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1 Introduction

It is evident that Hilbert-type inequalities play a major role in mathematics, for complex
pattern analysis, numerical analysis, qualitative theory of di erential equations and their
implementations. Hilbertss discrete inequality and its integral formuld.[ Theorem 316]
have been generalized in many ways (for example, s&ef]). Lately, Pachpatte in€], ob-
tained the following inequality: ifA, = Zzl a;>0andB,= | b, >0,forg=1,2,...p
andn=1,2,...r, wherep andr are the natural numbers, then

1
V4 r V4 2
A,B,
=2 <Clpr)  (p..q+1)a,)?
., 9Tn -
q=1 n=1 =1
1
r 2
X (r.n+1)®,)? (1)
n=1
where
1
Clp,r)= 54/‘”'

The integral analogue ofY) is given by
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whereF(s)= ,f(r)dt > 0,G(t) = Otg(v)dv >0, and

D(x)= 5 .

In the past few years, several researchers have suggested the study of dynamic time scale
inequalities. In [7] the authors deduced some generalizations of the inequaliti€d énd

(2) on time scales. Namely, they proved thatif(x1) = " a(t1)At1, By) = [ b(t1) A1y,
andp; >1,q;1 > 1 with p;-+ g;-1= 1, then

o A(x1)B(y1) AviA
w ow qilxr..w)Prpy(yg )T Y18%1
X2 pi.l
<M(p1,q1) o(x2) .01 alx1) P Axy
Y2 q...l
x ( o(y2) .91 b)) Ay, 3)
where
M(p1,q1) = (p191) x> ...w)”I'J(Pl---llyz ___W)qi'J(ql...ly @)

In order to develop dynamic time scale inequalities, we moved the reader to the articles
[8..19].

Motivated by the above results, our major aim in this paper is to establish some dynamic
Hilbert-type inequalities in two separate variables on time scales. These inequalities can
be considered as extensions and generalizations of some Hilbert-type inequalities proved
in [ 7] for the two-dimensional on time scales.

The paper is governed as follows: In Se&, we remember some basic notions, de“-
nitions and results on time scales calculus which will be required in proving our main
outcomes. In Sect3, we will exemplify the major results.

2 Preliminaries and basic lemmas
In this section, we will present some fundamental concepts and e ects on time scales
which will be bene“cial for deducing our main results. The following de“nitions and the-
orems are referred from 20, 21].

A time scaleT is de“ned as an arbitrary nonempty closed subset of the real numbers.
We de“ne the forward jump operatoro : T — T for any t* € T by

ot =inf s*eT:s*>¢t",
and the backward jump operatop : T — T for any t* € T by

pt" =sup sTeT s*<¢* .

From the above two de“nitions, it can be stated that a point € T with inf T <¢* <sup T is
called right-scattered ifo (¢*) > ¢*, right-dense ifo (¢*) = t*, left-scattered ifp(t*) <¢*, and
left-dense ifp(¢*) = £*. If T has a left-scattered maximura’,, thenTX = T .. {¢* }, otherwise
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Tk = T. Moreover, the forward graininess functiom : T — [0, 00) for anyt* € T is de“ned
by u(t*) =o(t*) ..1*.

For a functionf : T — R, the delta derivative off at t* € T* is de“ned asf*(¢t*) if for
eache > 0 there exists a neighborhood/* of #* such that

fott .fs . for ot .55 <eot* .s, foralls*el”.

Afunction f: T — Ris called right-dense continuous¢-continuous) if itis continuous at
all right-dense points inT and its left-sided limits exist (“nite) at all left-dense points irT.

The set of all suchrd-continuous functions is denoted by ¢; (T, R). We will frequently use
the following useful relations between calculus on time scal@sand di erential calculus

on R, as well as di erence calculus ofZ. Note that

() if T =R, then
ottt =t, ut* =0, f ¢ =ft, and
b b (5)
A At = f i dr
(i) if T=7Z, then
ottt =t*+1, ut* =1, fAt =Aft", and
b b...1 (6)
fA t* At* - f t*

t*=a

Also, we must know some essentials about partial derivatives on time scales.Tleand

T, be any two time scales. Let;, A1 and oz, A, denote the forward jump operator and
the delta di erentiation operator on T; and T, respectively. Assume that < w are points
in T4, e <f are points in Ty, [1,w) is a semiclosed bounded interval iff'1, and [e,f) is a

semiclosed bounded interval ifT». Let us consider a srectangleZ i, x T, given by

R=[uw)r, x[e)r,= &.t5 :t] €luv)r,t5 €lefNHr, -
Supposef : Ty x T, — Ris areal-valued function. At£;,t;) € T1 x Ty, we say thaf has
a Ay partial derivative with respect tarj if for eache > 0 there exists a neighborhood/,;
of ¢ such that

A
foirty 5 fst . fra o1t ST <eo 8] .5,

forall s* € Uy At (¢7,25) € T1 x T, we say thayf has aA, partial derivative with respect
to £ if for eache > O there exists a neighborhood/; of 5 such that

ftots f1F . f2686 ooty IF <eo,t; .1,
forall I* € Uy.

