

i=1

< liminf
n—00

N
Yn; —PC <1 -A Z&ZiA,')W

i=1

)
)

= hmlnf<||xnl —Vn; ” +
n—00

< nminf(nxni 9
n— 00

+

N N
Pc (1 — A ZaiAi)xm - Pc (1 — A ZaiAi)w

i=1 i=1

< liminf ||x,, — w].
n— 00
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This is a contradiction; we have w € VI(C, Zﬁl a;A;). From Remark 2.5, we have
we [ VI(C,A). (31)

Assume that w ¢ F(G). Then we have w # Gw. From (29) and Opial’s property, we have

liminf ||x,, — w|| < liminf ||x,, — Gw||
n— 00 n— 00
<liminf(|lx,, — Gxy, || + | Gxn, — Gwl|)
n—00
< timinf(|lay, — Gat, [l + 1, — wl))
n—0oQ

< liminf |x,, — w]|.
n— 00
This is a contradiction; we have
w e F(G). (32)

From (31) and (32), we have w € ﬂf\il VI(C,A;) NF(G).
Therefore, we get

lim sup(u —-x*, %, —x*> = lim<u — X", %y, —x*) = (u —x*,w— x*> <0, (33)

11— 00 I—> 00

where x* = Pru.
Next, we show that {x,} converges strongly to x*, where x* = Pru.
From the nonexpansiveness of G, (22) and (24), we have

Bn

V4
s R e e &
BuVn 2
- (1 _ 0(,,)2 ”Zn - Gan
< PP G|
T 1l-a, " 1-a, "
LI P I (R el
T l-« " — oy "
= =) (34)

From the definition of x,, (34) and x* = Pru, we have

i1 =2 )* = flon (16 = %) = (1 = ) (8 = #) |
<(1-ay,) ||tn —x* ||2 + 2otn(u — X, %01 —x*)

<(1-ay,) ||xn —x* ||2 + 2an(u — X X1 — x*). (35)

By applying Lemma 2.8 to (35), we find that the sequence {x,} converges strongly to x*.
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Case 2. Assume that there exists a subsequence {I',,,} C {I',;} such that ", <T,,,, forall
i € N In this case, we can define t : N'— AN by (1) = max{k <n: T < Ts1}.
Then we have t(n) — 0o as n — 0o and I';¢;) < I'z(n)+1. So, we have from (26)

A 2 A 2
Br(n) 1—5 1Zz@) = Ve I” + By 1—; 12 62) = Ve |l

BrmY:
4 e e 1Zz(n) — GXr(n)

I*
1 —Olr(n)

2 2 2
< o s =27+ e =77 = [egier =7
Arguing as in Case 1, we have
lim [|2z(5) = Yol = im %z = Yo ll = im |22 — Gxeg || = 0. (36)
n—0o0 n— 00 n—0o0
Because {x.(,} is a bounded sequence, there exists a subsequence (X} such that
lim sup(u — X" X () — x*) = lim (u — & K ()41 — x*)
n—>00 =00
Following the same argument as the proof of Case 1 for {xr(n/.)}, we have
limsup(s — x*, %7 (41 — %) <0
n—0oQ
and
|2 ®||2 ¢ %
”xr(n)+1 —X || < (1 - ar(n))er(n) —-X ” + 2ar(n)<u =X, Xt(n)+1 — X ),
where o7 (,) — 0, Z;,.; 07(y) = 00 and limsup,,_, . (# — X*, Xz ()41 — %) < 0.

Hence, by Lemma 2.8, we have lim,,_, o¢ [[%7(s) —%*[| = 0 and limy,_, o [|Xz(m)+1 — %]l =0
Therefore, by Lemma 2.14, we have

0= [l =" = max{ e =", oen = 2"} = e 7]

Hence, {x,} converge strongly to x* = Pru. This completes the proof of the main theo-
rem. -

4 Application
In 2013, Kangtunyakarn [14] introduced a modification of the system of variational in-
equalities as follows: finding (x*,z*) € C x C such that

(x* — (I = Dy)(ax* + (1 -a)z"),x —x*) >0, VxeC,
(" = (I = AoDy)x*,x —2z*) >0, VxeC,

37)

where Dy, D, : C — H be two mappings, for every A;,A; >0 and a € [0, 1].
Let /1 be a proper lower semicontinuous convex function of H into (—oo, +00]. The sub-
differential 9/ of & is defined by

oh(x) = {zeH:h(x) +{z,u —x) < h(u),Vu eH}
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for all x € H. From Rockafellar [19], we find that 8/ is a maximal monotone operator. Let
C be a nonempty closed convex subset of H and i¢ be the indicator function of C, i.e.,

. 0; ifxeC,
Ic =
+oo; ifxé¢ C,

Then ic is a proper, lower semicontinuous and convex function on H and so the subdiffer-
ential dic of ic is a maximal monotone operator. The resolvent operator Jy; ., of ic for A > 0,
can be defined by Jy;»(x) = (I + 20ic) " (x),x € H. We have Jaic,r(x) = Pcx, for all x € H and
A > 0. Asaspecial case, if M4 = Mp = dic in Lemma 2.11, we find that Jyr, 5., =gz = Pc.
So we obtain the following result.

