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Abstract

We suggest a sufficient setting on any linear space of sequences V such that the class
B3, of all bounded linear mappings between two arbitrary Banach spaces with the
sequence of s-numbers in V constructs a map ideal. We define a new sequence space
(cesf1 Jz)U for definite functional v by the domain of (ry, r,)-Cesaro matrix in £;, where
r,r €(0,00)and 1 <t < co. We examine some geometric and topological properties

of the multiplication mappings on (cesf] -,)Ju and the pre-quasi ideal B?cer "
! r.rp /v
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1 Introduction

Finding out about (r;, r;)-mathematics or (r, rp)-analogues of recognized consequences
dates back to the time of Euler. It has several functions in the discipline of arithmetic
specifically in the area of dynamical systems, combinatorics, special functions, quan-
tum groups, learning about fractals and multi-fractal measures, and so forth. By (r1,73)-
analogue of a recognized expression, we suggest the generalization of that expression,
the use of new parameters (r1,r;), which returns again to the authentic expression as
(r1,72) = (1,1). In functional analysis, the multiplication mappings, and mapping ideals
have an important role in spectrum theorem, fixed point theorem, the topological and
geometric structure of Banach spaces, etc. We use the following conventions throughout
the article; if others are used, we will state them.

Conventions 1.1 ([1, 2])
N={0,1,2,...}. C: The complex numbers.
§: The space of all sets with a finite number of elements.
CN: The space of all sequences of complex numbers.
£o: The space of bounded sequences of complex numbers.
£,: The space of r-absolutely summable sequences of complex num-
bers.
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¢o: The space of null sequences of complex numbers.
e;=(0,0,...,1,0,0,...), as 1 lies at the /" coordinate for all [ € N.
F: The space of all sequences with infinite zero coordinates.
J: The space of all increasing sequences of real numbers.
B(P, Q): The space of all bounded linear mappings from a Banach space
‘P into a Banach space Q.
B(P): The space of all bounded linear mappings from a Banach space
P into itself.
F(P, Q): The space of finite rank mappings from a Banach space P into a
Banach space Q.
F(P): The space of finite rank mappings from a Banach space P into
itself.
A(P, Q): The space of approximable mappings from a Banach space P into
a Banach space Q.
A(P): The space of approximable mappings from a Banach space P into
itself.
K(P,Q): The space of compact mappings from a Banach space P into a
Banach space Q.
IC(P): The space of compact mappings from a Banach space P into it-
self.

Lemma 1.2 ([2]) IfU € B(P, Q) and U ¢ A(P, Q), then we have mappings X € B(P) and
Y € B(Q) such that YUXe; = e; with | € N.

Definition 1.3 ([2]) A Banach space V is known as simple if the algebra B()) contains

one and only one nontrivial closed ideal.

Theorem 1.4 ([2]) Assume thatV is an infinite dimensional Banach space, then
FOV) & AWV) & K(OV) & BY).

Definition 1.5 ([3]) A mapping U € B()) is known as Fredholm if dim(Range(U))¢ < oo,
dim(ker(U)) < oo, and Range(Ul) is closed, where (Range(U/))¢ describes the complement
of Range(U).

Definition 1.6 ([4]) A subclass W C B is known as an ideal if all elements W(P, Q) =
W N B(P, Q) satisty the following conditions:
(i) Io € W if Q indicates a Banach space of one dimension;
(i) W(P, Q) is a linear space on C;
(i) fX € B(Py,P), Y e W(P, Q), and Z € B(Q, Qy), then ZYX € W(Py, Qp), where P

and Qg are normed spaces.

Definition 1.7 ([5]) A function ¥ : W — [0, 00) is known as a pre-quasi norm on the ideal
W if the following setting is confirmed:

(1) Forall X e W(P,Q), ¥(X)>0and ¥(X) =0 <= X =0;

(2) One has Ey > 1 such that W(kX) < Ey|c|W(X) for all X € W(P, Q) and k € C;
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(3) One has Gy > 1 such that W(Z; + Z;) < Go[V(Z;) + W(Z,)] for every
Zy,Zp e W(P, Q);

(4) One has Dy > 1 such that if X € B(Py, P), Y € W(P, Q), and Z € B(Q, Qp), then
V(ZYX) < Dol ZIW (V) IX].

Theorem 1.8 ([5]) If\V is a quasi norm on the ideal W, then \V is a pre-quasi norm on the
ideal W.

Definition 1.9 ([6]) An s-number function is a map acting on B(P, Q), which gives to
each map X € B(P, Q) a nonnegative scaler sequence (s;(X));2, satisfying the following
set-up:

() [IX]l = 50(X) > 51(X) > 52(X) > --- > 0 for every X € B(P, Q);

(b) Sprac1(X71 + X3) < 5/(X7) + 8,(X>) for each X1,X, € B(P,Q) and [, a € N;

(c) Ideal property: s,(ZYX) < || Z||s.(Y)||1X]|| for all X € B(Py, P), Y € B(P, Q), and

Z € B(Q, Qy), where Py and Qy are any Banach spaces;

(d) fGeB(P,Q)and y €C, then s,(yG) = |y|s.(G);

(e) Rank property: Suppose rank(X) < a, then s,(X) = 0 for all X € B(P, Q);

(f) Norming property: s;>,(I;) = 0 or s;.,(I,) = 1, where I, denotes the unit mapping on

the a-dimensional Hilbert space £7.

We mention here some examples of s-numbers:
(1) The ath Kolmogorov number, described by d,(X), is marked by

d,(X)= inf sup inf|Xf —g]|.
dim/<a ) <18¢/

(2) The ath approximation number, described by «,(X), is marked by
a,(X) =inf{|X = Y| : Y € B(P, Q) and rank(Y) < a}.
Notations 1.10 ([5])

B3, := {BS,(P, Q); P and Q are Banach spaces},
where BS,(P, Q) == {X € B(P, Q) : ((s4(X)) -, € V},
B, := {BS,(P, Q); P and Q are Banach spaces},
where BS,(P, Q) := {X e B(P, Q) : ((wa(X)) -, € V},

a=0

]B‘{, = {B@(P, Q); P and Q are Banach spaces},
where BY,(P, Q) = {X e B(P, Q) : (da(X)) ", € V}.

a=0
Theorem 1.11 ([7]) Fors-type V, := {f = (s,(X)) e CN: X e B(P, Q) and v(f) < oo}.[fBﬁ,U
is a map ideal, then the following conditions are verified:
1. F Cs-type V,,.
2. Assume (s,(X1))22, € s-type V,, and (s,(X2))2, € s-type V., then
(s, (X1 + X2))2, € s-type V.

