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1 Introduction
In 2018, Cai et al. [1] introduced the following new family of Bernstein operators with
parameter λ ∈ [–1, 1]:

Bn,λ(f ; x) =
n∑

k=0

b̃n,k(λ; x)f
(

k
n

)
, (1)

where b̃n,k(λ; x) (k = 0, 1, . . . , n) are the λ-Bernstein basis functions defined as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

b̃n,0(λ; x) = bn,0(x) – λ
n+1 bn+1,1(x),

b̃n,k(λ; x) = bn,k(x) + λ( n–2k+1
n2–1 bn+1,k(x) – n–2k–1

n2–1 bn+1,k+1(x)),

(k = 1, 2, . . . , n – 1),

b̃n,n(λ; x) = bn,n(x) – λ
n+1 bn+1,n(x),

and bn,k(x) =
( n

k
)
xk(1 – x)n–k (k = 0, 1, . . . , n) are the classical Bernstein basis functions.

They call these operators (1) λ-Bernstein operators, they investigated some approxima-
tion theorems and also gave some numerical examples. In the same year, Acu et al. [2]
studied some approximation properties of Kantorovich type of operators (1). Later, Özger
[3] gave some statistical approximation results of (1). In 2019, Cai et al. [4] proposed new
λ-Bernstein operators based on q-integers and established a statistical approximation the-
orem. Some other papers also mention λ-Bernstein operators, see [5, 6].
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Recently, Mursaleen et al. [7] defined the following (p, q)-analogue of Bernstein opera-
tors:

Bn,p,q(f ; x) =
n∑

k=0

bn,k(x; p, q)f
(

[k]p,q

pk–n[n]p,q

)
, x ∈ [0, 1], (2)

where bn,k(x; p, q) (k = 0, 1, . . . , n) are (p, q)-Bernstein basis functions defined as follows:

bn,k(x; p, q) =
1

p
n(n–1)

2

[
n
k

]

p,q

p
k(k–1)

2 xk
n–k–1∏

s=0

(
ps – qsx

)
, x ∈ [0, 1]. (3)

There are many papers about the research and application of (p, q) operators, we mention
some of them [8–22].

Motivated by the above work, in this paper, we introduce positive linear λ-Bernstein
operators based on (p, q)-integers as follows:

Bλ
n,p,q(f ; x) =

n∑

k=0

bλ
n,k(x; p, q)f

(
[k]p,q

pk–n[n]p,q

)
, x ∈ [0, 1], (4)

where bλ
n,k(x; p, q) (k = 0, 1, . . . , n) are called (p, q)-analogue of λ-Bernstein basis functions

and defined as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

bλ
n,0(x; p, q) = bn,0(x; p, q) – λ

p1–n[n]p,q+1 bn+1,1(x; p, q),

bλ
n,k(x; p, q) = bn,k(x; p, q) + λ( p1–n[n]p,q–2p1–k [k]p,q+1

p2–2n[n]2
p,q–1 bn+1,k(x; p, q)

– p1–n[n]p,q–2qp–k [k]p,q–1
p2–2n[n]2

p,q–1 bn+1,k+1(x; p, q)), (k = 1, 2, . . . , n – 1),

bλ
n,n(x; p, q) = bn,n(x; p, q) – λ

p1–n[n]p,q+1 bn+1,n(x; p, q),

bn,k(x; p, q) (k = 0, 1, . . . , n) are defined in (3), λ ∈ [–1, 1], n ≥ 2, x ∈ [0, 1], and 0 < q < p ≤ 1.
Obviously, when p → 1–, Bλ

n,p,q(f ; x) reduces to q-analogue of λ-Bernstein operators in [4];
when p, q → 1–, Bλ

n,p,q(f ; x) reduces to (1).
Here we mention certain notations on (p, q)-calculus, details can be found in [23–27].
For any fixed real numbers p > 0 and q > 0, the (p, q)-integers [n]p,q are defined as follows:

[n]p,q = pn–1 + pn–2q + pn–3q2 + · · · + pqn–2 + qn–1 =

⎧
⎪⎪⎨

⎪⎪⎩

pn–qn

p–q , p �= q �= 1;
1–qn

1–q , p = 1;

n, p = q = 1.

(p, q)-factorial and (p, q)-binomial coefficients are defined as follows:

[n]p,q! =

⎧
⎨

⎩
[n]p,q[n – 1]p,q · · · [1]p,q, n = 1, 2, . . . ;

1, n = 0,

[
n
k

]

p,q

=
[n]p,q!

[k]p,q![n – k]p,q!
.

The aims of the present paper are to construct a new class of λ-Bernstein operators
based on (p, q)-integers and give the rate of convergence of these operators.
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The rest of this paper is mainly organized as follows. In Sect. 2, we compute some mo-
ments and central moments of Bλ

n,p,q(f ; x) which are needed to prove our main results. In
Sect. 3, we obtain a Korovkin approximation theorem and rate of convergence of operators
Bλ

n,p,q(f ; x).

2 Some lemmas
In order to obtain the main results, we need the following lemmas.

Lemma 2.1 (see [7]) For x ∈ [0, 1], 0 < q < p ≤ 1, we have

Bn,p,q(1; x) = 1; Bn,p,q(t; x) = x; Bn,p,q
(
t2; x

)
=

pn–1

[n]p,q
x +

q[n – 1]p,q

[n]p,q
x2.

