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1 Introduction

Let C be a nonempty convex and closed set in a real Hilbert space H and (-,-) and || - ||
denote the inner product and induced norm on H. A mapping U : C — C is said to be
nonexpansive if ||Uu — Uv|| < |lu — V||, Vu,v € C. Note that if F({U) :={ueC: Uu=u} #0
then set F(U) is convex and closed. Let F(U) # @. The subdifferential of a proper function
g:H — (—00,+00] is the set-valued operator dg : H — 2% defined by dg(u) = {w € H :
(y—u,w) +g(u) <g(y),Vy € H}. Let u € H. Then g is subdifferential at u if 9g(u) # ?. The
indicator function ¢ : H — (—o00, +00] is given by

0, wueC,
0Ve(u) =

00, otherwise.

Note that y/¢ is a convex function when C is a convex set.
In 2006, Moudafi et al. [1] discussed the convergence of a scheme for the following hi-
erarchical fixed point problem (in short, H-FPP): Find z € F(U) such that

(u—Vu,u—-u) <0, VYueFU), (1.1)

where the mappings U, V : C — C are nonexpansive. Let ® denote the set of solutions of
H-FPP(1.1).If u € F(U) then (1.1) & (—(I = V)i, u—it) + Yewy () < Yeuny() & - -V
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dVrw) (). Hence H-FPP(1.1) is equivalent to the variational inclusion: Find # € F(U) such
that

0e (- V)u+ Newy(u), (1.2)

where the mapping I is identity on C and Ngy)(it) denotes the normal cone to F(U) at u

given by

_ _ weH:(u—u,w) <0,YuecFU)}, ifuecFU),
Ne@y (@) = 09 (1) =
0, otherwise.

If we set V =1, then @ is just F({{). Furthermore, we mention that H-FPP(1.1) is worth to
study because it includes as special cases, the important problems such as the variational
inequality on fixed point sets and hierarchical minimization problems; see Moudafi [2].

In 2007, Moudafi [2] proposed the following Krasnoselski—-Mann (KM)-type scheme for
solving H-FPP(1.1): For given ug € C,

Ups1 = (1 — o) uy + ozk(okVuk +(1- on)L[uk), Vn >0, (1.3)

where {a;} C (0,1) and {o%} C (0,1). For further work related to scheme (1.3), see for ex-
ample [1, 3-7].

In 2008, Mainge [8] introduced an inertial version of KM-type scheme by unifying the
KM-type scheme and the inertial extrapolation, for approximating a fixed point of non-
expansive mappings and discussed the weak convergence. Recently, Bot et al. [9] derived
some the convergence results of the following inertial KM-type scheme to approximate a

fixed point of nonexpansive mapping U on #H which generalize the results of Mainge [8]:

bk = g + N (uk — 1), (1.4)
tper = (1 — gty + axUty,
for each k > 1, where 1y is a damping-type term and o is a relaxation factor. Recently, the
interest of studying inertial type algorithms has been increased due to their fast conver-
gence. For further study of scheme (1.4) and its generalizations; see for example [10-13].
On the other hand, we consider the classical variational inequality (in short, VI): Find
u € C such that

(n(@),v-u)=0, WveC, (1.5)

introduced in [14] where /& : H — H. The set of solutions of VI(1.5) is denoted by
Sol(VI(1.5)). Note that the projected gradient scheme for solving VI(1.5) is

U1 = PC (uk - /Lh(l/lk)), (16)

where > 0 and P¢ is the metric projection onto C. In order to converge, this scheme
requires the restrictive condition that % is inverse strongly (or strongly) monotone. To
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overcome this difficulty, Korpelevich [15] proposed an extragradient iterative scheme by

vk = Pe(u — ph(u)), (17)
ups1 = Pe (g — ph(vi)),
where u € (0, %), where L > 0 is Lipschitz constant of /. Since then many researchers im-
proved scheme (1.7) in various directions; see, e.g. [16—-24] and the references therein.
Note that the calculation of two projections onto C might affect the efficiency of such
scheme. Therefore, Dong et al. [25] proposed the following inertial KM-type extragradi-
ent scheme for VI(1.5):

b = up + (g — ur-1),
Vi = Pe(tx — wh(t)), (1.8)
U1 = (1 — )ty + axPe(te — ph(vi)),

where {ni} C [0,7], Yk is nondecreasing with n; =0 and 0 < nx <n < 1, for every k > 1
such that