3. If » € C and (s,(X))2, € s-type V,,, then |A|(s,(X))2, € s-type V.
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4. The sequence space V,, is solid, i.e., if (s,(Y))22, € s-type V,, and s,(X) < s,(Y) for all
reNand X,Y € B(P, Q), then (s,(X)), € s-type V.

Some mapping ideals in the class of Banach spaces or Hilbert spaces are generated by
sequence spaces of numbers. As the ideal of compact mappings is generated by ¢y and
d,(X) with X € B(P, Q). Pietsch [2] discussed the quasi-ideals By, when 0 < b < 0co. He
examined that the ideals of nuclear mappings and of Hilbert—-Schmidt mappings between
Hilbert spaces are constructed by £; and ¢5, respectively. He showed that F(¢,) are dense
in B(¢;), and the algebra B(£;), where (1 < b < 00), produced simple Banach space. Pietsch
[8] showed that BY,, with 0 < b < 00, is small. Makarov and Faried [9] proved that, for ev-
ery infinite dimensional Banach space P, Q and r > b > 0, then By, (P,Q) & By (P, Q) g
B(P, Q). Yaying et al. [10] introduced the sequence space x! whose r-Cesaro matrix in
¢; with r € (0,1] and 1 < ¢ < co. They investigated the quasi Banach ideal of type x/ for
r € (0,1] and 1 < ¢ < co. They found its Schauder basis, a-, -, and y-duals, and deter-
mined certain matrix classes related to this sequence space. Basarir and Kara suggested
the compact mappings on some Euler B(m)-difference sequence spaces [11], some differ-
ence sequence spaces of weighted means [12], the Riesz B(m)-difference sequence space
[13], the B-difference sequence space derived by weighted mean [14], and the mth or-
der difference sequence space of generalized weighted mean [15]. Mursaleen and Noman
[16, 17] introduced the compact mappings on some difference sequence spaces. The mul-
tiplication maps on Cesaro sequence spaces with the Luxemburg norm were examined by
Komal et al. [18]. Ilkhan et al. [19] considered the multiplication maps on Cesaro second
order function spaces. In the near past, several authors in the literature investigated some
non-absolute type sequence spaces and introduced recent high quality papers; for exam-
ple, Mursaleen and Noman [20] defined the sequence spaces E; and ¢%, of non-absolute
type and showed that the spaces 61’} and E; are linearly isomorphic for 0 < p < oo, E; is a
p-normed space and a BK-space in the cases for 0 < p < 1 and 1 < p < 00, and formed the
basis for the space Z; for 1 <p < oo.In [21], they studied the «-, 8-, and y -duals of ZI’} and
%, of non-absolute type for 1 < p < co. They characterized some related matrix classes
and derived the characterizations of some other classes by means of a given basic lemma.
On Cesaro summable sequences, Mursaleen and Basar [22] defined some spaces of dou-
ble sequences whose Cesaro transforms are bounded, convergent in the Pringsheim sense,
null in the Pringsheim sense, both convergent in the Pringsheim sense and bounded, regu-
larly convergent and absolutely g-summable, respectively, and examined some topological
properties of those sequence spaces. The next inequality will be used in the sequel [23]:
Suppose 1 <t < oo and x,,7, € C, then

%, +Za|t = 2t_1(|xa|t + |Za|l)‘ (1)

The design of this article is arranged as follows: In Sect. 2, we investigate sufficient condi-
tions on any linear space of sequences V' so that B, describes a mapping ideal. We apply

this theorem on (ces’

. v for definite functional v. We examine the sufficient conditions
on it to generate a pre-quasi Banach sequence space. In Sect. 3, we define a multiplication

t

map on (ces..

. v and introduce the necessity and sufficient conditions on this sequence
space in order for the multiplication mapping to be bounded, approximable, invertible,
Fredholm, and closed range. In Sect. 4, firstly, we give the sufficient conditions (not nec-

essary) on (cesfln)v so that IF = Bicesil,rz b This gives a counter example of Rhoades [24]



Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:43 Page 5 of 20

open problem about the linearity of s-type (cesﬁl‘rz)v spaces. Secondly, we explore the set-

up on (cesi1 ,rz)U so that Ezes[ is Banach and closed. Thirdly, we offer the sufficient set-up
rpr2

)u in order for BY ,
(c rl,rz)u

is minimum. Fourthly, we make known the conditions in

t

on (ces;, .,

to be strictly confined for distinct powers. We advance
the conditions so that B* ,

(Cesrl,rz)u
order that the B® ,

; ) is a simple Banach space. Fifthly, we declare the sufficient set-up
71,79 /U
on (cesﬁlm)v such that the class of all bounded linear mappings whose sequence of eigen-

t

values in (ces;, ,,

)v is strictly contained in ch .

1.9 Ju

. In Sect. 5, we give our conclusion.

2 The sequence space (ces;. ,,)y

We introduce in this section the definition of the sequence space (ces, ,,),, under the func-
tional v. We suggest a subspace of any linear space of sequences V (private sequence space
(pss)) such that the class BS, generates an ideal. We apply these conditions on (cesﬁwz)u
equipped with definite functional v to create a pre-modular pss and a pre-quasi Banach

pss.

Definition 2.1 For all r1,7, € (0,00) and 1 < ¢ < 00, the sequence space (cesﬁlm)v under

the functional v is defined as follows:

(cesiln)v = {f = (fi) € CN : v(pf) < ¢ for every p > O},
= |Z’oriré2fz|)f
as = == = and
U(f) ;( [l+ l]rl,rz

Al
12 rl#”’Z?‘/l,

g
1 Il rn=rn#l,
Urir, = er’é—l_z =1l n=1

- M =1,

I, ri=rp=1.