A function f : Tq x T2, — R is said to berd-continuous in ¢ if for every g; € T4, the
function f(B5,t3) is rd-continuous on T, and isrd-continuous in ¢7 if for every g5 € Ty,
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the function f(¢1, 85) is rd-continuous onT;. Let CC,; denote the set of functiong'(¢3, £5)
on T; x T, with the properties:

(Al) f is rd-continuous in 7;

(A2) f is rd-continuous in £3;

(A3) if (x7,x3) € T1 x T» with x7 right-dense or maximal and} right-dense or maximal,
then f is continuous at &7, x%);

(A4) if x7 andx] are both left-dense, then the limit of (¢5, £3) exists asf;, ;) approaches
(%7,2%) along any path in the region

Ry i = .6 £ elua) Tt elexs)NTs |

Let CC}d be the set of all functions in CG; for which both the A partial derivative and
the A, partial derivative existin CG,.

In the following, we present Fubini theorem on time scales which plays a key role in
proving the main results of this paper.

Theorem 1 (Fubinies theorem22]) Let T1 and Tobe two time scales. Suppose that f : Ty x
Ty, — R is a A-integrable function with respect to both time scales. Define

ot = fa " Ax*, forae t* €Ty,
T1

and

v xt = f A, forae x* €Ts.
T2

Then ¢ and  are A-integrable on T1, T2, respectively, and

Ax*  f X A= A faNE AxT. @)
Ty To To T4

Next, we present Holderes and Jensenes inequalities in two dimensions on time scales.

Theorem 2 (Holderes inequality 3, Theorem 2.3.10])Let u,v € T with u <v.If f,g €
CCL([u,v]t x [u,V]1,R) are integrable functions and p*+ = L with p > 1, then

v v v v P'“l

frie g r it ArfAr < frit PAFEAL
u u u u

v v Q"'l

x gt AP AT 8)

u u

Theorem 3 (Jensenes inequalit®@, Theorem 3.1]) Let r*,t* € Rand ..0co < m* <n* < oco.
Iff e CC}d(R, (m*,n*)) and @ : (m*,n*) — R is convex, then

MV Ms/f(r*,t*)Alr*Azt* - ; ;dD(f(r*,t*))Alr*Azt*
Y SA]_V*Agt* - :/A]_V*Azt* '

u w

@ )

14
u
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Lemma 1 (Younges inequality25]) Ifl,u € Ry and p*+ q 1= 1 with p > 1,then
lu Ep'"jlp +q"'Jl/£q, (10)
we get equality iff I = uf.

3 Mainresults
In this section, we state and prove our main results. In particular, we establish the two-
dimensional versions of the inequalities given ifY]. Throughout this section, we will as-
sume that the following hypotheses hold:
(H1) T, and T are any two time scales with (ijo,s1, k1, %,z € T1; (i) fo,t1,71,y,w € Ta.
(H2) p1, q1 are any two real numbers such thas; > 1,4, > 1with 1/p; + 1/, = 1.
(H3) For tg € T, T, we denote the subintervals of'y, T by I, = [t0,%)T,, I; = [£0,2)T;,
I, =[to,y)r, andl,, =[to, w)r,, Wherex,z € Q1 =[to,00) N Ty andy,w € Q5 =[tp, 00) N T>.
(H4) There exist two functions® and ¥ which are real-valued, nonnegative, convex,
and submultiplicative, de“ned on [0p0). A function f* is submultiplicative if f*(x1y1) <

fHx)f*(y1) for x1,y1 > 0.

Theorem 4 Let (H1), (H2) be satisfied and f*(s1,t1) € CCL (I, x L,R"), g*(ki,r) €
CC}d(lz x I,,R*). Suppose that F*(s1,t1) and G*(k1,r1) are defined as

s1 ¢t k1

Flut)=  FEnMANLGUum)= g EmAEAD. (11)

o to to to

Then for (s1,t1) € L, x I, and (ky,r1) € I, x I,,, one gets

x oy z w F*(s1,t1)G*(k1,r1)
Ak1Ary AsiAt
o o to to qil(s1..20)(t1 .. 20)]Pr Y pal(ky .. 2o)(r1 .. £o)]91t e

1
X y 1

p1
< C(pl,ql) o(x) .81 O(y) LI f*(Sl,tl) plAslAtl
ot

z w i

* q1 n
X ow) ..k o(2)..r1 gttks,r) " AKiArL (12)

o to
where
1 p1---1 q1.--1

(7(101.611):17611 (x..20)(y..20) "1 (W..fo)(z..20) . (13)

Proof By assumption and applying Holderss inequalitg) with respect top1, p1/(p1 ... 1)
andqi, q1/(q1 ... 1), respectively, we “nd that

k Lt i n sk p1 p_ll
F (S]_,tl)f (Sl..to)(t]_...to) P1 f (S,n) AEAn (14)
to to
and
1
* - f " * q1 i
G*(ky,r1) < (k1 ..20)(r1..20) “ gEn) "agay . (15)

to to
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By multiplying (14) and (15), we get
p1.--1 q1...1
F*(s1,t1)G"(k1,71) < (s1..20)(t1 .- 20) ** (k1..20)(r1..20)

1

s1 t1 " 71
X SE.m) T AEAn
o o
ki on @ qll
X g'Em) TAEAR . (16)
to to

Applying Younges inequality on the term b .. to)(t1 .. £0)] @21 x [(ky .. to)(r1 ... tp)] 92~ 1M1
with = [(s1 .. 20)(t1 .. £0)] P2 Pb1 and [ = [(ky .. £0)(r1 .. 29)] @2 M1, we observe that