(1 +uL)’n(1+n) + (1 - u2L*)no + o (1 + ulL)*]
1-p2L?

S >

and

81— pPL?) = n[(1 + nL)*n(1 + ) + (1 = p®L*no + o (1 + nL)?]

0 <ap <
S== 8[(L+ puL2n(L+n) + (1 - 12L2no + o (1 + pL)?]

’

where a,0,8 > 0.

They proved the weak convergence theorem for scheme (1.8).

In this paper, we propose an inertial version of KM-type extragradient scheme by com-
bining iterative schemes (1.3) and (1.8) to approximate a common solution of H-FPP(1.1)
and VI(1.5). We prove a weak convergence theorem for the proposed scheme. Further-
more, we discuss an example to illustrate the main theorem. The theorems of the pa-
per unify and generalize previously known corresponding theorems; see for example
[2,8,9,25-27].

2 Preliminaries
We give some definitions and results of convex and nonlinear analysis, which will be used
in the proof of the weak convergence theorem.

A mapping Pe is called the metric projection of H onto C if for every point u € H, there
exists a unique point in C denoted by Pcu such that

= Peull < lu-vll, VveCl.
Note that P¢ is nonexpansive and satisfies

(=, Peu— Pev) > |Peu - Pevl?, VueH.
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Moreover, Pcu is characterized by the fact Pcu € C and
(u—"Peu,v—"Pecu) <0, Vvel,

which implies that
lu=vl|? > llu-Peull? + |v-Peul®, YueH,veC.

Definition 2.1 A mapping /:H — H is called:

(i) monotone, if for all u,v € H, we have
(hu — hv,u —v) > 0;

(ii) L-Lipschitz continuous, if there exists a constant L > 0 such that, for all u#,v € H, we

have
lhu — hv|| < Ll —v].

Lemma 2.1 If a mapping U is nonexpansive on H then I — U is maximal monotone [28]
and demiclosed [29] on H.

Lemma 2.2 ([30]) Let {{«}, {8x} and {ni} be the sequences in [0, 00) such that Y, < ¥+
MYk — Yko1) + Vo Yo > 1, Y22, v < +00 and there is a number n with 0 < g <n<1,
Vk > 1. Then the following hold:

(@) Y poi[¥k — Yi1ls < +00, where [r], := max{r,0};

(b) thereis a ¥* € [0,00) such that limg_, o Y% = ¥*.

Lemma 2.3 ([31]) Let C be a nonempty subset of H and the sequence {uy} in H satisfy the
conditions:

(@) limgo oo ||ux — u|| exists for every u € C;

(b) any weak cluster point of {uy} is in C.

Then {uy} is weak convergent to a point in C.

3 Weak convergence theorem
We propose the following inertial KM-type extragradient scheme for solving H-FPP(1.1)
and VI(1.5).

Scheme Choose initial values ug, u; € H arbitrarily. The sequence {u;} be generated by

the scheme:

tr = wx + i (g — Ur-1),

Vi = Pete — nh(tr)),

wi = Pe(te — nh(vi)),

trs1 = (1 = ap)ti + op (o Vg + (1 = 0,) Uwy),

(3.1)
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where {nx} C [0,7], Yk, is nondecreasing with 7, =0 and 0 < nx < n < 1, {ox} C [¢,d],
¢,d €(0,1), u € (0, %), L >0 and {oy} is a real sequence with conditions:

2(1+7n)+ S—nn(L+n)+ns+
>n( n) +no and 0<o <o < nln(1+n)+nd +o]

8 7
1-7n2 T 8[1+n(1+n)+nd+o]

where o, 0,8 > 0.

