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1 Introduction
Throughout this paper, let H, Ky, ICo, ..., KC, be real Hilbert spaces. Given a not necessarily
linear operator T from H into #, we denote by Fix(T) := {x € H | x = Tx} the set of all fixed
points of T'. We are interested in the following problem [13].

General Split Common Fixed Point Problem (GSCFPP)

»
Find a pointx € m Fix(U;) such that Ajx € Fix(T)), Vj=1,2,...,1,
i=1

where U; : H — H, T;: K; — K, are operators, and A; : H — K; is a bounded linear oper-
ator foralli=1,2,...,pandj=1,2,...,r.

If p = r = 1 then the GSCFPP is reduced to the split common fixed point problem.

Split Common Fixed Point Problem (SCFPP)

Find a point x € Fix(U) such that Ax € Fix(7T),
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which was first introduced by Censor and Segal [12]. They considered the case of directed
operators U and T. In [23], Moudafi solved the case of demicontractive mappings, and

proposed the following algorithm:

Uy =Xp — VA*(I - T)Ax,,,

Xpe1 = (L —a)u, + o, U(u,) formeN,

under suitable conditions of parameters, weak convergence is guaranteed.

Several important inverse problems [5-12, 23], can be rewritten to the description of
the GSCFPP. In order to solve the GSCFPP, Chen, Sahu, and Wong [13] proposed several
weakly and strongly convergent schemes. In this paper, we study the convergence of the
Krasnosel'skii-Mann iteration and the nearly contractive viscosity-type iteration, both in-
volving the inertial effect. The inertial terminology greatly improves the performance of
the algorithm (see, e.g. [2, 16, 19, 24]). The inertial method was developed by Polyak [26]
firstly. Alvarez and Attouch [1] employed Polyak’s idea, they constructed an algorithm,
combined with the proximal point algorithm, named inertial proximal point algorithm as

the following form:

Zy = Xp + Up(Xy —Xp-1),
n n n( n n 1) (1'1)
%ps1 = I+ A,B) 1z, formeN,
where B is a maximal monotone operator (Sect. 4). Here, ¢, (x,, —x,,_1) is named the inertial
term. It was proved that the inertial proximal point algorithm (1.1) converges weakly to a

zero point of B if {A,} is non-decreasing and {1,} C [0, 1) satisfies

o0
Z Dalln — %n-1 ||2 < 00. (1.2)

n=1

As in the common case that incorporating the inertial method in an algorithm greatly
improves the performance numerically. We refer the related research [4, 14, 15, 20, 29—
32] to readers.

In Sect. 2, we review some fundamental tools and results from the convex analysis. In
Sect. 3, we construct algorithms for solving the GSCFPP and study their weak and strong
convergence. In Sect. 4, we study the multiple split monotone variational inclusion prob-
lem. In Sect. 5, we provide a numerical example to demonstrate the performance of our

algorithms.

2 Preliminaries

Let I be the identity operator on H. Given a sequence {x,},cy in H and x € /. The nota-
tions “x, — x” and “x, — x” indicate the strong convergence to x and weak convergence
of {x,} to x, respectively. We denote by w,(x,) the collection of all points X such that there

is a subsequence of {x,} converges weakly to x.

Definition 2.1 A (not necessarily linear) operator T : H — H is said to be
o quasi-nonexpansive if Fix(T) # @ and || Tx — z|| < ||lx — z||, Vx € H, z € Fix(T);
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o firmly nonexpansive if | Tx — Ty||*> < (Tx — Ty,x — y), Vx,y € H, or equivalently,

2

1T = TylI* < llx—ylI> - | - D)x— T - T)y||", Va,yeH;

+ wa-strongly quasi-nonexpansive with o > 0 if Fix(T') # ¥ and

~% k- Tx|?,  VxeH,zeFix(T),

(x—Tx,z—x) <
2

or equivalently,
1T —z|® < |lx—z||® —allx— Tx||%, VxeH,z e Fix(T);

o B-demicontractive with B < 1 if Fix(T) # ¥ and

B-1

5 lx— Tx||%, VxeH,zeFix(T),

(x—Tx,z—x) <

or equivalently,
1 Tx —z|® < |l —z||® + Bllx = Tx|?, VY« € H,z e Fix(T).