F*(s1,£2)G* (ku 1) < [(51--l‘o)(l-‘l--l‘o)](m'"l)+ [(k1 .. 20)(r1 .. o)] @2+ 1)

p1 q1
1
1 1 e pr1 1
x frEm) T AEA
to to
ki n a qll
x g'En) TAEAy
to to
- ql[(S]_ ..l’o)(tl __1-0)](171---1)+p1[(k1 ..l’o)(r'l ...to)](ql“'l)
piqa
1
* & * p1 b1
X ST (&) TAEAY
to to
ki on @ qll
x g'Em) TAEAn . (17)
to to

Dividing both sides of 7) by g1[(s1 .. to)(£1 .. £0)] 2 p1[(k1 .. £0)(r1 .. £)]¥2-1) we obtain

F*(s1,21)G*(k1,71)
qal(s1 .. o) (t1 .. £0)] @1 D+ p1[(ky .. 20)(ry .. £o)] @2 1)

L

1 s1of . P1
— fHEm) " agAy
P19 to to
X g'E,n) TAEAn . (18)
to to

Integrating both sides of {8) “rst with respect to r; and k1 and then with respect tos;
and t1, respectively, and applying Holderess inequalit@)(with indices p1, p1/(p1 ... 1) and
q1,q91/(q1 ... 1), we see that

x oy oz ow F*(s1,t1)G*(k1,71)
AkiAry AsiAt
to to to to qal(s1 .- 20)(t1 - L)]P2 1+ pal(ks .. o) (r1 .. o)) 922 o o

1

Pl 1.
r1 a1

fi (x..fo)(y...to) l(Z..Jfo)(W...to)
piq1

X y S1 t 1

! * r n
X SiEm) TAEAY AsiAn
o to to to
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z W ki ” %
X g'E,n) TAEAY AkiAn
o to to to
X y s1 t1 L
— sk r1 e
_C(pliql) f(gvn) AEAW As1Aty
to to to to
z w k1 r ﬁ
x &) TAEAY AkAr (19)
to to to to

Applying Fubinies theorem on 19), we conclude that

x z v F*(Sl,tl)G*(kl,rl)
AkiAry AsiAt
o o0 o 1 Ql61-20)E )P pil(ky 2oy )]t T T

1

x oy 1
< C(pl,ql) (x ..S]_)(y ..Jfl) f*(Sl,tl) plAS]_Atl
to to
z W n ﬁ
X (Z ..kl)(w ..]’1) g*(kl,rl) AklArl ,
o fo

and then, by using the fact that (n) > #, one gets

x ¥y oz w F*(s1,t1)G*(k1,r1)
AkiAry As At
o to to to qal(s1 .- 20)(t1 - Lo)JP2- 2+ pal(ky .. o) (r1 .. o)) 922 o o

1

X

y r1
< C(pl,ql) a(x) .81 U(y) sl f*(Sl,t]_) plAslAtl

o o

1
z w a1

X 0(2)..r1 ow) ..k g*(ki,r) " AkiAry ql,
o to

which proves (2). This completes the proof. d

Using the relations b) and takingT; = T, = R, o = 0 in Theorem4 leads to the following
result.

Corollary 1 Assume that f*(s1,t1) and g*(ki,r1) are real-valued continuous functions and
define

k1

1
. g (&,n)d& dn.

S1

t1
F*(S]_,t]_): f*@,’?)df dn: G*(k]_,r]_):
0 0 0

Then for (s1,t1) € Iy x I, and (ki,r1) € I, x I,,, we have

2w FH(s1,t1)GH(ke, 1)
o o o o qulsita)r-H pi(kyry)a-t

dkydr1 dsidt;

1
x 1

y p1
< C*(pl,ql) (x ..S]_)()/ ..Il) f*(Sl,tl) 71 ds1 dt;
0 o0

1
z L

w q1
X (Z ..kl)(W ..1'1) g*(kl,rl) n dk]_dl’l ,
0 O
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where
. 1 p1-1 q1..1
C*(p1,q1) = —(xy) #1 (zw) 2 .
p1q1

By using the relations %) and letting T, = T, = Z, o = 0 in Theorem 4, we get the fol-
lowing result.

Corollary 2 Assume that {@m, n Yo<mim<n and {biy ri}o<ky <N are two nonnegative se-
quences of real numbers and define

m1 ni ki

Ay = Zn Biyry = be .
&=1 n=1 §=1 n=1

Then

my m oz wy
Asi01Bryr

qa(sat)Pr-1 py(kyre)ar--1

s1=10=1 k1=1r1=1

1

m1 Ny r1
< C**(pl,ql) (Wll .81t 1)(}’[1 LIt 1)(6151’151)‘”1
s1=16=1
1
z1 w1 q1
X (z1 ..k +D)(wy .1 + 1)([’)/(1’,1)‘11 )

k1=1r1=1

where
o 1 p1.-1 q1..-1
C*(p1,q1) = ——(man1) 71 (zawq) 7.
pi1q1

In the following theorems, we give a further generalization of®) obtained in Theo-
rem4.

