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1 Introduction
In 2018, Cai et al. [1] introduced the following new family of Bernstein operators with

parameter A € [-1,1]:
"\~ k
Bu(fix) = an,k(k;x)f<;>, (1)
k=0

where Zn,k()\;x) (k=0,1,...,n) are the A-Bernstein basis functions defined as

B0 (5) = b0 () = 71 bpi1 1 (),
,];n,k()h;x) = bn,k(x) + )\(n;zy_ﬂl—l bn+1,k(x) - %I_(Ilbnﬂ,kﬂ(x)):
(k=1,2,...,n-1),

bn,n(k;x) = bn,n(x) - ﬁbrﬁl,n(‘x):

and b, (x) = (Z)xk (1 —x)"* (k=0,1,...,n) are the classical Bernstein basis functions.
They call these operators (1) A-Bernstein operators, they investigated some approxima-
tion theorems and also gave some numerical examples. In the same year, Acu et al. [2]
studied some approximation properties of Kantorovich type of operators (1). Later, Ozger
[3] gave some statistical approximation results of (1). In 2019, Cai et al. [4] proposed new
A-Bernstein operators based on g-integers and established a statistical approximation the-

orem. Some other papers also mention A-Bernstein operators, see [5, 6].

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-2309-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-2309-y&domain=pdf
mailto:chengwentao_0517@163.com

Cai and Cheng Journal of Inequalities and Applications (2020) 2020:35

Recently, Mursaleen et al. [7] defined the following (p, g)-analogue of Bernstein opera-

tors:

- k
B",qu(f;x) = mek(x;p’ q)f‘( k[ ]p,q

pars P nlpy

), x € 1[0,1], (2)

where b, (x; p,q) (k=0,1,...,n) are (p, q)-Bernstein basis functions defined as follows:

1 |n wen T
bux6p,q) = — |:k:| p 1_[ (¥’ -q'x), x€l01]. (3)
pT Py =0

There are many papers about the research and application of (p, g) operators, we mention
some of them [8-22].

Motivated by the above work, in this paper, we introduce positive linear A-Bernstein
operators based on (p, g)-integers as follows:

- k
Bly\l,p,q(ﬂx) = Zbﬁ,k(mp’ q)f<[]$>, x€[0,1], (4)

=0 prr (n]pq

where bﬁz,k (w;p,q) (k=0,1,...,n) are called (p, g)-analogue of L-Bernstein basis functions
and defined as

bz,o(x;p’ Q) = bn,O(x;p’ q) - Plin[:l»]p,q-#l bn+1,1(x;]9; 6]);

l—n[ Ipa—2 lfk[k] g+1
b2, @) = by 9, @) + (5 by k(5 22 4)

1-n ) —k k1, —1
£ [ijpf]zn[nq]gq_[l]p,q bn+1,k+l(x;P,LI)); (k = 1; 2,...,71 - 1)1

bﬁ,n(x;p, q) = bn,n(x§P, q) -

anﬂ,n(x;}?; )
b,x(sp,q) (k=0,1,...,n) are defined in (3), A € [-1,1],n>2,x € [0,1],and O< g < p < 1.
Obviously, whenp — 1, B;\l,p,q (f;x) reduces to g-analogue of A-Bernstein operators in [4];
when p,q — 17, B}, ,_(f;x) reduces to (1).

Here we mention certain notations on (p, g)-calculus, details can be found in [23-27].

For any fixed real numbers p > 0 and g > 0, the (p, g)-integers [#],, , are defined as follows:

b p#aL
(Mo =p" " +P"2q+ P+ 4pg" P 4" =L, p=1
n, p:q:l

(p, 9)-factorial and (p, g)-binomial coefficients are defined as follows:

(nlpq! =

(lpgln—1lpg-- - (Upg n=1,2,...; n _ (1]pq!
) n=0, k . (Kl pg!ln = Kl pg!

The aims of the present paper are to construct a new class of A-Bernstein operators
based on (p, g)-integers and give the rate of convergence of these operators.
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The rest of this paper is mainly organized as follows. In Sect. 2, we compute some mo-
ments and central moments of Bﬁ'p,q(f ;) which are needed to prove our main results. In
Sect. 3, we obtain a Korovkin approximation theorem and rate of convergence of operators

A .
Bnlp'q(f,x).

