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1 Introduction and preliminaries

Fast [10], introduced the notion of statistical convergence, which is an extension of con-
vergence. A sequence 7 = (1) in R is statistically convergent to the number s if the set
K(e) =tk < n: |nk — 5| > €,VYe > 0} has natural density 0; §(K(¢)) = lim,, @ = 0, where
| - | indicates the number of elements in the set. We write st-limn = s. More generalization
and application on this work can be found in ([1, 5, 8, 12, 14, 16, 23, 27]). One of such gen-
eralizations is the ideal (or J)-convergence [18] which generalizes the usual convergence
as well as the statistical convergence.

A non-empty class J (F, resp.) € P(X) of subsets of X # & is called ideal (filter, resp.) if

(i) W e T (D & F,resp.), (ii) (D1 U D, for D1, D, € 3) (D1 N D, for Dy, D, € F,resp.) €T
(€ F,resp.), (iii) D1 € 3, Dy €Dy (D, € F, Dy 2 Dy, resp.) = Dy € T (D, € F,resp.). An
ideal J is called non-trivial if J # &, X ¢ J, and is called admissible if {a} € J, for each
aeX.

Let J be a non-trivial ideal in X, the filter 5 = {M = X \ A : A € J} is called the filter
associated with the ideal J. Recall that a real sequence 1 = (1) is said to be J-convergent
tos e Rif {k: |nx —s| > ¢, forevery € > 0} € J, and we write J-limg nx = s, [18]. More
generalization and recent work can be found in ([3, 15, 17, 21, 22, 24, 25, 28, 29]).

Let 2 = (a,4) be an infinite matrix and 7 = (1) be a number sequence. By 2(n = (2(,,(n)),
we denote the 2-transform of the sequence 7 = (1), where 2,,(n) = Y221 k. A matrix
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2 is regular if 2A-transforms c into ¢ and lim, 2(,,(n) = limy n; for all n € ¢; the space of all
convergent sequences. Let 2 denote the class of all nonnegative regular matrices. In [29],
Savas et al. introduced the following definition. Let 2 = (a,x) € 2. A real sequence 1 = (1)
is A7 -summable to s € R if the sequence (2,(n)) is J-convergent to s, which we write
27 -limy n = 5. Notice that, if J = J5 = {E € N : §(E) = 0}, then A’ -summability becomes
statistical 2(-summability due to [9].

Recently, Edely [6] introduced the notion of 27" -summability and gave some relations
with 27 -summability.

Definition 1.1 ([6]) Let J be a non-trivial admissible ideal in N and 2 = (a,4) € Q. We say
that a sequence 1 = (1) is 27" -summable to s if there is a set $) € J such that M = N\ § =
{m1,my,...} € F3,and lim; ), ay 47k = lim; y,,, = 6. In this case we write A7 -lim Nk = 8.

Theorem 1.1 ([6]) Let J be a non-trivial admissible ideal in N.
(a) If A7 -limny, = 5 then A7 -limy = s.
(b) If J satisfies the condition (AP) and A”-limny = s, then A7 lim g = 5.

Definition 1.2 ([28]) A real sequence n = (1) is J-statistically convergent to s € R if Ve >
Oandv >0,

{n:%|{k§n:|nk—5|26}|zv}63

then we write J-st limy g = 6.

Remark 1.1 If J = J5, = {E C N: E is finite}, then J-statistical convergence coincides with
the statistical convergence due to Fast [10].
Recently, Edely [7] also introduced the notion of statistically 27 and statistically 27" -

summable and gave some relations.

Definition 1.3 ([7]) Let 2 = (ay) € Q. A sequence n = (1) is statistically 27 -summable
to s if Ve > 0 and every v > 0,

1
{neN:;|{j§n:|yj—s|ze}|ZV}63,

where y; = (). Thus 7 is statistically 217 -summable to s iff the sequence () is J-
statistically convergent to s, then we write (27)y;-limn = J-stlim An.

