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1 Introduction

It is evident that Hilbert-type inequalities play a major role in mathematics, for complex
pattern analysis, numerical analysis, qualitative theory of differential equations and their
implementations. Hilbert’s discrete inequality and its integral formula [1, Theorem 316]
have been generalized in many ways (for example, see [2—6]). Lately, Pachpatte in [6], ob-
tained the following inequality: if A; = Y 7 a,>0and B, =Y/ b;>0,forg=1,2,...,p
and n =1,2,...,r, where p and r are the natural numbers, then

2~ A,B, :
22 = C) Z@ q+1)(a,)*

2

> r-n+1)ba)*) (1)

n=1

where

Clpur) = 5 .

The integral analogue of (1) is given by

1

//yF ddt<D(x,y)</ (= $)f2(s)d )2
y 3
x </0 (y—t)gz(t)dt) , (2)
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where F(s) = [, f(t)dt >0, G(t) = fotg(v)dv >0, and

1
D(x,y) = Ea/xy.
In the past few years, several researchers have suggested the study of dynamic time scale
inequalities. In [7] the authors deduced some generalizations of the inequalities (1) and
(2) on time scales. Namely, they proved that if A(x;) = f‘fl a(t1)Aty, B(y1) = f::l b(t1) A1,
and p; > 1, 1 > 1 with p7* + g7' = 1, then

X2 y2 A B
/ / (il) 1) Ay A
w Jw @il —w)Prl 4+ pi(y —w)nt

-1

x9 12
=M(p1, q1) (/ (0 (x2) — 1) (@(x1))™ Ax1>

w

2 o
x (/ (o(2) = 31) (b)) Ay1)q1 , 3)

where
M(p1,q1) = (1) (a — T 10y, — )t @D, @)

In order to develop dynamic time scale inequalities, we moved the reader to the articles
[8-19].

Motivated by the above results, our major aim in this paper is to establish some dynamic
Hilbert-type inequalities in two separate variables on time scales. These inequalities can
be considered as extensions and generalizations of some Hilbert-type inequalities proved
in [7] for the two-dimensional on time scales.

The paper is governed as follows: In Sect. 2, we remember some basic notions, defi-
nitions and results on time scales calculus which will be required in proving our main
outcomes. In Sect. 3, we will exemplify the major results.

2 Preliminaries and basic lemmas
In this section, we will present some fundamental concepts and effects on time scales
which will be beneficial for deducing our main results. The following definitions and the-
orems are referred from [20, 21].

A time scale T is defined as an arbitrary nonempty closed subset of the real numbers.
We define the forward jump operator o : T — T for any ¢* € T by

o(t*) =inf{s* € T:s* > ¢*},
and the backward jump operator p : T — T for any t* € T by
p(t*) =sup{s* € T:s* < £*}.
From the above two definitions, it can be stated that a point t* € T with infT < £* < sup T is

called right-scattered if o (t*) > t*, right-dense if o (¢*) = ¢*, left-scattered if p(£*) < t*, and
left-dense if p(t*) = ¢*. If T has a left-scattered maximum £}, then T¢=T- {t},}, otherwise
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T* = T. Moreover, the forward graininess function j : T — [0, 00) for any ¢* € T is defined
by u(t*) = o (t*) - t*.

For a function f : T — R, the delta derivative of f at t* € TX is defined as £ (t*) if for
each ¢ > 0 there exists a neighborhood U* of ¢* such that

(@) =f ()] -r2E)e () ="l < elo () -5

, foralls* e U*.

A function f : T — Ris called right-dense continuous (rd-continuous) if it is continuous at
all right-dense points in T and its left-sided limits exist (finite) at all left-dense points in T.
The set of all such rd-continuous functions is denoted by C,,(T, R). We will frequently use
the following useful relations between calculus on time scales T and differential calculus
on R, as well as difference calculus on Z. Note that

(i) if T = R, then

o(t)=t", (=0, fA(*)=f(¢*), and

b b (5)
/ Ae)at = / f(&)drs;
(ii) if T = Z, then
o(t)=t"+1,  wu(t)=1,  f4(t")=Af(¢), and
(6)

b b-1
[ s =3 5).

a t*=a
Also, we must know some essentials about partial derivatives on time scales. Let T; and
T, be any two time scales. Let o1, A; and 03, A, denote the forward jump operator and
the delta differentiation operator on T; and T», respectively. Assume that & < w are points
in Ty, e < f are points in Ty, [u#, w) is a semiclosed bounded interval in T;, and [e,f) is a

semiclosed bounded interval in T,. Let us consider a “rectangle” in T; x T, given by

R = [u,w)r, X [e,f)T, = {(ti‘,t;‘) 1t € u, V), 8 € [e,f)'[[‘z}.