2 Some lemmas
In order to obtain the main results, we need the following lemmas.

Lemma 2.1 (see [7]) Forx€[0,1],0<q<p <1, we have

n—-1

qln-1],

Bupq(Lix) = 1; Biupq(t:%) = x; Bypq(t%5%) = [ljz] o [n] e
pa pa

Lemma 2.2 Let A € [-1,1], x € [0,1], and 0 < g < p < 1, for the operators Bﬁyp,q(f;x), we

have

B, (Lx)=1. (5)

Proof Actually, by (4) and the fact that g[n — 1], = [1],,, — p"', we have

A .
Bn,M(l,x)
= Z b;\z,k(xJPr q)
k=0
= an,k(x;p, q) - ﬁbm—l,l(x;py q)
=0 p [n]p,q +

pl—n [Vl]p,q - 2[1]p,q +1
p>n, -1

pl—n [n]p,q - 26[[9_1 [l]p,q -
prnl?, -1

+ A bn+1,1(x;P,Q)

- A

1
bus12(xp,q)

pl—n [n]p,q - 217_1 [Z]p,q +1

+A
2-2, 2
pnl, -1

bn+l,2 (x;p: q)

1-n —2
PNy —2qp7%2]p0 - 1
-2 17267]2;4[ ]2 lpq bn+1,3(x;P, q)
p Mpq ~
Py - 20728l + 1
2-211 4,12
Py, -1

+ A

b3, 9)

PNy —2qp M n =1y, — 1

—A
2—2 2
pnly, -1

A
bn+1,n (X;P; q) - bn+1,n(x;p; q)

pnlpg +1

=Y bu®p,q).

k=0

Then we can obtain (5) since By, 4(1;%) = >} _o bui(x;p,q) = 1. O
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Lemma 2.3 Let A € [-1,1], x € [0,1], and 0 < g < p < 1, for the operators Bﬁ’pq(f;x), we

have

B (%) =

2A[n + 1]pqx2(1 —x"1)

np.q Xt P2 n2 - 1)
A[n+1]pqx(1 x”)(

()
p) 4l

1 2 )
p q pplnlye+1)

)\,pn(]. _ xn+1)
1)y nlpqg — 1)

[” pa P " Mlpg — 1)
_ kl_[s=0 ps _qsx)
n(n-1) .
p ? q["]p,q(lﬂl’”[ﬂ]p,q—l)
Proof From (4), we have
B,q6:%)
(Klpq
ank(x’Prq) k n[ ]
n-1
(K], 1] — 20" K K] g + 1
=Y g+ E R S buixwp.q)
o Pl pnly, -
1] g = 2qp7 (K] pg — 1
- P lzilzn qf L bn+1,k+1(x;]97 q)):| + b,,,,,(x;p, q)
pnl, -1
A
- 4bn n\X; D»
pl—n[n]p,q +1 +1, (xp Q)
5\ [k,
= Z k—n[p? bux(x:p,q)
o P Mpa
n
(Klpg P "[nlpq— 20" [K]pg + 1
+AZ k— 2 1;?2,, P e bn+1,k(x;p;q)
P p*nl; 1

n-1
(Klpg P nlpg - 2qp_k[k]pq -1
- ) E—Dbur k1 (0, q)
Z pr N1y, p2—2n[n]127,q_ 1 n+lk+1
=N+ A+ A,
where
" (Kl
Ay = Z - by (% p,q);
= Pl
- [k]pq Plfn [n]pq - Zplik[k]pq +1
A =4 ; Db, x(%p,q);
kz(; pknl, pm2, -1
n-1
[k]pq pl_n[n]pq_qu_k[k]pq_l
Az =-2 : 3 : bn 5P, 4)-
13 Epk—n [I’l]p p2—2n [n]129,q _1 +1,k+1(x V2 q)

By Lemma 2.1, we get

Al,l = Bn,p,q(t; x) =X.

