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1 Introduction

A number of solutions of nonlinear equations were introduced and studied by Amann [1]
in 1972. In recent past, the fixed point theory and its applications have been intensively
studied in real ordered Banach spaces. Therefore, it is very important and natural for gen-
eralized nonlinear ordered variational inequalities (ordered equations) to be studied and
discussed, see [2—4]. In 1994, Hassouni and Moudafi [5] used the resolvent operator tech-
nique form maximal monotone mapping to study a class of mixed type variational inequal-
ities with single-valued mappings, which was called variational inclusions, and developed
a perturbed algorithm for finding approximate solutions of the mixed variational inequal-
ities, see [6]. It has been proved that the theory of variational inequalities (inclusions) is
quite application-oriented and thus it has been generalized in several different directions.
This theory is used to solve efficiently many problems related to economics, optimization,
transportation, elasticity, basic and applied sciences, etc., see [7—16] and the references
therein.
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In 2008, Li [17-19] studied the nonlinear ordered variational inequalities and proposed
an algorithm to approximate the solution for a class of nonlinear ordered variational in-
equalities (ordered equations) in real ordered Banach spaces. Very recently, Ahmad et al.
[20-22] considered some classes of ordered variational inclusions involving XOR operator
in different settings.

A lot of work has been done by Li [17-19, 23-25] to approximate the solution of gen-
eral nonlinear ordered variational inequalities and ordered equations in ordered Banach
spaces. On the other hand, the fuzzy set theory due to Zadeh [26] was specifically de-
signed to mathematically represent uncertainty and vagueness and to provide formalized
tools for dealing with the imprecision intrinsic to many problems, see [10-12, 27-30].

In this paper, we consider a new resolvent operator and prove that it is single-valued,
compression as well as Lipschitz continuous. We establish the equivalence between non-
linear fuzzy ordered variational inclusion problem and nonlinear fuzzy ordered resolvent
equation problem. Then these new results are used to solve a nonlinear fuzzy ordered
variational inclusion problem with its corresponding nonlinear fuzzy ordered resolvent
equation problem involving XOR operation after defining an iterative algorithm by ap-
plying a new resolvent operator method with XOR operation technique. We claim that
all the results of this paper, either preliminary or main, are the extension of results of Li
[17-19, 23, 24].

2 Preliminaries

Throughout this paper, we assume that #, is a real ordered positive Hilbert space en-
dowed with a norm || - || and an inner product (-,-). Let 2% (respectively, CB(H,)) be a
family of all nonempty (respectively, nonempty closed and bounded) subsets of H,,.

Let F(H,) be a collection of all fuzzy sets over H,. A mapping F : H, — F(H,) is said
to be a fuzzy mapping on H,,. For each p € H,,, F(p) (in the sequel, it will be denoted by
F,) is a fuzzy set on H, and F,(g) is the membership function of g in F,.

A fuzzy mapping F : H, — F(H,) is said to be closed if, for each p € H,, the function
q — F,(q) is upper semi-continuous, that is, for any given net {g,} C H,, satisfying g, —
qo € H,, we have

limsup F, (4a) < Fy(qo)-

For R € F(H,) and A € [0, 1], the set (R), = {p € H,, : R(p) > A} is called a A-cut set of R.
Let F: H, — F(H,) be a closed fuzzy mapping satisfying the following condition.

Condition (x): If there exists a function @ : H, — [0, 1] such that, for each p € H,, the
set (Fp)ap) = (g € Hp : Fp(q) = a(p)} is a nonempty bounded subset of #,,.

If F is a closed fuzzy mapping satisfying condition (x), then for each p € H,,, (F,)a() €
CB(H,). In fact, let {g,} C (Fp)a(y) be anet and g, — gqo € H,, then (F,)4() > a(p) for each
«a. Since F is closed, we have

Fy(q0) = liogrl sup F,(q4) = a(p),

which implies that go € (F,)a(»), and so (Fy)a(y) € CB(H,).
For the presentation of the results, let us demonstrate some known definitions and re-
sults.
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Definition 2.1 ([7, 31]) A nonempty closed convex subset C of H,, is said to be a cone if:
(i) forany p € Candany A >0, then Ap € C;
(ii) if pe Cand —p € C, then p =0.