Suppose f : T x Ty — R is a real-valued function. At (¢},¢;) € T; x Ty, we say that f has
a A partial derivative with respect to ] if for each & > 0 there exists a neighborhood U
of £} such that

’

| (o1(6),5) =£ (s )] =f 2 (81, 65) 01 (8) - 7] | < o (&) = 5°

forall s* € U At (¢, £5) € T1 x T, we say that f has a A, partial derivative with respect
to ¢3 if for each & > O there exists a neighborhood Uy; of ¢; such that

e 0a(8)) £ (8. 0)] -2 (8 ) [02(8) - ][ = eloy (5) - 1

’

for all [* € Up.
A function f : Ty x Ty — R is said to be rd-continuous in #] if for every g € Ty, the
function f (B}, t;) is rd-continuous on T, and is rd-continuous in £} if for every g5 € T»,
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the function f (¢, B;) is rd-continuous on T;. Let CC,; denote the set of functions f (¢, ;)
on Ty x T, with the properties:

(Al) f is rd-continuous in £7;

(A2) f is rd-continuous in £;

(A3)if (x],%3) € T x Ty with 7 right-dense or maximal and x} right-dense or maximal,
then f is continuous at (x7,%5);

(A4) if x7 and x7 are both left-dense, then the limit of f (¢}, £3) exists as (¢}, £;) approaches
(x7,x3) along any path in the region

R (x),x5) = {(¢5,6) : £ € [, x) N Ty, 5 € [e,x3) N Ta}.
Let CC}d be the set of all functions in CC,; for which both the A; partial derivative and
the A, partial derivative exist in CC,,.
In the following, we present Fubini theorem on time scales which plays a key role in

proving the main results of this paper.

Theorem 1 (Fubini’s theorem [22]) Let Ty and Tobe two time scales. Suppose that f : T; x

Ty — R is a A-integrable function with respect to both time scales. Define

()= | f(x5¢")Ax*, forae t* €Ty,
Ty

and
¥ (x*) = i f(&5 %) At*,  fora.e x* €T,.
2
Then ¢ and  are A-integrable on Ty, Ty, respectively, and
/ Ax* | f(x" )AL = / At | f(x5 1) Ax" 7)
T Ty Ty Ty

Next, we present Holder’s and Jensen’s inequalities in two dimensions on time scales.

Theorem 2 (Holder’s inequality [23, Theorem 2.3.10]) Let u,v € T with u <v. If f,g €
CCid([u, VIt x [u,v]T, R) are integrable functions and p™* + g~ = 1 with p > 1, then

[ [veere.cvarse = ([ [oeparse)”

X (/uv /Mv|g(r*,t*)\qAr*At*)q_l. (8)

Theorem 3 (Jensen’s inequality [24, Theorem 3.1]) Let r*,t* € Rand —oco < m* < n* < oo.
Iff e CC}d(R, (m*, n*)) and @ : (m*, n*) — R is convex, then

q)(f;f;f(r*,t*)Alr*Azt*) < f’; _/:/ dD(f(r*,t*))Alr*Azt*' (9)

f:f:/ Alr’*Azt* f:f:/Alr*Azt*
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Lemma 1 (Young’s inequality [25]) If,Lu e R, andp' + g~ =1 with p > 1, then
lu<p™lP+q'ul, (10)
we get equality iff IF = uf.

3 Main results
In this section, we state and prove our main results. In particular, we establish the two-
dimensional versions of the inequalities given in [7]. Throughout this section, we will as-
sume that the following hypotheses hold:
(H1) Ty and T, are any two time scales with (i) £y, s1, k1, %,z € Ty; (ii) fo, t1, 71,5, w € To.
(H2) p1, q1 are any two real numbers such that p; > 1, g; > 1with 1/p; + 1/q1 = 1.
(H3) For ¢y € Ty, Ty we denote the subintervals of Ty, Ty by I, = [to,%)1,, I; = [0, 2)T,,
I, = [to,y)r, and I, = [to, W)T,, Where x,z € ) = [ty,00) N Ty and y, w € Q3 = [y, 00) N T.
(H4) There exist two functions ® and W which are real-valued, nonnegative, convex,
and submultiplicative, defined on [0,00). A function f* is submultiplicative if f*(x;y;) <
fH0)f*(n) for 1,51 = 0.

Theorem 4 Let (H1), (H2) be satisfied and f*(s1,t;) € CCLy(I, x L,R"), g*(ki,r1) €
CC}d(IZ x I, R*). Suppose that F*(s1,t1) and G*(k1,r1) are defined as

S1 t k1 n
F(s,t1) = f / FHE mAE AR G (ki) = f / & (En)AEAD. (1)
to to to to

Then for (s1,t1) € Iy x I, and (ky, ) € I, x I,,, one gets

x py/ opzopw F*(s1,t1)G*(k1,11) >
AkiAry | As At
/;o /to (/t; /to q1l(s1 — to)(t1 — t)]P 1+ prllky — t)(ry — )}t o

1

X y ITl
sC(pl,qn( / [ (o(x)—sl)(o(y)—tl)[f*(sl,m]’“mslml)

1

x (/ f (cw) k1) (o (2) - ;"1)[g*(k1,r1)]q1 AklArl) E, (12)
where
Clpran) = I%ql[(x )y - t0)] P [ t0)(z - 10)] T . (13)

Proof By assumption and applying Holder’s inequality (8) with respect to p1, p1/(p1 — 1)
and g1, q1/(q1 — 1), respectively, we find that