(6)

7)

(@)
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Next, since [k];,q = qlklpqlk — 11,4 + P [K]pq» we have

(Klpq 1 2p [kl pg
= - : bn+ 5 P>
Z k n[n]P pl—n [n]p,q -1 p272n [n]fj,q -1 l,k(x p q)

Alm+ 1], 4% ! 2x[n + 1] p g% 1
= : bn, (x; ) )— . bn, (x; ) )
Pl P[]y — 1) kXO: o ol g2 n1%, — 1) ; epd

2qk[n+1]pqx
P22 1) Zb” 1% P, q)

Mnl 2[n+1
[n1+ ]p'qx (1-#") - [Z+2 ]p,,;x (1-27)
[1]p,q (P "1l pg — 1) plnlpq (p* n[n]p,q —1)
2g1[n + 1], %> .
: 1 1), .
pn+1 (p2—2n [n]z,q _ 1) ( ) ( )
Finally, using the following two identities:
[k]p,q= w_p_k, [/]2 [k+1]pq[k]pq k[k]p'q’
q q q q
and some computations, we have
ANE:]
2 WZ_I Ky ( 1 2qp~ [Klpq ) b ( )
o - n+1,k+1\X; Py
P pk*n [n]p’q pl*}’l [n]p,q +1 p2—2n [n]g,q _1 Lk+1 v q
— [k +1pg = P
B by , (x; s )
q(pl—n [n]p,q +1) ; k— n[n]p’q +Lk+1\X5 5
2\ [k +1],,4[K]p,q — P¥[Kpg
bn+ +1\X%; P,
' [1]pqP*~2"[n]%, - 1) Z pkn 141 (%5, 9)

—Aln+ 1] 0% "
. bn \X; P, bn+ . x’ )
[l’l]p,q(pl—" [n]p,q +1) Z1 wpa q[n]p q(pl n[l’l]pq +1) Z Lk \Xprq

2A[n+ 1] pqx

2A[nm + 1], .42
+ —(p2 2”[;/1]:: D an k(%5 p, q) + P~ 1) ank(x,p, q)

2p" A\
+
qlnlpq (> [”’]Izgq -1)

A+ 1],% ( ~ ]_[:':_01 ¥ - g°x) ~ n) 2A[n + 1], 442 Lol
n]p}q(pl—n [n]p,q _ 1) 1 (n-1) X + pn(p2—2n [”1]129,[1 _ 1) ( x )

n-1

Z bn+1,k+1 (x;p; 61)
k=1

P <1 @ -x)  [n+1]4x [T @ - a'%) _xn+l)
q[l’l]p,q(l’l_" [n]p,q -1) % pw
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—Alm+ l]p a* ( x") 2A2[;f12+ 1] 4% (1 ~ x”_l)
[n]pq@' " [1lpq — 1) P -1)
Y n S _
b (1 - Hszo(ﬁfm) qsx) - x””). (10)
Q[H]p,q(lﬂ - [n]p,q -1) 2
Combining (7)—(10), we can obtain (6), Lemma 2.2 is proved. O

Lemma2.4 Letx e [-1,1],x€[0,1],n>1,and 0< g < p <1, for the operators B;yplq(f;x),

we have
B » q(t ;%)
_2L P x(1-x) Mg -pH)n+ 1],x° (1 -2
- [”]pq ]9 q pq(pl n n]pq"'l)
PPl —xmh) . 20(p*q - PP - pq* — ¢*)[n + 1] x> (1 - x"71)
g*[n)3 (" nlpg — 1) Palnlp,p* ' [nl}, - 1)
PP + ) n + 1] gx(1 - x7) P @ - %)
)2 ,(p' " [nlpg + 1) P " P (g — 1)

2q(p2 A + 1400 — 1], 23 (1 — x"72)
n+2[n q(p2 2n[n]2 _1)

L 2 2q-piln + 1y (ns=_0 W g% _ (1- xn))

q*nl} ,(p* 2" (]}, - 1) )

(11)

Proof From (4), we have

B, g (£5%)
(K12,

ank(x,P»Q) 2k 2n[ ]
pq

n-1 2 - -
(KT, " nlpg = 20" Klpg +1
=D :%[bn,k(ﬁﬁp’ ) +A<‘D pa b That ) ixipaq)