Remark 1.2 (a) If J = Jgn, then statistical A7 -summable coincides with the statistical A-
summable due to Edely and Mursaleen [9].

(b) If 2 = I the identity matrix, then statistical 2”-summable coincides with the J-
statistical convergence due to Savas et al. [28]. If T = J; and 2 = (C, 1) the Cesaro matrix
of order 1, then it reduces to statistical summability (C, 1) due to Moricz [20].

Definition 1.4 ([7]) Let 2 = (a) € Q. A sequence 1 = (1) is statistically 27" -summable
to s if there is a set M = {m;}, where m; <my < --- and M € F5, §(M) = 1, such that

st —1im%2,.n = st —limy,, =s,
L z
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where y,,, = > itk i.e. (Uy,,n) is statistically convergent to s, and we write (A7) -
limn = J*-stlimAn = 5.

Remark1.3 If2 = I, the identity matrix, then n is J*-statistically convergent to the number

s, and we write J* — stlimn = s.

Theorem 1.2 ([7]) (a) If (A7 )s,-lim g = s then (A7 )g-lim = s.
(b) If J satisfies the condition (APO), then whenever (A”)g-limn = s we have (AT)-
limk Nk = 8.

Corollary 1.1 (a) If 3*-stlimny = 5 then J-stlim i = s.
(b) If J satisfies the condition (APO), then whenever J-stlimny = s we have J*-st lim n; =

Recall that 7 satisfies the (APO) condition (cf. [2, 11]), if for every sequence (C,,) of (pair-
wise disjoint) sets from J such that §(C,,) = 0 for each #, then there existsets D, € J,n € N
such that the symmetric difference C, AD, is finite for every n, | J, D, € 3, §(J,, D») = 0.

Remark 1.4 In what follows, J will be a non-trivial admissible ideal in N.

In this paper we use a technique and introduce the notion of statistically 2~ -Cauchy and
statistically 217" -Cauchy summability via the notion of ideal. We obtain some relations be-
tween them and prove that under certain conditions statistical 2”-Cauchy and statistical
27" -Cauchy summability are equivalent. Moreover, we give some Tauberian theorems for

statistical 2~ -summability.

2 Some related concepts
The concept of J-limit superior and inferior of a real sequence was given in [3], see also
[17]. In this section we define and study some relations of statistically 27 -limit superior

and statistically 21”-limit inferior of a real number sequence 7 = (7).

Definition 2.1 Let 2 = (aj) €  and n = (1) be a real sequence. Let us write G, and F,,
for some v >0, as

1
G,7={geR:{neN:Z|{j§n:yj>g}]>v}éj}
and
1.
F,,:{fe]R:{neN:;|{]§n:yj<f}|>v}éj}.
Then we define

supG, ifG,#o,

(mj)st_hmsuprl=3—stlimsup2(r7= s
-0 itG, =9,
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and

infF, ifF,#@,

(27), ~Timinf 7y = 7 — st liminf 2y =
00 itF,=02.

Remark 2.1 If A = I, then the statistical 2(°-limit superior and statistical 2 -limit infe-
rior of 1 reduced to J-statistical limit superior and inferior due to Mursaleen et al. [22].
Moreover if J = Jg,,, then we have statistical limit superior and inferior cases due to [14].

The following result can be proved straightforward from Definition 2.1 and the least
upper bound argument.

Theorem 2.1 (a) If (A7) -limsupx = I is finite, then Ve > 0,
1.
{neN:—‘{;fn:yj>ll—e}’>v}éTJ (2.1)
n
for some v >0, and
1.
{neN:—|{1§n:y,>ll+e}|>v}63, (2.2)
n

forall v > 0. Conversely If (2.1) and (2.2) hold Ye > 0, then (A7 )g-limsupn = 1.
(b) If (A7) -liminf = I, is finite, then ¥e > 0,

1
{neN:—|{j§n:yj<lz+e}|>v}é’J (2.3)
n
for some v >0, and
1
{neN:;|{j§n:yj<lg—e}|>v}63 (2.4)

forall v > 0. Conversely If (2.3) and (2.4) hold for every € > 0, then (U7 )g-liminfn = .