Recall the metric projection Pc onto a nonempty, closed and convex subset C of H is
defined with that Pc(x) is the unique point in C such that ||x — Pc(x)|| = inf,ec ||x — w]|, or
equivalently

(x = Pc(x),z-Pc(x)) <0, VzeC. (2.1)

It is well known that P¢ is firmly nonexpansive, 1-strongly quasi-nonexpansive and also
(-=1)-demicontractive.

Lemma 2.2 ([21]) If T : H — H is B-demicontractive, then the fixed point set Fix(T) of T
is closed and convex.

Definition 2.3 Let 7 : H — H. We say that [/ — T is demiclosed at zero if for any se-

quence {x,} in H converging weakly to x and {x, — Tx,} converging strongly to 0, we have
(I-T)x=0.

For example, when T is nonexpansive, I — T is demiclosed at zero.

Lemma 2.4 ([25]) Let H be a Hilbert space and {x,} a sequence in H such that there exists
a nonempty set D of H satisfying:

(a) Foreveryze D, lim,_,« ||x, —z| exists.

(b) wy(x,) CD.
Then there exists x € D such that x, — X

Lemma 2.5 ([1, 20]) Let {¢,}, {8,} be two nonnegative sequences, and {,,} be a sequence
in [0,9] where © € [0,1). Assume
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(@) Oni1 —0n < Oul@n —Qu-1) + 8y m > 1,
(b) 302, 8, < 00.
Then the sequence {¢,} is convergent and y_ - [@ns1 — @uls+ < 00, where [¢], := max{t,0}.

Lemma 2.6 ([15, 17]) Assume {w,} is a sequence of nonnegative real numbers such that

Wil < (1 =v)wy + v, n>1,

Wyl SWyp—Np+0, n>1,

where {v,}, {u,} and {c,} are sequences of real numbers such that

(@) {va} C(0,1)and )y ;2 v, =00,

(b) lim,_ o0, =0,

(¢) limsupy_, o, 4y, <0 whenever limsup;_, ., N, = 0 for any subsequence of {n} of {n}.
Then lim,,_, oo w,, = 0.

3 Iterative algorithms for GSCFPP
We consider the following GSCFPP:

p
Find a point x € m Fix(U;) such that Ajx € Fix(T}), Vj=1,2,...,1, (3.1)

i=1

where U; : H — H an o;-strongly quasi-nonexpansive operator for i = 1,2,...,p, and T;:
K;j — K, a B;-demicontractive operator for j = 1,2,...,r.

In this section, we develop two iterative algorithms for solving GSCFPP (3.1) whenp =r.
For the case p # r, Wang and Xu [33] set U,.1, Upa,..., U, to be the identity mapping
when p < r, and set Ty,1, Tps2,..., T, to be the identity mappings when p > r. There is
another option: if p < r, we define U, := Uy, Uy := Us, ..., so on; while if p > r, we repeat
members of {A/};=1 and {T,»};=1 in a similar way. In either way, (3.1) is in the case p = r. Let
I" be the solution set of GSCFPP (3.1) and suppose I' # ¥ throughout this paper.

Lemma 3.1 ([13]) The solution set of GSCFPP (3.1)

p
= [x e (\Fix(U) | A € Fix(T)), ¥ = 1,2,...,7

i=1
is closed and convex.

Definition 3.2 ([13]) Let U;: H — H be an «;-strongly quasi-nonexpansive operator, T; :
Ki; — K, be a g;-demicontractive operator, A; : H — K; be a bounded linear operator, A}
be the adjoint operator of A;, and /; be the identity operator on K; for i = 1,2,...,p. We
define an operator S: H — H as follows:

p
Sx=Y alli(I-y:Aj(l; - T)Ai)x, forxeH,
i=1

where ; € (0,1) with Y} 7 | w; = 1.
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Lemma 3.3 ([13]) Let U; : H — H be an «;-strongly quasi-nonexpansive operator, T; :
K; — K be a B;-demicontractive operator, A; : H — K; be a bounded linear operator, and
O<yi< ﬁfori: 1,2,...,p. Define a functional r : H — R by

p
@) = Y oi[yi(1-Bi=-vllAd?) |t~ T A | + 0| Vis— UiVix|*],  forx € H, (3.2)
i=1

where V; =1 — y;Af(l; - T)A; fori=1,2,...,p. Then, for x € H and z € I', we have
[Sx - z||* < llx = z||* = r(x). (3.3)

Remark 3.4 In Lemma 3.3, we observe that r(x) > 0 for all x € H. Therefore, the operator

S is quasi-nonexpansive.

