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Abstract
In this paper, we characterize completely the compactness of linear combinations of
composition operators acting on the space H∞(BN) of bounded holomorphic
functions over the unit ball BN from two different aspects. The same problems are
also investigated on the space H∞(DN) over the unit polydisk DN .
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1 Introduction
Let H be a Banach space of holomorphic functions on a domain G of CN and ϕ be a
holomorphic map of G into itself. The composition operator Cϕ is a linear operator defined
by

Cϕ f = f ◦ ϕ, f ∈ H .

Such operators have been investigated mainly in various Banach spaces of holomorphic
functions to characterize the operator theoretic behavior of Cϕ by the function theoretic
properties of ϕ, see the books [3, 15, 22].

An area of considerable interest is the topological structure of the set of composition op-
erators acting on a given function space. That work was originally investigated by Berkson
[2] in the setting of Hardy–Hilbert space H2(D) on the open unit disk D, and then gen-
eralized by MacCluer [12] and Shapiro and Sundberg [16]. On the space of all bounded
holomorphic functions on D, denoted by H∞(D), MacCluer, Ohno, and Zhao [13] studied
the topological structure of the set of composition operators and characterized completely
compact differences of composition operators. Hosokawa, Izuchi, and Zheng continued
this investigation in [7], where they showed that a composition operator that is isolated
in the norm topology is also isolated in the essential norm topology. Furthermore, Toews
[19] generalized those results to the H∞ space over the unit ball, and Wolf [21] character-
ized the boundedness and compactness of differences of composition operators between
weighted Banach spaces of holomorphic functions on the unit polydisk.
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After these works, many authors contributed to exploring norms and essential norms
of differences of composition operators on H∞(D), see for example [1, 5, 6]. Moreover,
Gorkin and Mortini [4] estimated norms and essential norms of linear sums of endo-
morphisms on uniform algebras. Following that, Izuchi and Ohno [9] characterized the
compactness of linear combinations of composition operators on H∞(D) and computed
norms and essential norms of them. In this paper, quite influenced by [9], we investigate
to extend those results just mentioned to H∞ spaces over the unit ball and polydisk. We
want also to mention that some related results on difference of composition and weighted
composition operators to weighted type spaces can be found in [11] and [18] and in the
related references therein.

Recall that the unit ball BN resp. polydisk D
N is defined as

BN =
{

z = (z1, . . . , zN ) ∈C
N : |z| :=

(|z1|2 + · · · + |zN |2)1/2 < 1
}

resp.,

D
N =

{
z = (z1, . . . , zN ) ∈C

N : |z|max := max
1≤j≤N

|zj| < 1
}

.

Let H∞(BN ) resp. H∞(DN ) be the Banach space of all bounded holomorphic functions
with the supremum norms over the unit ball BN resp. the unit polydisk D

N . Throughout
this work, we use the same confusing notation ‖ · ‖∞ standing for the supremum norms
over BN or DN , according to the context.

This paper is organized as follows. Section 2 includes some background materials
needed in the sequel. In Sect. 3 we determine conditions under which linear combina-
tions of composition operators are compact on H∞(BN ) and H∞(DN ), respectively. One
of the main difficult problems of our proof is how to construct suitable test functions.

2 Preliminaries and definitions
In order to handle linear combinations of composition operators, we need some auxiliary
results. For z = (z1, . . . , zN ) and w = (w1, . . . , wN ) in C

N , the inner product of z and w is
defined by

〈z, w〉 := z1w1 + · · · + zN wN ,

and then |z| = 〈z, z〉1/2. For each z ∈C
N , denote by [z] the complex subspace spanned by z.

The involutive automorphism of BN that interchanges a and 0 is given by

�a(z) :=
a – Pa(z) – saQa(z)

1 – 〈z, a〉 , z ∈ BN ,

where Pa is the projection onto [a] (that is, P0 = 0, Pa(z) := 〈z,a〉
〈a,a〉 a if a 	= 0), Qa(z) = (I –Pa)(z)

is the projection onto [z]⊥, and sa := (1 – 〈a, a〉)1/2. Clearly, 〈Pa(z), a〉 = 〈z, a〉. For z and w
in BN , the pseudo-hyperbolic distance β(z, w) is defined by

β(z, w) := sup
{∣∣f (z)

∣∣ : f ∈ H∞(BN ),‖f ‖∞ ≤ 1, f (w) = 0
}

;

and the induced distance d∞(z, w) is defined by

d∞(z, w) := sup
{∣∣f (z) – f (w)

∣∣ : f ∈ H∞(BN ),‖f ‖∞ ≤ 1
}

.

We also recall the following relations, for example, see [10, 19].
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Lemma 2.1 For any z and w in BN , we have

(a) d∞(z, w) = 2–2
√

1–β(z,w)2

β(z,w) ;
(b) β(z, w) = |�z(w)|;
(c) {p : β(z, p) < λ} = �z(λBN ) for 0 ≤ λ ≤ 1.