Lemma 2.2 Let λ ∈ [–1, 1], x ∈ [0, 1], and 0 < q < p ≤ 1, for the operators Bλ
n,p,q(f ; x), we

have

Bλ
n,p,q(1; x) = 1. (5)

Proof Actually, by (4) and the fact that q[n – 1]p,q = [n]p,q – pn–1, we have

Bλ
n,p,q(1; x)

=
n∑

k=0

bλ
n,k(x; p, q)

=
n∑

k=0

bn,k(x; p, q) –
λ

p1–n[n]p,q + 1
bn+1,1(x; p, q)

+ λ
p1–n[n]p,q – 2[1]p,q + 1

p2–2n[n]2
p,q – 1

bn+1,1(x; p, q)

– λ
p1–n[n]p,q – 2qp–1[1]p,q – 1

p2–2n[n]2
p,q – 1

bn+1,2(x; p, q)

+ λ
p1–n[n]p,q – 2p–1[2]p,q + 1

p2–2n[n]2
p,q – 1

bn+1,2(x; p, q)

– λ
p1–n[n]p,q – 2qp–2[2]p,q – 1

p2–2n[n]2
p,q – 1

bn+1,3(x; p, q)

+ λ
p1–n[n]p,q – 2p–2[3]p,q + 1

p2–2n[n]2
p,q – 1

bn+1,3(x; p, q)

– · · ·

– λ
p1–n[n]p,q – 2qp1–n[n – 1]p,q – 1

p2–2n[n]2
p,q – 1

bn+1,n(x; p, q) –
λ

p1–n[n]p,q + 1
bn+1,n(x; p, q)

=
n∑

k=0

bn,k(x; p, q).

Then we can obtain (5) since Bn,p,q(1; x) =
∑n

k=0 bn,k(x; p, q) = 1. �
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Lemma 2.3 Let λ ∈ [–1, 1], x ∈ [0, 1], and 0 < q < p ≤ 1, for the operators Bλ
n,p,q(f ; x), we

have

Bλ
n,p,q(t; x) = x +

2λ[n + 1]p,qx2(1 – xn–1)
pn(p2–2n[n]2

q – 1)

(
1 –

q
p

)
+

λpn(1 – xn+1)
q[n]p,q(p1–n[n]p,q – 1)

+
λ[n + 1]p,qx(1 – xn)
[n]p,q(p1–n[n]p,q – 1)

(
1
p

–
1
q

–
2

p(p1–n[n]p,q + 1)

)

–
λ

∏n
s=0(ps – qsx)

p
n(n–1)

2 q[n]p,q(p1–n[n]p,q – 1)
. (6)

Proof From (4), we have

Bλ
n,p,q(t; x)

=
n∑

k=0

bλ
n,k(x; p, q)

[k]p,q

pk–n[n]p,q

=
n–1∑

k=1

[k]p,q

pk–n[n]p,q

[
bn,k(x; p, q) + λ

(
p1–n[n]p,q – 2p1–k[k]p,q + 1

p2–2n[n]2
p,q – 1

bn+1,k(x; p, q)

–
p1–n[n]p,q – 2qp–k[k]p,q – 1

p2–2n[n]2
p,q – 1

bn+1,k+1(x; p, q)
)]

+ bn,n(x; p, q)

–
λ

p1–n[n]p,q + 1
bn+1,n(x; p, q)

=
n∑

k=0

[k]p,q

pk–n[n]p,q
bn,k(x; p, q)

+ λ

n∑

k=0

[k]p,q

pk–n[n]p,q

p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
bn+1,k(x; p, q)

– λ

n–1∑

k=1

[k]p,q

pk–n[n]p,q

p1–n[n]p,q – 2qp–k[k]p,q – 1
p2–2n[n]2

p,q – 1
bn+1,k+1(x; p, q)

= �1,1 + �1,2 + �1,3, (7)

where

�1,1 =
n∑

k=0

[k]p,q

pk–n[n]p,q
bn,k(x; p, q);

�1,2 = λ

n∑

k=0

[k]p,q

pk–n[n]p,q

p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
bn+1,k(x; p, q);

�1,3 = –λ

n–1∑

k=1

[k]p,q

pk–n[n]p,q

p1–n[n]p,q – 2qp–k[k]p,q – 1
p2–2n[n]2

p,q – 1
bn+1,k+1(x; p, q).

By Lemma 2.1, we get

�1,1 = Bn,p,q(t; x) = x. (8)
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Next, since [k]2
p,q = q[k]p,q[k – 1]p,q + pk–1[k]p,q, we have

�1,2

= λ

n∑

k=0

[k]p,q

pk–n[n]p,q

(
1

p1–n[n]p,q – 1
–

2p1–k[k]p,q

p2–2n[n]2
p,q – 1

)
bn+1,k(x; p, q)

=
λ[n + 1]p,qx

p[n]p,q(p1–n[n]p,q – 1)

n–1∑

k=0

bn,k(x; p, q) –
2λ[n + 1]p,qx

p[n]p,q(p2–2n[n]2
p,q – 1)

n–1∑

k=0

bn,k(x; p, q)

–
2qλ[n + 1]p,qx2

pn+1(p2–2n[n]2
p,q – 1)

n–2∑

k=0

bn–1,k(x; p, q)

=
λ[n + 1]p,qx

p[n]p,q(p1–n[n]p,q – 1)
(
1 – xn) –

2λ[n + 1]p,qx
p[n]p,q(p2–2n[n]2

p,q – 1)
(
1 – xn)

–
2qλ[n + 1]p,qx2

pn+1(p2–2n[n]2
p,q – 1)

(
1 – xn–1). (9)