= pzk—Zn [n]P,q p2—2n [n][%'q -1

1-n —k
P "nlpg = 2qp~" klpq — 1
- 172?2}1 5 24 bn+1,k+1(x;pr q) + bn,n(x§Py q)
p>nl, -1
A
- 4bn+ n ; )
Pl +1 11(6p,q)

NTSH
= an,k(x; )X)

k=0 p bq

- Py = 20 Kl g + 1
+2 Z prk-an [n]2 P2 [”]zzqu 1 b1,k p,q)
nil: K13y P n)pg = 2qp ™ (K]pg — 1
— p2k—2n [n]}%,q p2—2n [n]fl,q -1

bn+1,k+1 (x§17; q)

=Ng1 + Do+ Ao, (12)
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where
Xn: - Zn[ ]2 bui(%:p,q);
oYt O s
Doz =-2 nXI: P 12(312 Pl =207 Wy =1 byi1,ks1(%5 05 q)-

2-2n],,]2
p>nlp, -1
By Lemma 2.1, we have

Pl —x)

Ny = B,,,p,q(tz;x) =x*+
(7lpq

(13)
Indeed, by using

(K12, = aWKlpglk = g + P K

[k];q = 613 [k]p,q [k - ]-]p,q [k - Z]p,q + qpk—Z(q + Zp)[k]p,q [k - 1]p,q +p2k_2[k]p,qr
Y -0 buik(x:p,9) = 1, and some computations, we obtain

AVYS

Z (K15, ( 1 20 k] g >
=A ’ - n+ (x; ) )
szk—zn [”]z,q P 1 Lk P g

=0 n]p,q -1 Pz —2n [n];;,q

qlK]pglk = Upq + P Klpq '
) pq — 1 Z 2k 2n[n]2 bn+1,k(x;[9, q)

2 2": P Klpglk = 1pglk = 2]pg + qp" (g + 20) K[k = Upg + P> [Klpg
(2, = (p*2[n)},, - p3=2n

gAln + 1], 422 20ln+ 1],x

< v
= bu_1x(%;p,q) + by (x5 p,q)
pz [n]p,q(pl—n [”‘]p,q -1) g 1 p,q(p1 a pq -1) Z
2q°A[n + l]pq[n 1] pqx3 =3
bn Y[
T Mg (P> 2" (]2, — 1) Z 24P, q

2q(q +2p)A[n + 1]p%° <
bn b )
PPy (> [n]p,q Z Lk P, q)

20" 2 A [ + 1], 0%
- bn )
(2, > 2, - Z K q

Cqrln+1],x°( —x”‘l) _ 2[2]pgqhln + 1]pgx* (1 —x"1)
- P’ [n]p,q(pl_”[”]p,q +1) p? [”l]p,q(p2_2n [”]}Z,,q -1)

PN+ 1]y g(1 — &™) ~ 2301 + 1] pgln — 1] x> (1 — x"72)
(n]2 (" [nlpq + 1) PNl (2"l — 1)

(14)
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Finally, using the following identities:

k 2k

1 p »
(Klpq = o+ Upalklng = 5l g + 75

k-1
(K3, = [k + g Klpglk = 11, + ”7 (1 - g) [k + g [Kl g

2k-1 3k
2 (2——>[k+1] P
7’ q

Y ko bui(x:p,q) = 1, and some computations, we have

n-1 2 _
(k] 1 2gqp~F[k]
Aoz =—) e ( - - — b4 )bn+1,k+1(x;17, q)
kZ;ka 2n [n]lth pl n[n]p,q +1 p2 2n [n]z,q ~-1
A7+ 1] 0 =2
=- : bu_1x(xp, q)
qlnlpg (™[l q + 1) § '

PAn+ 1]
bui(x;p,
[n]z(ln[nlpqn)z K q

pzn)\l n-1
- bus1x1 (%0, q)
) (P "l + 1) ; S
3 n-3

s 2xq[n + 1] 4[n — 1], 4%
p" [npq(p2 2”[”1]2 _1)

bn 2k(x;P¢

M

o8

n—

2(q -p)iin+ l]pqx2
pqln pq(p2 2"[”] -1)

bu_1x(%p, q)
k=0

20" 1(2q - p)r[n + 1] pqx
PR, -

Z bui(%;p,q)

