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1 Introduction
Suppose that f(x) and w(x) (> 0) are two measurable functions defined on a measurable
set 2, and p > 1. Define

L5(Q) = {fr W Nl o= </Q wix)|f @) dVH)E < OO}. (1.1)

Specially, for j.(x) = 1, we have the abbreviated forms: ||f|,,. := I|fll, and L(Q) = 17(Q).

Consider two real-valued functions f,g > 0 and f,g € L?(R,). Suppose that p > 1 and

1y % = 1. Then we have the following two classical Hilbert-type inequalities [1]:

b
fx)g(y) T
/+ . dedy < inE IF1lplgllgs 12)
fxg()
L L iy e <paf el s

where the constant factors - and pq in (1.2) and (1.3) are the best possible.
T
In the past 100 years, especially after the 1990s, by the introduction of several parameters

and special functions such as g-function and I"-function, some classical Hilbert-type in-

tegral inequalities like (1.2) and (1.3) as well as their discrete forms were extended to more
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general forms (see [2—12]). The inequality below is a typical extension of (1.2) which was
established by Yang [13] in 2004:

L% ;
<
xﬁ+yﬁ rdy BsinZ

1-£8)1

(1.4)

8
,v(x) =x70-571, 1 4 1 =1 and the constant factor is the best

where p > 0, pu(x) = x*(
possible.

In recent years, by constructing new kernel functions and studying their discrete form,
half-discrete form, reverse form, multi-dimensional extension and coefficient refinement,
researchers have established a large number of new Hilbert-type inequalities (see [14—
25]). It should be noted that the establishment of these inequalities fully demonstrates the
techniques of modern analysis and proves to be critical in the development of modern
analysis [26].

In these numerous publications related to the Hilbert inequality, we will present some
results with the kernels involving exponent function, and the motivation of this work is
precisely from these results. The first result presented below was established by Yang [27]
in 2012, that is,

/ f 5 f(x)g0) dxdy <aPTB o ligllo (15)
R, JR,

where a >0, 8 >0, u(x) =x 2/ and v(y) = y?#+1.

In addition, Liu [28] established an inequality with the kernel involving hyperbolic se-
cant function in 2013, and Yang [29] established an inequality with the kernel involving
hyperbolic cosecant function in 2014. The two inequalities can be written as follows:

/ / sech(xy)f ()g(3) e dy < 260 [f 0 1200 (L6)

2
/ fR eseh(x)f () dxdy < = f 1 17)

where sech(t) = -, csch(¢) = e 2 u(x) =22 and ¢ = Y w0 21< 12 = 0.91596559°%,

el+e
which is the Catalan constant.
In this work, the integral interval of inequality (1.6) and (1.7) will be extended to the

whole plane, and the following new inequalities will be established:

/ / sech(xy)f (x)g(y) dxdy< =7 f Nl 12 (1.8)
/ / lesch(en)|f (g 0) dedy < 22 (22 = ) I o gl (19)
RJR n

where w(x) = |21, v(x) = |x|~*"*1, E,, is an Euler number [30, 31] and B,, is a Bernoulli
number [30, 31].

Furthermore, we also present some interesting inequalities involving other hyperbolic
functions in this paper. More generally, a new kernel function including both the homoge-
neous case and the non-homogeneous case is constructed, and a Hilbert-type inequality
involving this new kernel is established. It will be shown that the newly obtained inequality
is a unified extension of (1.8), (1.9) and some other special Hilbert-type inequalities.
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2 Some lemmas
Lemma 2.1 Letr,s>0,r+s=1, ¢(x) = cotx. Then

nnyy (0= 1)< 1 1 N*. -
¢ (rr) T2 g (k + r)2n * (k+s)2 |’ e @1)
) ) & 1 1
¢ rm) = 7 2n+1 (k + r)2n+1 - (k +s)2+L |’ neN. (2:2)
k=0

Proof Consider the rational fraction expansion of ¢(x) = cotx [30]:

I & 1 1
(p(x):;+;{x+kn +x—kn}’

and find the (2# — 1)th derivative of ¢(x), then we obtain

(2n-1) _ _ = 1 S 1
>V (x) = —(2n 1)1{; P 121: Py } (2.3)

Set x = rrr in (2.3). Since r + s = 1, it follows that

) en-1 [ 1 — 1
(2n-1) - —
L {Zko(k+r)2”+z(k—r)2"}

IR R 1 1
BT Z{(k+r)2n+(k+s)2n}‘

k=0

Therefore, (2.1) is proved, and similar computation yields (2.2). O
Furthermore, by considering the following rational fraction expansion of ¥ (x) = cscx
[30]:
o0

1 1 1
v = X Z(_1)](<x+k7r " x—kn)’

k=1

we can obtain Lemma 2.2.