Lemma 3.5 Ifz,:=x, + 0,(x, — x,_1) where 0 <V, <1 forall n € N, then, for z € H,
2w = 201 < 1% = 2l1* + Ou (1% = 211> = %01 = 211%) + 2016w — 201 |12

Proof Using the identity 2(a, b) = ||a||® + ||b||? - |la — b||?, we have

lzn = 21% = || = 2 + 9060 = %-1) |
= oty — 201> + 20 (%0 — 2, X — K1) + O 1% — %1 |12
= llown = 201> + O (I — 217 + 1% = %1 1> = lovn=1 = 211%) + O %0 — 1 11
= llown = 201> + O (00 — 21 = 021 = PI?) + D (L + 90 1% — 21 |12

2 2 2 2
< % = 21> + Ou (v = 2l1* = %01 — 211%) + 20112, — %1 11
Hence, we obtain the desired result. O

3.1 Inertial Krasnosel’skii-Mann algorithm
Algorithm 3.6 (iIKMA: Inertial Krasnosel'skii-Mann algorithm) Let ¢, € [0,9] with ¢ €
[0,1), {s,,} is a sequence in (0,1], and w; € (0,1) with Y7 | w; = 1. Set

X0,%1 € H,
Zn =% + Oy (X — Xp-1),

K1 = (1= 8,)20 + Sp Yy Ui = viAF(L; = T)Ai)zy, forneN.

Theorem 3.7 Let U;: H — H be an o;-strongly quasi-nonexpansive operator, T; : K; —
K be a B;-demicontractive operator, A; : H — K; be a bounded linear operator,and 0 < y; <
ﬁfori =1,2,...,p.Assume that I - U;, I;— T; are demiclosed at 0 forall i = 1,2, ...,p, and
{s4} is a sequence in [a, 1] for some a > 0. Then the sequence {x,} generated by Algorithm 3.6
converges weakly to a point in T, provide that sequence {1} is chosen in [0, 9] with ¢ € [0,1)

such that

o0
> Ol = w1l < 00. (3.4)

n=1
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Proof Let z € I'. Combining Lemma 3.5, we have

21 — 2112
= (1 = $4)(2n — 2) + 54(S20 — 2) |
< (= su)llzu = 2lI? + 5411Sz4 — 21|
< =s)lzn—zlI* + su(llzu — 2II> = 7(zs))  (by (3.3))
= llzu — 2I1* = sur(2n)

< lxn - Z”2 + 29n(”xn - 2”2 = %1 — Z||2) + 20y (1%, — xp1 ”2 — 5,1(2n) (3.5)

< lxn = 2l1* + 2 (ln = 201> = lvne1 = 211%) + 2041165 — %1 )1 (3.6)

Applying Lemma 2.5 to (3.6), we conclude that the sequence {||x,, —z||} is convergent. The

condition (3.4) implies
12 = 2ll* = Ol = 2paI* < Dullotn = 25| — 0, as n— oo. (3.7)
It follows from the assumption on parameters and (3.5) that

0 <s,r(z,)
2 2 2 2
< 1% = 201> = 1%ne1 = 2I1% + P ([1%n — 211> = 1X01 — 211%)

+ 20,16, —x,_11%>, forallmeN. (3.8)

Letting # — oo in (3.8), and observing the assumption s, > a for all # € N, we have

r(z,) — 0. Since the coefficients in the finite sum (3.2) are all positive, we obtain
lim || (I; - T)Aiza| = lim |(I - U))Viza| =0, Vi=1,2,...,p. (3.9)
n— o0 n—oQ

For any subsequence {x,, } of {x,} which converges weakly to x. By (3.7), the subsequence
{24} of {z,} also converges weakly to x. Then A;z,, — A;x forall i =1,2,...,p. Hence,
using the demiclosedness of I — U; and [; — T; foralli = 1,2,...,p in (3.9), we conclude that
wy(x,) C T. It follows that {x,} converges weakly to a point in I by Lemma 2.4. O

Remark3.8 (a) Given ¥ € [0,1), and {,} is any positive sequence such that } 77, ¢, < +00.

The value of 9, can be chosen from [0, 3,,] where

. . .
3 mln{m,ﬁ}, if %, # %13

9, otherwise.