Remark 2.2

(1) Assume ry =rand r, = 1, the sequence space ces
et al. [10].

(2) If r1 =, = 1, hence ces

t
ryr2

= x! was investigated by Yaying

¢
rr2

[25]. Distinctive classification of ces’ has been examined by many authors
[21, 26-29].

= ces’, was made current and considered by Ng and Lee

Theorem 2.3 Ifry,r; € (0,00) and 1 <t < 0o, then (cesﬁlyrz)u is of non-absolute type.

Proof By taking f = (-1,1,0,0,0,...), then |f| =(1,1,0,0,0,...). We have
) =1 (|—72+7’1|)t (|—V§+V1V2|)t
v(f)=1+ + +
[2]r1,r2 [3]r1,r2

o +rl\" (13 +rml\f )
7-/1-'—( [Z]rl,rz > " (m) +"'_U([f|)'

L
r,ra

Therefore, the sequence space (ces.. . ), is of non-absolute type.
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We name the sequence space (ces". as (r1, rp)-Cesaro summable sequence space of

v U
non-absolute type since it is constructed by the domain of (r,r;)-Cesaro matrix in £,

where the (71, ry)-Cesaro matrix A(r1,72) = (Az(r1,72)) is defined as

l-z
i
[l*l]rl,Q ’

0, z>1. O

0<z<]|
A (r1,12) =

Definition 2.4 Pick up a linear space of sequences V. The subspace V is known as a pss
if it supports the next set-up:
(1) ey €V foreach b e N;
2) Iff = (f) €CN, |g| = (lgs]) € V, and |f;| < |g| for b € N, then |f| € V, i.e,, V is solid;
(3) For (|fs1)52, € V, we have ([f[ ]I)h o € V, where [ ] indicates the integral part of 3 b,

Theorem 2.5 Assume that the linear sequence space V is a pss, then B, is an ideal.
Proof Similar to the proof of Theorem 3.2 in [5]. d
Theorem 2.6 ces; , isa pss whenever 1 <t <ooandry <r,.

Proof (1-i) Letf,g € ces,, . Since 1 < t < 00, we obtain

i(IZio A, +gz)|)t
1:0 [l + l]rl,rz

|Zz0’"z’"ézfz . |Zzorzr2 &
=2 <Z< TESIS )Z( TEST ))“’

=0 =0

hence f + g € ces, ..

(1-ii) Assume p € C, f € ces’. ., and since 1 < ¢ < 00, one has

r1ra

(1Y rirsof.l DA
23( [[+1],, ) '§:< 41l ) <o

=0

So pf € ces;, ,,. By using (1-i) and (1-ii), one has ces; . is a linear space.

Besides, when 1 < £ < 0o, we have

i(lZio rfréz(eb)z|) Pheyll- bti( )t <00
[l + 1])‘1,7‘2 I=b [l + l]rler

=0

Hence, e, € cesr1 " for each b € N.

(2) Suppose |fy| < |gy| for all b € N and |g| € ces’. . . We have

r,ret
i(IZi_oVﬁfé‘zlﬂll>[<i<IZiofiré‘zlng)two
N U, ) TS\ U,

so |f| € ces;, -
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B)If () € cesﬁlmz, 1<t<o0,and r; <1y, one has

i(iioriré-zmg]l)f
N\ U1y,
_i(Zﬁ’oﬁrézlf[;]I Ly St il
- [2] + 1],1]2 2]+ 2]r1,r2

=0 =0

[} ! t
Z 21 r%lrgllf” + Z(’)zré 2z + r%z+lré—2z—l)lle
1=0 + 1]V1 )

z=0

I

o0 t
1 2z -2z 2z+1 ]-2z-1
+ E —_ E Ty AT 1A
— ([21+2]r1,r2 - ( 172 1 2 ) z

- 00 1 . t t
el B Gt}

=0 ’1’2 2=0
l—z
(i )

o0 t
< 22t71 3 2! 1 rZ -z 00,
<( +3 X ZZO: [l+1]r1r2; 11y Cfz

so (Ifiz)]) € ces, .. d
From Theorem 2.5, we conclude the following theorem.

Theorem 2.7 Assume 1 <t < o0 and r1 < rq, then Biest is an ideal.

Definition 2.8 A subclass of the pss is called a pre-modular pss if the functional v: V —
[0, 00) satisfies the next conditions:
(i) Forf eV, f =0 <= vu(|f]) =0 for all v(f) > 0, with 8 being the zero vector of V;
(ii) Forf eV and p €C, one has Ey > 1 so that v(pf) < |p|Eov(f);
(iii) v(f +g) < Go(v(f) + v(g)) verifies for some Gp > 1, so that f,g € V;
(iv) IfbeN, |fy| < |gsl, we have v((|f5])) < v((Igs]));
(v) The inequality v((|f])) < v(([f[z%] 1)) < Dov((|f3])) is satisfied for some Dy > 1;
(vi) F=Vy;
(vii) There is @ >0 with v(p,0,0,0,...) > @ |p|v(1,0,0,0,...) forall p € C.

Definition 2.9 The pss V), is called a pre-quasi normed pss if v satisfies conditions (i)—
(iii) of Definition 2.8. When V is complete under v, then V,, is called a pre-quasi Banach
pss.

Theorem 2.10 Every pre-modular pss is a pre-quasi normed pss V,,.

Theorem 2.11 (cest ), is a pre-modular pss, whenever 1 < t < 00 and r1 < rs.

r,r2

Proof (i) We have v(f) > 0and v(|[f|) =0<f = 6.
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(ii) One has Ey = max{1,|p|*"'} > 1 with v(pf) < Eg|p|v(f) forall f € cesfdl’,2 and p €C.

(iii) We have v(f + g) < 2"H(v(f) + v(g)) for all f,g € ces,. ..

(iv) Obviously, from the proof part (2) of Theorem 2.6.