Lemma 2.2 Letr,s>0,r+s=1and y(x) =cscx. Then

_ (2n 1) 1

(2n-1) _ _ +.

4 () = Z( { (k+r)2 (k+s5) }’ el 24)
: (2n)! 1 1

v (rr) = i Z( 1)"{ s )2n+1 T } neN. (2.5)

Remark 2.3 Letr = % in (2.1). For n € N*, we have

(zn_n(z) 2 - 1) Z (2.6)
¢ 2 (2/<+1)2n '
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1 (27[

By using the equality [30,31] Y2, @ = 2o 212 B, where B,, is a Bernoulli number, we have

oo oo 1 o0 1 )
> 2k+ E Z e Z 2 i (2.7)
=1

k=1

Applying (2.7) to (2.6), we obtain

b4 B
¢(2”‘”<§) =-—27 (2 - 1), (2.8)

In addition, letting r = i in (2.1), we can also obtain

B
n(T) B -

(—l)k _ n2n+1
k+1)2n+1 - 22”+2(2n)l

Furthermore,letr = i in(2.2)andr = % in (2.5). Inview of [30] )2, (2 E,,

where E, is an Euler number, we obtain

1 b/ 4
E=go(3)-0(3) (210)

Lemma 2.4 Let n1,1n2,6 € {1,-1},a>c>d>b>0and c #d for n, = -1. Let B be such
that 8 > 1,and B #1 for n, = -1, ny = 1. Define

62"+ nod® |

K(x,y) = ——— 2.11
)= (211)
and
- (—ﬂl)k 772(—'71)k )
Cpimla,b,c,d,B) = ( - —— + - ~ (2.12)
2 p ; (kIn§ +In2)f * (kIn% +1In%)P
= (-m)" na(-m)* >
+ + .
kX(;((kln%Hn%)ﬁ (kIn g +1n £)P
Then
/ K(t,1)[t1f~1dt = T(B)Cyy oy (@ by, d, B), (2.13)
R

where'(B) = f xP~Le* dx (B > 0) is the second type of Euler integral (I -function) [30, 31],
andT'(B8) = (B - 1) for B e N*.

Proof
/ K, 1)|t)P 1 de (2.14)
R

=f K(t,l)|t|’5’1dt+/ K@Dt de:=1 + b,
R,
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Observing that a > b > 0 and »; € {1, -1}, we obtain

1 at ad (b k1t
= = — -] =t. 2.15
at+mbt 1+ n(a1b) kgo( m) {(ﬂ) a} ( )
Hence
L= / K(t,1)[¢)P dt (2.16)
R.

N LAY (RIS {(é)ké}tﬂ-l
—;( m) /R{(» a}t dt+k2:(;( 771)772/R+ 2 it dt

=Y (=m0 + (=m)*nalia}.

k=0
Setting ¢ = —4*—, weh
eting klnz+1n; ‘we have
1 I'(B)
h=———|[| e"Tdu=—" 2.17
" (kln§+ln%)f3/+e T kme )P 217

Similarly, we can obtain

1 B I'(B)
Ijpy=— P ldy= ——22 2.18
12 (kIn% +1n %)P /R+ ¢ " (kIn% +1n 5)P 218

Applying (2.17) and (2.18) to (2.16), we obtain

o k k
I, = F(,B)Z(( (=11) + n2(=m) ) (2.19)

= king +In%)f ~ (kln g +1In%)?