Theorem 5 Let (H1), (H2),and (H4) be satisfied, f*(s1,t1) € CC}d(Ix x L, R"), g*(ky,m1) €
CC}d(IZ x 1,,R*) and p*(& ), q* (&, 1) be two positive functions. Suppose that F*(s1,t1) and
G*(k1,r1)are as defined in Theorem 4 and let

s1 t1 k1 r1

P*(s1,t1) = P&, n)AEAn, Q*(ky,r1) = q* (&, n)AEAn. (20)

o o ] to

Then for (s1,t1) € I, x I, and (ky,r1) € I, x I, we have

e D(F*(s1,1))V(G*(k1,71))
AkiAry As At
o to to to qil(s1.-Zo)(t1 .. £0)IPr M+ paf(ka .. 20)(r1 .. fo)] 9Lt 1oL AaeA
X y * s ,t p1 71
fD(p]_,q]_) o(x) .81 O'(y) LI p*(sl,tl)cb f*( ! 1) As1 Aty
to to V4 (Sl!tl)
1
z w * k , q1 n
x 0@ ki o) .r gy ST T 1

to to q*(klyrl)
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where

r1 p1-l
1 * Y O(P*(sy,t P11 e
D(p1,q1) = —— M asian

pP1q1 to to p (Slvtl)
q1 q1...1

z w \IJ k k , 1.1
W(Q (k) @ AgAr . (22)

to to Q* (k]_, rl)

Proof By assumption and using the Jensenss inequaliy, {t is clear that

Prsnt) o P EmILESIAsAY
2 pr(E m)AE Ay
s1h 1*En)
" ot P*@Jl)[p*@;)]ASAﬂ
<& P*(sy,ty) @ I
w0 o PEMAEAY

<‘D(P*(Sllt1)) o SfE.n)
S Thenm) o o PO e

(o} F*(Sl,tl) =o

AEAD. (23)

Applying Holderes inequality 8) with indices p; and p1/(p: ... 1) on the right-hand side of
(23), we have

O Fsnn) < (1 t0)tn.zg) P oL Bult)

P*(s1,1)
S1 t * p1 L
x preme LED T, 7 (24)
to to p (5177)
Analogously,
211U (Q* (k,
U G*(ky,r1) < (ki ..20)(r1 .. 20) o %
kp n i g*(é,n) q1 %
X qE v = AsAn . (25)
to to q (E’ri)
Thus, from (24) and 25), it can be concluded that
(0] F*(Sl,tl) )\ G*(k]_,rl)
p1.1 q1..1
< (s1.-20)(t1.-20) "1 (ki..f0)(r1..20) ©
PP (s1,tr) T ffEn 7 1
) D AEA
P*(Slytl) to fo P (S n) P*(gaﬂ) g 7
W (O*(k , k1 r1 * , q1 qi

Q*(kl!rl) to to q*(faﬂ)
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Applying Younges inequality on the term fg .. o) (t1 .. £0)]%@1 VP1[(ky .. £o)(r1 .. )] (@1 M1,
we get

® F*(s1,t1) ¥ G*(k1,r1)

[(s1..20)(t1 --150)]("1'"1)+ [(k1 .. 20)(r1 .. 2o)] @2+ 1)

p1 q1
O(P*(s1,t2)) L frEn 7 P1
O (s1,4)) ) AEA
P*(Sl,t]_) to  to P (S n) P*@,Tl) E "
Q) B & ° @
2 Wor)) W . 27
Qlar) o o TEDY pEy A5 @
From (27), we observe that
D(F*(s1,21))W(G*(k1,71))
qal(s1 .. 20)(ta .. £0)] @1 D+ pa[(ky .. £o)(r1 .. £0)] @1
1 (P (sit) e 7 n
) AEA
Spa Plnt) o oo PO ey AEA
W(Q*(ky,ry)) o giEn ™ (A
2 Wor)) W AEA . 28
Clr) o o TEMY Gy AEAT (28)

Integrating both sides of 28) “rst with respect to r; andk; and then with respect tas; and
t1, respectively, we get

ey P(F*(s1,11)) V(G" (ky,71))
AkiAry AspAt
o o o o qlG1-20)(t - 20)] e D+ pal(ky . Lo)(ry . L)l DT TR

1T T eun)

Tpgr g o Pr(suta)
51 t

o ffEn 7
,n)d
8 to to P (S n) P*@JI)
“ M u(Qr (ki)
to to Q*(klurl)
oo g °

1
*(E,n)V
8 to to 1 (E n) q* (S! 71)

1
A&An As1Aly

1

AeAy " AlaAr (29)

Using Holderes inequality §) again with respect tops, p1/(p1 ... 1) andp, q1/(q1 ... 1), re-
spectively, on 29), we may write

x Yy z w

D(F*(s1,21))¥(G*(k1,71))
Aki1Ar1 AsiAt
o o o to qil(s1..20)(t1 .. 20)]®1 D+ paf(ka .. 20)(r1 .. £o)] @) 1o AT

A
1 % 7 ®(Psin)) At o
< - SV BB A A
Pqr 1 1 P*(s1,t1)
z w \I‘(Q*(kl,rl)) #1 %1
_ Ak1Ary

to to Q* (kl, rl)
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X y 1 t1

1
* , pr 1
X prEme f*(é L A§An AsiAty
to to to to P (5177)
z W ki n * q1 1
X q (&, n)v g*(é,n) AEAN AkiAr
o to to to q (‘5;:177)
1
x y 51 *(E, pr1 1
= Dlpr.a) peme LED Tacay asan
to to 140) to p (san)
z w ki n (&, q1 qll
X q*(c‘?,n)‘l/ g*(é ) AEAN AkiAn
to to to o q*(&.n)