(v) Obviously, from the proof part (3) of Theorem 2.6 that Dy > 2271 4+ 3 x 2071 > 1,

(vi) Definitely, F = cesL. ,,.
(vii) One has 0 < @ < |p|*™! for v(p,0,0,0,...) > @|p|v(1,0,0,0,...) when p # 0 and

@ >0 when p =0. O

Theorem 2.12 If1 <t <00 and ry <ry, then (ces, , ), is a pre-quasi Banach pss.

t
ryra

)uv is a pre-quasi normed pss. To

Proof Let the set-up be satisfied, then from Theorem 2.11 the space (ces’. ,. ), is a pre-

L
rra

L )v isa pre-quasi Banach pss, assume f* = (f;")72, to be a Cauchy sequence

modular pss. By using Theorem 2.10, the space (ces

show that (ces.

in (ceS'rl',z)U, then for all ¢ € (0, 1), there is ao € N so that, for all a,b > a, one has
/ —z(fa
o(f 1) :i<|2z=ofir§ i —ff)l)lgt.
[+ 1],

1=0

Hence, for a,b > ag and z € N, we get |f* — f?| < . So (f?) is a Cauchy sequence in C
for fixed z € N, this gives limj_, o f? = f° for fixed z € N. Hence v(f* - f°) < & for all
a > ay. Finally, to show that f° € (ces., ,,)v, one has v(f°) < 2 (u(f* - f°) + v(f*)) < o0,

so f° € (ces,, ). This means that (ces., ), is a pre-quasi Banach pss. O

Corollary 2.13 If 1 < ¢ < oo, then (x!), is a normed Banach pss, where v(f) =
00 17 7, 1
[Zzzo(‘zﬁ;(i],f‘)t] t forallf € x!.

By using Theorem 1.11, we conclude the following properties of the s-type (ces;, ,)v-

Theorem 2.14 For s-type (ces’. . ), :={f = (s,(X)) e CN: X e B(P, Q) and v(f) < o0}. The

L2

following settings are verified:
1. We have s-type (ces’. . ), D F.

1,12

2. If (s:(X1))22, € s-type (ces. .. ), and (s,(X2))22, € s-type (cest. . )y, then

r1,r2 1,2

(s,(X1 + X2))%2, € s-type (cest. . ).

rr2

3. Forall » € C and (s,(X))2, € s-type (cest. . )y, then |X|(s,(X))2, € s-type (cesﬁwz)v.

rra
t

T

4. The s-type (ces,, ,,)v is solid.

3 Multiplication mappings on (cesfwz)v

We introduce in this section a multiplication mapping on (ces;, ,,),. We examine the ne-
t

r1,r2
vertible, bounded, Fredholm, approximable, and closed range.

cessity and sufficient conditions on (ces’. . ),, such that the multiplication mapping is in-

Definition 3.1 Pick up o = (wx) € CN and V), is a pre-quasi normed pss. The mapping
H,:V, — V), isnamed a multiplication mappingon V,, if H,f = (wyf;) € V,,, sothatf € V,,.
The multiplication mapping is called produced by w when H,, € B(,).

Theorem 3.2 Assume w € CN, 1 < t < 00, and r, < ry, then w € Lo if and only if H, €
B((ces;, ,,)v)-
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Proof Let the conditions be verified for € £.,. So there is v > 0 such that |w,| < v for all
beN.Iff € (ces!, ,,)u, we have

| o it | > E i( DIRYLslwA > o).

quﬂ:UQﬁ)=;;< 1], 2N\ 1y,

Hence, H,, € B((ces"

1,2

b e N, one has x;, € N such that wy, > b. We obtain

i ! I t oo xp_ l-xp ¢
riry * » )
v(Hyey,) = v(wey,) = Z( |2 . o7irs “w.(e h)z|> = Z(M)

)u). However, suppose H,, € B((cest. .),) and w ¢ £~. So, for each

1,12

P [+ 1], - [+1],0,
0 xp_l-xp t
rir b ) ¢
> ——=— | =b'u(e,).
%;( [l + 1]"1,7‘2 i
Therefore, H,, ¢ B((ces’. ,.),). Hence w € £. O

L2

Theorem 3.3 Ifw € CN,1<t<o0,andry <ry. Then w, =g forallb € N and g € C so that
lg| = 1 if and only if H, is an isometry.

Proof Assume that the sufficient set-up is confirmed. We have

V(H,f) = vlef) = i(

=0

| ko o\ o (| ko gl AL
[+ 1y, > ‘;:( [+ 1y, ) =

forallf e (cesﬁl‘,z)v. Hence H, is an isometry.

Suppose that the necessity set-up is verified and |w| < 1 for some b = by. One can see

v(Hyep,) = v(wey,) = i(l ZLO rirs “oilen il )t _ i(M)t

1=0 [l + l]Vl,rg l=b0 [l + 1]1”1,1'2

o0 rborl—bo t
17
< ———— | =vlep).
(i)
Besides, if |wp, | > 1, one has v(H,ey,) > v(ey,). For the two cases, we have a contradiction.
So |wp| =1 with b € N. O

Theorem 3.4 If w € CN, 1 <t < 00, and ry < ry. Then H,, € A((cesﬁl,rz)v) if and only if

(wb)ZZ() € Cp.

Proof Suppose H,, € A((ces.. . ),), hence H, € K((ces’, . ),). Assume limy_, o wp # 0.

1,12 1,12

Hence, one has ¢ > 0 such that K, = {b € N : || > 0} g § when {op}pen C K. There-

fore, {eq, : oy € K,} € £ is infinite in (cesﬁl,m)u. As

|zu@ﬁmam4%mw

oo
U(Hweaa —H(ueo{b) = U(a)e()la - Cl)eab) = Z( [l + 1]
12

=0
kod—k

. |Z§<=0’”1’2 o((eay )k — (e )il f_ .
2§< [+1],, ) = 0'v(ey, —eq;)
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for all a4, 0 € K,. Hence, {ey, : a5 € K,} € £o, which cannot have a convergent subse-
quence with H,. So H, ¢ IC((ces,1 »)v)- This gives H,, ¢ A((ces,1 .
bility. Therefore, lim,_, o, wp, = 0. Conversely, suppose lim,_, o wp = 0. Therefore, for each
0 >0, we have K, = {b € N: |wp| > 0} C §. So, for all ¢ > 0, one has dim(((cesilmz)u)Ke) =
dim(CXe) < oo. Hence H,, € F(((cesﬁl‘,z)v)KQ). Assume w, € CN, with a € N, by

)v), which is unrelia-

wp, beK 1,
(wa)p = a+l
0, otherwise.