Definition 2.2 Let 2 = (aj) € . Then 5 = (1) is said to be statistically A7 -bounded if
there is a number ¢ € R such that, for any v > 0,

{neN:%|{j§n:|yj|>t}|>U}63.

Remark 2.2 (a) If A = I, then the statistical 2”-boundedness reduces to J-statistical
boundedness due to [22]. Moreover if J = Jg,, then we have the statistical bounded case
of n due to [14].

(b) Statistical 21”-boundedness implies that (2”)y-liminf7 and (A”)s-limsup are fi-
nite.

(c) If n € oo, then 7 is statistically 217 -bounded.

(d) If n is statistically 2(”-summable then 7 is statistically 2 -bounded.

The following theorems can be directly obtained from Theorem 3.2 and Theorem 3.4 of
[22].
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Theorem 2.2 Let 2 = (ay) € Q. Then, for any real sequence 1 = (1),
(7)), —liminfy < (A7) , - limsup .

Remark 2.3 From Definition 2.1 and Theorem 2.2, we have, for any real sequence 7,
liminfy < (A7), —liminfy < (A7) , - limsupy < limsup .

Theorem 2.3 Let 2 = (aj) € 2 and n = (n) be statistically A7 -bounded. Then 1 is statis-
tically A7 -convergent iff (A7 )g-limsupn = (A7) -liminf 7.

Example 2.1 Let B; be mutually disjoint infinite sets such that N = [ J*, B;. Let J be the
class defined as

J = {B C N: Bintersects only finite numbers of B;},
then J is a non-trivial admissible ideal in N. Define 7 = (1¢) as

1 ifkeB;kisodd,
Nk =
0 otherwise,

and let 2 = (aj) be the identity matrix.
Since 7 is bounded, 7 is statistically A7 -bounded. Since G, = (-00,1) and F, = (0,00),
we have (27)y-liminfn = 0, and (A”)y-limsupn = 1. Hence 5 is not statistically 2(°-

convergent.

Example 2.2 Let J and 2 be defined as in Example 2.1. Define n = (1) as

k ifke Bl,
Nk =
0 otherwise.

Then, for any v > 0,
1.
{neN:;|{}§n:|yj|>1}|>u}63,

hence 7 is statistically 21”-bounded. Since G, = (-00,0) and F, = (0,00), we have (A7), -

liminfn = 0, and (27)s-limsupn = 0. Hence 7 is statistically 27 -convergent to zero.

3 Statistical 21”-Cauchy and statistical 2" -Cauchy summability

Fridy [12], introduced the concept of Cauchy condition for statistical convergence for real
sequences. In [4, 19] and [26] the notion of J-Cauchy sequence was studied which is a gen-
eralization of Cauchy condition for statistical convergence. Nabiev et al. [26] introduced
the notion of a 3*-Cauchy sequence and proved that under certain conditions a 3*-Cauchy

sequence is equivalent to a J-Cauchy sequence.
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Definition 3.1 ([4, 26]) A real sequence 1 = (n,) is a J-Cauchy sequence if Ve > 0 there
exists k = k(¢) € N such that

{n:lnn—ml =€} el
Definition 3.2 ([26]) A real sequence 1 = (1,) is called an J*-Cauchy sequence if there
exists a set M = {my <my <--- <my <---} CN, M € F5 such that the subsequence (7,,,)

is Cauchy in R.

We introduce the notion of statistically 2’ -Cauchy and statistically 21°" -Cauchy summa-
bility.

Definition 3.3 Let 2 = (aj) € Q. A real sequence n = (1) is statistically 217 -Cauchy
summable if for any € > 0 and Vv > 0 there is N = N(¢) € N such that

. 1 ~
{an:;HIy/—yNIZe}I zv} el

Definition 3.4 Let 2 = (aj) € Q. A real sequence n = (1) is statistically A7 -Cauchy
summable if there is a set M = {m1,m,, ...}, where m <my <--- ,and M € F(J),8(M) =1,
such that the subsequence (y,,,) is statistically Cauchy in R.