Applying Fubinies theorem and using the fact that(n) > », we get

x z w

D(F*(s1, 1)) W (G*(k1,71))
AkiAry As At
o o 1 o dl(st-Lo)(t - 20)]r-D+ pyf(k - o) (ry .. Lo)]lar- DT T

X y * S ,t pr1 iz
< D(p]_,q]_) (x ..Sl)(y .. 1) p*(Sl,t]_)(D f*( 1h) As1Aty
to to p (Slytl)
z w g*(kl },.1) q1 ﬁ
X (Z ..kl)(W ..)"1) q*(kl,rl)\IJ *7, AklAr]_
to to q (kl;rl)

7 « SfrGst) 7 n
< D(p1,91) o) ..s1 o) ..t1 p*(s1,t1)® " As1 At
to 1o )4 (S]_,lfl)

z w *(f q1
x 0@ ki o) .r1 gy ST ™
to to q*(kl,rl)

which is (21). This completes the proof. O

By using the relations %) and takingT; = T, = R, £ = 0 in Theorem 5, we get the fol-
lowing result.

Corollary 3 Assume that f*(s1,t1), g*(ki,r1) are real-valued continuous functions,
P*(s1,t1), q*(k1,r1) are two positive functions, and define

s1

t1
F*(Sl,tl): 0 0 f*@,’?)dgd’?: G*(kl,rl):

ki
. g (&, n)dé dn,
s1 i1 k1

Pr(s1,t1) = . prEmdsdy,  Q(ky,r)= . q"(§.m)dé d.

Then for (s1,t1) € I, x I, and (k1,r1) € I, x I,,, we have
Xy z

w q)(F*(Sl’tl))‘I’(G*(kl,rl))
dkidry dsidt
o 0 o o qusatrprtpy(kpryaett O T

X

* p1
< D*(Pl,m) y(x --Sl)(y --'t]_) P*(Sl,tl)CD f*(Slytl)
o 0 p*(s1,t1)

i
ds1 dty
z w */ , q1
. k)w..r1) g (ki,r)W g tky,r1)
0

0 q*(k1,r1)

7
dky dry

Page 11 of 21
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where
r1 p1--1
1 * Y ®(P*(s1,ty)) Prot T
D*(p1,q1) = — — dsidt;
pigr o o  P*si,t1)
q1..1

q1
© Y w(Qr(ky,ry)) met
—_— dky dr
o o Qkun) o
By using the relations%) and takingT, = T, = Z, to = 0 in Theorem5, we get the follow-

ing result.

Corollary 4 Assume that {@u, u; }o<my <N+ {Dky,r1 Jo<ky,r <N @Fe tWo nonnegative sequences
of real numbers, {Py 1y }o<my m <N» {Gky i }0<ky <N aFe positive sequences, and define

m1 n1 ki
Amym = ag s Biyy = b,

§=1 n=1 £=1 p=1

my ng ki r1
Py = Peap Qiyry = qsn-

£=1 =1 &=1 n=1

Then

my np oz owm (A5 1)V (Bryry)
1r1=1 qa(s1tr)Pr-1 pq(kyry)ae--1

s1=146=1 k1=
1
mi ni g ¢ p1 1
sk S1.01
<D"(p1,q1) (my.s1+ D)1 ..51+1) pn® ——
s1=1 =1 S1,t1
1
Z21 w1 bk 1 a
1.1
X (Zl Lkt 1)(W1 Lt l) qklyflqj ,
ki=1r1=1 kury
where
my m p Pt a w q1..-1
L. e A
sk _ cb(Psl,tl) b1t \D(le,rl) -1
D (Plyﬂh) - P— T .
WMl g=14=1  “524 k1=1r1=1 ki

Remark 1 By applying (0) on (12) in Theorem 4 and (21) in Theorem 5, respectively, we

get the following inequalities:

oo F*(s1,21)G* (k1,71)
AkiAry AsiAt
w0 o qil(s1..f0)(tr . )Pt pa(ky .. 2o)(r1 .. £o)] 92 1oL SasA

to to
x

y
o(x) .81 O‘(_)/) LI f*(Sj_,tl) plAslAtl
to to

1
<Clprq1) —
p1

1 z w
+ — o0(2)..kr ow)..rn g'(ki,r) DA A, (30)

q1 to to
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where C(p1,41) is de“ned in (13), and

s O(F*(s1,01)) WV (G" (ky,71))
AkiAry AspAt
o o 1o o qlG1-20)(t - 20)) D+ pal(ky . Lo)(ry . Lol DT TR
1 x t(sp.ty) P
<D(p1,q1) — o®) .51 00)..n prlsatr)® f*(l N
P14 o p*(s1,t1)
l z w
+ = o).k ow)..n
q1 o fo
* k , q1
x  q"(ki,r)¥ ¢ (k) AkiAry (31)

q*(k1,71)

where D(p1,41) is de“ned in (22).
The following theorems present slight variants o2() in Theorem 5.