2\p
b}’l + ’
RN 2”[n] - Z akabra

A[n +1]p ¥ (1 — &™) + p”k[n +1]p,%(1 — x")
pq(p n]pq +1) ],%,q(!’l_”["l]p,q +1)
_ pznk (1 _ l_[:l:()(ps _qu) _xn+1)
g*[nl2 (" nlpg — 1) )
20q[n + 1pg[n — 1] 23 (1 — x"72) . 2(q — p)Aln + 1] (1 — x"1)
P'nlpa@*"n]; - 1) pqlnly,(*>2"nl} , — 1)

2" (2q - p)Aln + 1pex (1 5@ -a9 —x”>
q2[ﬂ]§,q(192_2"[”]1%,q -1) » (n-1) .

(15)

Combining (12)—(15) and some computations, we can get (11), Lemma 2.4 is proved. [
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Corollary 2.5 Let 2 €[-1,1],x€[0,1],n>1,and 0< g < p <1, we have

Bﬁpq(t —X;%)
C2[n+ 1], 22 (1 -") (1 ~ z) N Ap"(1 —x™1)
e [n]7-1) qlnlp (" nlpg = 1)
Aln+ 1] pgx(1 — x™) <l_l_ 2 )
[Vl]p,q(!’l_”[”l]p,q -1)

p q pp'nly,+1)

M@’ — ')
n(n-1) 1_[ : 1 = yn)tp,q(x) (16)
P 2 q[n]p,q(p _n[n]p,q - 1)
2 4 2
1-n t 2 + 1-n
p [n]p,q -1 p [l’l]p,q -1 Q[n]p,q(l? [n]p,q - 1)
2
+ 2-2n[,,]2
P[n]p,q(P [l’l]p‘q -1)
=a(m;p,q); (17)
Bﬁpq((t - x)z;x)
1 5 6 6
= + 2(41- + 1-n + 2-2n 2
4nlpg PPNl —1)  qlnlpep'"nlpe -1 p [Vl]p’q -1
3 8 2
+ + +
2nl? 0"l = 1) qnlp >[5, - 1) ¢*nl} (> [n]}, - 1)
= B(m;p,q). (18)
Proof By Lemmas 2.2-2.3, we have
A .
B, q(t —X;%)
2A[n + 1], 62 (1 — 2" 1) (1 q) Apt(1 —xL)
= -—— ]+
P> nlz, - 1) qlnlp ("1l - 1)
k[n+1]pqx (1 —n" < 2 ) ML, @ - qsx)
1@ " (1pg = D\p g p""Tnlpg +1) P qlnlpq (' -
2[n+l]p,qx2(l—x )
- P (pz Zn[n]Z ) q[n]pq(pl ”[”]pq—l) AE [0, 1],
S PO (1 Jap— e »el-1,0]
n 1-n n _ 1-n1y n(n—1) ) ’ .
L Pl [ pa+l) Pj_lq["]p.q(l’l_"[”]p.q_l)
Since
l n n(n+1)
[0 -4 (1_2x>...<1_q_x)5p(21,
0 p p"
we have
n S 1) n
[0 - a'%) _ p 2 P

n(n—

n(n-1) -
2 q[n]p'q(pl‘”[n]p,q—l) p T pq(p n]Pq

1) q[”l]p,q(plfn [Vl]p,q -1) .
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We also have

2[n+1]p4 _ 2q[n]pq +2p"
P nly, -1 prp**[nl;, - 1)
__ 2plnlpg —p") +2p" N 2
T (P nlpg + VD @lnlpg —p")  p*[n]2, -1
2 4

= +
pl_n[n]p,q +1 P2_2" [n]}g,q -1

and

17

(n+1],4 1 V4

Alpg "]y —1) Pl —1 gl g @y — 1)

Then we obtain

Bﬁ,m(t - X;%)
2 4 1
Pllpg—1 |+ 2 2E o1 T qinlpg 1) A €1[0,1],
- 1 2 2 2 _
preit Pl -1 T @ gD pllpg> 2 mFq-1)’ A € [-1,0]
2 4 2
= t a2 + .
Pl =1 p>nll —1 qlnlyy(p'"[nlp, 1)

2
F Pl 2, — 1)

Therefore, (16) and (17) are obtained. Similarly, by using Lemmas 2.2-2.4 and some com-

putations, we can get (18). d

Lemma 2.6 Let L €[-1,1],x€[0,1],n>1,and 0<q<p <1, then Bﬁ,pyq(f;x) are positive

linear operators.