(b) In Theorem 3.7, the parameter s, is a relax condition to the classical Krasnosel’skii—
Mann algorithm (see, e.g. [3, Theorem 5.15]). When s,, = 1, the Algorithm 3.6 turns to the

Picard iteration.
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3.1.1 Strong convergence: inertial NC-viscosity-type algorithm
Let f be a contraction on H. The viscosity approximation method proposed by Moudafi
[22] generates a strongly convergent sequence:

X0 € H,
Xpy1 = tyf (k) + (1 —t,)Tx, formeN,

which converges strongly to a fixed point x* of T'. In [34], Xu further proved that the above
x* also satisfies the following variational inequality:

[f(x*) —a",x—x*) <0, VxeFix(T),

provided that {t,} fulfills certain conditions.

Recall that a sequence of mappings {f,} from # into H is called a nearly contractive
mappings with sequence {(xy,a,)} in [0,1) x [0,00) [18, 27, 28] if a, — 0, and for any
x,y € H and n € N, we have

”fn(x) /) ” <kullx =yl +an.

Here, we give two examples of nearly contractive mappings. Let H = R, a sequence of

mappings {f,,} defined by
Shx x<0,
Julx) =
2., x>0.

Then it can be verified that |f,(x) — f,(y)| < ,,—11 e —y| + n—il, for all x,y € H, n € N. Also,
if f, = f for all n, where f is a contraction on H, then f, is a nearly contractive mappings

with sequences k, = «, a, =0.

Algorithm 3.9 (iNCVA: Inertial NC-Viscosity-type algorithm) Let {t,}, {s,} be two se-
quencesin (0,1), 9, € [0, 9] with ¢ € [0, 1), and {f,} be a nearly contractive mappings with
{(kn, an)}. Set

X0, X1 € H;
Zp =% + Oy (Xn — %p-1),

i1 = (1= 8,2, + Sn(tnfn(zn)
+(1=t,) Y0 U1 — v, Af(I; = T)A)z,), forallmeN.

Lemma 3.10 Let U;: H — H be an o;-strongly quasi-nonexpansive operator, T; : KC; — K
be a B;-demicontractive operator, A; : H — K; be a bounded linear operator, and 0 < y; <
ﬁfor i=1,2,...,p. Given a contraction f with k € (0,1) and x* = Prf(x*). Assume that
I - U; and I; — T; are demiclosed at O for all i, and {f,} is a nearly contractive mappings
with {(«,, an)} such that k, — k. Assume that the following conditions are satisfied:

(C1) t, €(0,1) such that lim,_.oc t, =0 and y -, t, = 00;

(C2) O<n<s,<&<lforallneN;
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(C3) im0 fo(x™) = f(x");
(C4) limy o0 22 12, = x,1]) = 0.

Then the sequence {x,} generated by Algorithm 3.9 converges strongly to x* = Prf(x*).

Proof Lety, = t,f.(z,) + (1 - £,)Sz,, we have

s =]
< tu|fulzn) = x| + (1= £,) || Sz, — 27|
= tu([fu@) =fua@) | + [fue") = 27]) + (1= 8 2 - 7]
= tulicn 2 =" + @) + [ fu (%) = &7 + (1= 8) 20 - 7]
< (1= =kta) | 2w — | + tu([[fu(x*) = 2| +an).

Therefore,

|ome1 — x|
= | (=50 (zn = 2") + 5y —27) |
< (U =8z =" + suflyw - 7]
<@ =s0)|zn =] +5a(1 = (1 = k)tn) || 2w = 5" || + St (|| (6*) = %] + )
= (1= (1= kn)sutn)||zn = 2| + sutu (| £ (6*) = ™| + @)
(Vo (x™) — 2%l + an)

- (1) | 1y (=

= (1 -(1- Kn)sntn) ”xn ="+ 0 (%, — X1) ” + (1= Kn)Suty (W>

1-«y,

Y _ 4k
= (1 - (1 - Kn)sntn) “xn - x* || + ﬁn”xn _xn—lll + (1 - Kn)sntn(w>

1-«,
I (x*) =X || + @

= (1_(1_Kn)5ntn)”xn_x* ” +(1_Kn)5ntn( 1
— Ky

L n (3.10)
+— %0 — %01l )- .
(1 = k)Suty " o
Since lim,,_, oo fir (x*) = f(x*), lim;,_, o0 k,, = k and lim,_, » a, = 0, we conclude that the se-
quence {M} is bounded. On the other hand, the conditions (C2) and (C4) imply
the sequence {m [l — x,-1]1} is also bounded. Let an upper bound of

{ £ (™) — || + @y, Uy

+ Xy — Xp—
1—Kn (l—K,,)Snty,” n nl”}

be M. Then we write (3.10) as
[0ne1 = 27| < max{ |, — 27, M},

by induction, we have

%1 =2 | < max{|x; —a* |, M}.

