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1 Introduction

The convex minimization problem is one of the important problems in mathematical opti-
mization. It has been widely studied because its applications are desirable and can be used
in many branches of science and in various real-world applications such as in image and
signal processing, data classification and regression problems, etc., see 3, 5, 8, 10, 12, 13]
and the references therein. Various optimization methods for solving the convex mini-
mization problem have been introduced and developed by many researchers, see [1, 3—
5,7-9, 11, 14, 16-19, 23, 26, 28] for instance. In this work, we are interested in studying

an unconstrained convex minimization problem of the sum of the following form:

minimize /1, (x) + A2 (x), (1)
xeX
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where X is a Hilbert space, 4; : X — R is a convex and differentiable function, and #; :
X — R U {o0} is a proper, lower semi-continuous, and convex function.

It is known that if a minimizer p* of /1 + &1, exists, then p* is a fixed point of the forward-
backward operator

FBy:= proxy, (la—aVh),
—_— T
backward step forward step

where o > 0, prox,, is the proximity operator of /,, and Vi, stands for the gradient of /1,
thatis, p* = FB,(p*). If Vi is Lipschitz continuous with a coefficient L > 0 and « € (0,2/L),
then the forward-backward operator FB, is nonexpansive. In this case, we can employ
fixed point approximation methods for the class of nonexpansive operators to solve (1).
One of the popular methods is known as the forward-backward splitting (FBS) algorithm
8, 18].

Method FBS Letx; € X. For k > 1, let
Xki1 = PrOXg, p, (i — ax Vi (),
where 0 < oy < 2/L.

This method includes the proximal point algorithm [19, 26], the gradient method [4, 11],
and the CQ algorithm [6] as special cases. It can be seen from Method FBS that we need
to assume the Lipschitz continuity condition on the gradient of /;, and the stepsize oy
depends on the Lipschitz constant L. However, finding such a Lipschitz constant is not an
easy task in general practice. This leads to the natural question:

Question: How can we construct an algorithm whose stepsize does not depend on any
Lipschitz constant of the gradient for solving Problem (1)?

In the sequel, we set the standing hypotheses on Problem (1) as follows:

(AI) h;: X — Risa convex and differentiable function and the gradient Vi is
uniformly continuous on X’;

(AIl) hy: X — R U {oo} is a proper, lower semi-continuous, and convex function.

We see that the second part of (Al) is a weaker condition than the Lipschitz continuity
condition on V/;.

In 2016, Cruz and Nghia [9] suggested one of the ways to select the stepsize ox which is

independent of the Lipschitz constant L by using the following linesearch process.

Linesearch A: Fixx e X,0 >0,8 >0,and 0 € (0,1)

Inputo =o0.
While o || Vi, (FB,(x)) — Vhi(x)| > §||FBy(x) — x|, do
o =0a.
End
Output «.

It was proved that Linesearch A is well defined, this means that it stops after finitely
many steps, see [9, Lemma 3.1] and [32, Theorem 3.4(a)]. Linesearch A is a special case of
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the linesearch proposed in [32] for inclusion problems. Cruz and Nghia [9] employed the
forward-backward splitting method where the stepsize oy is generated by Linesearch A.

Method 1 Letx; € X,0>0,68 €(0,1/2),and 6 € (0,1). For k > 1, let
X1 = ProXy, g, (% — Vi (),
where ay := Linesearch A(xy, o,6,6).

In optimization theory, to speed up the convergence of iterative procedures, many math-
ematicians often use the inertial-type extrapolation [15, 22, 24] by supplementing the tech-
nical term By (xx — xx_1). We call the parameter S an inertial parameter, which controls
the momentum x; — x;_;. Based on Method 1, Cruz and Nghia [9] also proposed an accel-

erated algorithm with an inertial technical term as follows.

Method 2 Letxg=x; € X,00=0>0,8 €(0,1/2),0 € (0,1),and ¢; = 1. For k> 1, let

1+,/1+48 h-1

bepp=——mF—, ﬂk = ’
2 i1

Vi = %k + Bk — xx-1),

Xks1 = ProXg, g, (v — Vi (1)),
where o := Linesearch A(yx, ax_1,6,8).

The technique of selecting f; in Method 2 was first defined in the fast iterative
shrinkage-thresholding algorithm (FISTA) by Beck and Teboulle [3].
In 2019, Kankam et al. [16] introduced a modification of Linesearch A as follows.