Obviously, H,,, € IF(((cesr1 »Ju)B 5 ) since d1m(((ces,1 »Ju)B 3 ) <oo witha € N. From 1<
@I @I

t < oo and r; < ry, we have

0((Ho = Hu)f) = v(((@5 - @s)f)5,) g(@b l’bﬁb— (wamfu)
_ m,gl (I Yoo r’f[rlé:’ f})b_ (@) )fol )
+ z_o,; < | Y heo r[rl:’(lc;b (@) )

a+1

1 DA 1
(a+1)tz< [+ 1], > (a+1) vif):

Jo). O

r1ra

Therefore, |H, — Hy, || < a+1 . Then H,, = lim,_, » H,,, and hence H,, € A((ces"

Theorem 3.5 If w € CN, 1 <t < o0, and ry < ry, then H, € K((cesﬁl_m)v) if and only if

(wb);ﬁo € Cp.

Proof Evidently, as .A((ces:r1 r w) & K(( cesr1 r)v)- O

Corollary 3.6 If1<t<ooandr <r,,then /C((ces,1 . v) & B(( cesr1 Q) ).

Proof Since the sequence w = (1,1,...) produces the multiplication mapping / on

(cest So, I € B((ces: ) and I ¢ K((ces;, ,,)u)- a

1, }’2) 11,2 )U

Theorem 3.7 Ifw € CN, 1<t <00, 7 <71y, and H, € IEB((cesr1 »)u)- Then there exist o >0
and 1 > 0 such that « < |wy| < 7 for all b € (ker(w))¢ if and only if Range(H,,) is closed.

Proof Let the sufficient setting be verified. So there is ¢ > 0 such that |w,| > o forall b €
(ker(w))°. To prove that Range(H,,) is closed, suppose that g is a limit point of Range(H,,).



Bakery and Mohamed Journal of Inequalities and Applications (2021) 2021:43 Page 11 of 20

One has H,f} € (ces,1 rz)U for each b € N so as to limy_, o H,fp = g. Clearly, the sequence

H,f} is a Cauchy sequence. We have

U(Hyfa —

Hof) = i(lZi o s K (@ (f)k —wk(fb)k)|>

£ 0+ 1,

_ i (IZk o’1"2[ (ox(fa)k = o (fi) k)l)

1=0,le (ker())° L+ 1]
!
+ i <|Zk Orlrzk(a)k(fa k= or(fp)x) )
[l + 1]}’1,}”2

1=0,l¢ (ker(w))¢

> |3 ko PR (@r (i — ox (o)
= 2 < 0+ 10, )

1=0,/e(ker(w))¢

Z( | Zk o s K (or (ua) — wk(ub)k)l)

l=0 [l + 1]r1,r2
D AN el (779 [ (79 A
>120:( k=01 21+1]r1,r2 ) =0 v(u, — up),
where
(i k € (ker(w))S,
(Ua)k =

0, k ¢ (ker(w))*.

Then (u,) is a Cauchy sequence in (ces! Since (ces’ is complete, there is f €

rr v T

(cest ), so as to limp ooy = f. As H, € B((cesrl ,2) ), one has limy_, oo Hyup = H,f .

)
rLr2
From limy_, o H,up = limp_, oo H,f, = g. Therefore, H,f = g. So g € Range(H,,). Hence,
Range(H,,) is closed. Then, let the necessity conditions be verified. Hence, there is ¢ > 0
such that v(H,f) > ov(f) for all f € ((cesﬁl‘,z)v)(ker(w))c. Suppose K = {b € (ker(w))° : |wp] <

o} # 0, hence if ay € K, we have

o0 !
U(H,eq) = U((a)b(eao)b))io) _ Z( 1> oy a)b(eao)b)|)

L [+

) I blb ¢
r’ri (e
<Z<|Zb=0 1y ( ao)b9|) =QtU(€a0),

1=0 [l + 1]V1,r2

this implies unreliability. Hence, K = ¢, one can see |w;| > o for every b € (ker(w))°. This
shows the theorem. O

Theorem 3.8 If w € CN, 1 < t < 00, and r| < ry. Then there are o > 0 and n > 0 such that

a < |wp| <nforall b e N ifand only if H, € B((ces’. .. ),) is invertible.

r,r2

Proof Let the sufficient setting be confirmed. Assume x € CN with «;, = wib By Theo-
rem 3.2, one has H,, € IB%((cesr1 r)v) and H € IB%((cesr1 »)v)- Therefore, H,,.H, = H,.H, = I.
Therefore, H, = H_'. Then, let H, be invertible. So Range(H,,) = ((cesﬁlmz)v)N. Hence
Range(H,,) is closed. By Theorem 3.7, one has « > 0 such that |w,| > « with b € (ker(w))°.
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We have ker(w) = @, if wy, = 0 for by € N, this gives ey, € ker(H,), which is unreliability, as
ker(H,,) is trivial. Hence, |wp| > « with b € N. As H,, € £,. From Theorem 3.2, we have
n > 0 such that |w,| < n with b € N. Hence, we have o < |w,| < n with b € N. O

Theorem 3.9 Ifw e CN,1<t <00, r <ry,and H, € IB%((cesr1 ,2) ). Then H,, is a Fredholm
mapping if and only if (i) ker(w) ; N is finite and (ii) |wp| > 0 with b € (ker(w))°.

Proof Let the sufficient conditions be confirmed. Assume that ker(w) g N is infinite,
so e, € ker(H,) for b € ker(w). As eps are linearly independent, this implies that
dim(ker(H,,)) = oo, which is unreliability. As ker(w) & ¢ N must be finite. Setting (ii) fol-
lows from Theorem 3.7. Next, suppose that condltlons (i) and (ii) are satisfied. By Theo-
rem 3.7, one has that setting (ii) gives that Range(H,,) is closed. Condition (i) implies that
dim(ker(H,,)) < oo and dim((Range(H,,))) < co. This gives that H,, is Fredholm. O

4 Configuration of pre-quasi ideal
In this section, firstly, we examine the sufficient conditions (not necessary) on (ces:
that IF = IB%S .