Page 8 of 17
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Hence, {||x, —x*||} is bounded, so is {||z, — x*||} and {||y, — x*||}. Also,

1@l = @) = £ ) [+ 1 () |

< k2w = x| + an + [fu(x) ]
It follows that {f,(z,)} is bounded. From the inequality
(,v) < [lullllvIl < 172(1lull® + IvII®),
we have

[y =217 = en () =) + (1= 1) (S20 =) |

= tulfu(2n) — 8%,y — &%) + (1 = £,)(Sz, — &%,y — x¥)

= tu({fn(@n) = £ (") 30 = ) + (&) =f (") 30 = #7))
+ balf (8%) = &%, 0 — &%) + (1 = £,)(Sz0 — %%,y — &%)

< ta([[fuen) = () | + ) = () ) [ = 7]
Htalf (87) = 2" yn = 27) 4 (L= 1) [ Sz =" - [y =7

< tu (cullzn = [ + @) + [ (57) = f () [T = 27
Half () =",y = 27) + (L= 8)[ Sz — [ - [y — 7]
Eukn 1-¢,

= 2
Htalf () ="y = 2") + (@ + [falo) =f (7)) 90 =2

t}’l Kn
2

+tu(an+ [ (&) = @) ) | =27 +

(52 =" + |y —2[)

(2 ="+ =) +

=

1
2 =2+ 5 Iy =2 + 6alf (%) = 2,3 = 27)

1-
2

“ |z -
This implies that

[y =2 <tz =" + 2t + £ 0") =1 @) ) =

£ 26,(f (8) = 2,9 — &) + (1= 1) ] Sz — 2| .
Then, together with the inequality
sz =" < lou "] - i)
we have

b= | =tz =+ 2+ 1) ) ) ]
+ 28(f (6%) — &%, 7 — &%) + (1 = 8) | 20 — " ||2 - (1 =t,)r(z,)

<[1- =t ="+ 26 (an + L) =) ) 9 =27
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+ 2tn(f(x*) -, Yy —x*) —(1=t)r(z,).

Hence,

[ =1 = (0= 5z = 7) + 5 =) |

= (=) [2n = 2| + 5|9 = 6" * = 501 = 52120~ 91
< (1=50) 20 =% |* = (1 = ) 125 = 7 ll®
t5u[L= (L= s)t] |2 = 2| + 250talf (x7) = 2%, — 2°)
+ 25uty (@ + [ (67) =S @) ) 9 = 27| = 500 = £0)r(z)
= [1= = r0)sutn] |20 = %[ + 2sutalf () — %, 7 — %)

+ 28utn(@n + /o) =f (&) ) [0 =27 = 5L = sz =yl

—8,(1 = t)r(z,). (3.11)
Using the inequality ||u + v||? < ||u||> + 2(v, u + v), we get
O L M A
< ||x,, —x* ||2 + 219,,<x,, —Xy_1,2n —x*)
< |l =] + 209 — 2011l 20 — 27 (3.12)
Combining (3.11) and (3.12), we have
o1 =]
= [1 -(1- Kn)Sntn](”xn —-x* “2 + 20y [y — %1 | “Zn —-x" ”)
P2l (57) ~ 535 Bt + Ue?) ~ 1) Dl =57
= 8u(1—5,)llzn _yn”2 = $,(1 = t,)r(z4)
<[1- = Kn)sutn]|xn —5* ||2 + 28,tu(f (%) — %,y — x¥)
+ 2012 = -1l 2n = || + 25t (@ + o (67) = £ (7)) 9 =
= 8u(1—5p)llzn _yn||2 = 8,(1 = t,)r(2z4). (3.13)
Set Wy = ”xn _x*”Z’ Ty = Sn(l - Sn)llzn _yn”z + Sn(l - tn)r(zn)r and
2
= oy (@0 1) @) Dl =]+ ) =)
(1—-x,)
22 =il e -] )
+ s P || Al
Then we rewrite (3.13) as
(3.14)