Linesearch B: Fixx € X, 0 >0,8 >0,and 0 € (0,1)
Input o =o.
While o max({|| Vi (FBZ (%)) — Vi (FBy ()|, | VA1 (FBy (%)) — Vi ()11}
> 8(||FBY, (x) — FBy (x)|| + | FBy (x) —x]), do

o =0a.

End
Output «,
where FB2(x) := FB, (FB,(x)).

Using Linesearch B, they proposed the following double forward-backward splitting al-
gorithm.

Method 3 Letx; € X,0 >0,8 €(0,1/8),and 6 € (0,1). For k > 1, let

Yk = ProXy, j, (xx — ax Vi (xr)),

X1 = ProXy, g, (V& — ax VA1 (1)),

where oy := Linesearch B(xy, 0,0, §).
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We note that Methods 1-3 with some mild conditions guarantee only weak convergence
results for Problem (1); however, strong convergence gives more desirable theoretical re-
sult. To get strong convergence, we focus on the forward-backward splitting algorithm
based on the viscosity approximation method [21, 34] as follows.

Method 4 Letx; € X.Fork > 1, let

%1 = Vif () + (1= y2) proxg, ,, (%x — ax Vi (xx)),
where f: X — X is a contraction, y € (0,1) and o > 0.

In this work, inspired and motivated by the results of Cruz and Nghia [9] and Kankam et
al. [16] and the above-mentioned research, we aim to improve Linesearches A and B and
introduce a new accelerated algorithm using our proposed linesearch for strong conver-
gence on a convex minimization problem of the sum of two convex functions in a Hilbert
space. This paper is organized as follows. The notation, basic definitions, and some useful
lemmas for proving our main result are given in Sect. 2. Our main result is in Sect. 3. In this
section, we introduce a new modification of Linesearches A and B and present a double
forward-backward algorithm based on the viscosity approximation method by using an
inertial technique for solving Problem (1) with Assumptions (AI) and (AII). Subsequently,
we prove a strong convergence theorem of the proposed method under some suitable con-
trol conditions. In Sect. 4, we apply the convex minimization problem to image and signal
recovery problems. We analyze and illustrate the convergence behavior of our method,
and also compare its efficiency with Methods 1-4.

2 Basic definitions and lemmas
The mathematical symbols adopted throughout this article are as follows. R, R,, and R, ,
are the set of real numbers, the set of nonnegative real numbers, and the set of positive
real numbers, respectively, and N stands for the set of positive integers. We suppose that
X is a real Hilbert space with an inner product (-,-) and the induced norm || - |. Let I,
denote the identity operator on &X'. Weak and strong convergence of a sequence {xz} C X
to p € X are denoted by xx — p and x; — p, respectively.

Let E be a nonempty closed convex subset of X'. An operator A : E — X is said to be
Lipschitz continuous if there exists L > 0 such that

||Ax—AJ/|| SL”?C—)/H: Vx:yEE

If A is Lipschitz continuous with a coefficient L € (0, 1), then A is called a contraction. The
metric projection from X onto E, denoted by P, is defined for each x € X, Pgx is the
unique element in E such that ||x — Pex|| = inf,cg [|x — y||. It is known that

pF=Ppx <— <x—p*,y—p*) <0, VyeE.
The following definition extends the concept of the metric projection.

Definition 2.1 ([2, 20]) Let #: X — R U {co} be a proper, lower semi-continuous, and
convex function. The proximity (or proximal) operator of 4, denoted by prox,,, is defined
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for each x € X, prox,, x is the unique solution of the minimization problem
inimize h() + © |- 1
minimize + =lle =y
yeX 2 Y

In particular, if / := i¢ is an indicator function on E (defined by ir(x) = 0 if x € E; other-
wise ig(x) = 00), then prox; = Pg.

Let h: X — R U {00} be a proper, lower semi-continuous, and convex function. The
subdifferential 0/ of & is defined by

oh(x) := {peX:h(x)+(p,y—x) §h(y),VyeX}, Vxe X.

Here, we give some relationships between the proximity operator and the subdifferential

operator as follows. For « >0 and x € X, then

prox,;, = (I; + adh)™ : X — domh, (2)

X ZPIO%®) iy orox, (). )

We end this section by giving useful lemmas for proving our main result.

Lemma 2.2 ([25]) Let h: X — R U {oo} be a proper, lower semi-continuous, and convex
function. Let {x;} and {yi} be two sequences in X such that yx € dh(xy) for all k € N. If
X — x and yx — y, then y € dh(x).