For 0 < λ < 1, �z(λBN ) is the set of all points w ∈ BN satisfying

|Pz(w) – Czλ|2
λ2ρ2

zλ
+

|Qz(w)|2
λ2ρzλ

< 1,

an ellipsoid with center Czλ, where

Czλ :=
(1 – λ2)z
1 – λ2|z|2 and ρzλ :=

1 – |z|2
1 – λ2|z|2

(see [14, page 10] for details). As in [19], observe that �z(λBN ) ∩ [z]⊥ is a ball of radius
λ
√

ρzλ, while �z(λBN ) ∩ [z] is a disk centered at Czλ of radius λρzλ as follows:

�z(λBN ) ∩ [z] =
{

w ∈ [z] :
∣∣∣∣

z – w
1 – 〈z, w〉

∣∣∣∣ < λ

}
. (2.1)

The pseudo-hyperbolic distance between two points z and w in D
N is defined by

ρN (z, w) := max
1≤j≤N

ρ(zj, wj),

where we denote by ρ the pseudo-hyperbolic distance on D, i.e., ρ(a, b) = | a–b
1–ab | for

a, b ∈ D. We also define the induced distance for any z and w in D
N :

dmax(z, w) := sup
{∣∣f (z) – f (w)

∣∣ : f ∈ H∞(
D

N)
,‖f ‖∞ ≤ 1

}
.

The following relation can be obtained by using Schwarz’s lemma for the polydisk and the
argument in the proof of Lemma 2.2 in [20].

Lemma 2.2 dmax(z, w) ≤ 2ρN (z, w) for any z, w ∈D
N .

At the end of this section, we give compactness criterions for linear combinations of
composition operators. Let X = H∞(BN ) (resp. H∞(DN )) and G = BN (resp. DN ). Let B(X)
be the space of all bounded linear operators from X to X. Then an operator T ∈ B(X) is
said to be compact if T(S) is compact in the norm topology in X, where S is the unit sphere
of X.

Proposition 2.3 Let ϕ1, . . . ,ϕM be holomorphic self-maps of G. Then, for a1, . . . , aM ∈ C,
∑M

i=1 aiCϕi is compact on X if and only if ‖∑M
i=1 aiCϕi fj‖∞ → 0 for any bounded sequence

{fj} ⊆ X with fj → 0 uniformly on each compact subset of G, as j → ∞.

Throughout this paper we use the notation X � Y or Y � X for nonnegative functions
X and Y to mean that there exists C > 0 such that X ≤ CY , where C does not depend on
the associated variables. Similarly, we use the notation X ≈ Y if both X � Y and Y � X
hold.
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3 Linear combinations of composition operators
3.1 Compactness on H∞(BN)
As is well known, every holomorphic self-map ϕ of BN induces a bounded composition
operator Cϕ on H∞(BN ). Given M ≥ 2, let a1, . . . , aM ∈ C \ {0} and ϕ1, . . . ,ϕM be holo-
morphic self-maps of BN . If ϕi(BN ) ⊆ rBN for some positive number r < 1, then Cϕi is
compact on H∞(BN ). We may exclude such trivial ones from our linear sums and assume
that supz∈BN |ϕi(z)| = 1 for each i throughout this subsection. Denote byZ := Z(ϕ1, . . . ,ϕM)
the family of sequences {z(j)} in BN satisfying the following conditions:

(a) |ϕi(z(j))| → 1 as j → ∞ for some i;
(b) {ϕi(z(j))} converges for each i;
(c) {β(ϕi(z(j)),ϕk(z(j))} is a convergent sequence for every i, k.

By our hypothesis, there is {z(j)} ∈Z , and then we write

I
({

z(j)}) =
{

i : 1 ≤ i ≤ N ,
∣∣ϕi

(
z(j))∣∣ → 1 as j → ∞}

.

Clearly I({z(j)}) 	= ∅ by (a). By (b), for each m /∈ I({z(j)}), there exists a positive constant δ < 1
such that |ϕm(z(j))| ≤ δ. Given t ∈ I({z(j)}), we write

I0
({

z(j)}, t
)

=
{

i ∈ I
({

z(j)}) : β
(
ϕt

(
z(j)),ϕi

(
z(j))) → 0 as j → ∞}

.

Then it is easy to see that

I0
({

z(j)}, t1
)

= I0
({

z(j)}, t2
)

or I0
({

z(j)}, t1
) ∩ I0

({
z(j)}, t2

)
= ∅

for t1, t2 ∈ I({z(j)}). Hence there is a subset {t1, . . . , t�} ⊆ I({z(j)}) such that

I
({

z(j)}) =
�⋃

k=1

I0
({

z(j)}, tk
)

and I0({z(j)}, ti) ∩ I0({z(j)}, tm) = ∅ for i 	= m. Under these notations, we can characterize
completely the compactness of linear sums of composition operators on H∞(BN ) as fol-
lows.

Theorem 3.1 Under the above notation and definitions,
∑M

i=1 aiCϕi is compact on H∞(BN )
if and only if

∑
i∈I0({z(j)},t) ai = 0 for every {z(j)} ∈Z and t ∈ I({z(j)}).

Proof Suppose that
∑M

i=1 aiCϕi is compact on H∞(BN ). Let {z(j)} ∈Z and t ∈ I({z(j)}). Then
we set {k1, . . . , k�} = {1, . . . , M} \ I0({z(j)}, t). So, for each 1 ≤ m ≤ �, considering subse-
quences of {z(j)}, there is some δ > 0 such that β(ϕkm (z(j)),ϕi(z(j))) ≥ δ for any i ∈ I0({z(j)}, t)
and j large enough. Meanwhile, for every i ∈ I0({z(j)}, t), then β(ϕt(z(j)),ϕi(z(j))) → 0, and
thus d∞(ϕt(z(j)),ϕi(z(j))) → 0 according to Lemma 2.1(a) and limt→0

2–2
√

1–t2
t = 0.

