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1 Introduction

Let V' be a commutative group, W be a linear space, and # > 2 be an integer. Recall from
[14] that a mapping f : V" — W is called multi-additive if it is additive (satisfies Cauchy’s
functional equation A(x + y) = A(x) + A(y)) in each variable (see also [16]). Some facts
on such mappings can be found in [24] and many other sources. Moreover, f is said to
be multi-quadratic if it is quadratic in each variable [15] (satisfies quadratic functional
equation Q(x + ) + Q(x — y) = 2Q(x) + 2Q(y) in each variable). In [32], Zhao et al. proved
that the mapping f : V" — W is multi-quadratic if and only if the following relation holds:

Z f(x1 + sz) =2" Z f(xljl,ijz, .o .,xn/n), (11)

se{-1,1}" J1j25-0jn€{1,2}

where x; = (x1j,%9j,...,%,) € V" with j € {1,2}. Various versions of multi-quadratic map-
pings which were recently studied can be found in [9] and [30].

The first author and Shojaee introduced the multi-cubic mappings for the first time in
[10]. In fact, a mapping f : V" — W is called multi-cubic if it is cubic in each variable,
i.e., satisfies the equation

C2x+y)+C(2x—y)=2C(x +y) + 2C(x — y) + 12C(x) (1.2)

in each variable. Indeed, the cubic functional equation (1.2) was introduced and studied by
Junand Kim in [22]. In [10], the authors unified the system of functional equations defining
a multi-cubic mapping to a single equation, namely, a multi-cubic functional equation.
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The motivation for many researchers to study the stability of functional equations is
due to the query framed by Ulam [31] in 1940 as the stability of group homomorphisms:
“when is it true that the solution of an equation differing slightly from a given one, must
of necessity be close to the solution of the given equation?” The first partial answer, in the
case of Cauchy’s equation in Banach spaces, to Ulam’s question was given by Hyers [21]
stability involving a positive constant). Later, the result of Hyers was significantly gen-
eralized by Aoki [1], Th. M. Rassias [29] (stability incorporated with sum of powers of
norms), Gévruta [20] (stability controlled by a general control function) and [27] (stabil-
ity including mixed product-sum of powers of norms). A functional equation I" is said to
be hyperstable if any function f satisfying the equation I" approximately (in some senses)
must be actually solutions to it. It seems that the first hyperstability result was published
in [11] and concerned the ring homomorphisms. However, The term hyperstability has
been used for the first time in [25]. In [14] and [15], Cieplinski studied the generalized
Hyers—Ulam stability of multi-additive and multi-quadratic mappings in Banach spaces,
respectively (see also [17] and [32]). In [10], it is shown that every multi-cubic functional
equation is stable and moreover such functional equations under some conditions can be
hyperstable (for the miscellaneous versions of multi-cubic mappings and their stabilities,
we refer to [19] and [26]). Other forms of cubic functional equations and their stabilities
can be found in [4-7, 18, 23, 28].

Motivated by [10] and [32], in this paper, we define multi-quadratic—cubic mappings
and present a characterization of such mappings. In other words, we reduce the system
of n equations defining the multi-quadratic—cubic mappings to obtain a single functional
equation. We also prove the generalized Hyers—Ulam stability and hyperstability for multi-
quadratic—cubic functional equations by using the fixed point method which was used for
the first time by Brzdek in [12]; for more applications of this approach for the stability of
multi-Cauchy-Jensen, multi-additive-quadratic, multi-cubic and multi-quartic mappings
in Banach spaces see [2, 3, 10] and [8] respectively.

2 Characterization of multi-quadratic-cubic mappings

Throughout this paper, N, Z and Q are the set of all positive integers, integers and rational
numbers, respectively, Ng := NU {0}, R, := [0,00). Forany /[ e Ny, n € N, t = (t4,...,t,) €
{-1,1}"and x = (x1,...,%,) € V" we write Ix := (Ixy,...,Ix,) and tx := (tyx1,...,t,%,), where
Ix stands, as usual, for the scalar product of / on x in the linear space V.

Let V and W be linear spaces, » € Nand k € {0,...,n}. Amappingf : V" — W is called
k-quadratic and #n — k-cubic (briefly, multi-quadratic—cubic) if f is quadratic in each of
some k variables and is cubic in each of the other variables (see Eq. (1.2)). In this note, we
suppose for simplicity that f is quadratic in each of the first k variables, but one can obtain
analogous results without this assumption. Let us note that, for k = n (k = 0), the above
definition leads to the so-called multi-quadratic (multi-cubic) mappings.