Lemma 2.3 ([29]) Letx,y € X and & € [0, 1]. Then the following properties hold on X
(i) N&x+@=EWI* =Elxl* + A -E)lyI> -EQA-&)llx -yl
(i) [le £yl = lxll* £ 2(x,9) + lIylI%
(i) [l +yI* < lxll* + 2(p,% + ).

Lemma 2.4 ([27]) Let {ax} C Ry, {by} C R, and {&} C (0,1) be such that y ;- & = 0o and
a1 < (1 —&ay + &by, VkeN.

Iflimsup;_, . by, < 0 forevery subsequence {ay,} of {ax} satisfying liminfi_, o (a1 —ax;) = 0,

then limy_, o ay = 0.

3 Method and convergence result
In this section, by modifying Linesearches A and B, we introduce a new linesearch and
present an inertial double forward-backward splitting algorithm based on the viscosity
approximation method for solving the convex minimization problem of the sum of two
convex functions without any Lipschitz continuity assumption on the gradient. A strong
convergence result of our proposed algorithm is analyzed and established.

We now focus on Problem (1) with Assumptions (AI) and (AII). For simplicity, let h :=
h1+hy and denote FB,, := prox,, (I;—aVh) for o > 0. The set of minimizer of h is denoted
by I'. Also, assume that I" # . We begin by designing the following linesearch.
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Linesearch C: Fixx € X, 0 >0,8 >0,and 6 € (0,1)
Inputo =o0.
While § {|| Vi) (FBZ(x)) — Vh1(FBy ()| + | VA1 (FBay(x)) — Vi (%)}
> 8(||FB(x) — FBy (x)|| + [|FB, (%) — x])), do

o =0a.

End
Output .

In other words, if « := Linesearch C(x,0,6,8), then a = 66", where m is the smallest
nonnegative integer such that
SV (FB2 () = Vi (FBo ()| + | V1 (FBo () - Vi (4}
<8(|FBL(x) - FB4 (%) | + | FBa(x) — x|)).

It can be seen that the terminating condition of the while loop in Linesearch C is somewhat
weaker than that in Linesearch B. So, it follows from the well-definedness of Linesearch B
that our linesearch also stops after finitely many steps, see [16, Lemma 3.2].

Using Linesearch C, we introduce a new viscosity forward-backward splitting algorithm

with the inertial technical term as follows.

Method 5: An accelerated viscosity forward-backward algorithm with Linesearch C
Initialization: Pick xg =x; € X, 0 >0, € (0,1/8), and 8 € (0,1).
Take {yx}, {tx} C R,,, and let {ux} C R, be a bounded sequence.
Letf: X — X be a contraction with a coefficient 1 € (0, 1).
Iterative steps: For k > 1, calculate x;,; as follows:

Step 1. Compute the inertial step:

min{pp, —2—}  if xg # X1,
Bi = 7 Nlxek—k-1 | 4 ‘ (4)
Ik otherwise,

Wi = i + B = xk-1). (5)
Step 2. Compute the forward-backward step:

2k = FBy, (Wi) = prox,, ., (wk — ax Vi (wi)), (6)

Yk = FBuy (2k) = proX,, , (zx — ax V(). (7)

where oy := Linesearch C(wy, 7,0, ).
Step 3. Compute the viscosity step:

X = Vif () + (1= v)yke (8)

Set k:= k + 1 and return to Step 1.
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To show a strong convergence result of Method 5, the following tool is needed.

Lemma 3.1 Let {x;} be a sequence generated by Method 5 and p € X. Then the following
inequality holds:

Iwi = pI1> = lyk = P> = 20 [B(yic) + h(zi) - 2h(p)]
+(1-88)(llwk — zkll” + llz — yxl1*),  VkeN.

Proof From (3), (6), and (7), we get

Zk

Wk — Zk a;yk - Vhi(z) € 31’12(371()'
k

— Vhi(wy) € 0hy(zr) and
(273

Let p € X. By the definition of subdifferential of /1, the above expressions give

Wk — Zk

hy(p) — ha(zr) > < - Vhi(we),p - Zk>

- ai,ﬁwk zp—z) + (VW) 2 ) )
and
o)~ 2 (22 Vi Gap )
_ aik<zk Yop — i) + (Vi) vk~ p). (10)

By (AI), we obtain the fact

h(®) - () = (Vi O),x—y), VxyeX. (11)
From (11), we get

1 (p) = hi(wi)) = (Vi (i), p — wi) (12)
and

hy(p) — i (zi) = (Vi (20), p - ). (13)