Finally, using the following two identities:

[k]p,q =
[k + 1]p,q

q
–

pk

q
, [k]2

p,q =
[k + 1]p,q[k]p,q

q
–

pk[k]p,q

q
,

and some computations, we have

�1,3

= –λ

n–1∑

k=1

[k]p,q

pk–n[n]p,q

(
1

p1–n[n]p,q + 1
–

2qp–k[k]p,q

p2–2n[n]2
p,q – 1

)
bn+1,k+1(x; p, q)

=
–λ

q(p1–n[n]p,q + 1)

n–1∑

k=1

[k + 1]p,q – pk

pk–n[n]p,q
bn+1,k+1(x; p, q)

+
2λ

[n]p,q(p2–2n[n]2
p,q – 1)

n–1∑

k=1

[k + 1]p,q[k]p,q – pk[k]p,q

p2k–n bn+1,k+1(x; p, q)

=
–λ[n + 1]p,qx

q[n]p,q(p1–n[n]p,q + 1)

n–1∑

k=1

bn,k(x; p, q) +
pnλ

q[n]p,q(p1–n[n]p,q + 1)

n–1∑

k=1

bn+1,k+1(x; p, q)

+
2λ[n + 1]p,qx2

pn(p2–2n[n]2
p,q – 1)

n–2∑

k=0

bn–1,k(x; p, q) +
–2λ[n + 1]p,qx

q[n]p,q(p2–2n[n]2
p,q – 1)

n–1∑

k=1

bn,k(x; p, q)

+
2pnλ

q[n]p,q(p2–2n[n]2
p,q – 1)

n–1∑

k=1

bn+1,k+1(x; p, q)

=
–λ[n + 1]p,qx

q[n]p,q(p1–n[n]p,q – 1)

(
1 –

∏n–1
s=0 (ps – qsx)

p
n(n–1)

2
– xn

)
+

2λ[n + 1]p,qx2

pn(p2–2n[n]2
p,q – 1)

(
1 – xn–1)

+
pnλ

q[n]p,q(p1–n[n]p,q – 1)

(
1 –

∏n
s=0(ps – qsx)

p
n(n+1)

2
–

[n + 1]p,qx
∏n–1

s=0 (ps – qsx)

p
n(n+1)

2
– xn+1

)
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=
–λ[n + 1]p,qx

q[n]p,q(p1–n[n]p,q – 1)
(
1 – xn) +

2λ[n + 1]p,qx2

pn(p2–2n[n]2
p,q – 1)

(
1 – xn–1)

+
pnλ

q[n]p,q(p1–n[n]p,q – 1)

(
1 –

∏n
s=0(ps – qsx)

p
n(n+1)

2
– xn+1

)
. (10)

Combining (7)–(10), we can obtain (6), Lemma 2.2 is proved. �

Lemma 2.4 Let λ ∈ [–1, 1], x ∈ [0, 1], n > 1, and 0 < q < p ≤ 1, for the operators Bλ
n,p,q(f ; x),

we have

Bλ
n,p,q

(
t2; x

)

= x2 +
pn–1x(1 – x)

[n]p,q
+

λ(q2 – p2)[n + 1]p,qx2(1 – xn–1)
p2q[n]p,q(p1–n[n]p,q + 1)

–
p2nλ(1 – xn+1)

q2[n]2
p,q(p1–n[n]p,q – 1)

+
2λ(p2q – p3 – pq2 – q3)[n + 1]p,qx2(1 – xn–1)

p3q[n]p,q(p2–2n[n]2
p,q – 1)

+
pn–2(p2 + q2)λ[n + 1]p,qx(1 – xn)

q2[n]2
p,q(p1–n[n]p,q + 1)

+
pλ

∏n
s=0(ps – qsx)

p
(n–1)(n–2)

2 q2[n]2
p,q(p1–n[n]p,q – 1)

+
2q(p2 – q2)λ[n + 1]p,q[n – 1]p,qx3(1 – xn–2)

pn+2[n]p,q(p2–2n[n]2
p,q – 1)

+
2pn–1(2q – p)λ[n + 1]p,qx
q2[n]2

p,q(p2–2n[n]2
p,q – 1)

(∏n–1
s=0 (ps – qsx)

p
n(n–1)

2
–

(
1 – xn)

)
. (11)

Proof From (4), we have

Bλ
n,p,q

(
t2; x

)

=
n∑

k=0

bλ
n,k(x; p, q)

[k]2
p,q

p2k–2n[n]2
p,q

=
n–1∑

k=1

[k]2
p,q

p2k–2n[n]2
p,q

[
bn,k(x; p, q) + λ

(
p1–n[n]p,q – 2p1–k[k]p,q + 1

p2–2n[n]2
p,q – 1

bn+1,k(x; p, q)

–
p1–n[n]p,q – 2qp–k[k]p,q – 1

p2–2n[n]2
p,q – 1

bn+1,k+1(x; p, q)
)]

+ bn,n(x; p, q)

–
λ

p1–n[n]p,q + 1
bn+1,n(x; p, q)

=
n∑

k=0

[k]2
p,q

p2k–2n[n]2
p,q

bn,k(x; p, q)

+ λ

n∑

k=0

[k]2
p,q

p2k–2n[n]2
p,q

p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
bn+1,k(x; p, q)

– λ

n–1∑

k=1

[k]2
p,q

p2k–2n[n]2
p,q

p1–n[n]p,q – 2qp–k[k]p,q – 1
p2–2n[n]2

p,q – 1
bn+1,k+1(x; p, q)

= �2,1 + �2,2 + �2,3, (12)



Cai and Cheng Journal of Inequalities and Applications         (2020) 2020:35 Page 7 of 17

where

�2,1 =
n∑

k=0

[k]2
p,q

p2k–2n[n]2
p,q

bn,k(x; p, q);

�2,2 = λ

n∑

k=0

[k]2
p,q

p2k–2n[n]2
p,q

p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
bn+1,k(x; p, q);

�2,3 = –λ

n–1∑

k=1

[k]2
p,q

p2k–2n[n]2
p,q

p1–n[n]p,q – 2qp–k[k]p,q – 1
p2–2n[n]2

p,q – 1
bn+1,k+1(x; p, q).