A
nmp.q

erty. Actually, we have

Proof Apparently, B), | _(f;x) are linear operators, we only need to prove the positive prop-

A
bl o (%0, q) = b p, q) — plTbm,l(x;p, q)

+1

An+1],.x
=bopq)|1- ————2T_ ),
n,O( p 11)< (pl_n [Vl]p,q T l)p”)
. Aln+1 .
since b, o(x;p,q) > 0 and 1 — p[[:;;’:;gf > 0 with the fact that [# + 1],, = plnl,, + 4" <

plnlpq +p", then we obtain b}, (x; p,q) > 0. Similarly, we can prove b’; ,(x; p,q) > 0. Finally,
we will prove bf,,k(x;p, q) >0 (1 <k <n-1).Indeed,

b}y (% p,q)

P Mlpg = 2P KKl + 1 1+ 10" = ")
pnl -1 piln+1-klp,

= bn,k(x;pr 61)|:1 + )"(

Page 10 of 17



Cai and Cheng Journal of Inequalities and Applications (2020) 2020:35

~ P nlpg - 2qp7 K]y — 1 pF[n + l]p,qx>]
p2—2n [n]lzy,q -1 19" [k + l]p,q ’

we need to prove

pl_n[n]p,q - ZPI_k [k]p,q +1[n+ 1]p,q(pn_k - qn—kx)
p2—2n [n]z,q - 1 P" [Vl + 1 - k]p,q

pl_n [”]p,q - qu_k[k]p,q - 1l7k[”l + 1]p,qx <
PZ_ZW [Vl]?),q -1 P"[k + l]p,q o

(19)

We can prove the above inequality in three cases:
A 1
Casel: forpit< [klpg < min{ % (pl‘” (Mg — 1), 2 (pk‘”[n]p,q +pk‘1) };
q
A 1
Case2: for max{ o (pl’" [M]pq - 1), 5 (pk’”[n]p,q +pk’1) }
q
< [Klpg <P ™= 1lpgs
A 1
Case3: for min{ by (P "My - 1), 3 (Pl + 1) }
q

k
= [klpq = max{g—q (P " [nlpq - 1), %(Pk_" [M]pq + P ") }

We mainly prove case 1. In fact, under the condition of case 1, we have
0<p ™ [nlpg = 20" Klpg + 1 < p " [nlpg - 1,
then we get

Py =20 KKy + 1 [m+ 1],y

0<
= P, 1 pln+1-klp,
< [7+1],4 1 < L
T Pl + P [+ 1=Ky T prk

with the help of [n + 1 - kl,, > p"* and [n + 1],,, < p[nl,, + p". That is to say,

P nlpg =20 KKy +1 [n+1],,0"7% -1

0< <1
pHn, -1 pPln+1l-kl,

Also we have

PNy = 20 KKl + 1 [+ 1,09 -1

0< ’
= pron [”]127,q -1 Pn+1-kl,g —

On the other hand, since

0<p "1y, —2qp[Klpg =1 < p'"[nlpy - 1,

Page 11 0of 17
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we obtain

_ —k k
0< Pl n[n]p,q -2qp" -1p-[n+ l]p,qx < [+ l]p,q pk

<1
T R, -1 pilk+ll,y T (@7l + Dpt k1], T

by the fact thatx € [0,1], [+ 1], 4 < p[nl,q +p", and [k + 1],4 > pX. Hence, (19) is proved
in case 1. Case 2 and case 3 are similar. Lemma 2.6 is proved. O

Lemma 2.7 (see [28]) Let the sequences q := {q,} = {1 — a,}, p:={p,} = {1 - B} such that
0<B.<a,<l,a,— 0, B, — 0asn— oco. The following statements are true:

(A) Iflim,,_, o ") = 1 and " |n — 0, then (1] p,1.q, — 0.