In this section, we assume that V and W are vector spaces over Q. Moreover, we
identify x = (x1,...,x,) € V" with (x5, 2" %) € V¥ x V" K where &% := (xy,...,41) and
x":= (%41, ..,%,), and we adopt the convention that (x”,2°) := " := (x%,x"). Put x* =
(%i1,...,%z) € V¥ and x?’k = (Xife1- - »Xin) € V"X where i € {1,2}. We shall denote x7
by x; if there is no risk of ambiguity. In addition, we put M = {0, = (Nx.1,...,N,)IN; €
{x1j £ x9j,%1}}, where j € {k + 1,...,n}. Consider

M= My, = Niat, .., Ny) € M| Card{N; : Nj = x5} = T}
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From now on, we use the following notations:

fMER) = Y0 FOL),

NueMik

FEhMER) = Y fak o) (e {1,2)).

Nye MU k

In the next result, we reduce the system of n equations defining the k-quadratic and
n — k-cubic mapping to obtain a single functional equation.

Proposition 2.1 Let n € Nand k € {0,...,n}. If the mapping f : V"' — W is k-quadratic
and n — k-cubic mapping, then f satisfies the equation

Z Z f( x4 sak, 2K 4 txg"k)

se{-1,1}K te{-1,1)k

2k22” o N f ok, M) (2.1)

i€{1,2}
for all xf‘ =(x1,...,%z) € VK andxj"k = (Kigs1r .- Xin) € V'* where i € {1,2).

Proof Since for k € {0,n} our assertion follows from [10, Proposition 2.2] and [32, The-
orem 3], we can assume that k € {1,...,7 — 1}. For any x"* € V"X, define the mapping
ok 2 VE— W by g i (xF) := f(xF, x"7%) for x* € V¥. By assumption, g« is k-quadratic,
and hence Theorem 3 from [32] implies that

Z gxn—k (x]{ + lez() = 2k Z gxn—k (xﬂ 1 x]‘22) o 7xjkk)! (x/f’ x’; S Vk)'

se{-1,1}k J1j25-jk €41,2}

It now follows from the above equality that

Z F( + sah, a7 7F) = 2% Z F(®11%52, - - Xjde0 8 7F) (22)

se(-1,1) Jij2s ok €{1,2}

for all xX,x5 € V¥ and #** € V"X, Similar to the above, for any x* € V¥, consider the
mapping /1 : VK — W defined through Nk ("5 = f (oK, 2%7K), x"F € VK which is
n — k-cubic and so we conclude from Proposition 2.2 of [10] that

n—-k
D a2 ey F) =Y 22 (M) (2.3)

te{-1,1yn-k

for all x7~K, x4k € V=% By the definition of /,«, Eq. (2.3) is equivalent to

n-k

D02 el h) = oo (uF, M) (2.4)

{ll"k m=0

Page 3 of 12
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for all ¥, 4K € V"* and &* € V*. Plugging equality (2.2) into (2.4), we get

Z Z F( + sah, 20075 + ey )

se{-1,1}k te{-1,1)1k

n—k
= Z Z 27K (a6 + sk, MUK)
se{-1,1}k m=0
n—k
= 2k22n—k—m12m Z f(lel,xj22,...,x/kk,/\/l:’”_k)
m=0 J1j2rjk€11,2)
n—k
=28y "ot N f(af, M)
m=0 ie{1,2}

for all xf =(x1,...,%%) € Vk and xf“k = (Xiks1s- - Xin) € V¥, which proves that f satisfies
Eq. (2.1). (I

By a mathematical computation, one can check that the mapping f : R” — R defined
through f(z,...,2,) = ]_[]lf=1 ]_[:’zk+lzfz? satisfies (2.1) and so this equation is said to be
multi-quadratic—cubic functional equation.

In the sequel, (;) is the binomial coefficient defined for all n,k € Ny with n > k by
n!/(k!(n - k)").

Let r € N. We say the mapping f : V" — W satisfies the r-power condition in the jth
variable if

f(er---,Zj71,2Zj,Zj+1,---,Zn) = 27(21,~-,Zj71,21',2/+1,~wZn), ((ZI)“-;ZVI) € Vn)-

Remark 2.2 1t is easily verified that, if f is a multi-cubic mapping, then it satisfies 3-power
condition in all variables. But the converse is not true. Here, by means of an example we
show that 3-power condition in all variables for a mapping f does not imply that it is multi-
cubic. Let (A4, || - ||) be a Banach algebra. Fix the vector 4, in A (not necessarily unit). Define
the mapping 4 : A" — Aby h(ay,...,a,) = ]_[7:1 la;|?a for (ay,...,a,) € A™. Itis easy to
check that the mapping / satisfies 3-power condition in all variables but / is not multi-

cubic even for n = 1, that is, & does not satisfy Eq. (1.2).