Wpel < [1 - (1 - Kn)sntn]wn + (1 - Kn)sntnum

Page 10 of 17
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Wpil =Wy — Ty + O,y (3.15)
where

O = 28utulf (x°) = %%,y = %) + 20, 1%, — 21 ||| 20 — 27 |

+2ntn(@n + [ () =L () [) | = 2]

Since Y .7, t, = 0o and (C2) holds, lim,_, » &, = k. It follows that

oo

Z(l — Kp)Suly = 00.

n=1

Because ¢, € (0,1) and (C4), we see that lim,_, » 9,|x, — x,_1|| = 0. Together with the
boundedness of {||z, — x*||}, {|ly, —«*||} and lim,,_, £, = 0, we have lim,_, , 6, = 0.

In order to prove lim,,_, o w,, = 0, with Lemma 2.6, it remains to show that limy_, o, 7,, =0
implies limsup,_, ., #,, < 0 for any subsequence of {n;} of {n}. Let {r,, } be a subsequence

of {7,,} such that limy_, o 7, = 0. Since limy_,  £,, =0,0<n <s, <& <1, we have
lim ”an — Vng ”2 =0, (3.16)
k—o00
and limy_. o 7(zy) = 0, that is,
. 2. 2 .
lim || (I; - T)Aizy, |” = lim |(I - U)Vizw, | =0, Vi=1,2,...,p. (3.17)
k—o00 k—o00
Taking a subsequence {y,,k/} of {y,, } such that

limsup(f (x*) = &%,y —x*) = lim (f (x*) —x*,ynki - ).

k—o0 j—>00

Since {y,} is bounded, we further assume that {y,,kj} converges weakly to a point . It fol-
lows from (3.16) that {an,- } also converges weakly to the same point y. Due to (3.17), we get
y=Uyand A;y=T;A;y foralli=1,2,...,p by the demiclosedness of {I — U;} and {I; — T}}.
Then ¥ is a point in I. It follows, from equation (2.1), that

limsup(f (x*) — &%,y —x*) = lim (f (x*) =%y - x)

k—00 Jj—00

={f(x*) = Pof (x*),5 - Prf (x*)) <. (3.18)

Together with lim,_, o a, =0, 11mn—>oof;’l (JC*) :f(x*) and lim,,_, o z_: 1%, = %41l = 0, we con-
clude that

hlfrisolspunk :hltrisolipm{f(x )—x Yy — % )50.

Hence, x,, — x™ as 1 — o0. O



Chen Journal of Inequalities and Applications (2021) 2021:26 Page 12 of 17

Remark 3.11 The value of 9, can be chosen from [0, 9%,,], where

5 |minlpieg 9l if A

xp-1l’

n=

7, otherwise,

and {e,} is a positive sequence such that lim,, 5, &, = 0.

Theorem 3.12 Let U; : H — H be an o;-strongly quasi-nonexpansive operator, T; : KC; —
K; be a B;-demicontractive operator, A; : H — K; be a bounded linear operator, and 0 <
Vi < ﬁfor i=1,2,...,p. Given a sequence {v,} in H strongly converges to some vector v.
Assume that I — U; and 1; — T; are demiclosed at O for all i, and the following conditions are
satisfied:

(C1) ty €(0,1) such thatlim,_, o t, =0 and y -, t, = 00,

(C2) O<n<s,<&<1lforallneN,

(C3") Timy—s o0 221 = 1 || = 0.
Then the sequence {x,} generated by the following:

xo,x1 € H,
Zy=%Xp t ﬁn(xn _xn—l):

X1 = (1 —84)zy + Su(yvy + (1 = £,)Sz,) forallneN,

converges strongly to Prv. In particularly, if v, — 0, then the sequence {x,} converges
strongly to the solution xyi, which satisfies || %min || = min{||x| : x € T'}.

Proof Define contraction mappings f(x) := v, and f, (x) := v,,. Then {f,,(x)} satisfies the con-
ditions in Lemma 3.10. Hence, the proof is done. d

Remark 3.13 When we set f,, = f for some contraction mapping, the Algorithm 3.9 be-
comes the viscosity algorithm. The condition (C3) in Lemma 3.10 is satisfied automati-
cally.