Now, we discuss the weak convergence for scheme (3.1).

Theorem 3.1 Let H be a real Hilbert space and C C H be a nonempty, convex and closed
set; let the mappings U,V : C — C be nonexpansive and h : H — H be L-Lipschitz contin-
uous and monotone. Assume that I' = Sol(VI(1.5)) N ® NF(V) # (. Let the sequence {uy}
be defined by scheme (3.1). Then the following results hold:

(a) Zlﬁl lletr1 — uk”2 < +00;
(b) the sequence {uy} converges weakly to i € T.

Proof (a). Let for any g € T'. Since % is L-Lipschitz continuous and monotone then we can

easily get
lwe —gll* < ll&x —qll* - (1 - M2L2)||tk - vill%; (3.2)
see [3]. From the nonexpansivity of P¢ and Lipschitz continuity of 4, it follows that

lvi = will = | Pe (8 — wh(t)) = Pe (b — nh(vi)) | < w|ht) - h(vi) |

< wLlltx = vill, (3.3)
which yields
2k = wiell < Nt = viell + llvie = wiell < (1 + L) | & = viell- (3.4)
As follows from (3.2), (3.4) and uL € (0, 1), we have
1—p2L?
—ql* < Itk = ql* - ——lltx = wx||*. 35
lwk —gll” < lltx — 4|l (1+ML)2”k will (3.5)

Let for any g € I" and T5, := 0%V + (1 — o) U. Now, by using (3.5), we estimate

2
Nt —qll* = ||(1 = o)tk + ou Towic —q|
< (1 -a)llte = qll* + ol To, wi — g1I* = k(1 = ) || T wic — ||
< (L—a)litx = qll* + aw(orll Vv = qlI* + (1 = o3 | Uwy — q >

— ok(1 = o) | Vg = Uwie||*) = (1 = ) | T wic — ||
1-p2L?
<tk —ql? - 1- Vivg — Uwi||? = ———— |Ite — vel|?
< ek = qll” = awor(1 = o) [ Vivk kl 1 1L It = vill
— (1 = o) | T wic — || (3.6)

< Itk = qll* = a1 = )| T, wic — il (3.7)

Page 5 of 14
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Next, we estimate

2
It —qll® = |Joex + mic(ux = 1) — q
= (L +n)llux — qll* = nicllx-r — gl

+ (L + i) g — e )1 (3.8)
From (3.7) and (3.8), we have

Nk =gl = U+ m) g = qlI> + miclluer = g1 < = (1 = ) | Toux = il

+ (L + i) g — i |1 (3.9)

Furthermore, from scheme (3.1), we have

2

1 Nk
2
| Toywi — tell” = H — (U1 — ux) + — (g — ug)
(073 (273

2

1 2, Mk 2
> —5 lltherr — ull” + —5 ke — -1 |l
Ak X
Nk 2 1 2
+— (—,Okllbik+1 —upll” = — Nl — w1 17 ), (3.10)
o Pk

where py := nkjéak' Thus, it follows from (3.9) and (3.10) that

s = 1 = (1 1) = 1 + il s — g < =0k D ’“k)fx””’ D s - P
+ Vicllux = w1, (3.11)

where

Vi = (1 +me) + (1 = ak)m >0, (3.12)

O Ok

since ngpr < 1 and oy € (0,1). It follows from & = % and (3.12) that

Vi =L+ ) + (1 —ax)d <n(1+n)+nd, Vk=>1. (3.13)
Next, we define the sequences {¢x} and {y} by

bx = Ik — g%, Yk = Gk — M + vellue — i, V= 1 (3.14)

Now, using the monotonicity of {n;} and the fact that ¢4 > 0 for all k € N, we have