Theorem 6 Let (H1), (H2), and (H4) be satisfied and f*(s1,t1) € CCL(I, x L, R"),
g*(k1,r1) € CCL(L, x I,,,R*). Define

1 s1 t1
F* = *
(s1,£1) G1t)tf) & ST (€ m)Ag A,
1 k1 r1
G (k)= <~ g (E.mAEA. (32)

(kl --'to)(rl --'tO) to to

Then for (s1,t1) € Iy x I, and (ki,r1) € I, x I, one gets

0 Y O(F (s, 1)) V(G (k1,71))(s1 - 2o) (L -- Zo) (K .- 20)(r1 .- Zo)
0 o to fo qal(s .- 20)(t .. 2o) P12+ pal(k .. 20)(r .. £)]92--2

x AkiAry AsiAty

1

x y -
< K(Pl,m) a(x) .81 o(y) LI CDf*(sl,tl) plAslAtl
to to
z w 1
* q1 n
X ow)..ky o(@@)..rn ¥ g'ky,r) " AkiAr (33)
to to
where
1 p1.1 q1...1
I((pj_,q]_) = ‘}qu (sp..2o)(tr ..2o) P1 (ky..Lo)(r1..20) 91 . (34)

Proof By assumption and using the Jensenss inequaliy, (ve obtain

1 81 1
@ F*(sq1, = — *(E,n)AEA
(s1,t1) Gr)to) ¢ fH(E m)AEAn

1 st

S . o PG asA (35)
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Similarly,

1 k1 r1
v G*ky,r) =¥ —n——— *(E,n)AEA
( ! l) (kl .. 'to)(rl i 'tO) to to £ (S n) g "

1 ki n

(k1 .- 20)(r1 .- £0) W g"(5,m) AsAN.
S T . L Y EEm s

By multiplying (35) and (36), we get

(o} F*(Sl,tl) 4 G*(kl,}”l)
- 1
T (s1..to)(t1 .- to)(ky .. 20)(r1 .. Lo)

s1 11
x D f7(€.n) AsAn
t to
k1 r1
x V g"(§,n) AEAn .
to to

This implies that

O F¥(s1,t1) W G*(ky,r1) (s1..20)(t1 .. £0) (ke .. £0)(r1 .- Z0)

s1f k1

ri
< @ f*(&,n) AEAp Y g*(&,n) AEAn .

t to to to

By Holderss inequality §), we “nd

& Fi(s1,t1) W G*(ky,r1) (s1.-20)(t1 .. 20)(ky .. £0)(r1 .- t0)

p1.1 q1...1
< (s1..20)(t1 .. 20) 71 (ki..Zo)(r1..to) “

1

s1 ki n

x o f1E ) TagAy W ogEn) TAEAY

t to to to

Page 14 of 21

(36)

(37)

Applying Younges inequality on the term [ .. £0)(¢1 .. £0)] 1 1[(ky .. £0)(r1 .. £o)] L 1M1,

we get

& Fi(s1,t1) W G*(ky,r1) (s1..20)(t1 .. £o) (ke .. £0)(r1 .- t0)

[(s1..20)(t1 --to)]m'"l+ [(k1 ..20)(r1 .. £0)]92 1

pP1 q1
s1 t1 " pil k1 1 ”
x O (&) TAEAN v g"(€,n) TAEAn
t to to to

This implies that

D(F*(s1, 1)) W (G*(k1,71))(s1 - Lo)(t1 . £0) (k1 .- L0)(r1 .. Lo)

qal(s1 .. o)(t1 .. o) 1P2 1+ pa[(ky .. 20)(ry .. £0)] 921

1 51 1 L

% p1 n
<— @ f*(&,n) TAEAR
)2/

Ble
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k1 r1 L

* q1 i
Vo g*(&,n) TAEAR . (38)

X

to to

Integrating both sides of 28) “rst with respect to r; and k; and then with respect tos;
and t1, respectively, and applying Holderes inequalit@)(with indices p1, p1/(p1 ... 1) and
91, q1/(q1 ... 1), we get

Y Y O(F(s1,t1))W(G* (k1,71))(s1 - 2o) (L - Zo) (K .. 20)(r1 - Zo)
0 ot fo q1[(s1 .- 20)(ta .- 00)]P2 1+ pa[(ka .. £o)(r1 .. 20)] 922

x AkiAry Asi1Aty

1 pil q1---1
<— @)y ..0) T (z..t)w..Lo) ©
piq1
1
x s1 I
x @ f*(E,n) PAEAN AsiAh
o to t to
1
z w k1 r1 2
x W g'E,n) "AEAD AkAr
to to to to
1
x Y 51 n s
o to t to
1
z w ki n 2
X U g* &) TAEAn AkiAr . (39)
o fo to to

Applying Fubinies theorem and using the fact that(n) > n, we get

0 Y O(F (s, 1)) W(G* (k1,71))(s1 - 2o)(ta - Zo) (K .- 20)(r1 -- Zo)
0 ot fo q1l(s1 .- 20)(ta .- 00)]P2 1+ pa[(ka .. £o)(r1 .. 20)] 722

x AkiAry AsiAty

1

x 0y 1
<K(p1,91) ox)..s1 o@)..tr @ f*(Sl,tl) P As1 Aty
to to
z w ﬁ
X O'(Z) ..](]_ O'(W) L v g*(kl,rl) qlAklArl y
o fo
which is (33). This completes the proof. O

By using the relations %) and takingT; = T, = R, to = 0 in Theorem 6, we get the fol-
lowing result.