4 Applications
Definition 4.1 A set-valued operator B : H — 27 is said to be
« monotone if for all (x, u), (y,v) € graph B, i.e., u € Bx and v € By, we have

x—yu—v)>0;

« maximal monotone if it is monotone and its graph is not properly contained in
another the graph of monotone operator;

« n-strongly monotone if there exists n > 0 such that for all (x, ), (y,v) € graph B, we
have (x —y,u—v) > nllx - y|%

« v-inverse strongly monotone (or v-cocoercive) if there exists v > 0 such that

(x—yu—v) >vlu-v|?

for all (x,u), (y,v) € graph B.
We denote zero(B) = {x € H | 0 € Bx]}.
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Definition 4.2 Let B: % — 2 be a set-valued operator and A > 0. The resolvent of B is
defined as follows:

Lpi=U+ A.B)_l.

Proposition 4.3 ([3]) Let B, : H — 2™ be maximal monotone and By : H — H is v-
inverse strongly monotone. Then, for A € (0,2v), the forward—backward operator Jp, (I —
ABy) is ;2 -averaged, or equivalently,

V38, (I = AB2)x — Jyp, (I — )»Bz)y||2

2

2V — A
< =912 = 2| (= Jay (U = 2Bo))x = (1 =iy (U= 2By, (4.1)

forallx,y e H.

Remark4.4 Asaconsequence of Proposition 4.3, if the set zero(B; + By) is non-empty, then
zero(B; + By) = Fix(Jyp, (I — ABy)) and J;5,(I — ABy) is %—strongly quasi-nonexpansive
(—(ZZZ—J)-demicontractive) for A € (0,2v). Also, the forward-backward operator U =

Jag, (I = AB,) is nonexpansive, thus I — U is demiclosed at zero.

We propose the multiple-set split monotone variational inclusion problem (MSSMVIP)
as follows:

4 r
Find a point x € H such that 0 € m(ﬁ(x) + Fi(x)) and 0 € m(gj(Ax) + G,(Ax)), (4.2)

i=1 j=1

where F;: H — 2%, G; : K — 2% are set-valued maximal monotone operators, f; : H — H,
g : K — K are inverse strongly monotone operators for i = 1,2,...,p, j = 1,2,...,r, and
A:H — K is a bounded linear operator.

We remark that there are some cases, f;(x) + F; may not be a maximal monotone operator,
even if it is so, the resolvent J; (s, might not be able to carry an analytic form easily.

Set U;=,r,(I - Af;) foralli=1,2,...,p and T; =])\G}.(I —-xg) forallj=1,2,...,r, respec-
tively. Hence, according Remark 4.4, the operator U; is a strongly quasi-nonexpansive and
the operator Tj is a demicontractive operator for all i, j. Also, I — U; and I — T; are demi-
closed at zero. Then MSSMVIP (4.2) becomes to GSCFPP (3.1) where K; = Ky =--- =
K,=Kand A; =Ay =--- = A, = A. Assume that p = r and the solution set of MSSMVIP
(4.2) (denoted I'yy) is not empty. The associated operator is

p
S=Y wdirI = M) (I = viA™ (I - g I - 2g)A),

i1
where ; € (0,1) with Y % | w; = 1.

Theorem 4.5 Let H and IC be two real Hilbert spaces and A : H — K be a bounded linear
operator. Letf; : H — H and g; : K — K be v;-inverse strongly monotoneforalli=1,2,...,p
and [vj-inverse strongly monotone forallj=1,2,...,p on H and K, respectively. Let {F;}, { G;}
be two families of maximal monotone operators. Set i := min{vi, Vo, ..., Vp, 1, U2+ .5 Up}s

€ [0,2u], and y; € (0, ==52) forj=1,2,...,p.
e[0,2ul, and y; (OZHZ/MZM) ji=1,2....p
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o (iIKMA) If {s,} is a sequence in (a, 1] for some a > 0, then the sequence {x,} generated by

X0,%X1 € H:
Zn =% + Op(®y — Xp1),

X1 = (1 —8,)z, +5,82,, neN,

converges weakly to a point in I'; provided that the sequence {0} C [0, 9] with
v € [0, 1) satisfies the following condition:

(e @]
2
D Oulldn — x|l < 00,

n=1

+ (iNCVA) Given a contraction h with k € (0,1) and x* = Pr,, h(x*). Suppose that {h,} is
a sequence of nearly contractive mappings with {(«,, a,)} such that k, — «, and the
following conditions are satisfied:

(C1) t, €(0,1) such that lim, oo t, =0 and y o\ t, = 00,
(C2) O<np<s,<&<1lforallneN,

(C3) limy— o0 M1, (x*) = h(x™),

(C4) lim, 1:_: [l —%n-1] = 0.