By Lemma 2.1, we have

�2,1 = Bn,p,q
(
t2; x

)
= x2 +

pn–1x(1 – x)
[n]p,q

. (13)

Indeed, by using

[k]2
p,q = q[k]p,q[k – 1]p,q + pk–1[k]p,q;

[k]3
p,q = q3[k]p,q[k – 1]p,q[k – 2]p,q + qpk–2(q + 2p)[k]p,q[k – 1]p,q + p2k–2[k]p,q,

∑n
k=0 bn,k(x; p, q) = 1, and some computations, we obtain

�2,2

= λ

n∑

k=0

[k]2
p,q

p2k–2n[n]2
p,q

(
1

p1–n[n]p,q – 1
–

2p1–k[k]p,q

p2–2n[n]2
p,q – 1

)
bn+1,k(x; p, q)

=
λ

p1–n[n]p,q – 1

n∑

k=0

q[k]p,q[k – 1]p,q + pk–1[k]p,q

p2k–2n[n]2
p,q

bn+1,k(x; p, q)

+
–2pλ

[n]2
p,q

n∑

k=0

q3[k]p,q[k – 1]p,q[k – 2]p,q + qpk–2(q + 2p)[k]p,q[k – 1]p,q + p2k–2[k]p,q

(p2–2n[n]2
p,q – 1)p3k–2n

=
qλ[n + 1]p,qx2

p2[n]p,q(p1–n[n]p,q – 1)

n–2∑

k=0

bn–1,k(x; p, q) +
pn–2λ[n + 1]p,qx

[n]2
p,q(p1–n[n]p,q – 1)

n–1∑

k=0

bn,k(x; p, q)

–
2q3λ[n + 1]p,q[n – 1]p,qx3

pn+2[n]p,q(p2–2n[n]2
p,q – 1)

n–3∑

k=0

bn–2,k(x; p, q)

–
2q(q + 2p)λ[n + 1]p,qx2

p3[n]p,q(p2–2n[n]2
p,q – 1)

n–2∑

k=0

bn–1,k(x; p, q)

–
2pn–2λ[n + 1]p,qx

[n]2
p,q(p2–2n[n]2

p,q – 1)

n–1∑

k=0

bn,k(x; p, q)

=
qλ[n + 1]p,qx2(1 – xn–1)
p2[n]p,q(p1–n[n]p,q + 1)

–
2[2]p,qqλ[n + 1]p,qx2(1 – xn–1)

p3[n]p,q(p2–2n[n]2
p,q – 1)

+
pn–2λ[n + 1]p,qx(1 – xn)

[n]2
p,q(p1–n[n]p,q + 1)

–
2q3λ[n + 1]p,q[n – 1]p,qx3(1 – xn–2)

pn+2[n]p,q(p2–2n[n]2
p,q – 1)

. (14)
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Finally, using the following identities:

[k]2
p,q =

1
q

[k + 1]p,q[k]p,q –
pk

q2 [k + 1]p,q +
p2k

q2 ;

[k]3
p,q = [k + 1]p,q[k]p,q[k – 1]p,q +

pk–1

q

(
1 –

p
q

)
[k + 1]p,q[k]p,q

–
p2k–1

q2

(
2 –

p
q

)
[k + 1]p,q –

p3k

q3 ,

∑n
k=0 bn,k(x; p, q) = 1, and some computations, we have

�2,3 = –λ

n–1∑

k=1

[k]2
p,q

p2k–2n[n]2
p,q

(
1

p1–n[n]p,q + 1
–

2qp–k[k]p,q

p2–2n[n]2
p,q – 1

)
bn+1,k+1(x; p, q)

= –
λ[n + 1]p,qx2

q[n]p,q(p1–n[n]p,q + 1)

n–2∑

k=0

bn–1,k(x; p, q)

+
pnλ[n + 1]p,qx

q2[n]2
p,q(p1–n[n]p,q + 1)

n–1∑

k=1

bn,k(x; p, q)

–
p2nλ

q2[n]2
p,q(p1–n[n]p,q + 1)

n–1∑

k=1

bn+1,k+1(x; p, q)

+
2λq[n + 1]p,q[n – 1]p,qx3

pn[n]p,q(p2–2n[n]2
p,q – 1)

n–3∑

k=0

bn–2,k(x; p, q)

+
2(q – p)λ[n + 1]p,qx2

pq[n]p,q(p2–2n[n]2
p,q – 1)

n–2∑

k=0

bn–1,k(x; p, q)

–
2pn–1(2q – p)λ[n + 1]p,qx
q2[n]2

p,q(p2–2n[n]2
p,q – 1)

n–1∑

k=1

bn,k(x; p, q)

–
2λp2n

q2[n]2
p,q(p2–2n[n]2

p,q – 1)

n–1∑

k=1

bn+1,k+1(x; p, q)