Lemma 4.1 ([14]) Let C be a nonempty closed convex subset of a real Hilbert space H and
let D1,D, : C — H be mappings. For every A1, Ay > 0 and b € [0, 1], the following statements
are equivalent:

(a) (x*,z*) € C x C is a solution of problem (37),

(b) x* is a fixed point of the mapping G : C — C, i.e., x* € F(T), defined by

G(x) = Pc(I = 31Dy) (bx + (1 = b)Pc(I - AaDs)x), (38)
where z* = Pc(I — AyDy)x™*

Theorem 4.2 Let H be a real Hilbert space. Fori=1,2,...,N,let A; : H — H be a;-inverse
strongly monotone mappings and let Ag : H — H be ag-inverse strongly monotone map-
pings. Define the mapping G:H—>H by (38). Assume that I" = ﬂf\:[l VI(C,A;) NF(T) # 9.
Let the sequence {y,} and {x,} be generated by x,,u € H and

Yn = PC(I —A Zf\il aiAi)xn:
Qu={z€H: (I~ 1Y}, aiA)%n — Y yu — 2) = 0}, (39)
X1 = Oth + BuP, (X = A YN @A) + VT

where Zﬁlai =1,0 <a; < L,{a,}, {Bn}, {yn} C [0,1] with a, + By + v = 1, A € (0,n) with
1N =miniy o, N{o}

Suppose the following conditions hold:

(i) Y02 oty = 00, limy 00 ¢y = 0.

({)0<c< By <d<1.

Then {x,} converges strongly to x* € I" where x* = Pru.

Proof Taking Jar, 5., = Jmp,z = Pc in Theorem 3.1, we obtain the desired conclusion. [
In order to apply our main result, we give the following lemma.

Lemma 4.3 ([14]) Let C be a nonempty closed convex subset of real Hilbert space H. Let

T,S:C — C be nonexpansive mappings. Define a mapping B* : C — C by BAxj = T(al +

(1a)S)x for every x € C and a € (0,1). Then F(B*) = F(T) N F(S) and B* is a nonexpansive
mapping.



Kheawborisut and Kangtunyakarn Journal of Inequalities and Applications (2021) 2021:53 Page 18 of 23

We apply our Theorem 3.1, by using with Lemma 4.3 ([14]), to find a solution of the

variational inclusion problem.

Lemma4.4 Let H be a real Hilbert space and let Ag : H — H be ag-inverse strongly mono-
tone mappings. Let M4, Mp : H — 2! be a multi-value maximum monotone mapping with
VI(H,Ag, Ma)NVI(H,Ag, Mg) # . Define a mapping G : H — H as in Lemma 2.11 for all
x€H,ae(0,1) and dg, g € (0,2ag). Then F(G) = VI(H,Ag,M4) N VI(H,Ag, Mp).

Proof Letx,y € C. From Lemma 2.11, we find that G is nonexpansive and Ja, 1, ([ —A4Ag)
and Jagp ., (I — ApAg) are nonexpansive. Since

G() = Jagy 0 (I = AaAg) (b + (1 = D)t (I — ApAG)x)
and Lemma 4.3, we have
F(G) = F(Jay 0, (I = 2446)) NF(Jatgrs (I = 28AG)).
By Lemma 2.10, we have
F(G) = VI(H,Ag,My) N VI(H,Ag, Mp). g

Theorem 4.5 Let H be a real Hilbert space. Fori=1,2,...,N,let A;: H — H be a;-inverse
strongly monotone mappings and let Ag : H — H be ag-inverse strongly monotone map-
pings. Define the mapping G : H — H by G(x) = Ja, 0, (I — AaAg)(bx + (1 = b)Jay, (I —
ABAg)x) for all x € H, b € (0,1) and ds, g € (0,205). Assume that T = ﬂﬁl VI(C,A;) N
VIH,Ag, Ma)NVI(H,Ag, Mg) # 9. Let the sequence {y,} and {x,} be generated by x,,u € H
and

Yu =PI =2 YN A%y,
Qu={z€H: (I- 12N, &A%y =Y, yn —2) > 0}, (40)
Xn+l = Qplh + ,BnPQn (0 — A Zf\il aiAiyn) + Vu Gy,

where Zﬁ\ilai =1,0 <a; < 1, {a.}, {Bu}, {vu} C [0,1] with o, + B, + v = 1, A € (0,n) with
n=min; o, N{o).