(B) Iflim,_, &P~ < 1 and e"P(a,, — B,) — O, then (1] p,.q, — OO

(C) Iflim,_, e"Pr=on) < 1,1im,_, oo"Pr=) = 1, and max{e"? /n,e"*n(at, — B4)} — O,

then [n],,q, = 0.

3 Main results
In the sequel, let the sequences g := {g,} and p := {p,,} satisfy the conditions of Lemma 2.7
and p" — a € (0,b], b is a finite positive real number.

Now we give a Korovkin type approximation theorem for Bﬁ’p, 3 %).

Theorem 3.1 Forf € Cjo1), A € [-1,1],x € [0,1],and n > 1, B’},,p,q(f;x) converge uniformly
to f on [0,1].

Proof The well-known Korovkin theorem (see [29], pp. 8—9) implies that positive linear

operators Bﬁ,p’ ,(f3x) converge to f(x) uniformly on [0, 1] as n — oo for any f € Cjo,1) if and
only if
B, (t5x) >« i=0,1,2. (20)

Obviously, (20) can be easily obtained by Lemmas 2.2—-2.4 as n — oo. Therefore, Theo-
rem 3.1 is proved. g

A
nmp.q

nitions about Peetre’s K-functional and modulus of smoothness. Let f € Cjo;}, endowed

Next, in order to get the rate of convergence of B (f;x), we give the following defi-

with the norm |[f]| = sup,¢(g 1) [f (%)
Peetre’s K-functional is defined by

!

Ka(f;5) = inf {If ~gll + 6"
where § >0and C? = {g € Cjo1;: £,&" € Clo,1)}. It is known that
K> (f38) < Can(f; V/3),
where C is a positive constant, and

wy(f;8) = sup sup  |f(x+2h) = 2f(x + h) + f(x)|

0<h<§ x,x+h,x+2he[0,1]



Cai and Cheng Journal of Inequalities and Applications (2020) 2020:35 Page 13 0of 17

is the second order modulus of smoothness. We also denote the usual of modulus of con-
tinuity by

o(f;8) = sup  sup ][f(x+h)—f(x)’.

0<h=<8 x,x+he[0,1

Theorem 3.2 For f € Cio1), 2 € [-1,1], x € [0,1], and n > 1, we have

|Bﬁ,p,q(f;x) _f(x)’ = Zw(f;\/ B(n;p, q));
where B(n; p, q) is defined in (18).

Proof Since |[f(t) —f(x)| < o(f; |t —x]) < (1 + %)a)(f;&), applying Bﬁ’p,q(f;x) to both ends

and using Lemma 2.2, we have

|Bz,pyq(f; %) —f(%)| < Bupg([f () - f()

1
;%) < (1 + gBﬁ,p,q(” —xl;x))a)(f;(S).
By the Cauchy—Schwarz inequality, we obtain

ot o

Then we have

|B;, . F3%) = f®)] < 20(f;/ B}, . (£ = %)%%)) < 20(f;v/ B p,q))

by taking 6 = /Bﬁ,p’q((t —x)%x), B(n; p,q) is defined in (18). Theorem 3.2 is proved. |

Theorem 3.3 For f € Cio1), 2 € [-1,1], x € [0,1], and n > 1, we have

|B}, (%) —f ()] < Con(f5 v a(m;p,9) + B p,9)/2) + oo(f; (15 p, q)),
where C is a positive constant, «(n; p,q) and B(n; p, q) are defined in (17) and (18).