Let0<p<kand0<g<n-k.Put

IC(WI )
k—times n—k—times

={pax:=(0,...,0,%,0,...,0,%,,0,...,0,0,...,0,%,,0,...,0,%,,0,...,0) € V"},

where1 <ij<---<i,<kand1<j<---<j,<n-k.
We wish to show that, if the mapping f : V" — W satisfies Eq. (2.1), then it is multi-
quadratic—cubic. In order to do this, we present the next lemma.

Lemma 2.3 If the mapping f : V' — W satisfies Eq. (2.1) and the 3-power condition in
the last n — k variables, then f(x) = 0 for any x € V" with at least one component which is
equal to zero.

Page 4 of 12
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Proof We argue by induction on p + ¢ that, for each (,,9)x € Kp,¢), f (%) =0for 0 <p < k
and 0 < g <n-k.For p+q =0, by putting (x’l‘,x’f‘k) = (xlg,xg‘k) =(0,...,0)in (2.1), we have

m=0 m

n—k
y
2f(0,...,00=2° )" (" (> gn—k-mgmokon-k-me(o, o)

n—-k
—2 ) (”_k) 3"£(0,...,0)
m

m=0

=2%(3 + 1)"*£(0,...,0)
=2%2%¢(0,...,0). (2.5)

It follows from (2.5) that f(0,...,0) = 0. Assume that, for each ,yx € K(y,g), (%) = 0
with p + g = s— 1. We show that, if (, ;)% € K(,4), then f((,,9%) = 0 for p + g = s. By a suitable
replacement in (2.1) and using the assumption, we get

n—k—q

k-

2n23qf((p,q)x) _ 2k Z (n y 61) zn—k—m12m2k—p2n—k—mf((pvq)x)
m=0

n-k—q
— 22”1717 Z (l’l _:q_ Q> gmf((p,q)x)

m=0

— 22n—p(3 + l)n—k—qf((pvq)x) — 24n—2k—p—2qf((p7q)x)'

Hence, f((y,9*) = 0. This shows that f(x) = 0 for any x € V” with at least one component

which is equal to zero. 0

In the following result, we show that, if a mapping f satisfies the functional equation
(2.1), then it can be multi-quadratic—cubic under some mild conditions.

Proposition 2.4 Ifthe mapping f : V' — W satisfies Eq. (2.1) and the 3-power condition
in the last n — k variables, then it is multi-quadratic—cubic.

Proof Putting x4 = (0,...,0) in the left side of (2.1) and applying the hypothesis, we ob-

tain

2K 2300 N f (ko sk, K) = 20070 N (o + s, a7 (2.6)
sef{-1,1}k se{-1,1}k

for all xX, x5 € V¥ and #77% € V. On the other hand, the right side of (2.1) will be

n-k
2/( Z <Vl —k> 2n—k—m12m2n—k—m Z f(lel’xj22’""xjkk’x;l_k)

m=0 J1j2jic€(1,2}

n—k
= ok Z (” B k) gr-k=myom Z F® %20 - Xjdor )

m=0 J1j2rjk €{1,2}

= %3k Z f(xhl'x/’ﬂ’""x/kk’x¥7k) (2.7)
J1525-jik €{1,2}

Page 5 of 12
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for all x/{,xlz‘ € V¥ and x{“k € V"%, Comparing Egs. (2.6) and (2.7), we find

Z F +sah, 20 7F) = 2% Z F(®1 18520 - - Xjde0 67F) (2.8)

se{-1,1)k J120jk €{1,2)

for all xf, x5 € V¥ and 7% € V"X, In the light of [32, Theorem 3], we see that f is quadratic
in each of the k first variables. Furthermore, by putting x5 = (0,...,0) in (2.1) and using
Lemma 2.3, we have

n—k
D k2w e F) = 25 2R (e, M) (2.9)
te(-1,1y1k m=0

for all X € V¥ and x77%,x47% € V"%, and thus [10, Proposition 2.3] now completes the
proof. O

3 Stability of (2.1)
In this section, we prove the generalized Hyers—Ulam stability of Eq. (2.1) by a fixed point
result (Theorem 3.1) in Banach spaces. Throughout, for two sets X and Y, the set of all
mappings from X to Y is denoted by YX. Here, we introduce the oncoming three hypothe-
ses:

(Al) Y isa Banach space, S is a nonempty set,j € N, g1,...,g: S — S and

Ly,....L;:§ —R,,
(A2) T :YS — Y¥ is an operator satisfying the inequality

|7 2Gx) = T aalee) H<ZL ) Mg®) - n(g®)], runev®xes,

(A3) A:R$ — R? is an operator defined through

j
AS(x) =Y Lix)s(g(x) SeRS,xeS.
i=1

To achieve our aim in this section, we present the next theorem which is a fundamental
result in fixed point theory [13, Theorem 1].