Cesrl roJu Ju

the linearity of s-type (ces’

1, rz)v so

, which implies a negative example of Rhoades [24] open problem about

)» spaces. Secondly, we give the set-up on (ces” o as to

1,12 r rz)U

By . ), 18 Banach and closed. Thirdly, we introduce the sufficient conditions on (ces?
rl ,rz v
such that B ,
(Cesrl ED) Ju

the conditions so that the Banach pre-quasi ideal B

Ju
1,12
is closely included for distinct £ and minimum. Fourthly, we explain

? : is simple. Fifthly, we give the
cesry ,rz)v

sufficient conditions on (ces’ such that the class B has its sequence of eigenvalues in

r1 r2)
s

cest .
( (Cesﬁl,rz Ju

7. Jv closely included in B
4.1 Denseness of finite rank mappings
Theorem 4.1 The settings 1 < t < 00 and r1 < ry are sufficient only for B?cesil,,z)u(P’ Q)=

F(P, Q).

Proof Assume that the sufficient setting is confirmed. Since ¢; € (ces” for every /e N

v
ryr2
and (cesrl )u is a linear space. Assume Z € F(P, Q), we have (s,(2));5, € F. Therefore,

(s:(2))55, € (cest »and this implies Z € B}, (P Q).SoF(P,QCB,, | (PQ).
rl rl 7"2 v

To prove that Bice ) (73 Q) CF(P, Q). Since 1 <t<oo,wegety (75— M T )t < 00. Sup-

pose Z € IB%? . (P Q), one has (5;(2))7, € (cest

cesry ,r2 v

o € (0,1), then there exists Iy € N — {0} such that U((sl(Z))["olO) <

rr v

v Since v(si(2))5, < 0o, assume

0o
g for some d > 1,

where n = max{1,) ", lo([l+1 ) }. Since 5;(Z) is decreasing, we have
% <z§-or{ré’suo<z>)f 3 i (ZE-oréré’s,m)f 5 Z(Z, o7y »(Z))f
I=ly+1 (L4 L, B I=ly+1 £+ L, B I=ly (L4 1],
0
, 2
< 2t+3nd ( )

Hence, there exists Y € Fy;, (P, Q) with rank(Y) < 2y and

3 —J 21 —j
0 Z, o’JV Iz -Y| 0 Z, 07}7’ 1Z-Y| P
2 ( 0+ 1 ) = Z( 0+ 1 ) < nd’ ®)

1=2[p+1 I=lp+1
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as 1 <t < o0, one has

t
i P
sup(Z/rZIHZ Y||) 22”277.

I=l

Hence, we have

Z Yo 1Z - Y| .
+1] 0, 20434

1=0

Since 1 < ¢ < 0o and by using inequalities (1)—(5), we obtain

Page 13 of 20

dZ,Y)=v(s(Z- V)=

1=0
) i (Zf-:or{ré’ 1Z-Y| ) . i (Zf-ié"’ 52 - Y))t
- i [+ 1], Py ([+2ly+ 1]y

3l (Zj_or{ré—fnz_Y”)t i(zhzlo,jl éISI(Z—Y)>t
0

+
[+ 1, py [+ iy

[l+ 1]7‘1,}”2 [l+ l]rl,r2

1=3ly

IA

I=

IA
w

Mz M=

Zjor]rZJHZ Y|l
[+ 1], >

210 lrjlrl—]S](Z Y)_}_z}Hiﬁg}] l—s](Z_Y))t
+

[+ 1.,

~
Il

/

oA Iz~ YII) o i(zfl%lﬂ l/sl(z—y)>t
[l+ 1]}’1 ro ) [l+ 1]7']:'"2

(
(=
2
()]
2
2
(

S

~

<3

MSZ

+

~
1l

I

S

=

3
1=0

Yot 1Z-YING [ X s 1Z- Y
U+ 1] > 2 Z( [+ 1], )

I=ly

+

1=l

Z} 0/+210 - 2105]+2[o(Z Y)
[(+1],

o

<3
1=0

b Y 1Z - Yu)
[+ 10,

20p-1 !~
_1 00 i
+2f 1sup( E r/1r2’||Z—Y||) E [l+1]r1r2
I=lg \ = -
j=0 I=ly

00 DT ot
Lot Z(Z}[—lo:l’"]zrlji( )) .

I=ly

3lo—1<Z,l*o Py si(Z - Y))‘ . i <Z;l'o niry's/(Z - Y)>t
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On the other hand, since I5 € Eicesl ) (P, Q) but t > 1 is not confirmed. This completes the
0,1V
proof. O

Corollary 4.2 Pickup 1<t<ooand0<r<1,then B?x‘) (P, Q) =F(P, Q).

4.2 Banach and closed pre-quasi ideal
Theorem 4.3 Assume that (V), is a pre-modular pss, then the functional V is a pre-quasi
norm on By, with W(Z) = v(sy(2));2, and Z € By, (P, Q).

Proof Suppose that (V), is a pre-modular pss, so W verifies the next set-up:
(1) When X € Bj,,, (P,Q), ¥(X) = v(s5(X))52y = 0 and W(X) = v(s(X))52, = 0 if and
only if s,(X) = 0 for all b € N if and only if X = 0;
(2) We have Ey > 1 with W(pX) = v(sp(pX))52, < Eolp|¥(X) for every X € IB%?V)U(P, Q)
and p € C;
(3) One has D > 1 so that, for X1,X, € BfV)U(P, Q), one can see

U(X; +X,) = v(sb(Xl +X2))Zio < Go(U(S[%](Xl))ZZO + U(S[g](XZ))Zio)

< GoDyo(v(s5(X1)),- + U(s5(X2)) op)
<D[¥(X)) + ¥(Xa)];

(4) Wehave o > 1if X e B(Py,P), Y € By, (P, Q), and Z € B(Q, Qyp), then O
V(ZYX) = v(sp(Z2YX))p20 < v(IXNIZlIse(Y))52, < eI XV (NI Z].
Theorem 4.4 If1 <t < oo andry <ry, then (B , V) is a pre-quasi Banach ideal.