Suppose the following conditions hold:

(§) Y02y = 00, lim, ooty = 0.

(@) 0<c< B, yn=<d<l.

Then {x,} converges strongly to x* € I' where x* = Pru.

Proof From Lemma 4.4, and Theorem 3.1, we obtain the desired conclusion. O

Remark 4.6 if VI(H,Ag,Myu) N VI(H,Ag,Mp) # ¥, then observe that VI(H,Ag, M) N
VI(H, Ag, M3) = .

5 Example and numerical results
In this section, we give an example supporting Theorem 3.1.
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Example 5.1 Let H = R? be the two dimensional space of real numbers with an inner
product (-,-) : R? x R? — R defined by (x,y) = x - y = x15 + x2¥> and the usual norm
[ -1 : R? x R* - R given by x| = v/a3 +x3 for all x = (x1,x2) € R% Let C; = {(x1,%,) €
H|—2x1 +x, <1} and C, = {(x1,%2) € H|4x] — 2x, < 3}. Define the mapping A; : C; — R?
by A1 (x1,%,) = (3%, 3%). Define the mapping A, : C; — R?2 by Ay (x1,%2) = (2x1,2x,). Let
the mapping Ag : R? — R? be defined by Ag(x1, %) = (x1 + Ly + 1). Let C= C; N Cy. We
have

PC(xl’x2)

(=1999x; + 1000x, + 750,4000x1 — 1999x, — 1500);
if —40x; + 20x, < —15,

(x1,%2);
if —15 < —40x; +20x; <5,

(=1999x; + 1000x, — 250,4000x1 — 1999x, — 500);
if —40x7 +20x, > 5.

Let x1,u € R?, {x,}°°, and {y,,}°°, be generated by

Yu=Pc =132 @A),
Qn = {Z €eH: ((I - Ziz:l ﬂiAi)xn _ymyn - Z) Z 0}: (41)
Xp+l1 = Qplh + lgnPQ,, (0 — A 21‘2:1 aiAiyn) + Vu Gy,

5n-2

where {a,} = ﬁ,{ﬂn} = 2= vl = % C [0,1] and a = 0.5 € (0,1). Show that {x,,} and

{y.} converge strongly to (0, 0).
Solution. Since A1,A, and Ag are %,
spectively, n = % Choose A4 = %,AB =1€(0,20g) and b =

% and 1-inverse strongly monotone mappings, re-
1 XL X2

2’ 167 167"
Choose A = i € (0,7n). It is easy to see that the sequences {«,}, {8,} and {y,} satisfy all con-
ditions in Theorem 3.1 and (0,0) € VI(C,A;) N VI(C,A;) N F(G). From Theorem 3.1, we

can conclude that the sequence {x,} and {y,} converge strongly to (0,0).

we obtain G(x1,%5) = (

Example 5.2 Let H = Ly([-1,1]) with product (f,g) = f_llf(t)g(t) dt and the associated

norm given as ||f|| := ,/fjlf(t)g(t) dt for all f,g € L,([-1,1]). Take C = {x € H : ||x|| < 2}.
Define the mapping A; : Ly([-1,1]) — Ly([-1,1]) by A1 (h(2)) = h(t) — 2t for all ¢ € [-1,1].
Define the mapping A; : Lo([-1,1]) — La([-1,1]) by Aa(h(8)) = %h(t) —3tforallt e [-1,1].
Let the mapping Ag : Ly([-1,1]) — Ly([-1,1]) be defined by Ag(h(t)) = h(t) — 5t for all
t € [-1,1]. We have

@ itiren =<2,

Pc(f(2) =
v Gﬁ—g)u; if [ @) > 2.

Leti=1,2,x1,u € R% {x,)52, and {y,}32, be generated by (21) where {,} = 13-, {Bu} =
51”2;2, {yu} = 71"2;1 C [0,1] and a = 0.4 € (0,1). Show that {x,} and {y,} converge strongly to

2¢.
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Table 1 Detailed analysis of computational methods (21) and (3) for Example 1 with u=(5,5),
N=15Ex) = X7 =x7l,n € No and EGS) = X3+ =x3l,n € No

Iterative (21) Iterative (3)

n E(x) E(X)) E()) E(X))
1 1.0000 2.0000 1.0000 2.0000
2 0.6468 0.8770 0.6497 0.8828
3 0.3961 04630 0.3995 0.4681
4 0.2619 0.2826 0.2646 0.2862