Theorem 3.1 Let hypotheses (A1)—(A3) hold and the function 0 : S — R, and the map-
ping ¢ : S — Y fulfill the following two conditions:

|To) - p(x)| <6), Z Aox) <o (xed).
Then there exists a unique fixed point W of T such that

lo@) - v @) <0*(x) xeS).

Moreover, Y (x) = lim;_, o, T'¢(x) forallx € S.
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Here and subsequently, for the mapping f : V" — W, we consider the difference oper-
atongf: V' x V' — W by

DQf(xl,xz Z Z f x4 sak, 2K 4 txg’_k)

se{-1,1}K te(-1,1)1-k

n—k
=2y arkemaam N f(ak, M)

m=0 ie(1,2)
for all xf =(x4,...,%%) € VK and xf"k = (Kikslr .- Xin) € V", where i € {1,2).
We recall the upcoming lemma from [3] will be useful in the proof of our stability result.

For simplicity, given an m € N, we write S := {0, 1}, and §; stands for the set of all elements

of S having exactly i zeros, i.e.,
= {(sl,...,sm) € S:card{j:s; =0} = i}, i€{0,...,m}.

Lemma 3.2 LetmeN,[eNyand y:S— R. Then

ZZZZ wwzzﬁlw@

v=0 w=0 seS§,, teS, i=0 peS;

From now on, S stands for {0,1}* and S; C S for i € {0,...,k}. We have the following
stability result for the functional equation (2.1).

Theorem 3.3 Let V be a linear space and W be a Banach space. Suppose that ¢ : V" x
V" — R, is a mapping satisfying the equality

() X o) o1

i=0 peS;

forall x1,x, € V" and

P(x) =t g 2k2<23n k) ZZ ‘6 (2! (px*, x"7F), (2/pa*, 0)) < o0 (3.2)

i=0 peS;
Sor all x = (x*,x" %) € V. Assume also f : V" — W is a mapping satisfying the inequality
|D&f Ge1, %0) || < (1, x2) (3.3)
for all x1,x, € V". Then there exists a solution F : V" — W of (2.1) such that
) - F)| < o) (3.4)

for all x = (x*,x"7%) € V", If F satisfies the 3-power condition in the last n — k variables,

then it is a unique multi-quadratic—cubic mapping.
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Proof Putting x% =k = ¥ and 7% = x"%, x27% = 0 in (3.3), we have

n-k
2n—k Zf(zsxk’ 2xn—k) _ 2k Z (Vl - k) 2n_k—m 12m2k2n—k—mf(x)
m
m=0

seS

< (x (x,0)), (3.5)

where x = (¥, #"%) € V. A computation shows that (3.5) can be rewritten as follows:

2n—k Zf(stk; 2xn—k) _ 24n—2kf(x)

seS§

<¢ (x, (xk, O))
The above inequality implies that

H/(x) - % Zf(stk ,2x"k )

seS

1
= S ®(® (+0)) (3.6)

for all x = (x5, 4" %) € V". Set &(x) := W%qu&(x, (x%,0)) and TE&(x) := 23,,%,( Y E (25K,
2x"%) where £ € W"" and x € V. Then Eq. (3.6) can be modified as

[f@) - Tf@)] <&6) (xeV"). (3.7)
Define An(x) := 23% Y scs n(2sxk, 2x"%) for all n € ]RY", x = (x5, 2" %) € V. We now see
that A has the form described in (A3). Furthermore, for each A, x € W"" and x € V", we

get

| T2@) = T )| = ‘

_— [Z(A(stk, 20H) (254, 2x”‘k))] H

seS

=

Zsi—k ZH)\(2sxk,2x"_k) - p(2s2%, 267 ||

se§

The above relation shows that the hypothesis (A2) holds. By induction on /, one can check
for any / € Ny and x € V" that

1k )
Ae(x) = (%) D O@-1)") g (2 (prh ). (3.8)
i=0 PpES;

Fix an x € V. Here, we adopt the convention that 0° = 1. Hence, (3.8) is trivially true for
[ = 0. Next, assume that (3.8) holds for a / € Ny. Then, by using Lemma 3.2 for m = n and
W (s) := £ sk, 2 7F)) (s € S), we get