Combining (9), (10), (12), and (13), we have

2h(p) — h(zx) — ha (i) — I (wi)

> (Vhi(wi), zi — p) + (Vi (@), yk — p) + (Vi (i), p — )

1
+(Vhi(zx),p — zi) + — [(wk — ziop — i) + (2K = Yo 0 — Y1) |

k

= (Vhy(wi), 2k — wi) + (VI (20), i — 2k)
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1
+ Ol_k[<Wk — 2P — 2k) + (2 — Yo P — Vi) |

= <Vh1(wk) - Vhl(zk),zk - Wk) + (Vh1 (Zk),Zk - Wk> + <Vh1(y/<),y/< - Zk>
1
+(Vhi(z) = Vi), vk — 2} + ” [(wk — 200 — 2i) + (2K = Yo — 91) |
> (Vi (z) 2 — wie) + (VL) v — zx) — | Vi (wio) = Vi (z0) || llzi — weel

~ | VA1 (zi) = Vi) | Nk — 2l

1
+ a_k[<Wk ~Zjop = 2k) + (26 = Yio P = Vi) -

Again, applying (11), the above inequality becomes

2h(p) - h(zi) — ha(yx) — 1 (w)
> () — i (wie) = | Vi (wie) = V(@) | 1z — wel

— || Vhi(zi) = VR i) | Ilyi — 2l
1
+ —[(wk = ziop — i) + {2k = Yo 0 — Y1) ]

(473

> (i) = (wi) = | Vi (wi) = Vi (@) || (lye = zell + iz — will)

= | Vhi(zx) = VL) || (lyk = zicll + iz — wiell)

1

t [(Wi = ziop — zi) + (2 = Yio P = Vi) |
k

1
= (k) =l (wy) + a[(Wk —Ziop — k) + (2 = Yo — Yi) |

= (Vi) = Vin (@) || + | Vi (z) = Vi) |) (I = zell + llze = wll). (14)
Since oy := Linesearch C(wy, 0,0, 48), then

A1) - Vi@ | + | Vi (ze) - Vi wo) ||}
2

< 8(llyk — zcll + llzx — waell). (15)

From (14) and (15), we have

1
a_k[<Wk =2k, 2k — P) + (2K = Yok — D) |

> h(y1) + h(zi) - 2h(p)

= (|VRrwi) = Vi 20| + || Vi (z) = Vi) |) (lye — zicll + llzi — wiell)

28
> h(y) + h(z) - 2h(p) - a—k(uyk — 2zl + llzx — will)

%)
> h(ye) + h(z;) — 2h(p) - z—k(uyk 2l + - well): (16)
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By Lemma 2.3(ii), we get

1
(Wk —zi, 26 — p) = E(”Wk = oI = llwi = zell* = llzx = p1I?),
and

2
I

1 2 2
(zk = Yo yk —Pp) = E(sz =pI* = llzk = yll” = lyx = pI1?).

Hence, we can conclude from (16)—(18) that

lwi = plI* = llyx = pII* = 20 [h(3) + h(zi) - 2h(p)]
+(1-88)(lIwk - zell® + llzx = yxl*), Yk eN.

Now we are in a position to prove our main theorem.

Theorem 3.2 Let {xx} C X be a sequence generated by Method 5. Then:
(i) ForpeT, wehave

Pl — 2 ||+ 11f (o) —
I-n

e =PIl < maX{ llxx = plIs

(i) Ifthe sequences {a}, {yx}, and {ti} satisfy the following conditions:
(Ci) ax >« forsomeaeR,y;
(Cii) yx € (0,1) such that limy_, o yx =0 and Y o, vk = 00;
(Ciii) limg_ oo Te/yx = 0,
then {xy} converges strongly to a point p* € I, where p* = Pr.f (p*).

Proof Letp € I'. Applying Lemma 3.1, we have
Iwi = p11* = e = pII* = 20 [h() ~ h(p) + h(ze) - hp)]
+ (1 - 88)(llwk — zll* + llzx = yxl1?)

> (1= 88)(llwi — zcll” + llzx — yxll?)

>0.
From (19) and (5) and by Lemma 2.3(ii), we get

Iy = I < llwi = plI* = (1= 88) (llwk — 21> + llzx — 11
= Ik = pI* + BE ok = xaa 1 + 2B ek — po ik = 41
— (1= 88)(lIwi — zcll* + llze = yicll?).
< Ik =PI + Bellxi — xiea 1> + 2Bicllai — pll ek — e |

— (1= 88) (lwk — zcll* + llzie — yll?).-
From (20) and (5), we get

llyk = pll < llwk = pll < llxx = pll + Brllxx — xx—1|l-

}, Vk € N.