Fi(sut) < [(sl—ro)(tl—to)]@ﬂf( / 1 / l[f*(S,n)]plA%‘An)pl (14)

and

q1-1 k1 r ﬁ
G*(ky,r1) < [k — to)(r1 —t0)] @ (/ / [¢*(&, ﬂ)]qlAéAﬁ> . (15)



Abd El-Hamid et al. Journal of Inequalities and Applications (2021) 2021:31

By multiplying (14) and (15), we get

1—1

F*(s1,0)G*(k1,71) < [(s1 — to)(t1 — to)] ” [(kl —to)(r1 —to)] @

) (/0 /t: [F&,m]" Ak An)m
' </k / [ €m]" AsM)qll. (16)

Applying Young’s inequality on the term [(s; — o) (1 — £o)] P17t x [(ky — to) (r1 — tp)] @~ Va1
with u = [(s1 — to)(¢1 — )]~ V/P1 and [ = [(ky — to)(r1 — £5)]91~1/91, we observe that

F(s0, £1)G* (K1, 11) < <[(S1 — to)(t1 = )]~V L [k~ o) — to)](’“”)

P1 q1

- (/tol ft: [ & m]" ag An)"%
. (/: /t: [¢"(&m)]" A% An)';‘

_ <41 [(s1 — to) (11 — 20)]P* ™ + py[(ky — t0)(ry — to)](‘ll—l))
piqi

* (fto f: [, m]" Ak An)p‘l
’ (/t"kl /forl [, m]" A% An)qll' (17)

Dividing both sides of (17) by g1 [(s1 — to)(t1 — £0)]%2™V + p1[(ky — £o) (71 — £0)]9*~Y, we obtain

F*(s1,41)G*(ki,71)
q1[(s1 = to)(t1 — £0)11=V) + py[(ky — £o)(r1 — £p)]@1~D)

S (/ / [f*&m mAEM)
x (/t:l /: [g*(é,n)]qlAEAn>H~ (18)

Integrating both sides of (18) first with respect to r; and k; and then with respect to s;

and ¢, respectively, and applying Holder’s inequality (8) with indices p1, p1/(p1 — 1) and
q1, q1/(q1 — 1), we see that

F*(s1,t1)G*(ky,11)
k
/ / (/ / 01101 — f0)( tl—to)]mfupl[(kl—to)(n—to)]quA 1“1)“1“1

1-1

<E[(x L)y - to)] i [(Z—L‘o)(W—to)]

x (/t:/toy(/: /: [f*(é’n)]plAEAn>AslAtl)pll

Page 6 of 21



Abd El-Hamid et al. Journal of Inequalities and Applications (2021) 2021:31

* (/t: /tow(/t:l /torl [g*(&n)]’“AgA,}) AklAh)%
_C(PI»QI)</ / </ / (€, 1) plAEAU)AslAtl)ll
X (/t: /:(/:l /torl [g*(%'ﬂl)]qlAgAn> AklArl)qll' .

Applying Fubini’s theorem on (19), we conclude that

x py z rw F*(Sl, tl)G*(khrl)
k
/to /to (/to /to q1l(s1 — to)(t1 — 20)1P1~1 + p1[(ky — o) (r1 — £o)] 91! A 1Ar1> Ansh

x py pil
SC(pl»ql)(/ f (x_sl)(y_tl)[f*(sl:tl)]plASlAtl)

(// —k))(w = r1)[g" ki, r)]" A/qArl)ql,

and then, by using the fact that o (n) > n, one gets

x py/ opzopw F*(s1,t1)G*(k1,11) >
AkiAr; | As At
-/t‘o /:o (./t; /to D1l(s1 - 20)(t1 — L)L+ pr[(ky — t0)(r1 — go)]r-1 )TN

1

xory r1
§C(p1,q1)</ / (G(x)—Sl)(U(y)—tl)[f*(Sptl)]pl AslALj)

L

x (/;0 /to (U(Z) —rl)(a(w) _kl)[g*(kl,l"l)]ql A/qArl) '11’

which proves (12). This completes the proof. d

Using the relations (5) and taking Ty = T, = R, f = 0 in Theorem 4 leads to the following
result.

Corollary 1 Assume that f*(s1,t1) and g*(ki, 1) are real-valued continuous functions and
define

kq
Fo(sy, 1) = / / fendsdn, G- [ / “(&,m) dé dn.
Then for (s1,t1) € I, x I, and (ki,r) € I, x I, we have

X YLrE MY Fs, 0) Gk, ) )
dky dry ) ds, dt
/0 /0 (/0 /0 q1(51t1)"1‘1 +p1(k1}’1)ql‘1 1471 14l

x oy r1
sc*(pl,ql)( /0 /0 (x—sl)(y—m[f*(sl,tl)]’”dsldtl)

x( /0 /0 (z—kn(w—rl)[g*(kl,n)]qldkldn)ﬁ,

Page 7 of 21
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where
q-1

C*(pu,q1) = —(xy) o1 (zw) a
piq

By using the relations (5) and letting T; = Ty = Z, ¢, = 0 in Theorem 4, we get the fol-
lowing result.