Viat = Yk < Grat — (1 + 00k + M + Vierr lksr — il = viclloe — a2 (3.15)
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Hence, it follows from (3.11) and (3.15) that

(1 —a)(nrpx — 1)

Vil — Yk < a—||uk+1 — il + Vi lsresr — ]|
X
(1 —a)(mpr — 1)
= <a—k + Vierr ) lttrsr — uicl|. (3.16)

Now, we note that

(1 —ap)(mpr — 1)
g

+Y < -0, Vk>1; (3.17)

see [9].
Therefore, it follows from (3.16) and (3.17) that

Vi1 — Vi < =0 [|ttiar — u>. (3.18)

Since n; = 0, it follows from (3.14) that v; = ¢1 > 0 and hence (3.18) shows that {y} is
bounded. Furthermore, (3.14) and the boundedness of {1} yield

“NPx-1 < Pk — NPr-1 < Y < Y. (3.19)

Thus, we obtain

k-1

¢ <nfgo+ v Yy 1w <ngo+

j=1

1
1-7

Y. (3.20)

Now, it follows from (3.18), (3.19), (3.20) and the boundedness of {} that

1
1-7

k
o Y Nt — 1> < Y1 = Ykar < Y1+ i < Y1+ 0o+ —— (3.21)

j=1
which implies that > 7o llsks1 — ui||* < +00.
Proof of (b). Since nipx < 1, it follows from (3.11), (3.13), Y o lluxs1 — uxll* < +00, and
Lemma 2.2 that
klim llux —ql exists and finite, (3.22)
—00
and hence {u;} is bounded. It follows furthermore from Y -, |lux+1 — ux||* < +00 that
lim ||#j1 — ug] = 0. (3.23)
k— o0

Next, by the definition of # in (3.1) and nx < n, Vk, we have

&= vkl = micllur — i1 || < ok — -l
&k — wiell = mlloake — wi—r || < mlloage — g1 ||
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which implies that
lim ||t — ui] =0, (3.24)
k—o00
and hence {f} is bounded. Since
k= verll < Nk — sl + Nloax = vrcsa s (3.25)
it follows from (3.23), (3.24) and (3.25) that
klim |tk — tgs1]l = 0. (3.26)
From (3.6) and (3.26), and {ax} C (0,1), {ox} C [c,d], ¢,d € (0,1), we have

aror(l = o) | Vg = Uwiell* = llte = qll* = g1 — g1

<tk = e I (1t = gl + g = q1l)

= ||tk — uks1 | M,
where M := sup;{|l&x — qll + llux+1 — ql|}. Hence, it follows
lim ||Vwyg — Uwg| = 0. (3.27)
k— o0

From (3.6) and (3.26), and L € (0, 1), we have

272
-’
o e e~ el = =l = N — gl
= |tk — ugs1 1M1,
it follows that
klirgo itk — will = 0. (3.28)

It follows from (3.26) and (3.28) that
lim ”tk — U1 — ot — wy) ” =0. (3.29)
k—00
Furthermore, we have

apllUwyg — will < g1 — el + axlltx — wiell + agor || Uwi — Vgl

1
lUwy — will < " lttrsr = tell + Ntx = wiell + o | Uwi = Vel (3.30)
Since oy > a > 0, Yk, it follows from (3.26), (3.27), (3.28) and (3.30) that

lim ||Uwg — wi| = 0. (3.31)
k—o00
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From (3.27) and (3.31), we have
lim || Vig — wl| = O. (3.32)
k—o0

Now, let # be a sequential weak cluster point of {u}, that is, there exists a subsequence
{ur,} of {u} such that {u;,} converges weakly to i, say, in H. Furthermore, (3.24) and (3.28)
imply that {u}, {#c} and {w,} all have the same asymptotic behavior and hence there exist
subsequences {f,} of {£x} and {wy,} of {wi} and such that , and wy, both converge weakly
to #. Now, Lemma 2.1, (3.31) and (3.32) imply that # € F(U) and & € F(V).