(17)

(18)

(19)
(20)

(21)

(22)

Page 9 of 19
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By (8) and (22), we have

loksr = oIl < vie|[f@x) =f @) || + ve|lf @) = 2| + @ = v) vk = pl
<yl —pll + vie|[f @) - p| + @ = v)llye - pll
< (1= (L =) ok = pll + v | f @) - |

+ (1 = yi) Bl — i1 |l

< (1= (L= n) e — pll + yk(%nxk — x|l + |[f () —p||>

B flxog — |+ 1f o) — }

< max{nxk—pn, —

Therefore, we obtain (i). By (4) and using (Ciii), we have ﬁ—’; lxx —xx_1]l — O as k — oo, and

so there exists M > 0 such that ﬁ_: lxx — xx_1 || <M for all k € N. Thus,

M+|lf(1ﬂ)—l7||}
1-n '

%1 = pIl < maX{ llxx = pll,

By mathematical induction, we deduce that

M+ f(p") - pll

}, Vk e N.
1-n

llxx = pll < maX{ llx1 = pll,

Hence, {x¢} is bounded. One can see that the operator Prf is a contraction. By the Banach
contraction principle, there is a unique point p* € I such that p* = Prf(p*). It follows from

the characterization of Pr that

f(p*)-p'p-p*)<0, Vpel. 023

Using Lemma 2.3(i), (iii) and (21), we have

e =27 <)@ =70 (i = 27) + e (Fx) = £ (7)) ||

+21df (p*) = P %1 = P7)

<=yl -2*” + welf @ - (o) |
+21lf (p*) = P k1 = P7)

< (=)o —p"|” + BRIk - il
+ 2B ok = 2" || Ik = a |
+ v -2+ 2mlf (0%) - 2 301 - )
— (1= )1 - 88)(Ilwi — zll* + llzx — y&lI?)

= (1= y@ =) | = p"||* + @ = )b

— (1= y)(1 - 88)(Ilwi — zell” + iz = yell?), (24)

Page 10 of 19
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where

1 B? Br
b= —— (2(f(p*) — P X1 = P+ =l — o 12+ 27 Nk — p* Il — xeca ).
1-n Yk Yk
It follows that

(1 = v )(1 - 88) (llwi — zxlI> + llzk = yicll?) < ||k = p* ||2 = ||%ks1 = p* ||2
+ (=M, (25)
where M’ = sup{by : k € N}.

Let us show that {x;} converges to p*. Set ay := ||xx — p*||> and & := yx(1 — n). From (24),
we have the following inequality:

a1 < (1 - &ax + &by

To apply Lemma 2.4, we have to show that limsup,_, ., by, < 0 whenever a subsequence
{ax,} of {ax} satisfies

liminf(ay,.1 — ax,) > 0. (26)
liaded

To do this, suppose that {ay,} € {ai} is a subsequence satisfying (26). Then, by (25) and
(Cii), we have

lim sup(l - J/kl)(l - 88)(”Wkl - Zk,' ”2 + ”Zki _yk[ ”2)

i—o00

<limsup(ak, — ax1) + (1 — n)M' lim y,
i—>00 =00

= —liminf(ay,.1 — ax,)
1— 00

<0,
which implies
hm ”Wk,' - Zk; ” = hm ”Zk,' _yk,'” =0. (27)
11— 00 11— 00

Using (Cii), (Ciii), and (27), we have

o1 — % | < v [1f (o) = v || + Iy = 6 |
< IFGor) = i | + ok = wig Il + lwg = x|l
=< Yki lf(xki) =Yk || + ”yk,' — Zi; ” + ”Zki - Wk,'”

B,
+ — [k, — Xg;-1 |
Vk;

i

—~0 (28)

Page 11 0of 19
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as i — 00. We next show that limsup,_, ., b, < 0. Clearly, it suffices to show that

lim sup(f(p*) - P %n —p*) <0.
i—o00
Let {xkij} be a subsequence of {xt,} such that

lim (f (p*) - p*;xki/, )—hmsup(f(p) -p* % = p).