t
(Cesrl ED) Ju

Proof Since (ces;, ,,), is a pre-modular pss, by using Theorem 4.3, W is a pre-quasi
norm on B(%Sil,rz)v' If (Xp)pen is a Cauchy sequence in Eicesil,rz)u (P, Q). As B(P,Q) D

B (P, Q), we have

(cesty v

riry %5 (X = X))\ | (71X = Xl
\P(Xa—xb)-z@” 2 >3 (F ) = X - Xl
=0

1=0 [l + l]rl,r2 [l + 1]r1,r2

hence (Xj)pen is a Cauchy sequence in B(P, Q). As B(P, Q) is a Banach space, there exists
X € B(P, Q) such that lim,_. o | Xj, — X|| = 0. As (s;(X5))7%, € (ces!, ,,), with b € N. Hence,
by using Definition 2.8 parts (ii), (iii), and (v), we get

w0=Y" ( i riré-Zszm)‘

= [+ 1],
—o- 1Z(Zz 0Ty s5)(X — Xb)) Zt_li(Zio”fré_zs[gl(Xb))t
[l + 1]}’1,)’2 1=0 [l + 1]r1,r’2

(o] ! -z t
_ iy X = Xl Z rEres,(X)
<2t1 ZZ—O 172 2t lD z=0 2 .
= Z( TE OZ U+ 10, <00

Therefore, (s;(X));%, € (ces.. . ), hence X € Bim[ ) (P, Q). O
1,00 )V

rer2

Page 14 of 20
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Theorem 4.5 If P, Q are normed spaces, 1 < t < 00, and ry < ry, then (Bfmt ) ,W)isa
rl,rz v

pre-quasi closed ideal.

Proof Since (ces;, )y is a pre-modular pss, by following Theorem 4.3, we have W is a pre-

quasi norm on B Let X, B, (P, Q) with b € N and limy_, oo ¥ (X, — X) = 0.
(Cesrl ry Ju (CES,,I ,r2)u

Since B(P, Q) © (77, Q), one has

(ces

0 ! -z t o0 I t
LTy s (X = X) hIX = Xl
(X -X;) =) (Z“’ + 2 > (20— = IX-XI,
=0

1=0 [l + 1]71,72 [l + l]rl,rz

s0 (Xp)pen is a convergent sequence in B(P, Q). As (s;(X3))5, € (cest with b € N. From

Ju
rLr2
Definition 2.8 parts (ii), (iii), and (v), we have

> Orzré‘zsz N\
W(X) = (z—
Z TSI

Yo iy sis (X ~ X,)

1 -
< 2t—1 i =0"1 2 B ‘ + 2t—1 i Zz:O Vf}"2 ZS[%](Xb) ‘
[l + 1]1”1,7'2 1=0 [l + 1]}’1,}’2

=0

o $S(Baar Z(ZZ A0V
- 1=0 [l + l]rl,rz l+ 1 r1 r
One can see (s;(X))7%, € (ces!, ), hence X € Bicesgm)u (P, Q). O

4.3 Minimum pre-quasi ideal
Theorem 4.6 If P and Q are infinite dimensional Banach spaces, 1 < t; < ty < 00, and

r1 < ro, then

B, P& BS o (P,Q) S B(P, Q).
(ces, Sr1s r2 (ces, 1 72
Proof Assume Z e B® ) (P, Q), then (s/(2)) € (ces? ,,).,. We have
CeSry,ry v
00 ! . o) 1 _
Z ( Zz:() ’f’é ZSZ(Z))tZ < Z(Zzo ’f’"é ZSz(Z))t1 <0,
1=0 [l + 1]71,}‘2 1=0 [l + l]rl,rz
thenZeB® ,  (P,Q). Next, by taking (s;(Z))j5, such that ZZ Or"zr2 Z5,(2) = [ltll”"z,

cesy ,2) I+1

one has Z € B(P, Q) with

and

(T )\ o 1\
(=) () <

=0
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Therefore, Z ¢ ]B%z n (P,Q) and Z € ]B%S iy . (P, Q). Evidently, IBS; n o (P,Q)C
cesyy,ry v (cesy],rm v cesy],ry v

B(P, Q). Then, by choosing (s;(2));5, with Zz:O ririis (Z) = [ltgl/][%'z , one can conclude

ZeB(P,QandZ¢B , (P, Q). O

(ces, rl r2

Corollary 4.7 If P and Q are infinite dimensional Banach spaces, 1 < g < t < 00, and
0<r<1,then

o (PGB, (P,Q)SB(P,Q).

Theorem 4.8 ]B is minimum, when P and Q are infinite dimensional Banach

cesr v

spaces, 1 < t < 00, and2r1 <r,.

Proof Suppose that the sufficient set-up is verified. Hence (]B%“ , W) is a pre-quasi Ba-
2

nach ideal with W(Z) = Y ;5( ZZO#O{Z() . Assume B? , (P, Q) =B(P, Q), so we have
1,10

[l+1]r1,r2

n >0 with ¥(Z) < n||Z|| for Z € B(P, Q). From Dvoretzky’s theorem [30], for b € N, we
have quotient spaces P/Y} and subspaces Mj, of @ which can be mapped onto ¢ by iso-
morphisms Vj, and X;, with ||V, ||| V; ! [| <2 and [ X, || IX;,* || < 2. Let I, be the identity map
on ¢4, T}, be the quotient map from P onto P/Y}, and J, be the natural embedding map
from M, into Q. Suppose that m1, is the Bernstein numbers [31], we have

1 =m,(Iy) = m (XX, I,V V, 1) < Xl (X5 1, Va) | V3!
= 1 Xpllm (1o X5 1 Vi) | Vi | < 12Xl (X5 1 Vi) | V3|
= X ld: (X5 I Vo To) | Vi | < IXpllee (X, 1o Ve T0) | V|

if 0 <[ < b. One can conclude

! l
D orin anbnr% w (X BV T) |V =

(L oY < vy | (BT U

U+1], U+ 1],

Therefore, for some o > 1, we have

b ) l— 1 -z -1 t
Z(Zz Orf 2 ) _Q”Xh””Vbl” Z(Zzﬂ)r‘irz Olz(]bXb IbeTh)>

-0 U+ 1], U+ 1,
b ) J-z\ t
rZ
Z(%;’%) <olXll| Vit |w (X5 Vo) =
= ri,ry
-z
2( ol < ool g Tl =
Z(ZZ 0 rzré Z)
pn [+ 1],