Corollary 2 Assume that {am, n, Yo<mim <N and {bk, r Yo<k,,n<N are two nonnegative se-
quences of real numbers and define

m1; n ko
Amm =D @ Ban =22 ben
£=1 n=1 £=1 n=1

Then

m n w1
S )
> 1 q1-1
s2169 Vo 1611(51’51 1= +P1(k17’1) =

1

< C**(th)(z Z(Wll —si+D(m -t + 1)(“51,t1)p1>

s1=1¢=1

X (Z D (e —ki+ Dwy =1y + 1)(bk1,r1)q1) ,

k1=1r1=1

where

” 1 p1-1 a-1
C*(pr,q1) = ——(mym) 71 (zywy) @0
pP1q1

In the following theorems, we give a further generalization of (12) obtained in Theo-
rem 4.

Theorem 5 Let (H1), (H2), and (H4) be satisfied, f*(s1,t1) € CC}d(Ix x I,,R*), g*(ki,r1) €
CCL (I, x I,,,R*) and p*(&,n), q* (€, 1) be two positive functions. Suppose that F*(s, t,) and
G*(ky,r1)are as defined in Theorem 4 and let

S1 t k1 51
P(suty) = / / FEMAEAD, Q@ k) = / / FEMAEAD.  (20)
to to to to

Then for (s1,t1) € I, x I, and (ky,r) € I, x 1, we have
R A A D(F*(s1,21))W(G*(ky, 71))
k
fm / (f / S [ ey s o 1“) Asidn

<D(p1,q1)(/ / (c@®) —s1) (o) —tl)<p (sl,tl)q>|:f (‘;ii;]) AslAtl>P1

g *(ky,11) %
/ / (0(2) = ki) (o (w) = r1) | g* (ky, )W AklArl , (21)

q (kl: 1)

Page 8 of 21
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where

O(P*(s1,11) Pt e
D(p1,q1) = p1q1</t0 /t()( S1,t1)) ASlAﬁ)
W(Q (k1)) \ T i
( /t /t ( e ) AklAm) . (22)

Proof By assumption and using the Jensen’s inequality (9), it is clear that

P*(Sly tl)ﬁzl tf)l p*(S! n)[’;»{?z;]AEAn)
. tffp*(é n)AEAn

O (F*(s1,11)) = d)(

< o (P s t>)q>< o Jo P E Ml ]ASA")
a v o, n)AéAn
P* S1 tl * f* s U)i|
Plnt) / / (&) [ e | 254 (2)

Applying Holder’s inequality (8) with indices p; and p;1/(p1 — 1) on the right-hand side of
(23), we have

(F*(s1,11)) < [(s1 — to)(t1 = to) ] [1711 %

e [ L EDTY )‘
TN ) R S

Analogously,

L W(Q*(ky,71))
Q*(ky,11)

(e[ EEDTY aean)” (25)
/ / q(é,)

Thus, from (24) and (25), it can be concluded that

W(G*(ky, 1)) < [(ky — to)(r1 — L‘o)]

D (F*(s1,41)) W (G* (k1 11))

-1

=)
SE

< [(s1 - t0)(tr = 20)] 71 [(ky = ) — )]

O (s1,11)) f*En i
( P*(s1,t) (/ / ( & n)q)|: *(E, n):|) A«fAﬂ> >
W(Q (k) [ 5 ¢ En) )’h ))
( Q*(ky,11) (/ / (q (&, U)‘I’[q*(g’n)] AEAn . (26)
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Applying Young’s inequality on the term [(s; — £o) (1 — £o)]?1 V71 [(ky — to)(ry — to)] @D/,
we get

D (F*(s1,01)) ¥ (G* (K1, 1))

- ( [(s1 = o) (81 = 2)] ) [(ka — to)(r1 — to)](q11)>
+
- b1 q1

O(P*(s1,11)) . FHEn) T\ )‘)
X( P(s1, 1) (/ / ( (&) [p*(s,n)D ASA

(Q*(k1,m1)) ky N gED T\ ar
X( Q) (/ / ( (&7) [q*(s,m]) AEA”) ) 27)

From (27), we observe that

O(F*(s1, 1))V (G*(k1,71))
q1[(s1 — to)(t1 — £0)]®1=D + py[(ky — o) (r — to)]@1 D

1 [ P(P*(s1,t1)) " fHEn T\ )“)
S19141( P*(s1, 1) (/ / < (&) [P*(éﬂl)]) ASA
(Q*(ky,m) ([T . gEN " a
(G ([ [ (reme[£en]) aemn)™) e

Integrating both sides of (28) first with respect to r; and k; and then with respect to s; and

1, respectively, we get
N R Y e D(F*(s1, 01))W(G*(k1,11))
/ / (/ / al (sl—toxtl—to)]m1>+p1[<k1—to><r1—to)]<m1>A’“A”>AS1A“
D(P*(s1, 1))
p141(f/ S1,t1)
s1 I3l . f*(é:,n)]>pl >17L1 )
X(/ / (p (S,n)ﬂb[p*(g’n) AEAD | AsiAf
(// *(kl,rl
Q*(klxrl)
k1 (%-, ):|>Q1 )% )
(&, k .
([ (reme [ SE5]) sean)” snan @)