15 0.0472 0.0457 0.0476 0.0476

Table 2 Detailed analysis of computational methods (21) and (3) for Example 1 with u=3t, N=15
and E(x) = [|Xp+1 = Xnll,n € No

n E(xp): Algorithm (21) E(xp): Algorithm (3)
1 0.7626 0.7626
2 0.1291 0.1221
3 0.0480 0.0492
4 0.0208 0.0226
15 0.0006 0.0007

Solution. Since A1, A, and Ag are %, % and 1-inverse strongly monotone mappings, re-
spectively, n = % Choose Ay = %,)LB =1¢€(0,20g) and b = %, we obtain G(h(t)) = %.
Choose A = % € (0,7n). It is easy to see that the sequences {«,},{8,} and {y,} satisfy all
conditions in Theorem 3.1 and 2¢ € VI(C,A1) N VI(C,A;) N F(G). From Theorem 3.1, we

can conclude that the sequences {x,} and {y,} converge strongly to 21.

Example 5.3 Let f : H— R be a convex function. Consider the following convex opti-

mization problem:

1921}111 f(x) (42)
and
ming(x) (43)

It is well known that x* € C solves (42) and (43) if and only if x* € C satisfies the following
variational inequalities:

(Vf(x*),x —x*) >0, VxeC, (44)
and
(Vg(x*),x —x*) >0, VxeC, (45)

that is, x* € VI(C,Vf) N VI(C,Vg). Let H = R. Take C = [1,10]. Define the mapping f :
[1,10] > R by f(x) = @ + 1. Define the mapping g : [1,10] — R by g(x) = ’“72 —Inx - %
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Table 3 Detailed analysis of computational methods (21) and (3) for Example 1 withu=3,N=15
and £(xp) = IXp+1 = Xnll.n € No

n E(xp): Algorithm (21) E(xp): Algorithm (3)
1 29044 2.7500
2 0.7088 0.7428
3 0.2200 0.2681
4 0.0762 0.1082
15 0.0012 0.0015

08 0.044 1\;*\;&

o ,,,,,,,,,,::,,,,,,,,
2 06 495 N e N
w

Numbers of Iteration

04 ] o
—#—x: Our Algorithm
—o—x2: Our Algorithm
—#—x : Algorithm (3)

x2 : Aigorithm (3)

Numbers of Iteration

Figure 1 Comparison between Algorithms (21) and (3) for Example 1 with u=(5,5) and N=15

Let x1,u € R%. From (21), we find that {x,}%°, and {y,,}°%, are generated by

Vn=Pc = Mar1Vf + a2 Vg))xy,
Qu={zeH: ((I-MayVf +a3V)xy — Y, ¥u — 2) > 0}, (46)
Xnr1 = outh + BPq, (X — Mar1 Vf + a2V g)yu) + yn Gy,
where {a,} = ﬁ,{ﬂn} = %,{y,,} = % C [0,1] and a = 0.5 € (0,1). Show that {x,,} and
{yn} converge strongly to 1.

Solution. Since f and g are convex and differentiable with f(x) = @ and g'(x) =x — %
It implies that Vf and Vg are % and 1-inverse strongly monotone mappings, respectively.
Choose n = %, Ay = %,)»B =1€(0,2ag) and b = %, we obtain G(x) = {5 + % Choose A =
i € (0,n). It is easy to see that the sequences {«,},{8,} and {y,} satisfy all conditions in
Theorem 3.1 and 1 € VI(C, Vf) N VI(C, Vg) N F(G). From Theorem 3.1, we can conclude
that the sequences {x,} and {y,} converge strongly to 1.

Remark 5.4 According to Tables 1-3 and Figs. 1-3, it is shown that our Algorithm (21)
converges to an element of the set ﬂfil VI(C,A;) NF(G) at a faster rate than Algorithm (3).
Therefore, our algorithm is more efficient.
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6 Conclusion

In this paper, we have proposed a new problem, called a generalized system of modified
variational inclusion problems (GSMVIP). This problem can be reduced to a classical vari-

ational inclusion problem and a classical variational inequalities problem. Moreover, we

study the half-space

N

Q.=3z€H: I—AZaiAi Xy —YmYn—2)>0¢,

i=1
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which can be reduced to T, in Algorithm (3). In order to solve the GSMVIP and the set
of a finite family of variational inequalities problem, we have presented a new subgradi-
ent extragradient algorithm which uses Q, and show that it converges to a solution of the
GSMVIP and the set of a finite family of variational inequalities problem under suitable
conditions. Therefore, our algorithm improves the algorithm proposed by Censor et al.
[12]. The efficiency of the proposed algorithm has also been illustrated by several numer-

ical experiments.
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