For each j and km /∈ I0({z(j)}, t), let

ε
(km)
j :=

∣∣∣∣
ϕkm (z(j)) – Pϕkm (z(j))(ϕt(z(j)))

1 – 〈Pϕkm (z(j))(ϕt(z(j))),ϕkm (z(j))〉
∣∣∣∣.
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Considering subsequences of {z(j)}, we may assume that {ε(km)
j } converges in the sequel. By

(2.1), Pϕkm (z(j))(ϕt(z(j))) ∈ �ϕkm (z(j))(ε
(km)
j BN ) ∩ [ϕkm (z(j))]. Thus

∣∣Pϕkm (z(j))
(
ϕt

(
z(j))) – ϕkm

(
z(j))∣∣ ≤ 2ε

(km)
j ρ

ϕkm (z(j))ε(km)
j

;

and it is on the order of ε
(km)
j (1 – |ϕkm (z(j))|2). Define the functions

g(j)
km

(z) :=
〈z, Qe

ϕkm (z(j))(ϕt(z(j)))〉2

1 – 〈z,ϕkm (z(j))〉 ,

where we set the unit vector

Qe
ϕkm (z(j))

(
ϕt

(
z(j))) :=

Qϕkm (z(j))(ϕt(z(j)))
|Qϕkm (z(j))(ϕt(z(j)))| .

If {ε(km)
j } tends to zero for some km /∈ I0({z(j)}, t), then it follows from the proof of [19,

Lemma 10] that the following statements hold:
(i) ‖g(j)

km
‖∞ ≤ 2;

(ii) g(j)
km

(ϕkm (z(j))) = 0 and

lim inf
j→∞

∣∣g(j)
km

(
ϕt

(
z(j)))∣∣ = lim inf

j→∞
|Qϕkm (z(j))(ϕt(z(j)))|2

|1 – 〈ϕt(z(j)),ϕkm (z(j))〉| ≥ δ2.

Furthermore,
(iii) for every i ∈ I0({z(j)}, t),

lim
j→∞ g(j)

km

(
ϕi

(
z(j))) = lim

j→∞ g(j)
km

(
ϕt

(
z(j))) := αkm ,t 	= 0.

That is deduced by the fact that

∣∣g(j)
km

(
ϕi

(
z(j))) – g(j)

km

(
ϕt

(
z(j)))∣∣ ≤ d∞

(
ϕkm

(
z(j)),ϕi

(
z(j))) → 0,

and the limit αkm ,t 	= 0 by (ii).
On the other hand, if {ε(k′

m)
j } does not tend to zero for some k′

m /∈ I0({z(j)}, t), then there
is some positive constant σ such that

∣∣∣∣

ϕk′
m (z(j)) – Pϕk′m (z(j))(ϕt(z(j)))

1 – 〈ϕt(z(j)),ϕk′
m (z(j))〉

∣∣∣∣ > σ

for j large enough. Now we define the functions

h(j)
k′

m
(z) :=

〈ϕk′
m (z(j)) – Pϕk′m (z(j))(z),

ϕk′m (z(j))

|ϕk′m (z(j))| 〉
1 – 〈z,ϕk′

m (z(j))〉 .

Similarly, the following statements can be obtained:
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(i′) ‖h(j)
k′

m
‖∞ ≤ 2;

(ii′) h(j)
k′

m
(ϕk′

m (z(j))) = 0 and

lim inf
j→∞

∣∣h(j)
k′

m

(
ϕt

(
z(j)))∣∣ = lim inf

j→∞

∣∣∣∣
ϕk′

m (z(j)) – Pϕk′m (z(j))(ϕt(z(j)))

1 – 〈ϕt(z(j)),ϕk′
m (z(j))〉

∣∣∣∣ ≥ σ ;

(iii′) for every i ∈ I0({z(j)}, t),

lim
j→∞ h(j)

k′
m

(
ϕi

(
z(j))) = lim

j→∞ h(j)
k′

m

(
ϕt

(
z(j))) := βk′

m ,t 	= 0.

Without loss of generality, let {kp : 1 ≤ p ≤ �0 ≤ �} be the set of all kp /∈ I0({z(j)}, t) such
that ε

(kp)
j → 0 as j → ∞. For an arbitrary positive integer j, define

fj(z) :=
1 – |ϕt(z(j))|2

1 – 〈z,ϕt(z(j))〉
�0∏

p=1

g(j)
kp

(z) ·
�∏

q=�0+1

h(j)
kq

(z). (3.1)

Then fj ∈ H∞(BN ) with ‖fj‖∞ ≤ 2M , and {fj} converges uniformly to zero on compact sub-
sets of BN . Also fj(ϕkm (z(j))) = 0 for every 1 ≤ m ≤ �. Therefore

∥∥∥∥∥

M∑

i=1

aiCϕi fj

∥∥∥∥∥∞
≥

∣∣∣∣∣

M∑

i=1

aifj
(
ϕi

(
z(j)))

∣∣∣∣∣

=

∣∣∣∣∣

∑

i∈I0({sj},t)

ai
1 – |ϕt(z(j))|2

1 – 〈ϕi(z(j)),ϕt(z(j))〉
�0∏

p=1

g(j)
kp

(
ϕi

(
z(j))) ·

�∏

q=�0+1

h(j)
kq

(
ϕi

(
z(j)))

∣∣∣∣∣
.