= –
λ[n + 1]p,qx2(1 – xn–1)
q[n]p,q(p1–n[n]p,q + 1)

+
pnλ[n + 1]p,qx(1 – xn)
q2[n]2

p,q(p1–n[n]p,q + 1)

–
p2nλ

q2[n]2
p,q(p1–n[n]p,q – 1)

(
1 –

∏n
s=0(ps – qsx)

p
n(n+1)

2
– xn+1

)

+
2λq[n + 1]p,q[n – 1]p,qx3(1 – xn–2)

pn[n]p,q(p2–2n[n]2
p,q – 1)

+
2(q – p)λ[n + 1]p,qx2(1 – xn–1)

pq[n]p,q(p2–2n[n]2
p,q – 1)

–
2pn–1(2q – p)λ[n + 1]p,qx
q2[n]2

p,q(p2–2n[n]2
p,q – 1)

(
1 –

∏n–1
s=0 (ps – qsx)

p
n(n–1)

2
– xn

)
. (15)

Combining (12)–(15) and some computations, we can get (11), Lemma 2.4 is proved. �
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Corollary 2.5 Let λ ∈ [–1, 1], x ∈ [0, 1], n > 1, and 0 < q < p ≤ 1, we have

Bλ
n,p,q(t – x; x)

=
2λ[n + 1]p,qx2(1 – xn–1)

pn(p2–2n[n]2
q – 1)

(
1 –

q
p

)
+

λpn(1 – xn+1)
q[n]p,q(p1–n[n]p,q – 1)

+
λ[n + 1]p,qx(1 – xn)
[n]p,q(p1–n[n]p,q – 1)

(
1
p

–
1
q

–
2

p(p1–n[n]p,q + 1)

)

–
λ

∏n
s=0(ps – qsx)

p
n(n–1)

2 q[n]p,q(p1–n[n]p,q – 1)
:= γ λ

n,p,q(x) (16)

≤ 2
p1–n[n]p,q – 1

+
4

p2–2n[n]2
p,q – 1

+
2

q[n]p,q(p1–n[n]p,q – 1)

+
2

p[n]p,q(p2–2n[n]2
p,q – 1)

:= α(n; p, q); (17)

Bλ
n,p,q

(
(t – x)2; x

)

≤ 1
4[n]p,q

+
5

p2(p1–n[n]p,q – 1)
+

6
q[n]p,q(p1–n[n]p,q – 1)

+
6

p2–2n[n]2
p,q – 1

+
3

q2[n]2
p,q(p1–n[n]p,q – 1)

+
8

q[n]p,q(p2–2n[n]2
p,q – 1)

+
2

q2[n]2
p,q(p2–2n[n]2

p,q – 1)

:= β(n; p, q). (18)

Proof By Lemmas 2.2–2.3, we have

Bλ
n,p,q(t – x; x)

=
2λ[n + 1]p,qx2(1 – xn–1)

pn(p2–2n[n]2
p,q – 1)

(
1 –

q
p

)
+

λpn(1 – xn+1)
q[n]p,q(p1–n[n]p,q – 1)

+
λ[n + 1]p,qx(1 – xn)
[n]p,q(p1–n[n]p,q – 1)

(
1
p

–
1
q

–
2

p(p1–n[n]p,q + 1)

)
–

λ
∏n

s=0(ps – qsx)

p
n(n–1)

2 q[n]p,q(p1–n – 1)

≤

⎧
⎪⎨

⎪⎩

2[n+1]p,qx2(1–xn–1)
pn(p2–2n[n]2

p,q–1) (1 – q
p ) + pn(1–xn+1)

q[n]p,q(p1–n[n]p,q–1) , λ ∈ [0, 1],
[n+1]p,qx(1–xn)

[n]p,q(p1–n[n]p,q–1) ( 1
q + 2

p(p1–n[n]p,q+1) ) +
∏n

s=0(ps–qsx)

p
n(n–1)

2 q[n]p,q(p1–n[n]p,q–1)
, λ ∈ [–1, 0].

Since

n∏

s=0

(
ps – qsx

)
= p

n(n+1)
2 (1 – x)

(
1 –

q
p

x
)

· · ·
(

1 –
qn

pn x
)

≤ p
n(n+1)

2 ,

we have

∏n
s=0(ps – qsx)

p
n(n–1)

2 q[n]p,q(p1–n[n]p,q – 1)
≤ p

n(n+1)
2

p
n(n–1)

2 q[n]p,q(p1–n[n]p,q – 1)
=

pn

q[n]p,q(p1–n[n]p,q – 1)
.
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We also have

2[n + 1]p,q

pn(p2–2n[n]2
p,q – 1)

=
2q[n]p,q + 2pn

pn(p2–2n[n]2
p,q – 1)

≤ 2(p[n]p,q – pn) + 2pn

(p1–n[n]p,q + 1)(p[n]p,q – pn)
+

2
p2–2n[n]2

p,q – 1

=
2

p1–n[n]p,q + 1
+

4
p2–2n[n]2

p,q – 1

and

[n + 1]p,q

q[n]p,q(p1–n[n]p,q – 1)
=

1
p1–n[n]p,q – 1

+
pn

q[n]p,q(p1–n[n]p,q – 1)
.