AME() = A(A') ()

k
= zg—lk 35 (ak) (26, 20

v=0 teS,

I 3)3) SRS SR TR)

v=0 teS, w=0 SESw
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() T T T )

v=0 w=0 seS, teS,

I+1 k
() TR )

i=0 peS;

Therefore, (3.8) holds for any / € Ny and x € V". Now, (3.2) and (3.8) necessitate that all
assumptions of Theorem 3.1 are satisfied. Hence, there exists a mapping F : V" — W
such that

Fw) = im (T)0) = 50 Y F () (e V)

se§

and also (3.4) holds. We shall to show that

”DC(Tf) X1,%2 ” < (23n k) ZZ 2l(pxl,x’f k) 2l(px2,x§ k)) (3.9)

i=0 peS§;

for all x; = (x]{,xﬁ"k ), Xo = (xlz(,xg"k ) € V" and I € Ny. We argue by induction on /. It is easy

to see that inequality (3.9) is valid for / = 0 by (3.3). Assume that (3.9) is true for an [ € Ny.

For each x; = (xX,x77), %y = (4%, 247%) € V", we have

D5 1) o1
- e PGt 2t 2 21
seS
I+1
() T e 2 )
2 se§ i=0 teS;
1 I+1 k
=Gm)zzwh 60 ()2 (k)
i=0 peS;

for all x1,x, € V". We note that the last equality follows from Lemma 3.2 with m := k and
W (s) = (21 (swk, x17K), 211 (s, x175)) (s € S). Letting [ — oo in (3.9) and applying (3.1),
we arrive at ’Dg]—' (#1,%2) = 0 for all x1,x, € V". This means that the mapping F satisfies
(2.1). Finally, assume that § : V" — W is another mapping satisfying Eq. (2.1) and in-
equality (3.4), and fix x € V", j € N. Then, by Lemma 2.3 and (3.2), we have

[F@) - 3@
1V 1 V..
(=) 79 - (5 ) s

= (e ) UG /@) + 15C2) -~/ @))

Page 9 of 12
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2 1Y
= 24;4—2/( <23nk) CI)(zlx)

s () S () T - ol ), (o)

I=j i=0 peS;

Consequently, letting j — oo and using the fact that the series (3.2) is convergent for all
x € V", we obtain F(x) = §F(x) for all x € V", and thus the proof is now finished. O

In the next corollary, we show that the functional equation (2.1) is stable when the norm
of Dgf (%1, %3) is controlled by a small positive real number §, for all x1,x, € V".

Corollary 3.4 Let § > 0. Let also V' be a vector space and W be a Banach space. If f :
V" — W is a mapping satisfying the inequality

||D8f(x1,x2) ” <é

for all x1,x, € V", then there exists a solution F : V" — W of (2.1) such that

5
76 - P = G

forallx € V. Moreover, if F satisfies the 3-power condition in the last n — k variables, then
it is a unique multi-quadratic—cubic mapping.

Proof Setting the constant function ¢(x1,x,) = § for all x1,x, € V", and applying Theo-

rem 3.3, we have

(2~ 1)'6 (2! (pa",x"), (2'p, 0))

()
S
)

()

Under some conditions the functional equation (2.1) can be hyperstable as follows.

Corollary 3.5 Suppose that &; > 0 for i € {1,2} and j € {1,...,n} fulfill Z;’Zﬂ 2;11 8 <
3n — k. Let V be a normed space and W be a Banach space. If f : V" — W is a map-
ping satisfying the inequality

n

2
| D& i) | < T[Tl
i=1

j-1

Page 10 of 12
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forall xy,x, € V", then f satisfies Eq. (2.1). In particular, if f satisfies the 3-power condition
in the last n — k variables, then it is a multi-quadratic—cubic mapping.

Proof The result follows immediately from Proposition 2.4 and Theorem 3.3. d

Putting k = n in Theorem 3.3, we obtain [3, Corollary 2] on the stability of multi-
quadratic mappings. Furthermore, by considering k = 0 in Theorem 3.3, we obtain the
below result on the stability of multi-cubic mappings.

Corollary 3.6 Let § > 0. Let also V' be a vector space and W be a Banach space. Suppose
that f : V" — W is a mapping satisfying the inequality

n

D SQuvem) = 22 (M) <8

te{-1,1}" k=0

for all x1,x, € V". Then there exists a solution C : V' — W of (2.1) when k = 0 such that

)
“f(x) -C(x) ” = m

forall x € V". In addition, if C satisfies the 3-power condition in each variable, then it is a
unique multi-cubic mapping.
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