Now, we give some relations between statistical 2 (or statistical 2”")-summability and

statistical 27 (or statistical 2°")-Cauchy summability.

Theorem 3.1 A real sequence 1) is statistically A7 -summable to s if and only if n is sta-

tistically A7 -Cauchy summable.

Proof The proof follows from Definition 1.4 and Definition 3.4 and using Theorem 1 of
[12]; statistical convergence is equivalent to the statistical Cauchy for R. O

Theorem 3.2 A real sequence n = (ny) is statistically A” -summable to s iff n is statistically

A7 -Cauchy summable.

Proof Let (27)y-limn; = s, then, for any € > 0 and Yv > 0, we have the set
I €
B(v) = {n:—H}fn:ly,-—ﬂ > —H > v} €.
n 2
Let us define B and C by
B | < | | > €
= n:ly;—sl> -
J=n:l)j =5
and

C={j<n:ly-ynl=e},
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where N ¢ B, such N exists as J is an admissible ideal, otherwise the set B(%) =N¢7J. We
need first to show that C € B. Now for any ¢ € C, since

lye —yn| < |yc— 5| + lyn = 51,
we have
lyc—s| + lyn — 5| > €.

Since N ¢ B, we have

Iy — sl < =
— < -,
YN 5
therefore
€
|yc —5| > 5

Hence ¢ € B. So we have C C B, therefore
1 1
—=|C| < -1B|.
n n

Hence for any v > 0, we have
1 1
{n: —|C| > v} - {n: —|B| > v} =B(v) €.
n n

Therefore {n : %l{j <n:ly;—ynl = €}| = v} € J, hence 7 is statistically 217 -Cauchy
summable.

Conversely, let 1 be statistically 2”-Cauchy summable. Then, for any € > 0 and Vv > 0,
there exists N = N(¢) € N such that

1
F(U):{n:—ijn:lyj—lezi} Zv}eﬁ,
n 2
therefore
1((. €
G(U)={VZIZH]SI’II|J’}_)’N|2§} <V}€~7:3-

First, let us show that 7 is statistically 27 -bounded. Let us define F and G by

. €
F={]:|}’;—)’N|<§}

and

G={j:lyl<e+lyl}
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where ¢ € N satisfied [y, — yn| < 5, such £ exists as [ is an admissible ideal, otherwise, the
set F(%) =N ¢ I. We need first to show that F € G. Now for any a € F, since

[Ya = ¥el < Ya—yn|+ YN —yel < €.

Therefore

[Val < Yo —yel + 1yl <€ +yel,

hence a € G. So we have F C G, therefore
1 1
—|F| = =G|
n n

Hence for any v > 0, we have

1 1
{n:—|F| >v} - {n: — |G| >v}.
n n

Since G(v) € F5, we have {n: %|F| > v} € F7, therefore {n: %|G| > v} € F7, so the set

1
{n:;‘{jgn:|yj|<e+|yt|}|>v}e}'g,
ie.
1.
{n:;|{]§n:|yj|>e+|yt|}|<v} e Fs,

hence, the set
1.
{n:;‘{]ﬁn:|yj|>e+|yt|}| >v} e,

so 7 is statistically 2(”-bounded. We use that statistical 2”-boundedness implies that
(A7)g-liminfn and (A”)g-limsupn are finite. Using Theorem 2.2, we have o = (27)-
liminfn < (A7)y-limsupn = B. Given that 5 is statistically 2”-Cauchy summable, then,
for any € > 0 and Vv > 0, there exists N = N(¢) € N such that

1(. € ~
{’72;“JSW|)’/—%\/(§)IZ§} ZV}EJ~
Therefore
1(. € ~
n:; ]Sn:yj>yN(%)+§ >V €,

hence by Theorem 2.1(a), we have

€
B <Un(g) + 3 (3.1)
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Also we have

1((. € ~
{n:;”]fnzyj<yN(%)—§} >v} €Y,
hence by Theorem 2.1(b), we have
€
IN(G) <+ 5. (3.2)

Using (3.1) and (3.2), we have
B<a+e.