J—> 00

Since {xkl./_} is bounded, there exists a subsequence {xki/_ } of {xkl./_} such that X, = peX.
' P

Without loss of generality, we may assume that X, — p. Thus, we also have Zi, = p.From

(AI), we have || Vhl(wk,-/.) - Vhl(zkl.j )|l = 0asj— oco. This together with (27) and (Ci) yields

Wi, — Zk;.
llm ” ]7 + Vhl(Zk )— V]’l](Wk ) ' (29)
J—>00 akl‘].
By (3), we get
W/(i, - Z/(i,
% + Vhl(zki].) - Vhl(Wki/.) € ahz(Zk,‘].) + Vhl(zki].) = Bh(zkl,j). (30)
k,

Yl
Now, by (29), (30), and 2k, — p, it follows from Lemma 2.2 that 0 € 0h(p). Hence, p € T.
From (28) and (23), we have

limsuplf (p*) — p* %1 — p*) < limsup(f (p*) — p*, %041 — %%,

i— 00 i—00

+hmsup(f(p) - P XK — *)

i—o00
Jlim {f(p") - p" 51, ~ ")

=(f(p") -p*p-p")

<o0.

By Lemma 2.4, we can conclude that {x;} converges to p*. The proof is complete. d

Note that the stepsize condition on {ox} in Theorem 3.2 needs the boundedness from
below by a positive real number. Next, we show that this condition can be ensured by the

Lipschitz continuity assumption on V/;.

Proposition 3.3 Let {ok} be the sequence generated by Linesearch C of Method 5. If Vi :
X — X is Lipschitz continuous with a constant L > 0, then oy > min{o,280/L} forall k € N.

Proof Let Vh; be L-Lipschitz continuous on X. Since «i := Linesearch C(wy, 7,6, §), then
ax <o forall k € N. If o < 0, then oy = 06" where my is the smallest positive integer
such that

% (| VA (EB2, (w0)) = Vs (FBug W) | + | V1 (FBug (1)) = iy (i) |}

8(||EB2, (wk) = FBay (i) || + || FBu (i) = wic]])-
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Set oy := ax /6. By the Lipschitz continuity of V/1; and the above expression, we have

drL

o (1FBG 0vi) = FBa (wi) | + | FBs (wi) = wi])

= (O (B2, (0) = Vi (B, m0) | + [ (B )~ o)
)’

it follows that ox > 286/L. Therefore, ay > min{o,2860/L} for all k € N. (]

> 8(||FB§;k(wk) — FBg (wi)|| + | FBas, (i) — wic

Remark 3.4 It is worth mentioning that the Lipschitz continuity assumption on the gradi-
ent of /11 is sufficient for Assumption (AI). However, if we assume this assumption further,
the computation of the stepsize a generated by Linesearch C is still independent of the
Lipschitz constant.

4 Numerical experiments in image and signal recovery
In this section, we apply the convex minimization problem, Problem (1), to image and
signal recovery problems. We analyze and illustrate the convergence behavior of Method
5 for recovering images and signals, and also compare its efficiency with Methods 1-4. All
experiments and visualizations are performed on a laptop computer (Intel Core-i5/4.00
GB RAM/Windows 8/64-bit) with MATLAB.

Many problems in image and signal processing, especially the image/signal recovery, are
the problems of inferring an image/signal x € RN from the observation of an image/signal
y € RM via the linear equation

y=Tx+e, (31)
where T : RN — RM is a bounded linear operator and ¢ is an additive noise. To approx-

imate the original image/signal in (31), we need to minimize the value of ¢ by using the
LASSO problem [31]

|1 2
min y = |ly = Txl5 + Allxll ¢ (32)
xeRN | 2
where A is a positive parameter, || - ||; is the /;-norm, and || - ||, is the Euclidean norm. It is

worth noting that Problem (1) can be applied to the LASSO problem (32) by setting
1 2
hi(x) = Elly— Tx|l; and  ha(x) = Allx]l;.

4.1 Image recovery

In the following two examples, we set a regularization parameter in the LASSO problem
(32) by A := 107°. Signal-to-noise ratio (PSNR) in decibel (dB) [30] and structural similar-
ity index metric (SSIM) [33] are used as image quality metrics. The maximum iteration
number for all deblurring methods is fixed at 500.

Example 4.1 Consider a prototype image (Lenna) with size of 256 x 256, which is con-
taminated by Gaussian blur of filter size 7 x 7 with standard deviation & = 6 and noise
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1075, see the original image (a) and the blurred image (b) in Fig. 1. The values of PSNR
and SSIM of the blurred image are 24.6547 dB and 0.4770, respectively. The parameters
of our method (Method 5) are chosen as follows:

2 0=09 §=0.1 10% ! b1
o = » =U.Y, =0.1, T, = -_ = —-—:, =
k= e V&= Bok P

1+,/1+48

Lky1 = — t1=1.