Similarly, we can obtain

b= / Kt 1)|¢P 1 de = / K(-t,1)¢# 1 dt (2.20)
= (-m)* ma(—m)* )
=T'(B) ( + -~ - .
g ,XO: (kIn% +In%)f ~ (klng +In§)*
Plugging (2.19) and (2.20) into (2.14), and using (2.12), we have (2.13). O

Lemma 2.5 Letn;,m,8 € {1,-1},a>c>d>b>0andc+#dforn, =-1. Let 8 be such that
B=1,and B #1 for m =-1,ny = 1. Cy, ,,,(a,b,c,d, B) is defined by Lemma 2.4. Suppose
Ds = {y: |y|® < 1}, and, for arbitrary natural number n which is large enough, set

0; X € [_1’ 1];
fn(x) = p1-2 B

| x| 7, xeR\[-1,1],
@) = P, ye Dy,

0, yGR\D(g
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Then
%/R/RK(x,y)ﬁ,(x)gn(y)dxdyz Cpimy(a,b,c,d, B) +o(1). (2.21)

Proof Setting Df ={y:y>0,y € Ds}, Dy = {y:y <0,y € Ds}, we get
/ / K (x, y)fn(x)gn(y) dx dy (2.22)
RJR
© p1-2 5p—1+2
= / X / K(x,y)y " dydx
1 D§

* p1-2 sp-1+2
+/ x "P/ K(x,9)|yl . dy dx
1 _

Dj

- p-1-2 5p-1+28
+/ x| "P/ K(x,9)y mq dy dx
—00 Dy

- p-1-2 5p-1+28
+/ x| "P/ K(x,9)|y| 1 dy dx
- D

0 5
=h+h+3+/4

Setting x)° = t, and using Fubini’s theorem, where § is equal to 1 or —1, we can get

=)= / X7 (/ K(t, l)tﬂ_“% dt) dx (2.23)
1

0

o0 9 1 2
= / x / K(t, 1P de da
1 0
o0 9 X 2
+f x’l’ﬁ/ K(t, 1)t "7 dt d
1 1

n ! B-1+-2 o B-1+-2 o 2
:5/ K(¢t, 1)t nth+/ K(¢t, 1)t nq/ xn dedt

0 1 t

1 00
= E/ K(t,l)tﬂ‘“%z dt+f/ K(t,l)tﬂ‘l‘% de.
2 Jo 2/,

Similarly, setting xy® = —t, we can also obtain
00 L2 x Bl 2
Jo=Ts =f X TH / K(-¢t,1)t" " m dt dx (2.24)
1 0

1 o0
n 2 n 2
- _/ K(=t,1)¢P 153 dt + —/ K(=t,1)¢P 177 dt.
2 Jo 2 )1

Applying (2.23) and (2.24) to (2.22), we have

1
- /1; /R Koy, (9)ga(y) dedy (2.25)

1 o]
=/ K(t, 1)t 7 dt+/ K(t, )¢ dt
0 1

! B-1+-2 *© B-1-2%
+ / K(-t, 1)t nq dt + / K(-t, 1)t w dt.
0 1
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Letting n — o0 in (2.25), and using (2.13), we get

1
. /R /R K0 (x)ga ) dxdy
= / K, )P de + / K(=t, 1)1 d¢ + 0(1)
]R+

R+

= / K, 1)tP 1 de + 0(1) = Cpima b, c,d, B) +o(1).
R
The proof of Lemma 2.5 is completed. d

3 Main results

Theorem 3.1 Let n1,m3,8 € {1,-1}, a>c>d>b>0and c #d for n, = 1. Let B be such
that B > 1, and B # 1 for n1 = -1, 0y = 1. Suppose that p > 1, }17 + % =1, u(x) = |xpa-A-1
and v(y) = |y|90-0)-1, Let f(x), g(y) = 0 with f(x) € LL(R) and g(y) € L1(R). K(x,y) and
Cym(a,b,c,d, B) are defined via Lemma 2.4. Then

/R /}R Kx9)f (2)g() dedy < T(B)Copmy (@ b s B)f s Il g (3.1)

where the constant factor T'(B)C,, ,,(a, b, c,d, B) is the best possible.