Then we obtain

Bλ
n,p,q(t – x; x)

≤
⎧
⎨

⎩

2
p1–n[n]p,q–1 + 4

p2–2n[n]2
p,q–1 + 1

q[n]p,q(p1–n–1) , λ ∈ [0, 1],
1

p1–n–1 + 2
p2–2n[n]2

p,q–1 + 2
q[n]p,q(p1–n[n]p,q–1) + 2

p[n]p,q(p2–2n[n]2
p,q–1) , λ ∈ [–1, 0]

≤ 2
p1–n[n]p,q – 1

+
4

p2–2n[n]2
p,q – 1

+
2

q[n]p,q(p1–n[n]p,q – 1)

+
2

p[n]p,q(p2–2n[n]2
p,q – 1)

.

Therefore, (16) and (17) are obtained. Similarly, by using Lemmas 2.2–2.4 and some com-
putations, we can get (18). �

Lemma 2.6 Let λ ∈ [–1, 1], x ∈ [0, 1], n > 1, and 0 < q < p ≤ 1, then Bλ
n,p,q(f ; x) are positive

linear operators.

Proof Apparently, Bλ
n,p,q(f ; x) are linear operators, we only need to prove the positive prop-

erty. Actually, we have

bλ
n,0(x; p, q) = bn,0(x; p, q) –

λ

p1–n + 1
bn+1,1(x; p, q)

= bn,0(x; p, q)
(

1 –
λ[n + 1]p,qx

(p1–n[n]p,q + 1)pn

)
,

since bn,0(x; p, q) ≥ 0 and 1 – λ[n+1]p,qx
p[n]p,q+pn ≥ 0 with the fact that [n + 1]p,q = p[n]p,q + qn <

p[n]p,q + pn, then we obtain bλ
n,0(x; p, q) ≥ 0. Similarly, we can prove bλ

n,n(x; p, q) ≥ 0. Finally,
we will prove bλ

n,k(x; p, q) ≥ 0 (1 ≤ k ≤ n – 1). Indeed,

bλ
n,k(x; p, q)

= bn,k(x; p, q)
[

1 + λ

(
p1–n[n]p,q – 2p1–k[k]p,q + 1

p2–2n[n]2
p,q – 1

[n + 1]p,q(pn–k – qn–kx)
pn[n + 1 – k]p,q
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–
p1–n[n]p,q – 2qp–k[k]p,q – 1

p2–2n[n]2
p,q – 1

pk[n + 1]p,qx
pn[k + 1]p,q

)]
,

we need to prove

∣∣∣∣
p1–n[n]p,q – 2p1–k[k]p,q + 1

p2–2n[n]2
p,q – 1

[n + 1]p,q(pn–k – qn–kx)
pn[n + 1 – k]p,q

–
p1–n[n]p,q – 2qp–k[k]p,q – 1

p2–2n[n]2
p,q – 1

pk[n + 1]p,qx
pn[k + 1]p,q

∣∣∣∣ ≤ 1. (19)

We can prove the above inequality in three cases:

Case 1 : for pk–1 ≤ [k]p,q ≤ min

{
pk

2q
(
p1–n[n]p,q – 1

)
,

1
2
(
pk–n[n]p,q + pk–1)

}
;

Case 2 : for max

{
pk

2q
(
p1–n[n]p,q – 1

)
,

1
2
(
pk–n[n]p,q + pk–1)

}

≤ [k]p,q ≤ p1–k–n[n – 1]p,q;

Case 3 : for min

{
pk

2q
(
p1–n[n]p,q – 1

)
,

1
2
(
pk–n[n]p,q + pk–1)

}

≤ [k]p,q ≤ max

{
pk

2q
(
p1–n[n]p,q – 1

)
,

1
2
(
pk–n[n]p,q + pk–1)

}
.

We mainly prove case 1. In fact, under the condition of case 1, we have

0 ≤ p1–n[n]p,q – 2p1–k[k]p,q + 1 ≤ p1–n[n]p,q – 1,

then we get

0 ≤ p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
[n + 1]p,q

pn[n + 1 – k]p,q

≤ [n + 1]p,q

(p1–n[n]p,q + 1)pn
1

[n + 1 – k]p,q
≤ 1

pn–k

with the help of [n + 1 – k]p,q ≥ pn–k and [n + 1]p,q ≤ p[n]p,q + pn. That is to say,

0 ≤ p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
[n + 1]p,qpn–k

pn[n + 1 – k]p,q
≤ 1.

Also we have

0 ≤ p1–n[n]p,q – 2p1–k[k]p,q + 1
p2–2n[n]2

p,q – 1
[n + 1]p,qqn–kx
pn[n + 1 – k]p,q

≤ 1.

On the other hand, since

0 ≤ p1–n[n]p,q – 2qp–k[k]p,q – 1 ≤ p1–n[n]p,q – 1,
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we obtain

0 ≤ p1–n[n]p,q – 2qp–k – 1
p2–2n[n]2

p,q – 1
pk[n + 1]p,qx
pn[k + 1]p,q

≤ [n + 1]p,q

(p1–n[n]p,q + 1)pn
pk

[k + 1]p,q
≤ 1

by the fact that x ∈ [0, 1], [n + 1]p,q ≤ p[n]p,q + pn, and [k + 1]p,q ≥ pk . Hence, (19) is proved
in case 1. Case 2 and case 3 are similar. Lemma 2.6 is proved. �

Lemma 2.7 (see [28]) Let the sequences q := {qn} = {1 – αn}, p := {pn} = {1 – βn} such that
0 ≤ βn < αn < 1, αn → 0, βn → 0 as n → ∞. The following statements are true:

(A) If limn→∞ en(βn–αn) = 1 and enβn /n → 0, then [n]pn ,qn → ∞.
(B) If limn→∞en(βn–αn) < 1 and enβn (αn – βn) → 0, then [n]pn ,qn → ∞.
(C) If limn→∞en(βn–αn) < 1, limn→∞en(βn–αn) = 1, and max

{
enβn /n, enβn (αn – βn)

} → 0,
then [n]pn ,qn → ∞.