-
Proof Let us define the auxiliary operators B, , (f;x),

B, (i%) = B., (fi0) = (% + ¥y @) + (), (21)

A

pqf3%) preserve not only con-

where y,;\'p,q(x) is defined in (16). Obviously, operators B
stant functions but also linear functions, say,

=
Bn,p’q(t —x;x) = 0. (22)

Letting g € C?, x,t € [0, 1], then by Taylor’s expansion

g(t)=glx) + gt —x) + / (t —u)g"(u)du (23)
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and (22), applying B (g;x) to (23), we have

mp,q

t
B,,,@x) -g®) =B,,, ( f (t - u)g" () du;x).
Therefore, using (21), we get

Bra@)

npq</ (¢ — u)g" (u) du; x>
Bﬁpq (/x (t—u)g"(u) du;x)

< (Bl g (t=0)%2) + (@) )¢

< (amp,q)* + B p,q))

*ipg®) A "
/ (% + Vg ) — 1) g" (u0) du
X

xt Vnpq
+/ ‘x+ynpq(x qu’/(u)’du

(24)

where a(n;p, q) and B(n; p, q) are defined in (17) and (18). We also have the following fact
by Lemma 2.2 and (21):

B, f3%)] < |BL, o3| + 20101 <311 (25)
Combining (21), (24), and (25), we have
|B2,p,q(f; x) _f(x)|

< [Boplf %) = (F ~0@)| + [B,, (@) ~ ()] + [f (x + v, ) ~ ()]
<4|f -gll + (¢(mp,q)* + Bmp,9)|¢"| + o(f;a(mp,q)).

Taking the infimum on the right-hand side over all g € C* and using the relationship be-
tween K-functional and the second order modulus of smoothness, we can obtain

’BHM ’<Cw2(f Va(n;p,q)* + B(n; p,q /2)+a)(f np,q)).
This completes the proof of Theorem 3.3. O

Theorem 3.4 Forf' € Cjo1}, A € [-1,1], x € [0,1], and n > 1, we have

|B;y . f3%) = f®)| < a(mp,q)|f'®)| + 2V BUns p, @ (f's v/ B p, 7))
where o(n; p, q), B(n;p, q) are defined in (17) and (18), respectively.

Proof Applying Bnp q(f'x) to both sides of f(¢) = f(x) + f/ (x)(t —x) + f(£) = f (x) = f (%) (£ — x),
we have

|Bnpq(f x) —f(x)|

< v x)||BnM(t—x, |+B2pq(

i)
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= @Bt - )|+Bﬁpq(|t—x|<1 £ x') )
= V x)||B"pq(t_x;x)| + Bﬁpq((t—x)z;x)(l + % npq((t x)? x)>
X a)(f’;a)

with the help of mean value theorem and the Cauchy-Schwarz inequality. Taking § =

B " q(( - x)%x) and by Corollary 2.5, we can get the desired result. Theorem 3.4 is

proved. d

For x,y € [0, 1], a function belongs to Lipschitz class Lip,, (&) if

[f) —f )| < Mly - xff, (26)

where M >0 and § € (0,1]. We end up giving the rate of convergence of B} , (f;x) on
f €Lip,(&).

Theorem 3.5 Let f € Lip,,(§), & € (0,1], then for A € [-1,1], x € [0,1] and n > 1, we have
|B;, 0 (f3%) = f ()] < M( Bip,9)’,
where B(n; p, q) is defined in (18).

Proof Since f € Lip,, (&), we have

|B},,,(f:%) —f(®)]
< Bl ;%)
<MZbAk(x,p, [/(]7"— ‘
k=0 [n]p,q

[K] 2\ & 2t
<MZ<bnk %p.q (i—x) ) (brip.0) 2

k—n [n]p,q

Applying Hélder’s inequality for sums, we have

’Bnpq (f;) f(x)|
Z [k] 2 % n 2%5
< M(; bﬁ,k(x;l’): Q) <}W};]qpq —x) ) (Z b;,k(x;P» q))
-0 , -

&
2

_M(szq((t_x)z;x))

N\m

<M(B(n;p,q))?,

where B(n; p, q) is defined in (18). Theorem 3.5 is proved. O
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Remark 3.6 Apparently, if the sequences g := {g,} and p := {p,} satisfy the conditions of
Lemma 2.7 and p" — a € (0, ], b is finite, then «(n; p, q), B(n; p,q) — 0 as n — oo. There-

fore, by Theorems 3.2-3.5, the convergence rate of Bﬁ,p,q(f ;%) to f is obtained.

4 Conclusion

In this paper, A-Bernstein operators based on (p, g)-integers are constructed, a Korovkin
. . . . )\. .

type approximation theorem is established, and also the rate of convergence of By, , .(f;x)

to f(x) is obtained.
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