Using Hoélder’s inequality (8) again with respect to p1, p1/(p1 — 1) and q1, q1/(q1 — 1), re-

spectively, on (29), we may write

D(F*(s1, 1))V (G*(k1,71))
/ / (/ / d11(s1 — o) (b1 — o)) @1~ 1>+p1[<k1—to><r1—to)]m1Ak1A”>AS1A“

pr1-1

O(P*(s1,t1)) e
= oa nqi (/ /( P*(s1,11) ) ASlAtl)

q1-1

W (Q*(ky, 1)) o
( ( Q*km)) AM“)

Page 10 of 21
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(L (romalfem]) sson)onse)”
AL o {EE2]) o)’
o[ [ ([ (emalien]) scan)anon)
X (ft:/tow(/:l /t: (q*(é,n)‘ll[igzZ;DqlAéAn)AkIArI)qll.
Applying Fubinis theorem and using the fact that o () > 1, we get
f f (f /to q1((s1 — to)( th)_(i;%ltb”f;ﬁ:,ffl_’z)))(,l_to)](ql ) AklArl)AslAtl
<o [e-s0- (e[ ) sune)’
x (/t:/t:(z_kl)(w_r1)<q*(kl’rl)\p[izzl/:::ﬂ)m“ﬂ’l)qll
o[ ool )

z w * q1 %
([ [ea-brem-fronrn £ s

which is (21). This completes the proof. d

By using the relations (5) and taking T; = T; = R, ¢y = 0 in Theorem 5, we get the fol-
lowing result.

Corollary 3 Assume that f*(si,t1), g*(ki,r1) are real-valued continuous functions,

p*(s1,t1), q*(k1, r1) are two positive functions, and define

ki pn
F(su,t1) = f / FrEmdEdn Gk - fo /0 (€ n) di dn,

1 1 ki pn
P(suty) = /0 fo FEmdedn Q) - fo fo 4 (&,n) dt dn.

Then for (s1,t1) € I, x I, and (ky,r1) € I, x 1, we have
D(F*(s1, 1)) ¥ (G*(ky,11))
/ / (/ / qi(s10)71 71 + pr(kyry) 0~ 1dkldrl)d31dtl
X pry * P pl—l
S o 7
k , q1 %
(/ / (e~ k) (w—rl)<q (kyy 1)@ [ = ’;3]) dkldn) ,

Page 11 of 21
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where
O(P*(s1,11)) g
Slv 1 1
D (pqul)— (/. / < - ) d dt1>
P1iq1 P*(s1,t1)
q1-1

W(Q (k1) ks
(/ / ( Q) > ‘”“d”)

By using the relations (5) and taking Ty = Ty = Z, ¢, = 0 in Theorem 5, we get the follow-

ing result.

Corollary 4 Assume that {au, u, Yo<my,n <N> {Dky,r, Yo<ky,r <N @re two nonnegative sequences

of real numbers, {P, ., }o<my,m <N> {qky 1 Yo<ky,r <N are positive sequences, and define

m1; n1 ki
Ay = ZZ”EW’ Biyry = Z Zbévn’

£=1 5=1 £=1 =1

m; np ki n
Py = Z Zpé,ﬂ’ Qryry = Z Zq&rl'

£=1 n=1 £=1 n=1

Then

s1=1#1=1 \ky=1r1=1 ql(sltl)pl_l +p1(k1r1)q1‘1
1

oo p1\ ~1
D*(p a
=D* bql)(E E (my—s1+1)(ny -t + 1)(Psl,t1<1>|:p51,t1 :|> )
St

s1=1¢£=1

b - q1 %
(Z 2(21 ki+1)(wi—r + 1)(% " [qI: :|) ) ,

ki=1r=1
where
71-1
my np P 1 o
ok P11 Qk e
D=t (232 ) (22( @)™ "
s1=11¢1=1 ki=1r1=1 ki

Remark 1 By applying (10) on (12) in Theorem 4 and (21) in Theorem 5, respectively, we

get the following inequalities:

x Py /opzopw F*(s1,81)G*(ky,71) )
AkiAry | As At
/m / (// 2161~ ) — VP + ks o) — gt TR

< C(pqul){ ([ / O’(}C)—Sl)(O'(y)—tl)[f Sl,tl)] ASlAtl)
+ %(/to /to (0(2) — k1) (o (W) — 1) [g"* (ko r1)]" Ay Ar1> }, (30)
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where C(p1,41) is defined in (13), and

D(F*(s1, 11))W(G*(k1,71))
/ / (/ / 1161 — o) (&1 — )] 1)+191[(k1—t0)(’”1—t0)]q11Ak1AV1>AS1At1
* p1
<D(p1,q1){ <// O'(x) S1 (G()/)—tl)< (Sl,t1)¢|:£*(Z1,’2;j|> ASlAtl)
+%(/t0/to(o(z)—k1)(a(w)—r1)
* q1
x(q*(kl,rl)\ll[i*ill::i;]> AklAm)}, (31)

where D(p1,41) is defined in (22).