Next, we prove that u € ®. Since

tie1 — b = oe(wi — B) + e (o (Vwr = wie) + (1 = o) (Ui — wyr)), (3.33)
and hence
1 1-o0y
—— (t = g1 — (i —wi)) = (I = V)wye + ( )(1 - U)wy, (3.34)
Ok

and therefore for all z € F(U) and by making use of the monotonicity of I — V, we have
1
<—(tk =t — ot — i), Wi — Z> =(I-VIw == V)z,w - 2)
(09343
+{UI - V)z,wi —2)

1-o0y
+

(Wi — Uwi, wi — 2)
O

> (I - V)z,wi — 2)

1-o0y
+ (Wk - ka,wk - Z). (3.35)
Ok
Hence,
1
(tk,‘ — U411 — akl‘(t/(l‘ - Wk,'))v Wk, —2
Q) Ok;
> (I - V)z,wi, — 2)
1 -0
—— (Wi, — Uwy,, wi, — 2). (3.36)
Ok;

Using (3.29), (3.31), and the conditions on the parameters o and oy in (3.36), we have
lim sup(z— Vz,w, —z) <0 VzeF(U). (3.37)
Since wy, converges weakly to i, we get
(I-V)z,u-z) <0, VzeFU). (3.38)

Since F(U) is convex, Bz + (1 — B)it € F(U) for B € (0,1) and hence

(-V)(Bz+ (- B)i),iu— (Bz+ (1 - B)ir)) (3.39)
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=B~ V)(Bz+ (1~ P)ia),it-z) (3.40)
<0, VzeE(U), (3.41)

which implies
(I-V)(Bz+ (1 -PB)u),u—-2z) <0, VzeFU).
On taking the limit 8 — 0,, we have
(I-V)m,u-z) <0, VzeFU), (3.42)
which implies z € ®.
Now, we show that # € Sol(VI(1.5)). Since limy_, o ||k — || = 0 and limg_, o || & —ux]l = 0,

there exist subsequences {z, } of {tx} and {v,} of {vi}, respectively, such that {#,}, {vs,} both
converge weakly to u. Let

hv+Nc(v), ifveC;
V=

d, ifveC,
then the monotone mapping G is maximal [32] and hence 0 € Gv if and only if v €
Sol(VI(1.5)) [33]. Let (v, w) € graph(G), then w € Gv = hv+ N¢(v) and hence w—hv € N¢(v),
ie, (v—uw—-hv)>0,forallueC.
On the other hand, from vy = Pe(I — puh)tx and v € C, we get

(U - uh)ty = vi, v = v) = 0.

This implies that

Vi =t
<v* — Vi Kk htk> > 0.
m
Since (v —u,w— hv) > 0, for all # € C and vy, € C, using the monotonicity of /1, we have

(V=i w) = (v = v, hv)

Vi — bk
> (v— vy, hv) — <v— Vi;» LAl htki>
m
Vi, — U
= (v- Vkl.,hv—hvkl.) +(v— Vki’hvki _htk,-> V=YK ———
"w

Vi, — U
> (V - V/(L‘thki - htki) - <V — Vi;» T>

Since 4 is continuous, on taking the limit i — oo we have (v—u, w) > 0. Since G is maximal
monotone, we have iz € G710 and hence # € Sol(VI(1.5)) and thus z € T".

Page 10 of 14
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Finally, it follows from (3.22) and Lemma 2.3 that the sequence {u;} converges weakly
touel. O

Remark 3.2 One can derive a number of schemes from scheme (3.1); some special cases
are as follows:
(i) Setting nx =0, Vk then scheme (3.1) reduces to extragradient scheme for solving
VI(1.5) and H-FPP(1.1).
(ii) Setting ox =0, Vk,and V =1, U = I then scheme (3.1) reduces to scheme (1.8) for
solving VI(1.5) and hence we recover Theorem 3.1 [25].
(iii) Setting V =1,0,=0, U = ]fk := (I + A B)™" (where B: H — 2™ is maximal

monotone and A € (0,00)), and ok = o Yk, scheme (3.1) takes the following form:

tk = i + i (g — 1),
Vi = Pt — nh(t)),

wi = Petx — wh(vi)),
Urer = (1 — )t + Oé/fkwk,

(3.43)

which was considered with an additional error tolerance strategy in [34].