Hence, for any ¢ > 0, we always have 8 < « + ¢, therefore 8 < «. Hence o = (A7) -

liminfn = (A7)y-limsup n = B. Now by Theorem 2.3, 7 is statistically A”-convergent. [

Theorem 3.3 (a) If ) = (nx) is statistically A°" -Cauchy summable then 1 is statistically
A7 -Cauchy summable.
(b) If J satisfies the condition (APO), then n is statistically A7 -Cauchy summable when-

ever ) is statistically 2°-Cauchy summable.

Proof (a) The proof follows from Theorem 3.1, Theorem 1.2(a) and Theorem 3.2.
(b) The proof follows from Theorem 3.2, Theorem 1.2(b) and Theorem 3.1. O

Remark 3.1 The converse of Theorem 3.3 (a) is not true in general.

Example 3.1 In [7] Example 2.9, the following example was given.
Let B; = {2""!(2k — 1) : k € N} be mutually disjoint infinite sets such that N = [ J7*} B;. Let
J be the class defined as

J = {B C N:Bintersects only finite numbers of B}s},

then J is a non-trivial admissible ideal in N. Define n = (nx) by

1
Nk == kEBi;
14

and 2l = (a;) by

1 ifk=7
Cl]'k =
0 otherwise.

It is shown that 7 is statistically 27-summable to zero but 7, is not statistically A" -
summable to any number. Hence from Theorem 3.1 and Theorem 3.2 we conclude that 5

is statistically 27 -Cauchy summable but 7 is not statistically 27" -Cauchy summable.

Page 9 of 11
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4 Some Tauberian theorems

In [12], a Tauberian theorem was given for statistical convergence. The next results are
Tauberian theorems for statistical 27 -summability. Let T denote the collection of lower
triangular nonnegative summability matrices 2 with (i) Y_;_; a,x = 1 and (ii) if K € N such
that §(K) = 0, then lim,, ), @k = 0, (cf. [13]). From these conditions any A € 7 is regular.
Let us denote Ang = Nk — Nics1-

Theorem 4.1 Let J be a non-trivial admissible ideal in N which satisfies the condition
(APO). Let A = (ay) € T and 1 = (nr) be a bounded sequence. If n is statistically A7 -
summable to s and AA,, (n) = O(mil_), where M = {m;} € F5, then n is J-statistically con-
vergent to s.

Proof Let 1 be statistically 2”-summable to s and J satisfy the condition (APO). From
Theorem 1.2(b), n is statistically 27" -summable to s. Since AA,,(n) = O(mii), so by Theo-
rem 3 of [12], 7 is A7 -summable to s. Since A = (ajx) € T, we have 2 = (a,,,x) € 7. There-
fore by Theorem 1 of Fridy and Miller [13], n is J*-statistically convergent to s. Hence by
Corollary 1.1(a), n is J-statistically convergent to s. O

Corollary 4.1 Let J be a non-trivial admissible ideal in N which satisfies the condition
(APO). Let A = (ay) € T and 1 = (nr) be a bounded sequence. If n is statistically 2A7-
summable to s and A2, (n) = O(
s,

), where M = {m;} € Fs, then 1 is U -summable to

1
m;

Theorem 4.2 Let J be a non-trivial admissible ideal in N which satisfies the condition
(APO). Let n = (k) be a bounded sequence. If n is J-statistically convergent to s and An,,, =

O(=-), where M = {m;} € F(I), then n is J-convergent to s.

1
m;
Proof Let n be J-statistically convergent to s. Since J satisfies the condition (APO), from
Corollary 1.1(b), n is J*-statistically convergent to s. Since An,,, = O(mii), by Theorem 3
of [12], n is J*-convergent to s. Now by Proposition 3.2 of [18],  is J-convergent to 5. [
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