Note that

1 – |ϕt(z(j))|2
1 – 〈ϕi(z(j)),ϕt(z(j))〉 = 1 +

〈ϕi(z(j)) – ϕt(z(j)),ϕt(z(j))〉
1 – 〈ϕi(z(j)),ϕt(z(j))〉

and

|〈ϕi(z(j)) – ϕt(z(j)),ϕt(z(j))〉|
|1 – 〈ϕi(z(j)),ϕt(z(j))〉| =

∣∣ϕt
(
z(j))∣∣

∣∣∣∣
Pϕt (z(j))(ϕi(z(j))) – ϕt(z(j))

1 – 〈ϕi(z(j)),ϕt(z(j))〉
∣∣∣∣

≈
∣∣∣∣

Pϕt (z(j))(ϕi(z(j))) – ϕt(z(j))
1 – 〈Pϕt (z(j))(ϕi(z(j))),ϕt(z(j))〉

∣∣∣∣

because of |ϕt(z(j))| → 1 as j → ∞. By (2.1) and Lemma 2.1(b), for arbitrary ε > 0,

{
ϕi

(
z(j)) : β

(
ϕi

(
z(j)),ϕt

(
z(j))) < ε

} ∩ [
ϕt

(
z(j))]

=
{

Pϕt (z(j))
(
ϕi

(
z(j))) :

∣∣∣∣
Pϕt (z(j))(ϕi(z(j))) – ϕt(z(j))

1 – 〈Pϕt (z(j))(ϕi(z(j))),ϕt(z(j))〉
∣∣∣∣ < ε

}
.

Replacing ε by positive numbers εj tending to zero, we have

lim
j→∞

1 – |ϕt(z(j))|2
1 – 〈ϕi(z(j)),ϕt(z(j))〉 = 1.
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Therefore

lim
j→∞

∥∥∥∥∥

M∑

i=1

aiCϕi fj

∥∥∥∥∥∞
≥

∣∣∣∣∣

∑

i∈I0({sj},t)

ai

�0∏

p=1

αkp ,t ·
�∏

q=�0+1

βkq ,t

∣∣∣∣∣

=
�0∏

p=1

|αkp ,t| ·
�∏

q=�0+1

|βkq ,t| ·
∣∣∣∣

∑

i∈I0({z(j)},t)

ai

∣∣∣∣,

which indicates that
∑

i∈I0({z(j)},t) ai = 0.
Conversely, suppose that

∑M
i=1 aiCϕi is not compact on H∞(BN ). Then there exists a

sequence {gj} ⊆ H∞(BN ) with ‖gj‖∞ ≤ 1 such that it converges uniformly to zero on every
compact subset of BN , and

∥∥∥∥∥

M∑

i=1

aigj ◦ ϕi

∥∥∥∥∥∞
� 0 as j → ∞.

Then, for some constant ε0 > 0, we can take z(j) ∈ BN such that |z(j)| → 1, and

∣∣∣∣∣

M∑

i=1

aigj
(
ϕi

(
z(j)))

∣∣∣∣∣
> ε0.

Considering subsequences of {z(j)}, we may assume that |ϕi(z(j))| → αi with αi ≥ 0, as j →
∞ for every i. Also {gj} converges uniformly to zero on every compact subset of BN , so
αi = 1 for some i. Now we can assume that {z(j)} ∈Z . And we get

lim inf
j→∞

∣∣∣∣
∑

i∈I({z(j)})
aigj

(
ϕi

(
z(j)))

∣∣∣∣ ≥ ε0. (3.2)

Note that {gj(ϕi(z(j)))} is bounded, and then considering a subsequence of {z(j)}, we may
assume that gj(ϕi(z(j))) → ξi as j → ∞ for every i. Recall that there is a subset {t1, . . . , t�} ⊆
I({z(j)}) such that

I
({

z(j)}) =
�⋃

k=1

I0
({

z(j)}, tk
)

and I0({z(j)}, tq) ∩ I0({z(j)}, tm) = ∅ for q 	= m. For i ∈ I0({z(j)}, tm), due to the part (a) of
Lemma 2.1 and limt→0

2–2
√

1–t2
t = 0, we have

∣∣gj
(
ϕi

(
z(j))) – gj

(
ϕtm

(
z(j)))∣∣ ≤ d∞

(
ϕi

(
z(j)),ϕtm

(
z(j))) → 0

as j → ∞, which shows that ξi = ξtm . Hence

lim
j→∞

∑

i∈I({z(j)})
aigj

(
ϕi

(
z(j))) = lim

j→∞

�∑

m=1

∑

i∈I0({z(j)},tm)

aigj
(
ϕi

(
z(j)))

=
�∑

m=1

ξtm

( ∑

i∈I0({z(j)},tm)

ai

)
= 0
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by the hypothesis
∑

i∈I0({z(j)},t) ai = 0. This contradicts (3.2). Hence the proof is com-
plete. �

The following corollaries can be obtained immediately from Theorem 3.1.

Corollary 3.2 If
∑

i∈J ai 	= 0 for every subset J of {1, 2, . . . , M}, then
∑M

i=1 aiCϕi is not com-
pact on H∞(BN ).

Corollary 3.3 Suppose that
∑M

i=1 ai = 0 and
∑

i∈J ai 	= 0 for every nonempty proper subset
J of {1, 2, . . . , M}. Then

∑M
i=1 aiCϕi is compact on H∞(BN ) if and only if Cϕi – Cϕj is compact

on H∞(BN ) for every i, j with i 	= j.