4 Numerical example

We discuss an example to illustrate Theorem 3.1.

Example 4.1 Let H = R. Let C = (—o0,+00), the mappings % : H — H be defined by
h(u) =3u—-2,YueC;and U,V :C — C be defined by Uu = ”7*4, Vu = "1—*06, Vu € C, respec-

tively. Setting {ax} = 0.8, {n«} = 0.4 and {o%} = {ﬁ + %}, Vk > 1. Then there are unique

sequences {ug}, {vi} and {wy} obtained by scheme (3.1) converging to u# = % el.

Proof Since h is Lipschitz continuous with L = 3 and monotone and hence u € (0, %), we
take pu = %. Observe that the mappings U, V are nonexpansive with F(U) = {%}, F(V) =
{%}, and hence ® = Sol(H-FPP(1.1)) = {%}. One can also obtain Sol(VI(1.5)) = {%}. Hence,
I' = Sol(VI(1.5)) N ® N E(S) = {%} # (. Furthermore, scheme (3.1) reduces to the following

scheme: Given initial values ug, #1,

tr = up + (g — ur-1),

e

ifu<0,

Vi = Pe(te — nh(ty)) =

=

ifu>1,

1 1 .

~tr + =, otherwise,

457 2 (4.1)
o+ 3 ifu<o,

wi = Pelte — wh(vi) = { & + 1, ifus1,

t — i(Byk —2), otherwise,

7
W]Zi- )'

6
tie1 = (1= )ty + a0k 5= + (1= o)

Finally, using MATLAB, we have Fig. 1 and Table 1, which show that {u}, {vi} and {wy}
converge to u = % as k — +o0. 0
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Figure 1 Convergence of {uk}, {vk} and {wi} when 0.85
up = ], uy = 2
0.8 | u ]
0.757 ]
Wy
071 i
r<
;I \V\ ]
oe5f 1~ 1
0.6 : : : : :
0 5 10 15 20 25 30
Number of iterations
Table 1 Values of uy, vk and wy
No. of iterations ugup=1,u1=2) Vk Wi
1 0.824408 0.650000 0.612500
2 0.758075 0.688543 0.737764
3 0.721779 0.682885 0.719378
4 0.700135 0.676815 0.699649
5 0.687021 0.672869 0.686825
6 0.679051 0.670444 0.678942
7 0674203 0.668966 0674138
8 0.671253 0.668006 0.671214
9 0.669458 0667518 0.669434
10 0.668366 0.667185 0.668351
11 0.667701 0.666982 0.667692
12 0.667296 0.666859 0.667291
13 0.667050 0.666784 0.667047
14 0.666900 0.666738 0.666898
15 0.666809 0.666710 0.666807
20 0.666679 0.666670 0.666678
25 0.666668 0.666667 0.666668
29 0.666667 0.666667 0.666667
30 0.666667 0.666667 0.666667

Concluding remark 4.1 In this paper, we considered a variational inequality problem (VI)
and a hierarchical fixed point problem (H-FPP) in Hilbert space. We proposed an iner-
tial version of Krasnoselski-Mann (KM)-type extragradient scheme (3.1) by combining
the KM-type scheme (1.3) and an inertial version of the extragradient scheme (1.8) to ap-
proximate a common solution of H-FPP(1.1) and VI(1.5). Furthermore, we proved a weak
convergence theorem for the proposed scheme (3.1). Finally, we discussed an example to

illustrate Theorem 3.1.
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