Proof By Holder’s inequality, we obtain

f / Ko y) (0)g(y) dxdy (3.2)
RJR
- / f (KGoy)? )7 12l 7 £()
RJR

1 o1
q

x ((K3) 17 ) 7 g0) dedy

1

(1-8) p

5(//K(x,y)|yls“lx|pq f’”(x)dxdy>p
RJR

1

(1-3p) a

. (//K(x,y)lxl“lqu Z g"(y)dxdy>q
RJR

_ ( f ) x| T ) dx)” ( / w(y)|y|@gq(y)dy) g
R R

where o(x) = [ K(x,y)|yI” " dy, and @ (y) = [ K(x,9)|x|" " d.
Setting xy" = ¢, and using (2.13), we have

ox) = x| /R K@t 1)|¢P 1 de (3.3)

=T(B)Cym (@ b,c,d, B)lxI?  (x#0)
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and

w(y) = Iyl“”S/K(t,l)ltl’S‘1 de (3.4)
R
=T(B)Cyy (@ b,c,d, By (y#0).

Plugging (3.3) and (3.4) back to (3.2), we have

[ [ K300y < PBIC,, s B s (35)
RJR

If (3.5) takes the form of an equality, then there must be two constants A; and A, that are
not both equal to zero, such that

p(1-p) q(1-58)
ALK (x,y) 1P el T fP(x) = ALK (x,9)|x1P 7yl 7 gl(),

a.e.in R x R, that is,
Ay xPYPIfP () = Aoy 0P g (y),

a.e. in R x R. Therefore, there exists a constant A such that A;|x[?0~#)fP(x) = A, a.e. in
R, and A, |y|70-%)g9(y) = A, a.e. in R. Without loss of generality, we assume that A; # 0,
then we can obtain x”!#)-1f7(x) = ﬁ a.e. in R, which contradicts the fact f(x) € L% (R).
Hence, (3.5) keeps the form of a strict inequality, and (3.1) is obtained.

What we need to prove next is that the constant factor I'(8)C,, ,,(a, b,c,d, B) in in-
equality (3.1) is the best possible. Suppose that there exists a positive constant k <
I'(B)Cyy 0y (@, b, ¢, d, B), such that (3.1) still holds if C,), ,, (4, b, ¢, d, B) is replaced by k. That

1S,

/ f K 9)f )g() dwdy < Kl gl (3.6)
RJR

Replacing f and g in (3.6) with f,, and g, defined in Lemma 2.5, respectively, we obtain

1
o [ Kenwe s (37)
nJrJR
k ® -1 2 5
<—(/ x’ﬁ’ldx+/ |x|n1dx)
n 1 —00
1
q
x( |x|2na_1dx> =k.
Ds

Combining (3.7) and (2.21), we have C,, »,(a, b, ¢, d, B) + 0(1) < k. Let n — oo, then we have
Cpim(a,b,c,d, B) < k. This contradicts the hypothesis obviously. Therefore, the constant
factor in (3.1) is the best possible. O

Theorem 3.2 Let ny,m3,8 € {1,-1},a>c>d>b>0and c #d for n, =-1. Let B be such
that B > 1, and B # 1 for n1 = -1, 0y = 1. Suppose that p > 1, }17 + é =1, u(x) = |xp-A-1



You Journal of Inequalities and Applications (2021) 2021:33 Page 9 of 13

and v(y) = |y|11-9F)=L Let f(x) > 0 with f(x) € L5(0,00). K(x,y) and C,, ,,(a,b,c,d, B) be
defined via Lemma 2.4. Then

p
fR Iy|”5ﬂ1< fR K(x,y)f(x)dx> dy < (Cyyms (@ b, B) I ) (3.8)

where the constant factor (T'(B)C,, ,,(a, b, c,d, B))? is the best possible, and (3.8) is equiva-
lent to (3.1).

Proof Consider g(y) := |y|P?7( [ K(%,y)f (x) dx)’~'. By Theorem 3.1, we can get

p
0 < (llgllgn)* = ( /R ly| 70381 g4(y) dy) (3.9)

p p
= ( / lyPP= ( / K(x,y)f (%) dx) dy)
R R

P
_ ( /R /R K y)f (2)g0) dxdy) < (Corms @56, B I gl )

Therefore
P
0< / P! ( / Ko 3)f () dx) dy (3.10)
R R
= (Igllgn)” < (Cpim (@ byc,d, BIIf ) -