<onl Xl |V, | 172, | 16 11 Ve Toll = enli Xl | V5 | |15 IVl =

’ loﬂ’éz
z <d4on.
L) <

1=0 7'1 r2
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. rerk ..
For b — oo and since ZIZO(Z” i =3 O(M )t =37 1=o00. Thisim-

[l"'l]rl ) [l+1]r1 ry
plies unreliability. Hence P and Q both cannot be infinite dimensional if B . (P,Q) =
T2
B(P, Q). This confirms the proof. O

Theorem 4.9 If P and Q are infinite dimensional Banach spaces, 1 <t < 00, and r1 < ry,
then Bfest is minimum.

Corollary 4.10 If'P and Q are infinite dimensional Banach spaces, 1 <t < 00,and0<r <

1, then th is minimum.
r

Corollary 4.11 If'P and Q are infinite dimensional Banach spaces, 1 <t < 00,and 0 <r <
1, then E‘;t is minimum.

4.4 Non-trivial closed pre-quasi ideal
Theorem 4.12 If P and Q are infinite dimensional Banach spaces, r1 <ry, and 1 <t <
ty < 00, then

BB ,  (P.QB .,  (P,Q)=AB 2 3, P DBy | (P, Q)).

(Cesrl r2 (CE Sr1s rz 7’1 rz €Sry r2

Proof Assume X € B(B (P,Q),B , (P,Q) and X ¢ A(Bs n  (P,9Q),

(ce % rz)v ( rl,rz)u (ces, 1 ,2)
IB%? : (P,Q)). By using Lemma 1.2, we have Y ¢ IB(IB%S n» . (P,Q) and Z €
cesr1 1o v ces,1 ,2
]B%(IB%E n o (P, Q)) so that ZXYI, = I,,. Hence, for all b € N, one has
Cesry,ry Ju
00 ! I-z 151
D oo tirs S:(Ip)
12 Il s P,Q) = (z'—
(5652 rz)v( 2 ; [l + 1]r1,r2
o0
rirs s, (1)
< 1ZXY 1 e (L) .
(cesf%,rz) ZZ: I+ 1]71:"2

This contradicts Theorem 4.6. Therefore, X € A(B* ces? (P,Q),B° ., (P,Q)),which

cesr) r2) (ces Sr1.ra Ju
completes the proof. d

Corollary 4.13 If P and Q are infinite dimensional Banach spaces, ri <ry, and 1 < t; <
ty < 00, then

B® ,  (P.QB ., (P,Q)=K( o2y, P DBy (P, Q).

(cesrl r2 ( 1, rz rl r2 (ces Sr1 r2

Proof Definitely, since A C K. O

Theorem 4.14 If P and Q are infinite dimensional Banach spaces, 1 < t <00, and r; < ry,
then B® ,
(ces

is simple.
1.9 Ju

Proof Assume that the closed ideal IC(IBfmt ) (P,Q)) contains a mapping X ¢
71,09 )V
AB (73, Q)). By using Lemma 1.2, we have Y, Z € B(chesz ) (P, Q)) with ZXYI, =
VI,VZ v

CeS 1T
I,. This 1mplies that IBZ . POE K(Bfm[ ) (P, Q)). Therefore, IB%(IB%E - (P,Q)) =
Cesyy,rg ) 1.1 /Y Cesry,rg v
K® ,  (P,Q).SoB , | issimple. 0
(Cesrl,rz v (Cesrl ES) v
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4.5 Spectrum of pre-quasi ideal
Notation 4.15

(Bi,)p = {(Bi,)p(”P, Q); P and Q are Banach spaces}, where
(B3,)"(P, Q) == {X e B(P, Q) : ((n(X)) -y € Vand || X - P01

does not exist for every [ € N}.

Theorem 4.16 If P and Q are infinite dimensional Banach spaces, 1 <t < 00, and r; <r,,
then
(B?ces ) (P Q) S Bfees (P’ Q)
Proof Assume X € (Bicest ) )P(P, Q), so (01(X))iS, € (ces;, ,,)v and | X = pi(X)I|| = O for
r1.r9 /U
every [ € N. One has X = p)(X)I for all [ € N, hence s;(X) = s;(0;(X)I) = | p;(X)| for each

[ € N. Hence (s;(X))55, € (cest , which implies X € IB (P, Q). Next, by putting

Tl "2) cestlr

(p1(X))5%, so that Zz:O 57 p,(X) = Uﬂ%, we have X € B(P, Q) so that

X (YL 0 X1
Z( [0+ 1,0, ) 20:1—

=0

and by choosing (s;(X))55, with ZZ o rzré Zs,(X) = [M]’l "2 Therefore, X ¢ (Bscest ) )P (P,
1.9V

Q)and X € Bimt ) (P, Q). This confirms the proof. a
r1.rp /v

5 Conclusion
Many authors in the near past investigated and studied the r-Cesaro matrix and the linked
summability methods [32-35]. In this paper, we explain some topological and geomet-

ric structure of the class B* (cest

) and the multiplication mappings defined on (ces’
ry.ro )V

71 V2)

When r; = r and r, = 1, we have ces’ X;. Some new properties to the sequence space

L
x; have been added. This article ha; Enany benefits for researchers such as studying the
fixed points of any contraction maps on this pre-quasi normed sequence space, which is
more general than the quasi normed sequence spaces, a new general space of solutions
for many difference equations, the spectrum of any bounded linear operators between
any two Banach spaces with s-numbers in this sequence space, and noting that the oper-
ator ideals are the prime structural components of a vector lattice; consequently, closed
ideals are bound to play a positive role in the theory of Banach lattices. We open the way
for many authors to generalize the results by a sequence ¢ = (#);5, and build (cesgtl),,z)u of

non-absolute type.
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