As is well known, Cϕ is compact on H∞(BN ) if and only if

lim
j→∞ sup

ξ∈∂BN

∥∥〈ϕ, ξ 〉j∥∥∞ = 0.

Motivated by [17], we give another criterion for the compactness of linear combination of
composition operators

∑M
i=1 aiCϕi on H∞(BN ) by polynomials.

Theorem 3.4 For arbitrary a1, . . . , aM ∈ C\{0} and holomorphic self-maps ϕ1, . . . ,ϕM of
BN ,

∑M
i=1 aiCϕi is compact on H∞(BN ) if and only if

sup
0≤�≤N

sup
1

�+1
∑�

m=0 σm>L
sup

ξ ,ηi∈∂BN

∥∥∥∥∥

M∑

i=1

ai

(

〈ϕi, ξ 〉σ0

�0∏

p=1

〈ϕi,ηp〉σp
�∏

q=�0+1

〈ϕi,ηq〉σq

)∥∥∥∥∥∞

tends to zero, as L → ∞.

Proof For simplicity, denote T :=
∑M

i=1 aiCϕi . For arbitrary positive integers σm (0 ≤ m ≤
N ), 0 ≤ �0 ≤ � ≤ N , and ξ ,ηi ∈ ∂BN , we denote σ � := 1

�+1
∑�

m=0 σm, η := (η1, . . . ,η�). Then
we define the family of functions:

F (ξ ,η)
σ�

(z) := 〈z, ξ 〉σ0

�0∏

p=1

〈z,ηp〉σp
�∏

q=�0+1

〈z,ηq〉σq .

Note that ‖F (ξ ,η)
σ�

‖∞ ≤ 1 and F (ξ ,η)
σ�

converges uniformly to zero on every compact subset of
BN , as σ � → ∞. If T is compact on H∞(BN ), then we have

lim
L→∞ sup

0≤�≤N
sup
σ�>L

sup
ξ ,ηi∈∂BN

∥∥TF (ξ ,η)
σ�

∥∥∞ = 0,

following from an argument similar to the proof of Theorem 3.2 in [8].
To prove the sufficiency, we continue to use the same notation in the proof of Theo-

rem 3.1. A brief retrospective analysis has proved that the following statements are equiv-
alent:

(1)
∑M

i=1 aiCϕi is compact;
(2) limj→∞ ‖Tfj‖∞ = 0 for the functions fj given by (3.1);
(3)

∑
i∈I0({z(j)},t) ai = 0 for every {z(j)} ∈Z and t ∈ I({z(j)}).
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To end the proof, we first compute

Tfj(z) =
M∑

m=1

am
(
1 –

∣∣ϕt
(
z(j))∣∣2)∑∣∣ϕt

(
z(j))∣∣kCϕm

(〈
z,

ϕt(z(j))
|ϕt(z(j))|

〉k)

×
�0∏

p=1

∑∣∣ϕkp

(
z(j))∣∣kCϕm

(〈
z, Qe

ϕkp (z(j))

(
ϕt

(
z(j)))〉2

〈
z,

ϕkp (z(j))
|ϕkp (z(j))|

〉k)

×
�∏

q=�0+1

∑∣∣ϕkq

(
z(j))∣∣kCϕm

((∣∣ϕkq

(
z(j))∣∣ –

〈
z,

ϕkq (z(j))
|ϕkq (z(j))|

〉)〈
z,

ϕkq (z(j))
|ϕkq (z(j))|

〉k)
.

Note that

∥∥〈ϕm, ζ 〉k∥∥∞ ≤ 1,
∥∥Cϕm

〈
z, Qe

ϕkp (z(j))

(
ϕt

(
z(j)))〉2∥∥∞ ≤ 1,

∥∥∥∥
∣∣ϕkq

(
z(j))∣∣ – Cϕm

〈
z,

ϕkq (z(j))
|ϕkq (z(j))|

〉∥∥∥∥∞
≤ 2,

for each ζ ∈ ∂BN , m, k, j, and 1 ≤ p ≤ �0 < q ≤ � ≤ N . For each L ∈N, we have

ε
(L)
j :=

(
1 –

∣∣ϕt
(
z(j))∣∣2)

L∑

k=0

∣∣ϕt
(
z(j))∣∣k ×

�0∏

p=1

L∑

k=0

∣∣ϕkp

(
z(j))∣∣k ×

�∏

q=�0+1

L∑

k=0

∣∣ϕkq

(
z(j))∣∣k

goes to 0, because of |ϕt(z(j))| → 1, as j → ∞. Clearly, there exists a positive constant δ < 1
such that |ϕkm (z(j))| ≤ δ for each km ∈ {1, . . . , M} \ I0({z(j)}, t), so for j large enough, we have

‖Tfj‖∞ � ε
(L)
j +

(
1 –

∣∣ϕt
(
z(j))∣∣2)∑∣∣ϕt

(
z(j))∣∣k ×

�0∏

p=1

∑∣∣ϕkp

(
z(j))∣∣k

×
�∏

q=�0+1

∑∣∣ϕkq

(
z(j))∣∣k × sup

σ�>L
sup

ξ ,ηi∈∂BN

∥∥TF (ξ ,η)
σ�

∥∥∞

≤ ε
(L)
j +

2
(1 – δ)�

× sup
0≤�≤N

sup
σ�>L

sup
ξ ,ηi∈∂BN

∥∥TF (ξ ,η)
σ�

∥∥∞

� ε
(L)
j + sup

0≤�≤N
sup
σ�>L

sup
ξ ,ηi∈∂BN

∥∥TF (ξ ,η)
σ�

∥∥∞,

where σ � := 1
�+1

∑�
m=0 σm. Therefore, we get

lim sup
j→∞

‖Tfj‖∞ � lim sup
L→∞

sup
0≤�≤N

sup
σ�>L

sup
ξ ,ηi∈∂BN

∥∥TF (ξ ,η)
σ�

∥∥∞ = 0.