Since f(x) € L% (R), by using (3.10), we obtain g(y) € LI(R). By using Theorem 3.1 again,
we can deduce that both (3.9) and (3.1) take the form of a strict inequality, and (3.8) is
proved. On the other hand, if (3.8) is valid, by Holder’s inequality, we obtain

f / Ko y)f (0)g(y) dxdy (3.11)
RJR

- / <|y|'“'5ﬂ 7 / K(x,y)f(x)dx)(lyll“sﬂ “ig(y) dy
R R

b\
< ( A |y|P5ﬂ-1( /R K(x,y)f(x)dx) dy) 2llon-

Combining (3.8) and (3.11), we can get (3.1). Therefore, (3.1) is equivalent to (3.8).
From the equivalence of (3.1) and (3.8), we can easily show that the constant factor
(T(B)Cyymy (@, by c,d, B)) in (3.8) is the best possible. Theorem 3.2 is proved. O

4 Applications

Setting 11 =—1,1m2=1,c=d =1and B =2n (n € N*) in Theorem 3.1, and using (2.1), we

can obtain

-2 7\ 17 Ina
Chmla,b,c.d, B) = (2n4—1)‘<1n2> o U(ln—ﬂ)'
A b

Therefore, the following corollary holds.
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Corollary 4.1 Let§ € {1,-1},a>1>b>0. Letp > 1 and l + l = 1. Suppose that ¢(x) =
cotx, (%) = |21 and v(y) = |y|270-20-1 where n e N* Letf(x g(y) > 0 with f(x) €
LI (R) and g(y) € LL(R). Then

2n
T wlna
dy<- (@n-1) gllas. 4.1
/Rw — o S (111%) S Em (1)

Particularly, let a = ™! = e in (4.1), by virtue of (2.8), then (4.1) is transformed to

/ / Jesch(xy’) g0 drdy < (22 = 1) £l - (4.2)
RJR n

Letp=¢g=2,8=1in (4.2), then we have (1.9).
Setting 1 =1,my=1,c=d=1and 8 =2n+1 (n € N) in Theorem 3.1, and using (2.5),

we have
2n+1
b4 e wlna
In¢ )’

Therefore, we obtain the following corollary.

2
Couml@bied f) = o )'(

Corollary4.2 Let§ € {1,-1}anda>1>b>0.Letp>1 and 1, l = 1. Suppose that V¥ (x) =
cscx, w(x) = x| "2 and v(y) = |y|%"4~1, where n € N. Letf(x) g(y) > 0 with f(x) € LL,(R)
and g(y) € LY(R). Then

Sx)gB) 7 \"" (7 Ina
/R R dredy < e 14 e W llp.sellgllgv- (4.3)

Particularly, let = ™! = e in (4.3), by virtue of (2.10), then (4.3) is transformed to

/R /}R sech(xy”)f( g(y)dxdy< = f L llgll g (4.4)

Letp =g =2and § =1 in (4.4), then we get (1.8).
Setting 1 = -1, 72 =1,ab =cd and 8 = 2n (n € N*) in Theorem 3.1, and using (2.1), we
obtain

) T\ @n-1) (7 In(alc)
Coma,b,c,d, ) = (2n— 1)1(1;1%) ¢ ( In(a/b) )

Hence, we can obtain another corollary as follows.

Corollary 4.3 Let(Se{1,—1},a>c>d>b>0¢mdab-cd Letp>1and Ly é =1.
Suppose that ¢(x) = cotx, u(x) = 2?1271 and v(y) = |y|70-2"-1 where n e N* Let f(x),
g(y) > 0 with f(x) € L}, (R) and g(y) € LL(R). Then

dxy
// P bx” (x)g(y) dxdy (4.5)

o T g (Il
) O Uity )V el

Page 10 0of 13
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Leta=e",b=e"*,c=¢" and d = 2 in (4.5), where A; > A5 > 0, then we have

A/}R|csch(klxy5)’cosh()»gxy‘s)f(x)g(y)dxdy (4.6)

2n
T (M = A)w
21 — (2n-1)( ML — A2)0 N
) <2)\1> ('0 2 I llp.llglg,

Letting 11 =2 and X, = 1 in (4.6), in view of (2.9), we can also obtain (4.2).
Letting A1 =4 and X, = 1 in (4.6), we have

/ / sech(ny‘S)’csch(xy‘s)[f(x)g(y)dxdy (4.7)
RJR

- o (37
< g “(?) 1l l1g g.v-

Setting n; =—-1,1m,=-1,ab=cd and B =2n+ 1 (n € N) in Theorem 3.1, and using (2.2),
we have

2 T\t 7 In(a/c)
(2n)
Cpmla,b,c,d,p) = (2n),( ) @ ( In(@/b) )

Therefore, the following corollary holds obviously.