Consider a contraction f in the form of f(x) = nx, where 0 < < 1. We take the parameter
n as the following five cases:

Case 1: n=0.1, Case 2: n=0.3, Case 3: 1 = 0.5, Case 4: 1 = 0.8,
Case 5: 1 =0.99.

Now, the experiments for recovering the Lenna image of Method 5 with Cases 1-5 are
shown in Figs. 1 and 2. It is observed from Fig. 2 that Case 5 gives the higher values of
PSNR and SSIM than other cases.

(a) Original Image (b) Blurred Image
7 = P

(f) Case 4 (g) Case 5

Figure 1 Restoration for the Lenna image at the 500th iteration. (a) Original image; (b) Blurry image
contaminated by Gaussian blur; (c)-(g) Restored images by Method 5 with different parameters n

(a) Peak signal-to-noise ratio (PSNR) (b) Structural similarity index metric (SSIM)

PSNR

Case 1
Case 2 0.55 Case 2

Case 1

2 Case3 Case 3
Case 4 05 Case 4

Case 5

Case 5

. . . . . . . . . o . . . . . . . n n
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Number of iterations Number of iterations

Figure 2 Plot of PSNR and SSIM of restored images by Method 5
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Table 1 The parameters for the deblurring methods

Parameters Methods
1 2 3 4 5
0t = el L= TT1) - - - v -
0=1,0=0948=0.1 J Vi v - v
50
Ve=r - - - v v

(a) Original Image (b) Blurred Image

(c) Method 1 (d) Method 2 (e) Method 3 (f) Method 4 (g) Method 5

Figure 3 Restoration for the hall image at the 500th iteration. (a) Original image; (b) Blurry image
contaminated by Gaussian blur; (c)-(g) Restored images by Methods 1-5

Peak signal-to-noise ratio (PSNR) Structural similarity index metric (SSIM)
40 36.1656 1 - 02272
32,4027 0.9 0.7999
35 28.9639 29.8824  7g.9go3 o 0.7593 0.7606
£ 23.5821 0.7
25
o« s 06
Z 2 Z 05
& Y o4
15 g
03 0.2209
& 0.2
5 01
0 0
Blurred Method1l Method2 Method3 Method4 Method5 Blurred Method1l Method2 Method3 Method4 Method 5

image image

Figure 4 The comparison of PSNR and SSIM values for the blurred image and restored images by Methods
1-5 at the 500th iteration

Example 4.2 Consider a prototype image (hall) with size of 256 x 256, which is contam-
inated by Gaussian blur of filter size 9 x 9 with standard deviation & = 4 and noise 107,
see the original image (a) and the blurred image (b) in Fig. 3. The parameters for each
deblurring method are set as in Table 1.

Also, we define a contraction f by f(x) = 0.99x for Methods 4 and 5.

Let us see the comparative experiments for recovering the hall images of Methods 1-
5 as shown in Figs. 3-5. It can be seen that Method 5 gives the higher values of PSNR
and SSIM than the other tested methods. So, our method has the highest image recovery
efficiency compared with other methods.

4.2 Signal recovery
Example4.3 Inthe LASSO problem (32), the matrix T € RM*¥ is generated by the normal
distribution with mean zero and variance one. The vector x € RY is generated by a uniform
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38

(a) Peak signal-to-noise ratio (PSNR) (b)

Method 1
Method 2
Method 3
Method 4
Method 5

36

PSNR
8

Structural similarity index metric (SSIM)

0 50 100 150
Number of iterations

Method 1
Method 2
Method 3
Method 4
Method 5

200 250 300 350 400 450 500 0 50 100 150 200 250 300 350

Number of iterations

Figure 5 Plot of PSNR and SSIM of restored images by Methods 1-5

400 450 500

(a) Original signal (N = 512, M = 256, m = 15)
I T | T

150 200 250 300 350 400
(b) Measured values with SNR = 40
I T

100 150
(c) Recovered signal by Method 1 (821 iterations, CPU time = 20.8130 s)
T T
1

150 200 250 300 350 400

(d) Recovered signal by Method 2 (778 iterations, CPU time = 0.4591 s)
T T | T | T T | T
1

150 200 250 300 350 400

(e) Recovered signal by Method 3 (403 iterations, CPU time = 15.1539 s)
T T T | T T | T
1

150 200 250 300 350 400

(f) Recovered signal by Method 4 (1901 iterations, CPU time = 0.3084 s)
T T T T T | T