The following theorems present slight variants of (21) in Theorem 5.

Theorem 6 Let (H1), (H2), and (H4) be satisfied and f*(s1,t1) € CCid(Ix x I, R*),
g*(ky, 1) € CCL(I, x I,,R*). Define

sk _ 1 . h *
Fout) = e |, f FEmagan,
1
G k)= e | / (&, mAE A, (32)

Then for (s1,t1) € I, x I, and (ki,r1) € I, x 1,,, one gets

f / (f / D(F*(s1, 1))V (G*(ky, 1)) (51 — to)(t1 — to) (ky — o) (r1 — Lo)
q1l(s — to)(t — to) 17171 + pr[(k — £o) (r — tp)] 111

X Akl Ar1> ASlAtl

<Kpoa) (// o () = 51) (o) — 1) [®(F (s1,00)) AslAtl)ll

(f / kl (z)—rl)[\ll(g*(kl,rl))]ql AklArl)ql, (33)
where

K(p,q1) = L[(51 —t0)(t1 — to)| P1 [(ky —to)(r1 — )] T . (34)
piq1

Proof By assumption and using the Jensen’s inequality (9), we obtain

k _ 1 o n £
O (F*(s1,11)) = d)(i(sl_to)(tl_to)/t‘ /to f (&n)MM)

1 S1 151 .
= m[ fto O(f*(&,m) A& An. 35)
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Similarly,

W(G*(ky,r)) = (; / gE n)AEAn>

(ky — to)(r1 — to) Jy,

(kl - to) r—to) Jy / g'&m A*g‘An (36)

By multiplying (35) and (36), we get

CD(F*(Sl,tl))‘{’(G*(kl,ﬁ))
1
<
= (s1—to)(t1 — to)(ky — to)(r1 — to)

x (/51 /tl d>(f*($,n))A$An)
(/k/ (€ A-‘EM)

This implies that

D (F*(s1, 1)) W (G* (kv 1)) (s1 — to) (11 — to) (k1 — t0) (1 — to)

(/ / (f (&) ASM)(// W (g (€, ) Amn) @)

By Holder’s inequality (8), we find

D (F*(s1,11)) W (G* (kv 1)) (s1 — to) (1 — to) (k1 — t0)(r1 — to)

pr1-1 q-1

< [(s1 = o)t — t0)] #1 [(ky — to)(r1 — t0)] @1

x (/t 51 /: [o(r & m)]" AEAU) ' (ft:l /torl [ (e m)]" ASA") '

Applying Young’s inequality on the term [(s; — to) (1 — £o)]P1 V71 [(ky — £o)(r1 — to)] @D/,

we get

D (F*(s1,11)) W (G* (kv 1)) (s1 — to) (1 — to) (k1 — t0)(r1 — to)

- ([(51 —to)(tr — )P [(ky — to)(r1 — to)]‘“‘l)
< +
71

) ( / /:[q) (f*(é,n))]plASAny_l( / /:[‘lf(g*(&,n))]qlAéAn)%

This implies that

D(F*(s1, 1))V (G* (k1, 11)) (81 — to)(t1 — to) (k1 — 2o) (1 — to)
q1l(s1 — t0)(t1 — t0) 17171 + pr (k1 — to) (r1 — £o)] 9171

Pl‘h (/ / q>(f Sn) ’”‘AEA;;)




Abd El-Hamid et al. Journal of Inequalities and Applications (2021) 2021:31

k1 r %
(/ / [‘P(g*(é,n))]qlAEAn> . (38)

Integrating both sides of (28) first with respect to r; and k; and then with respect to s;
and ¢4, respectively, and applying Holder’s inequality (8) with indices p1, p1/(p1 — 1) and
91, q1/(q1 — 1), we get

/x /y(/z /W D(F*(s1, 1)) W (G*(ky,71)) (51 — to)(t1 — to) (ky — to)(r1 — to)
q1l(s1 — 20)(t1 — t0) 17171 + pr[(ky — to) (r1 — £o)] 9171

X AklAn) ASlAtl

"
([ L[ [ orenram)so)’
x(/;/:(/:/:Mg«an»m)wo*‘

([ [[([[ [ o0y azan)saan)”

(L L [ tvteemr scan)anan) ™

Applying Fubini’s theorem and using the fact that o (1) > n, we get

/ / (/ / D(F*(s1, 01))W(G*(ky,11)) (51 — to)(t1 — to) (ky — o) (r1 — to)
q11(s1 — t0)(t1 — t0) 17171 + pr[(ky — to) (r1 — £o)] 9171

X AklAV1> ASlAtl

1

<K(p1,q1) (/ / —51 o(y —tl)[d)(f (s1,5 )] lAslAtl)pl

1

< ( f ) / (0@ = k) (000) = ) [W (" (o)) ] Amﬁ)“,

which is (33). This completes the proof. g

By using the relations (5) and taking Ty = Ty = R, £, = 0 in Theorem 6, we get the fol-
lowing result.