So T is compact, which completes the proof. �

3.2 Compactness on H∞(DN)
Our aim of this subsection is to extend the above results to the space H∞(DN ). Let M ≥ 2,
a1, . . . , aM ∈ C \ {0}, and let {ϕj = (ϕ(j)

1 , . . . ,ϕ(j)
N )}M

j=1 be holomorphic self-maps of DN . For
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given j, if ‖ϕ(j)
k ‖∞ < 1 for all k, then Cϕj is compact on H∞(DN ). We may exclude such

trivial ones from our linear combinations, and assume that max{‖ϕ(j)
1 ‖∞, . . . ,‖ϕ(j)

N ‖∞} = 1
for each j, unless otherwise specified in this subsection. Given λ ∈ {1, . . . , N}, denote by
Zλ := Zλ(ϕ1, . . . ,ϕM) the family of sequences {z(j)} in D

N satisfying the following condi-
tions:

(a) |ϕ(i)
λ (z(j))| → 1 as j → ∞ for some i;

(b) {ϕ(i)
λ (z(j))} converges for each i;

(c) {ρ(ϕ(i)
λ (z(j)),ϕ(k)

λ (z(j)))} is a convergent sequence for every i, k.
Note that there exists some λ such that Zλ 	= ∅. For {z(j)} ∈Zλ, we define

I(λ)({z(j)}) =
{

i : 1 ≤ i ≤ M,
∣∣ϕ(i)

λ

(
z(j))∣∣ → 1 as j → ∞}

.

By (b), for each m /∈ I(λ)({z(j)}), there exists a positive constant δ < 1 such that |ϕ(m)
λ (z(j))| ≤ δ.

Given t ∈ I(λ)({z(j)}), we write

I(λ)
0

({
z(j)}, t

)
=

{
i ∈ I(λ)({z(j)}) : ρ

(
ϕ

(t)
λ

(
z(j)),ϕ(i)

λ

(
z(j))) → 0 as j → ∞}

.

Also there is a subset {t1, . . . , t�} ⊆ I(λ)({z(j)}) such that

I(λ)({z(j)}) =
�⋃

k=1

I(λ)
0

({
z(j)}, tk

)

and I(λ)
0 ({z(j)}, ti) ∩ I(λ)

0 ({z(j)}, tm) = ∅ for i 	= m. Furthermore, we set

J (λ)
0

({
z(j)}, t

)
=

{
i ∈ I(λ)

0
({

z(j)}, t
)

: lim
j→∞ρN

(
ϕt

(
z(j)),ϕi

(
z(j))) → 0

}
.

Now we determine when linear combinations of composition operators are compact on
the space H∞(DN ).

Theorem 3.5 Under the notation above, the following statements hold:
(1) If

∑M
i=1 aiCϕi is compact on H∞(DN ), then

∑
i∈I(λ)

0 ({z(j)},t) ai = 0, whenever {z(j)} ∈Zλ

and t ∈ I(λ)({z(j)}) for each λ ∈ {1, . . . , N}.
(2) If J (λ)

0 ({z(j)}, t) = I(λ)
0 ({z(j)}, t) and

∑
i∈I(λ)

0 ({z(j)},t) ai = 0 whenever {z(j)} ∈Zλ and

t ∈ I(λ)({z(j)}) for each λ ∈ {1, . . . , N}, then
∑M

i=1 aiCϕi is compact on H∞(DN ).

Proof (1) Given λ ∈ {1, . . . , N}, let {z(j)} ∈ Zλ and t ∈ I(λ)({z(j)}). Then we can assume that
{k1, . . . , k�} = {1, . . . , M} \ I(λ)

0 ({z(j)}, t). So, for each 1 ≤ m ≤ �, considering subsequences of
{z(j)}, we may say that

lim
j→∞ρ

(
ϕ

(km)
λ

(
z(j)),ϕ(t)

λ

(
z(j))) := βkm ,t 	= 0.

For every i ∈ I(λ)
0 ({z(j)}, t), it is easy to see that

lim
j→∞ρ

(
ϕ

(km)
λ

(
z(j)),ϕ(i)

λ

(
z(j))) = lim

j→∞ρ
(
ϕ

(km)
λ

(
z(j)),ϕ(t)

λ

(
z(j)))
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by the well-known triangle inequality

∣∣ρ
(
ϕ

(km)
λ

(
z(j)),ϕ(i)

λ

(
z(j))) – ρ

(
ϕ

(km)
λ

(
z(j)),ϕ(t)

λ

(
z(j)))∣∣ ≤ ρ

(
ϕ

(t)
λ

(
z(j)),ϕ(i)

λ

(
z(j))).