0 250 300 350
(9) Recovered signal by Method 5 (201 iterations, CPU time = 8.0969 s)
T T T
1

50 100
10 T
0
-10 |
50
1
[ T T
0
4‘ I i
50 100
1 ‘ T T
0
,1\ I LT [ I
50 100
1 ‘ T T
0
_1\ I LT [ I
50 100
1
‘ T T
0
_1‘ I !
50 100 150 20
1
‘ T T
0
,1‘ I !
50 100

150 200 250 300 350 400

Figure 6 Signal recovery in case of N=512, M =256, m = 15. (a) Original signal; (b) Observed data; (c)-(g)
Recovered signals by Methods 1-5

distribution in [-2, 2] with m nonzero elements. The vector y is generated by the Gaussian
noise with the signal-to-noise ratio (SNR) as 40 dB. The regularization parameter is taken

by A = 1. The parameters of Methods 1-5 are set as in Table 1 in Example 4.2. We use the

mean squared error (MSE) as the stopping criterion defined by

1
MSE(K) = e - p* |2 <107,

where p* is an original signal.

Now, the experiments for recovering two signals by Methods 1-5 are shown in Figs. 6-7,
and the graphs of the MSE for two cases are shown in Fig. 8. It is observed from Figs. 6-8
that the convergence speed of Method 5 is better than that of Methods 1-4 and hence our

method has a better convergence behavior than the other tested methods in terms of the

number of iterations.

Page 16 of 19
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(a) Original signal (N = 1024, M = 512, m = 40)
! T T T | 1 T T T T

o1 . | [ [ L L1 1 [ ]
Al | | I L LT T | | [T il
1

100 200 300 400 500 600 700 800 900 1000
(b) Measured values with SNR = 40
I T T

10 T T T
-10 | [ | I ! | I I I I
50 100 150 200 250 300 350 400 450 500
4 (c) Recovered signal by Method 1 (1754 iterations, CPU time = 448.0031 s)
o [ I I I [ L T L [
\ | \ I T I L LI | \ [T L
100 200 300 400 500 600 700 800 900 1000
(d) Recovered signal by Method 2 (1139 iterations, CPU time = 5.6576 s)
1
ol L ‘ NI L, [ I T L [ ]
\ | | I I L T \ | [T L

100 2 300 400 500 600 700 800 900 1000
(e) Recovered signal by Method 3 (874 iterations, CPU time = 325.3676 s)
1
ol I I NI L, [ I T L [ ]
4 | ! [ L T | | [ i
100 200 300 400 500 600 700 800 900 1000
1 (f) Recovered signal by Method 4 (4112 iterations, CPU time = 4.3589 s)
time = 4.3589
o1 I T I [ T [T [
4 \ \ [ L T I \ \ [ L
100 200 300 400 500 600 700 800 900 1000
1 (9) R ed signal by Method 5 (313 i i CPU time = 123.4783 s)
o1 . ‘ T I [ T T R [
4 \ T I T R T | | [T L
100 200 300 400 500 600 700 800 900 1000

Figure 7 Signal recovery in case of N= 1024, M =512, m = 40. (a) Original signal; (b) Observed data; (c)-(g)
Recovered signals by Methods 1-5

(a) Case N =512, M = 256, m = 15. (b) Case N = 1024, M = 512, m = 40.
12 1
Method 1 Method 1
Method 2 0.9 Method 2
1 Method 3 Method 3
Method 4 08 Method 4
Method 5 Method 5
07
0.8
06
2 8
0.6 2 05
0.4
0.4
03
0.2
0.2
0.1
0 \ 0
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 500 1000 1500 2000 2500 3000 3500 4000 4500
Number of iterations Number of iterations
Figure 8 The MSE versus the number of iterations for recovering the signals by Methods 1-5

5 Conclusion

In this work, we discuss the convex minimization problem of the sum of two convex func-
tions in a Hilbert space. The challenge of removing the Lipschitz continuity assumption
on the gradient of the function attracts us to study the concept of the linesearch method.
We introduce a new linesearch and propose an inertial viscosity forward-backward algo-
rithm whose stepsize does not depend on any Lipschitz constant for solving the consid-
ered problem without any Lipschitz continuity condition on the gradient. We prove that
the sequence generated by our proposed method converges strongly to a minimizer of the
sum of those two convex functions under some mild control conditions. As applications,
we apply our method to solving image and signal recovery problems. The comparative
experiments show that our method has a higher efficiency than the well-known methods
in [9, 16, 18].
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