3 Main results
In the sequel, let the sequences q := {qn} and p := {pn} satisfy the conditions of Lemma 2.7
and pn → a ∈ (0, b], b is a finite positive real number.

Now we give a Korovkin type approximation theorem for Bλ
n,p,q(f ; x).

Theorem 3.1 For f ∈ C[0,1], λ ∈ [–1, 1], x ∈ [0, 1], and n > 1, Bλ
n,p,q(f ; x) converge uniformly

to f on [0, 1].

Proof The well-known Korovkin theorem (see [29], pp. 8–9) implies that positive linear
operators Bλ

n,p,q(f ; x) converge to f (x) uniformly on [0, 1] as n → ∞ for any f ∈ C[0,1] if and
only if

Bλ
n,p,q

(
ti; x

) → xi, i = 0, 1, 2. (20)

Obviously, (20) can be easily obtained by Lemmas 2.2–2.4 as n → ∞. Therefore, Theo-
rem 3.1 is proved. �

Next, in order to get the rate of convergence of Bλ
n,p,q(f ; x), we give the following defi-

nitions about Peetre’s K-functional and modulus of smoothness. Let f ∈ C[0,1], endowed
with the norm ‖f ‖ = supx∈[0,1] |f (x)|.

Peetre’s K-functional is defined by

K2(f ; δ) = inf
g∈C2

{‖f – g‖ + δ
∥∥g ′′∥∥}

,

where δ > 0 and C2 = {g ∈ C[0,1] : g ′, g ′′ ∈ C[0,1]}. It is known that

K2(f ; δ) ≤ Cω2(f ;
√

δ),

where C is a positive constant, and

ω2(f ; δ) = sup
0<h≤δ

sup
x,x+h,x+2h∈[0,1]

∣∣f (x + 2h) – 2f (x + h) + f (x)
∣∣
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is the second order modulus of smoothness. We also denote the usual of modulus of con-
tinuity by

ω(f ; δ) = sup
0<h≤δ

sup
x,x+h∈[0,1]

∣∣f (x + h) – f (x)
∣∣.

Theorem 3.2 For f ∈ C[0,1], λ ∈ [–1, 1], x ∈ [0, 1], and n > 1, we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ 2ω
(
f ;

√
β(n; p, q)

)
,

where β(n; p, q) is defined in (18).

Proof Since |f (t) – f (x)| ≤ ω(f ; |t – x|) ≤ (1 + |t–x|
δ

)ω(f ; δ), applying Bλ
n,p,q(f ; x) to both ends

and using Lemma 2.2, we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ Bn,p,q
(∣∣f (t) – f (x)

∣∣; x
) ≤

(
1 +

1
δ

Bλ
n,p,q

(|t – x|; x
))

ω(f ; δ).

By the Cauchy–Schwarz inequality, we obtain

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤
(

1 +
1
δ

√
Bλ

n,p,q
(
(t – x)2; x

))
ω(f ; δ).

Then we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ 2ω
(
f ;

√
Bλ

n,p,q
(
(t – x)2; x

)) ≤ 2ω
(
f ;

√
β(n; p, q)

)

by taking δ =
√

Bλ
n,p,q((t – x)2; x), β(n; p, q) is defined in (18). Theorem 3.2 is proved. �

Theorem 3.3 For f ∈ C[0,1], λ ∈ [–1, 1], x ∈ [0, 1], and n > 1, we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ Cω2
(
f ;

√
α(n; p, q)2 + β(n; p, q)/2

)
+ ω

(
f ;α(n; p, q)

)
,

where C is a positive constant, α(n; p, q) and β(n; p, q) are defined in (17) and (18).

Proof Let us define the auxiliary operators Bλ

n,p,q(f ; x),

Bλ

n,p,q(f ; x) = Bλ
n,p,q(f ; x) – f

(
x + γ λ

n,p,q(x)
)

+ f (x), (21)

where γ λ
n,p,q(x) is defined in (16). Obviously, operators Bλ

n,p,q(f ; x) preserve not only con-
stant functions but also linear functions, say,

Bλ

n,p,q(t – x; x) = 0. (22)

Letting g ∈ C2, x, t ∈ [0, 1], then by Taylor’s expansion

g(t) = g(x) + g ′(t – x) +
∫ t

x
(t – u)g ′′(u) du (23)
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and (22), applying Bλ

n,p,q(g; x) to (23), we have

Bλ

n,p,q(g; x) – g(x) = Bλ

n,p,q

(∫ t

x
(t – u)g ′′(u) du; x

)
.