Corollary 5 Assume that f*(s1,t1), g* (k1,r1) are real-valued continuous functions and de-

fine

s1

1 a 1
F*(S1,t1)za . o S (E.n)déE dn, G*(kl,ﬂ):m .

k1 1
. g (&, n)dé dn.
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Then for (s1,t1) € I, x I, and (ky,r1) € I, x 1,,, we have

oy W (sat) (k) O (F*(s1, 1)) W (G (1, 71))
00 o0 0 qa(sitr)Pr-1+ py(kr)a--1

dkidry dsidt,

1
X y 1

pr1
< K*(p1,91) (®..5)(..21) D fH(s1,t1) Pdsadty
)

: 1

X (z..k))w..r)) W g*(ky,r1) ™ dkidr ! ,
0 o0

where
« 1 p1--1 q1.-1
K*(p1,q1) = ——(xy) 71 (zw) o .
pi1q1

By using the relations%) and takingT; = T, = Z, to = 0 in Theorem6, we get the follow-
ing result.

Corollary 6 Assume that {a,, u; }o<my <N {Dkyr Jo<ky,r <N dFe tWo nonnegative sequences

of real numbers and define

§=1 =1
Then

e am (Sltl)(klrl)(D(Asl,tl)\lj(Bkl,rl)
qa(sata)Pr-+ py(kyry)ar--t

s1=10=1 ki=1r1=1

m1 N1 If_JEL
<K**(p1,q1) (1 .51+ 1) 11+ 1) Dagy )
s1=14=1
1

z1 w1 q1
X (Zl Lkt 1)(W1 Lt 1) \p(bklvrl) i ,
k1=1r1=1

where
ok 1 pil q1...1
K (pLQI): —(m]_}’ll) r1 (lel) a
pi1q1

Theorem 7 Let (H1), (H2),and (H4) be satisfied, f*(s1,t1) € CC}d(Ix x I,,R"), g*(k1,r1) €
CC}d(lz x L,,R*), and p*(&,7m), q*(§,n) be two positive functions. Suppose that P* and Q*

are as defined in Theorem 5 and let

S1

1
- * , % , A A ,
Pent) o . PrE ) (€. n)AsAn

0

F*(s1,t1) =

ki

* — 1 * *
G (kl,fl)—m - g (&,n)g" (&, nAEAn. (40)



Abd El-Hamid et alJournal of Inequalities and Applications  (2021) 2021:31 Page 17 of 21

Then for (s1,t1) € I, x I, and (ky,r1) € I, x 1,,, we have

2 O(F(s1, ) W(GH (ke 71))P* (51, 21) QF (K, 1) AkiAr, AsiAn
w to to to qul(s1..-2o)(t1 .. £0)IPr M+ paf(ka .. 20)(r .. fo)] 7Lt
1

oy r1
< H(p1,q1) o(®) .51 0()..t1 P*(s1,t))® f*(s1,t1) TTAsiAlL
to to
2w &
X G(Z) ..](]_ (I(W) e Q*(kl,rl)lll g*(k]_,}"l) qlAklArl , (41)
o to
where
1 p1-.1 1.1
H(pl,q]_) = ]qu (Sl ...to)(tl ..to) r1 (kl ...to)(rl ...to) -, (42)

Proof By assumption and using the Jensenss inequaliy, {t follows that

s1

t1
prE.n)f* (& nAEAn

® F(s1,11) =@
P*(Slvtl) to to

s1 1
*E,n)D fH(E,n) AEA 43
S ) . PEMSSEm) A (43)
and
. 1 k1 r1
v G*(kq, =y — *(E,n)g™(E,n)AEA
(k1,71) TED q"(&,mg"(§.,nAsAn
1 k1 1

g E VY g'(E,n) AEAn. (44)

< —
Q*(klvrl) to to

From (43) and (44) and using Holderss inequalityg) with py, p1/(p;1 .. 1) and, q1/(q1 --. 1),
respectively, we get

® F* ! i
< —_— 1
(s1.11) = P G0 ) (s1 .- 20)(t1 .. 20)
1
1 n * * Pl 1
x prEn® frE,n) TAEAY (45)
to to
and
U Gk 1 k e
* <— (kg .. L Lp) @
(k,r1) < @t (ka1 .. 20)(r1 .- 2o)
1
ki n . . a q1
X qE Y g &) TAEAn . (46)
to £o

From (45) and (46) and using the elementary inequalityl(), we get

® F*(s1,t1) W G*(k1,r1) P*(s1,21)Q" (ky,71)

[(s1 .- 20)(ta --L‘o)]pl'"l+ [(k1 .. £0)(r1 .. £0)]92 1
p1 q1
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s1 » 1711
X prEn)® f*(E,n) TAEA
to to
ki a %
X g E W g &) TAEAR . (47)
to to

This implies that

D(F*(s1,21))W(G*(k1,r1))P* (51, £2) Q* (K1, 71)
q1l(s1 .. 20)(t1 .. 2017+ pa[(k1 .. £o)(r1 .. £0)]922

l 51 1

< PrEM® f5(E,n) TAEAY
P1q1 to to

Sl

1

a1 q1
g E Y g En) TAEAy . (48)

ki n

X

to 2]

Integrating both sides of 48) with respect tor; and k; and then with respect tos; and
11, respectively, and applying Holderes inequalitg)(with indices p1, p1/(p1 ... 1) andy,
qi/(q1 ... 1), we see that

oy O(F (s, 0)) V(G (ke 1)) P (51, 81) Q" (K, 1)
AkiAry AsiAt
o o to to qil(s1..20)(t1 .. 20)]Pt T pa[(ky .. £o)(r1 .. to)] 122 S