Corollary 5 Assume that f*(s1,t1), g*(ki, r1) are real-valued continuous functions and de-

fine

1 $1 t 1 k1 r
Flout)= /0 /0 Flemdsdn G k)= /0 /0 ¢ dedn.
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Then for (s1,t1) € I, x I, and (ky, ) € I, x 1, we have

/ / (/ Y (s1t1) (ki) @ (F*(s1, 61)) W (G* (k1,71))

q1(51t1)171 1 +p1(kr)q 1 dky d}”l) ds; dt

X ry p—ll
< I<*(p11q1)<'/0 \/0 (x—sl)(y— tl)[q)(f*(sl,fl))]pl dSl dtl)

(// —ky)(w - Fl)[‘l’(g*(kl»rl))]qldkldh)ql,

where

r1-1 q1-1

K*(1d1) = —— ()P (o) i
pPiq1

By using the relations (5) and taking Ty = T, = Z, £y = 0 in Theorem 6, we get the follow-

ing result.

Corollary 6 Assume that {a,, u, Yo<myn <N> {Dky,r, Yo<ky,r <N are two nonnegative sequences

of real numbers and define

my n 1 ki n
A = ag ., By = — bg .
mi,ny min 521 ; &m 1,71 kir ; ; &m

Then

f:nzl ZZIWZ (Sltl (klrl)(I> $1, tl)\lj(Bkl rl)
s1=1t1=1 \kj=1r1=1 ql(sltl)pl 1+p1(klrl)ql !

1
myp nj

< K**(Ph%)iz Z(ml =St D =+ D(Plasa)” }

s1=11£1=1

1

{ZZ(Zl—kl"'l (w1 =71+ 1) (W(bgy )™ } ,

k1=1r=1

where
. 1 p1-1 -1
K*(p1,q1) = ——(min1) P (zywy) 0.
P19

Theorem 7 Let (H1), (H2), and (H4) be satisfied, f*(s1,t1) € CC (L < 1, RY), g*(ky, 1) €
CC (I, x I,,R*), and p*(&,n), g*(&,1) be two positive functions. Suppose that P* and Q*

are as defined in Theorem 5 and let

F(st1) = / / P E ) AEAD,

Slr tl

sk 1 k " * *
6'(hn) = s / f 4* (& mg* (&, M AE AT, (40)
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Then for (s1,t1) € I, x I, and (ky, ) € I, x 1, we have

DO(F*(s1, 1))V (G*(ky, 11))P* (51, 1) Q* (K, 11)
/to / (/ / 01 ((s1 = to) (11 — )1 + i [(Ky — t0) (1 — L0)]1- 1A’“A”>A“A“

L

= H(ph%)(/x /y(d(x) —51)((7()/) - t1)[P*(S1, t1)d>(f*(51, tl))]m AslAtl) "

1

x(/ / (a(z)—kl)(a(w)—n)[Q*(kl,rl)W(g*(kl,r1>)]’“Ak1Ar1)‘“, (1)

where

Hpr ) = ——[(s1 - to)(t1 - 0)] 71 [k = t0)(r1 = 10)] 1 (42)

pPiq1

Proof By assumption and using the Jensen’s inequality (9), it follows that

* _ 1 Srh * *
o) - o 5o [ [ renrenssan)

1 S1 51 . §
= P*(Sl:tl)./,:o A) V4 (é»’l)‘b(f (S,n))AsAn (43)

and
V(G (ki,m)) = (Q *(ki,r1) Joy /0 q'& ng ¢, n)AgAn>
k1
g ) [ renvieenaan "

From (43) and (44) and using Holder’s inequality (8) with py, p1/(p1 — 1) and q1, q1/(q1 — 1),
respectively, we get

O(F (61,1 = gy L1 -t - 0] T
x ( / / e E ) ASAn)% (45)
and
V(G (ky, 1)) < Q*(l )[(kl t)r1 — )] T i

ki pr ﬁ
x(f f [q*(s,n)W(g*(s,n))]qlAéAn) . (46)

From (45) and (46) and using the elementary inequality (10), we get

D (F*(s1,81)) W (G" (ky, 1)) P* (1, 1) Q" (ky, 1)

- ([(Sl —to)(t1 — )Pt [(ky = to)(r1 — to)]q11>
< +
P q1
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o h * % P1 1,—11
X (/to /to [P E (& m)] A-‘EM)

k1 r %
“(EnV(g*E )] AEA . 47
x(/tofm[q(sn) (@€ m)]" a¢ n> (@7)
This implies that

D(F*(s1, t1)) W (G* (ky, 1)) P* (51, 81) Q* (k1, 71)
q1l(s1 — to)(t1 — to)1P1~1 + pr[(ky — £0) (1 — £o) 1911

P1
< — (/ / [ (& )] A-‘EM)
k1 r %
x(/ / [q*(s,n)w(g*(s,m)]‘flAsAn) . (48)

Integrating both sides of (48) with respect to 7, and k; and then with respect to s; and
t1, respectively, and applying Holder’s inequality (8) with indices ps, p1/(p1 — 1) and ¢,
q1/(q1 — 1), we see that