Corollary 4.4 Lets e {l,-1},a>c>d>b>0and ab=cd. Let p > 1, 117 + é = 1. Suppose
that ¢(x) = cotx, u(x) = |x|"27~1 and v(y) = |y|""4~1, where n € N. Let f(x), g(y) > 0 with
f(x) € LL(R) and g(y) € LL(R). Then

¢
f / — ] P80 dxdy (4.8)

2n+1
g 7 In(a/c)
2 (2n) .
< (m %> @ ( In(a/b) )”f”pu”g”q

Leta=e",b=e,c=¢" and d = 2 in (4.8), where A1 > A, > 0, then we have

//csch(klxy‘s) sinh()»zxy‘s)f(x)g(y)dxdy (4.9)
RJR

2n+1
T ()\ )\2
2 (2n)
< (2)»1> @ T8 I 1p,pc 1€ 1l g,

Let A1 =2 and X, = 1 in (4.9), then it follows from (2.10) that we also get (4.4).
Let &1 =4 and X, = 1 in (4.9), then we get

7T2n+1 3
//sech xy sech(ny )f(x)g(y)dxdy< o (2")(?)|[f||p,u||g||q,v. (4.10)

Setting 11 =1, 12 =-1,ab =cd and 8 = 2n (n € N*) in Theorem 3.1, and using (2.4), we

2n
T - T ln(a/c))
) v < In(a/b) )

Therefore, we obtain the following corollary.

have

2
Chmla,b,c,d, B) = m(
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Corollary 4.5 Let § € {1,-1}, a>c>d > b >0 and ab = cd. Letp>1andl+l—1
Suppose that y(x) = cscx, u(x) = [x[P129-1 and v(y) = |y|90-29-1 where n e N+ Letf(x)
g(y) > 0 with f(x) € LL,(R) and g(y) € LI(R). Then

& g
[ [ e sy (@.11)

2n
T @n-1) [ 7 In(alc)
<_2<ln5) v ( In(a/b) )Hf”PM”g”qu-

b

Leta=eM,b=e?,c=¢" and d = ¢ in (4.11), where A, > A, > 0, then we have

/ / sech(11xy° ) [sinh(Aaxy®) [ (x)g(y) dx dy (4.12)
R JR

2n
i (M =)
2 — (2n-1) [ V1~ A2)°% y
A <2)\,1) w ( 2)\'1 )”f”p,,u”g”q,

Let A1 =2 and A, = 1 in (4.12), then we can have

/ / sech xy ‘tanh(ny )[f(x)g(y) dxdy (4.13)

7T
42n_1w<2" g ( )ufnwngnqv

Atlast, setting 9y = 1,12 =1,ab=cd and 8 =2n+ 1 (n € N) in Theorem 3.1, by virtue of
(2.5), then the following corollary holds.

Corollary 4.6 Lets e {l,-1},a>c>d>b>0andab=cd. Let p > 1 and }7 + %1 = 1. Sup-
pose that (x) = cscx, u(x) = |x|"2P~Y and v(y) = |y|2*"9~1, where n € N. Let f(x), g(y) > 0
with f(x) € LL,(R) and g(y) € LI(R). Then

c"y dx
// . o g dxdy (4.14)

a*’

2n+1
T (2m) nln(a/c))
<2<1n%> 1# ( 111(61 ) ”f”p,u”g”qv

Leta=¢e",b=e,c=¢"2 and d = e*2 in (4.14), where A; > Ay > 0, then we have

/ / sech(11xy°) cosh(haxy’ )f (x)g(y) dx dy (4.15)
R JR

2n+1
il (A = A)m
2 — @n [ (A1 =) ‘
< (%) v o I llp,pe 1€l g0

Letting 11 = 2, A = 1 in (4.15), we have

2n+1

/ / csch(xy’) tanh (219" )f ()g(0) dedy < w‘z’“( )wwngnqu.
RJR
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