Therefore, using (21), we get

∣∣Bλ

n,p,q(g; x)
∣∣

≤
∣∣∣∣B

λ
n,p,q

(∫ t

x
(t – u)g ′′(u) du; x

)∣∣∣∣ +
∣∣∣∣
∫ x+γ λ

n,p,q(x)

x

(
x + γ λ

n,p,q(x) – u
)
g ′′(u) du

∣∣∣∣

≤
∣∣∣∣B

λ
n,p,q

(∫ t

x
(t – u)g ′′(u) du; x

)∣∣∣∣ +
∫ x+γ λ

n,p,q(x)

x

∣∣x + γ λ
n,p,q(x) – u

∣∣∣∣g ′′(u)
∣∣du

≤ (
Bλ

n,p,q
(
(t – x)2; x

)
+

(
γ λ

n,p,q(x)
)2)∣∣g ′′∣∣

≤ (
α(n; p, q)2 + β(n; p, q)

)∣∣g ′′∣∣, (24)

where α(n; p, q) and β(n; p, q) are defined in (17) and (18). We also have the following fact
by Lemma 2.2 and (21):

∣∣Bλ

n,p,q(f ; x)
∣∣ ≤ ∣∣Bλ

n,p,q(f ; x)
∣∣ + 2‖f ‖ ≤ 3‖f ‖. (25)

Combining (21), (24), and (25), we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣

≤ ∣∣Bλ

n,p,q(f – g; x) – (f – g)(x)
∣∣ +

∣∣Bλ

n,p,q(g; x) – g(x)
∣∣ +

∣∣f
(
x + γ λ

n,p,q(x)
)

– f (x)
∣∣

≤ 4‖f – g‖ +
(
α(n; p, q)2 + β(n; p, q)

)∣∣g ′′∣∣ + ω
(
f ;α(n; p, q)

)
.

Taking the infimum on the right-hand side over all g ∈ C2 and using the relationship be-
tween K-functional and the second order modulus of smoothness, we can obtain

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ Cω2
(
f ;

√
α(n; p, q)2 + β(n; p, q)/2

)
+ ω

(
f ;α(n; p, q)

)
.

This completes the proof of Theorem 3.3. �

Theorem 3.4 For f ′ ∈ C[0,1], λ ∈ [–1, 1], x ∈ [0, 1], and n > 1, we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ α(n; p, q)
∣∣f ′(x)

∣∣ + 2
√

β(n; p, q)ω
(
f ′;

√
β(n; p, q)

)
,

where α(n; p, q), β(n; p, q) are defined in (17) and (18), respectively.

Proof Applying Bλ
n,p,q(f ; x) to both sides of f (t) = f (x) + f ′(x)(t – x) + f (t) – f (x) – f ′(x)(t – x),

we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣

≤ ∣∣f ′(x)
∣∣∣∣Bλ

n,p,q(t – x; x)
∣∣ + Bλ

n,p,q
(∣∣f (t) – f (x) – f ′(x)(t – x)

∣∣; x
)
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≤ ∣∣f ′(x)
∣∣∣∣Bλ

n,p,q(t – x; x)
∣∣ + Bλ

n,p,q

(
|t – x|

(
1 +

|t – x|
δ

)
ω

(
f ′; δ

)
; x

)

≤ ∣∣f ′(x)
∣∣∣∣Bλ

n,p,q(t – x; x)
∣∣ +

√
Bλ

n,p,q
(
(t – x)2; x

)(
1 +

1
δ

√
Bλ

n,p,q
(
(t – x)2; x

))

× ω
(
f ′; δ

)

with the help of mean value theorem and the Cauchy–Schwarz inequality. Taking δ =√
Bλ

n,p,q((t – x)2; x) and by Corollary 2.5, we can get the desired result. Theorem 3.4 is
proved. �

For x, y ∈ [0, 1], a function belongs to Lipschitz class LipM(ξ ) if

∣∣f (y) – f (x)
∣∣ ≤ M|y – x|ξ , (26)

where M > 0 and ξ ∈ (0, 1]. We end up giving the rate of convergence of Bα
n,p,q(f ; x) on

f ∈ LipM(ξ ).

Theorem 3.5 Let f ∈ LipM(ξ ), ξ ∈ (0, 1], then for λ ∈ [–1, 1], x ∈ [0, 1] and n > 1, we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣ ≤ M
(√

β(n; p, q)
)ξ ,

where β(n; p, q) is defined in (18).

Proof Since f ∈ LipM(ξ ), we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣

≤ Bλ
n,p,q

(∣∣f (t) – f (x)
∣∣; x

)

≤ M
n∑

k=0

bλ
n,k(x; p, q)

∣∣∣∣
[k]p,q

pk–n[n]p,q
– x

∣∣∣∣
ξ

≤ M
n∑

k=0

(
bλ

n,k(x; p, q)
(

[k]p,q

pk–n[n]p,q
– x

)2) ξ
2 (

bλ
n,k(x; p, q)

) 2–ξ
2 .

Applying Hölder’s inequality for sums, we have

∣∣Bλ
n,p,q(f ; x) – f (x)

∣∣

≤ M

( n∑

k=0

bλ
n,k(x; p, q)

(
[k]p,q

pk–n[n]p,q
– x

)2
) ξ

2
( n∑

k=0

bλ
n,k(x; p, q)

) 2–ξ
2

= M
(
Bλ

n,p,q
(
(t – x)2; x

)) ξ
2

≤ M
(
β(n; p, q)

) ξ
2 ,

where β(n; p, q) is defined in (18). Theorem 3.5 is proved. �
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Remark 3.6 Apparently, if the sequences q := {qn} and p := {pn} satisfy the conditions of
Lemma 2.7 and pn → a ∈ (0, b], b is finite, then α(n; p, q),β(n; p, q) → 0 as n → ∞. There-
fore, by Theorems 3.2–3.5, the convergence rate of Bλ

n,p,q(f ; x) to f is obtained.

4 Conclusion
In this paper, λ-Bernstein operators based on (p, q)-integers are constructed, a Korovkin
type approximation theorem is established, and also the rate of convergence of Bλ

n,p,q(f ; x)
to f (x) is obtained.
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