D(F*(s1, 1))V (G*(ky1,71))P*(s1, 1) Q*(ky, 1)
f / (f / 01 1(s1 — fo)(t1 — to)JP1™ 1+P1[(/<1—t0)('"1—to)]‘“ lA’“A“>A“A”

= E[(’C - t0)] 7 [(z to)w — )] T

’ (/f: /foy(/: /t: (" & me(rEm)]" ag M) AslAﬂ)pLI
X (/t: /tow(/tokl /: [q*(g’”)‘l’(g*(s,n))]‘“AgAn> AklArl)%
: H(pbql)(/fox /toy(/: /t: [P & mo( & m)]" ASM) AslAﬂ)pLl

x ( /t /t W( /t ! /t [q*(s,n)\v(g*(s,m)]qlAsAn) AklAn)qll. (49)

Applying Fubini’s theorem and using the fact that o (1) > n, we get

D(F*(s1, 1))V (G*(k1,71))P*(s1, 1) Q*(ky, 11)
/ / (/ / d11(s1 — to)(t1 — L)} L + py [k — Lo) (1 — Lo)]11- IA'“A”>ASIA“

<H(p1,q1 </ / o(x —Sl)((f()/)—tl)[ Sl,tl (D(f (s1,t1 )] AslAtl)l

(f / = ki) (o (w) = 1) [q" (ky, r1) W (g* (Ko, 1)) | Ak1AV1)ql,

which is (41). This completes the proof. d

By using the relations (5) and taking Ty = T, = R, #, = 0 in Theorem 7, we get the fol-
lowing result.
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Corollary 7 Assume that f*(s1,t1), g*(ki,r1) are real-valued continuous functions,
p*(s1,t1), q*(k1, r1) are two positive functions, and define

F(sut1) = / / P (€ m) di dn,

Slr tl

P51, t1) - /0 /O o) de dn,
G (ki) = m/o /0 4 (& n)g* (€ ) di dn,

k1 r1
Q (ki) = /0 /O g* (&) de di.

Then for (s1,t1) € I, x I, and (ki,r1) € I, x 1,,, we get

S [ OE L )G )P (51, 2)Q K, 1)
/ / (/ / q1(s121)P171 + py (kyrp )11 dk1dr1)dsldt1

< H*(pl,qu( /0 fo (= 1)y — £)[p" 51 £ (P (51, 12)) " disy dtl)

( / / (e = k) w = )" (kv )0 (g7 (k) |© dkldrl)_‘,

where
ri-1 -1

1
H*(p1,q1) = ——(xy) P (zw) @ .
pPiq1

By using the relations (5) and taking T; = T, = Z, t, = 0 in Theorem 7, we get the follow-

ing result.

Corollary 8 Assume that {@m, u, Yo<my n <N> {bky,r Yo<ky,r <N D€ two nonnegative sequences
of real numbers and (P, u, Yo<my,n <N> {Gk;,r Yo<k;,r <N D€ positive sequences and define

my mn myp n
Ay = ZZ“E " Py = Z pr,ﬂ'
Pinymy £=1 n=1 §=1 n=1
r ki n
By = Q Zzbé Ul Qryn = qué,ﬂ'
ki go1 p=1 £=1 n=1

Then

f:i Zi Sltl Bklrl)Psltlelrl
q1(s181)P171 + py(kyry )77

s1=1t1=1 \ky=1r1=1
my  np 1Z3
< H**(phql)(z Z(ml -5t 1)(”1 -h+ 1)[p81,t1q)(a81,t1)]p1)
s1=1¢#=1

L

x (Z D -k + wi—ri+ 1)[qk1,,1\v(bkl,,1)]”“) :

ki=1r1=1
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where

. 1 na
H*(p1,q1) = ——(mim) 71 (ziwy) 1.
pPiq1

Remark 2 By applying (10) on (33) in Theorem 6 and (41) in Theorem 7, respectively, we
get the following inequalities:

/x /y(/z /W O(F*(s1,41))W(G*(k1,71)) (51 — Lo) (t1 — to) (k1 — £o) (11 — Lo)
o Jio \Jio J1o q1l(s1 — 20)(t1 — £0)1P171 + pr[(ky — 2o)(r1 — )91

X AklArl)AslAtl
SI((Pb%){pil(/x /y(g(x) -51)(c() _tl)[(D(f*(slrtl))]plAslAt1>
+ %(/to /tOW(O(Z) — k) (o (w) —rl)[w(g*(kl,rl))]ql AklArl)},

where K(p1,q1) is defined in (34), and

S LY DF(s1,0)) (G (k1, 71))P* (51, 1) Q" (k1, 71) >
Ak A As A
—[() /m (/;o fto D151 — o) (b1 — 1)1 + pa(ky — to)(ry — o)1~ 11 )Assh

1 x oy
el ([ [t o)
' % (fto /tow(" (2) - ki) (o (W) = 1) [q" (ki r1) W (g7 ki, 1)) | AklArl) }

where H(p1,q1) is defined in (42).

Remark 3 Clearly, for the one-dimensional case, Theorems 4, 5, 6, and 7, coincide with
Corollary 3.3, Theorems 3.2, 3.3, and 3.4, respectively, of [7].
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