For an arbitrary positive integer j, define

f (λ)
j (z) =

1 – |ϕ(t)
λ (z(j))|2

1 – ϕ
(t)
λ (z(j))zλ

�∏

m=1

ϕ
(km)
λ (z(j)) – zλ

1 – ϕ
(km)
λ (z(j))zλ

,

where km /∈ I(λ)
0 ({z(j)}, t). Then clearly f (λ)

j ∈ H∞(D) ⊆ H∞(DN ) with ‖f (λ)
j ‖∞ ≤ 2, and {f (λ)

j }
converges uniformly to zero on every compact subset of D. Therefore

∥∥∥∥∥

M∑

i=1

aiCϕi f
(λ)

j

∥∥∥∥∥∞
≥

∣∣∣∣∣

M∑

i=1

aif (λ)
j

(
ϕi

(
z(j)))

∣∣∣∣∣

=

∣∣∣∣∣

∑

i∈I(λ)
0 ({z(j)},t)

ai
1 – |ϕ(t)

λ (z(j))|2
1 – ϕ

(t)
λ (z(j))ϕ(i)

λ (z(j))

�∏

m=1

ϕ
(km)
λ (z(j)) – ϕ

(i)
λ (z(j))

1 – ϕ
(km)
λ (z(j))ϕ(i)

λ (z(j))

∣∣∣∣∣
.

Clearly

lim
j→∞

1 – |ϕ(t)
λ (z(j))|2

1 – ϕ
(t)
λ (z(j))ϕ(i)

λ (z(j))
= 1

for each i ∈ I(λ)
0 ({z(j)}, t). Now we get

lim
j→∞

∥∥∥∥∥

M∑

i=1

aiCϕi f
(λ)

j

∥∥∥∥∥∞
≥

∣∣∣∣∣

∑

i∈I(λ)
0 ({z(j)},t)

ai

�∏

m=1

βkm ,t

∣∣∣∣∣

=
�∏

m=1

|βkm ,t|
∣∣∣∣

∑

i∈I(λ)
0 ({z(j)},t)

ai

∣∣∣∣,

and then
∑

i∈I(λ)
0 ({z(j)},t) ai = 0 due to the compactness of

∑M
i=1 aiCϕi . Thus statement (1) is

obtained.
(2) Here we argue by contradiction, and suppose that

∑M
i=1 aiCϕi is not compact on

H∞(DN ). Then there exists a sequence {gj} ⊆ H∞(DN ) with ‖gj‖∞ ≤ 1 such that it con-
verges uniformly to zero on each compact subset of DN , whereas

∥∥∥∥∥

M∑

i=1

aigj ◦ ϕi

∥∥∥∥∥∞
� 0 as j → ∞.

For some constant ε0 > 0, then we can take z(j) ∈D
N with |z(j)|max → 1 and

∣∣∣
∣∣

M∑

i=1

aigj
(
ϕi

(
z(j)))

∣∣∣
∣∣

> ε0.
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Considering subsequences of {z(j)}, we may assume that ϕi(z(j)) → αi as j → ∞ for every i.
Also {gj} converges uniformly to zero on each compact subset of DN , so |αi|max = 1 for
some i. Now we may say that {z(j)} ∈ ⋃N

λ=1 Zλ. And we get

lim inf
j→∞

∣∣∣∣
∑

i∈⋃N
λ=1 I(λ)({z(j)})

aigj
(
ϕi

(
z(j)))

∣∣∣∣ ≥ ε0. (3.3)

Note that {gj(ϕi(z(j)))}∞j=1 is bounded, and then considering a subsequence of {z(j)}, we may
assume that gj(ϕi(z(j))) → ξ (i) as j → ∞ for every i. Without loss of generality, we may
assume that {z(j)} ∈Z1. Recall that there is a subset {t(1)

1 , . . . , t(1)
�1

} ⊆ I(1)({z(j)}) such that

E1
({

z(j)}) := I(1)({z(j)}) =
�⋃

k=1

I(1)
0

({
z(j)}, t(1)

k
)

and I(1)
0 ({z(j)}, t(1)

q )∩ I(1)
0 ({z(j)}, t(1)

m ) = ∅ for q 	= m. If I(2)({z(j)})\I(1)({z(j)}) 	= ∅, then there exists
a subset {t(2)

1 , . . . , t(2)
�2

} ⊆ I(2)({z(j)}) such that

E2
({

z(j)}) := I(2)({z(j)})\I(1)({z(j)}) =
�2⋃

k=1

I(2)
0

({
z(j)}, t(2)

k
)
,

and I(2)
0 ({z(j)}, t(2)

q ) ∩ I(2)
0 ({z(j)}, t(2)

m ) = ∅ for q 	= m. And so on, if I(N)({z(j)})\⋃N–1
λ=1 I(λ)({z(j)}) 	=

∅, then there exists a subset {t(N)
1 , . . . , t(N)

�N
} ⊆ I(N)({z(j)}) such that

EN
({

z(j)}) := I(N)({z(j)})\
N–1⋃

λ=1

I(λ)({z(j)}) =
�N⋃

k=1

I(N)
0

({
z(j)}, t(N)

k
)
,

and I(N)
0 ({z(j)}, t(N)

q ) ∩ I(N)
0 ({z(j)}, t(N)

m ) = ∅ for q 	= m.
For each λ and i ∈ I(λ)