Then the sequence {x,} generated by

x0,%1 € H,
Zy = Xy + 0%y — Xu_1),

X1 = (1 = 84)zy + Su(tuhn(zy) + (1 - t,)Sz,), forallneN,
converges strongly to x*.

5 Numerical experience

In this section, we utilize those results to demonstrate convergence of our algorithms
for solving GSCFPP in finite dimensional Hilbert spaces. We present the behavior of
these inertial-iterations in a synthetic experiment. The codes were written by MATLAB
(R20013b) and run on a ASUS laptop with RAM 8 GB and Intel(R) Core(TM) i5-4200H
CPU @ 2.80 GHz. We consider the following GSCFPP.

Example 5.1 Letp=r=3,H =R? K; =K, =R?, and K3 = R3. The three closed balls in

H are as follows:

Cy = {(xl,xZ)T eH | \/(xl —2)2 +(x? —2)2 <5},

Co= () e M | (x - 1)* + (12 -3)* <4},

o= {(,6%) e H |/ (61 -3)* + (12 -2) <4},
The three sets Q1, Qa, Qs are setting as

Q={("7) eKi|-8<y' <-5and4<y* <7},
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Q= {(yl,y2)TelC2 |12 <y' <15and -6 <y <-2},

Q3= {(yl,yz,ys)Teng | -7 §y1 <-5-2 §y2 <2, and9§y3 < 11}.

The three matrices are

2 -5 5 2 3 0

Alz N A2: 5 and A3= 3 -3
0 3 0 -2

3 2

Checking the point (2,2)7 is in the solution set

3
r= {x: (xl,xz)Te’H‘xemCi andAjx € Q;forj=1,2,3¢.

i=1

The iIKMA is set as

X0, X1 € H;
Zy = Xy + U (®y — Xuo1),

%1 =022, + 0.8 "5 1Pc,(z, — AT I - Pg)Aiz,), formeN.
The iNCVA is set as

x0,%1 € H,
Zp =%Xp t ﬂn(xn _xn—l):

Xpi1 = 0.2z, + 0.8[%1/0 +(1- %) Z?:l %Pcl.(zn - yiAl.T(I —Pg)Aiz,)], forallmeN,

where %, € [0, ] with & € [0,1), and the parameters y; = 0.9 x 1/||Aj||2 forallj=1,2,3.
The initial points are chosen by xo = (0,3)7, x; = (3,2)7 and vy = (2,2)7. We present the

behavior of the value of the function ¢ at each iteration, where ¢ is defined by

p

1 1 1 1
o) = Z; lw = Peall® + 2 ) —llAps - PoAjxl®, e H.

i=1 j=1

r

The Remark 3.8 illustrates whereby to choose the parameter sequence {%,}. For the Ex-
ample 5.1, the parameter sequence {¥,} is chosen as follows:
min{ o P——E v}, ifx, #x,1;

9, otherwise,

where ¢ is a real number in [0, 1).
Figure 1 (a), (b) show that the performance of iKMA and iNCVA with ¢ =0.8and ¢ =0
(i.e., without the inertial terms), respectively. To be properly presented, we use the semilog

plotting. Figure 1 (c) demonstrates the inertial action of iKMA of each even terms.

Page 15 of 17
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(a) (b)
10° 10° _ 281
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\M‘ 26
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Figure 1 (a) Behavior of ¢p(x,) (n=1,2,...,20) of KMA and iKMA for Example 5.1. (b) Behavior of ¢(x,)
(n=1,2,...,5) of NCVA and iNCVA for Example 5.1. (c) The graph of level curve of ¢ in Example 5.1 with
sequence {xx | k=1,2,...,9} which is generated by iKMA

6 Conclusion

We present weak convergence and strong convergence results with inertial method for the
split common fixed point problem with multiple-sets, multiple-operators and the wide
class of quasi-nonexpansive type operators. Numerical simulations show that the algo-

rithms involving the inertial effect converge more quickly than without inertial terms.
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