1 py-l a1
<—— (x..o)(y..20) L (z..fo)(w..Lp) ©
piq1
1
x y s1 i1 . y 7 Pl
X prEn® ff(E,n) TAEAR AsiAn
o to 140) to
z W ky r “ %
x g mY g'¢n) TAEAn AkiAr
o to to to
1
X y S1 t1 . y ” 71
= H(p1,91) prEm® 1 n) TAEAN AsiAn
to to to to
1
z W ky r “ i
X g EmVY g€ n) TAEAn AkAry . (49)

o to to to

Applying Fubinies theorem and using the fact that(n) > n, we get

oy 2 O(F*(s1,t0))W(GH (ke 71))P* (51, £1) QF (K1, 71) N
o to o to qul(s1.-20)(t . )P paf(ky .. 20)(r1 .. fo)] 92

1

Y r1
EH(pl,ql) o(x)..sl G()/)..Il p*(Sl,tl)(D f*(Sl,tl) plAslAtl
to to
1
z w a q1
X 0(2) ..k ow)..rn q*lkp,r)¥ g*(ks,r1) " AkiArp
to to
which is (41). This completes the proof. O

By using the relations §) and takingT; = T, = R, £, = 0 in Theorem 7, we get the fol-
lowing result.
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Corollary 7 Assume that f*(s1,t1), g*(k1,r1) are real-valued continuous functions,
P*(s1,t1), q*(k1,r1) are two positive functions, and define

s1

F*(s1,t1) = ————
(s1.21) P11 o

t1
. P& n)f*(&,n)dE dn,

S1 t

1
p*(slvtl): 0 0 P*(gyﬂ)dfdﬂ,

ky r

1
G*(ky,r1) = , q"(&,mg"(&,n)d& dn,

1
Q*(klv 7'1) 0
k1 7

1
Q*(klirl): 0 0 q*(‘gvn)dg d?’}

Then for (s1,t1) € Iy x I, and (ki,r1) € I, x I, we get

02 W O(F(s1, 1)) W(G* (K1, r1))P* (51, £1)Q* (k1,71)
00 0 0 qa(sat)Pr-1 py(kyre)ar-1

dkydr1 dsidt;

1
x 1

y r1
< H*(pl,ql) (x ..Sl)()/ ..f]_) p*(Sl,tl)(D f*(Sl,tl) e ds1dt;
0O o0

1
z L

w q1
X (z..k)w..r1) q*(k,,r)¥ g*(ke,r1) Tdkidry
0 0
where
. 1 il gl
H*(p1,q1) = ——(xy) 71 (zw) 1.
piqa

By using the relations%) and takingT; = T, = Z, to = 0 in Theorem7, we get the follow-
ing result.

Corollary 8 Assume that {@y; n; Yo<myng <N+ {Bkyr Yo<kyr <N D€ tWo nonnegative sequences
of real numbers and {puy n; }o<my.m <N qky . Jo<ky.n<n be positive sequences and define

1 m1 n1 my ni
Ay = P ag Py = Pe
ML g=1 p=1 £=1 n=1
1 ki 1 ki
Biyry = be y, Qryry = 9t n-
kirt =1 p=1 £=1 n=1
Then
my ny

am q)(Asl,tl)\I/(Bkl,rl)Psl,tlle,rl
s1=141=1 kq=1r1=1 ql(sltl)plu'l-'-pl(klrl)ql'"l

1

my nmy 71
= H* (pllql) (Wl]_ 81t 1)(”1 LIt 1) psl,th)(“sl,tl) P
s1=16=1
1
z1 w1 q1
X (Zl Lkt 1)(W]_ Lt 1) qklfllp(bklfl) a ,

k1=1r1=1
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where
o 1 p1-1 q1...1
H™(p1,q1) = ——(m1n1) 71 (zzwy) 1 .
pi1q1

Remark 2 By applying (0) on (33) in Theorem 6 and (41) in Theorem 7, respectively, we
get the following inequalities:

oy E WO(F (51, 1)) W (G ke, 1)) (s1 - Zo)(ta - Lo) (ke .. Zo)(r1 .. 20)
0 o o fo qal(s1 .. o) (t1 .. o) P21+ pa[(ky .. 20)(r1 .. £0)] 922

X AklArl AslAtl

1 roy
< I((pl,ql) — o(x) .81 O’(y) LI (Df*(sl,tj_) plAslAtl
p1 to to
1 © * q1
+ — 0(2)..kr ow)..r1 ¥ g*(ks,r) AkiAr;
q1 to to

whereK(p1,41) is de“ned in (34), and

0B O(F(s1, 1)) W(G (ke 71)) P (81, 1) Q* (K, 1) AkiAr AsiAty
o to to to qil(s1.-Zo)(t1 .. £0)IPr M+ paf(ka .. t0)(r1 .. fo)] 9Lt

1 ro
< H(pl,ql) — o(x) .81 U(y) LI p*(Sl,tl)CD f*(Sl,t]_) plAslAt]_
p1 to to
1 ‘ Y * * q1
+ — o) ..kr oWw)..rn q'tk,r)V g*tks,r1) " AkiAry
q1 to to

where H(p1,41) is de“ned in (42).

Remark 3 Clearly, for the one-dimensional case, Theorerds5, 6, and 7, coincide with
Corollary 3.3, Theorems 3.2, 3.3, and 3.4, respectively, @f [
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