0 ({z(j)}, t(λ)
m ), we have ρN (ϕi(z(j)),ϕt(λ)

m
(z(j))) → 0 as j → ∞, by the

hypothesis I(λ)
0 ({z(j)}, t(λ)

m ) = J (λ)
0 ({z(j)}, t(λ)

m ). Then it follows from Lemma 2.2 d) that

∣∣gj
(
ϕi

(
z(j))) – gj

(
ϕt(λ)

m

(
z(j)))∣∣ ≤ 2ρN

(
ϕi

(
z(j)),ϕt(λ)

m

(
z(j))) → 0

as j → ∞, which implies that ξ (i) = ξ (t(λ)
m ). Hence

lim
j→∞

∑

i∈⋃N
λ=1 I(λ)({z(j)})

aigj
(
ϕi

(
z(j)))

= lim
j→∞

N∑

λ=1

∑

i∈Eλ({z(j)})
aigj

(
ϕi

(
z(j)))

=
N∑

λ=1

�λ∑

k=1

∑

i∈I(λ)
0 ({z(j)},t(λ)

k )

aiξ
(t(λ)

k )

=
N∑

λ=1

(
�λ∑

k=1

ξ (t(λ)
k )

)( ∑

i∈I(λ)
0 ({z(j)},t(λ)

k )

ai

)
= 0
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by the hypothesis
∑

i∈I(λ)
0 ({z(j)},t) ai = 0. This contradicts (3.3), which completes the

proof. �

As an application, the following characterizes compact differences of composition op-
erators.

Corollary 3.6 Let ϕ and ψ be arbitrary holomorphic self-maps of DN with

max
{‖ϕ1‖∞, . . . ,‖ϕN‖∞

}
= max

{‖ψ1‖∞, . . . ,‖ψN‖∞
}

= 1.

Then Cϕ – Cψ is compact on H∞(DN ) if and only if

lim
|ϕi(z)|→1

ρN
(
ϕ(z),ψ(z)

)
= 0 for every 1 ≤ i ≤ N and

lim
|ψi(z)|→1

ρN
(
ϕ(z),ψ(z)

)
= 0 for every 1 ≤ i ≤ N .

(3.4)

Proof Let (3.4) hold. Then it is only needed to see that

lim
j→∞

∥∥(Cϕ – Cψ )gj
∥∥∞ = 0

for any sequence {gj} in the unit sphere of H∞(DN ) converging uniformly to zero on each
compact subset of DN . By Lemma 2.2, we get

∣∣gj
(
ϕ(z)

)
– gj

(
ψ(z)

)∣∣ ≤ 2ρN
(
ϕ(z),ψ(z)

)
for each z ∈ D

N .

Under this hypothesis, given ε > 0, we may choose 0 < δ < 1 such that

ρN
(
ϕ(z),ψ(z)

)
< ε/4,

whenever |ϕi(z)| > δ or |ψj(z)| > δ for each i, j. Since {gj} converges uniformly to zero on
each compact subset of DN , for j large enough, we have

∣∣gj
(
ϕ(z)

)
– gj

(
ψ(z)

)∣∣ ≤ ε/2

when |ϕi(z)| ≤ δ and |ψi(z)| ≤ δ for each i. Hence |gj(ϕ(z)) – gj(ψ(z))| < ε for j large enough,
which implies the compactness of Cϕ – Cψ .

Conversely, suppose that Cϕ – Cψ is compact on H∞(DN ), whereas (3.4) does not hold.
Without loss of generality, we may assume that there is {z(j)} ∈ Z1. By Theorem 3.5, we
have I(1)({z(j)}) = {1, 2} and I(1)

0 ({z(j)}, t) = {1, 2} for every t ∈ I(1)({z(j)}). Hence

lim
|ϕ1(z)|→1

ρ
(
ϕ1(z),ψ1(z)

)
= lim

|ψ1(z)|→1
ρ
(
ϕ1(z),ψ1(z)

)
= 0.

So, for some m ≥ 2, ρ(ϕm(z(j)),ψm(z(j))) � 0 as j → ∞. Then we may assume that, consid-
ering subsequences of {z(j)},

lim
j→∞ρ

(
ϕm

(
z(j)),ψm

(
z(j))) := αm 	= 0.
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For an arbitrary positive integer j, we define the functions

fj(z) =
1 – |ϕ1(z(j))|2
1 – ϕ1(z(j))z1

· ϕm(z(j)) – zm

1 – ϕm(z(j))zm
.

Clearly fj ∈ H∞(DN ) with ‖fj‖∞ ≤ 2, and {fj} converges uniformly to zero on every compact
subset of DN . Thus

∥∥(Cϕ – Cψ )fj
∥∥∞ ≥ ∣∣fj

(
ϕ
(
z(j))) – fj

(
ψ

(
z(j)))∣∣

=
∣∣∣∣

1 – |ϕ1(z(j))|2
1 – ϕ1(z(j))ψ1(z(j))

· ϕm(z(j)) – ψm(z(j))
1 – ϕm(z(j))ψm(z(j))

∣∣∣∣.

Note that

lim
m→∞

1 – |ϕ1(z(j))|2
1 – ϕ1(z(j))ψ1(z(j))

= 1.

Therefore

lim inf
m→∞

∥∥(Cϕ – Cψ )fj
∥∥∞ ≥ |αm| > 0,

which leads to a contradiction with the compactness of Cϕ – Cψ . So

lim
|ϕ1(z)|→1

ρN
(
ϕ(z),ψ(z)

)
= lim

|ψ1(z)|→1
ρN

(
ϕ(z),ψ(z)

)
= 0,

which implies the desired result (3.4). �
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