Definition 2.2 ([31, 32]) A nonempty subset C of H,, is called
(i) a normal cone if there exists a constant 8y > 0 such that, for 0 < p < g, we have
Ipll < dnllgll for any p,q € H,;
(ii) foranyp,qeH, p<gqifandonlyifg—peC;
(iii) p and g are said to be comparative to each other if and only if we have either p < ¢
or g < p, which is denoted by p « g.

Definition 2.3 ([31]) An ordered Hilbert space H is said to be a positive Hilbert space
with a partially ordered relation “<” (denoted by H,) if, for any p,g € H, p > 0and g > 0,
then (p,q) > 0.

Example 2.4 Let H = R? with the usual inner product and norm, and let C = {(p, q)|p, g >
0,p < g and p,q € R} be a closed convex subset, and let < defined by a normal cone C be
a partial ordered relation in R, It is clear that Rﬁ is a positive Hilbert space with partial
ordered relation <. However, when letting C; = {(p,q)|qg > 0, |p| < 44q,p,q € R}, then C;
is a closed convex subset. Obviously, R? is a nonpositive Hilbert space with < because
((=25p,p), (v, p)) = —1.5p* < O for (=2.5p,p), (p,p) € C:.

Definition 2.5 ([31]) For arbitrary elements p,q € H,, lub{p,q} and glb{p,q} mean the
least upper bound and the greatest upper bound of the set {p,q}. Suppose that lub{p, q}
and glb{p, q} exist, some binary operations are defined as follows:
(i) pVq=Ilublp.q};

(ii) pAg=glbip,q};

(i) p@®g=p-q)VI(g-p)

(iv) pOg=p-9) A(g-p)
The operations @, ©, V, and A are called XOR, XNOR, OR, and AND operations, respec-
tively.

Lemma 2.6 ([32]) For any natural number n, p X q, and q,, — q* as n — 0o, then p X q*.

Proposition 2.7 ([17, 19, 23-25]) Let ©® be an XNOR operation and & be an XOR opera-
tion. Then the following relations hold.:
(i) pOP=p®p=0,pOq=q0p=-P®q) =-(qDp);
(ii) f px O, then -pBHO<p<p®O0;
(iii) (Ap) ® (Aq) = [M|(p & );
(iv) 0<p®qifpog
(v) ifpoxq, thenp ®q=0ifand only if p = g;
Vi) P+ O m+v)=(pOu) +(@ov);
(vii) p+q) O (u+v) =P OV) + (@O u);
(viii) if p,q, and w are comparative to each other, then (p ® q) <pSw+wd g;
(ix) ifpoxq, then (p®0) D (¢D0)=(p®q) ®0=pDg;
x) ap®Bp=la—-PBlp=(a®P)p ifp xO0,forall p,q,u,v,w e H, and o, B, € R.
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Proposition 2.8 ([32]) Let C be a normal cone in H, with normal constant 8y, then, for
each p,q € H,, the following relations hold:
(i) lo® ol =0[ =0;
(i) llp vl <llpll v ligll < lipll + ligll;
(iii) lp@qll <llp-ql <énlp &4l
(iv) if pocq, then lp @ qll = llp - ql.

Definition 2.9 ([24, 25]) Let g:H, — H, be a single-valued mapping. Then
(i) g issaid to be a strongly comparison mapping if g is a comparison mapping and
g(p) ocg(q) if and only if p ox g for all p,q € H,;
(ii) g is said to be a B-ordered compression mapping if G is a comparison mapping and

gp)dglg) <Bpdq) for0O<B<1.

Definition 2.10 ([23, 24]) A mapping N : H, x H, — H,, is said to be (k,v)-ordered
Lipschitz continuous if p « ¢, u o v, then N(p, u) x N(g, v) and there exist constants «, v >
0 such that

Np,u) ®N(g,v) <k(p®q) +v(udv) forallp,q,u,veH,.

Definition 2.11 A set-valued mapping A : H, — CB(H,,) is said to be D-Lipschitz con-
tinuous if, for any p,q € H,, p « g, there exists a constant Ap, > 0 such that

D(A(p),A(q)) < Ap,(p® q) forallp,q,u,ve M,

Definition 2.12 ([17, 25, 33]) Let A: H, — 2™» be a set-valued mapping. Then
(i) A is said to be a weak comparison mapping if, for any v, € A(p), p x v,, and if
p x g, then for any v, € A(p) and v, € A(q), v, x v, for all p,q € Hp;
(i) a weak comparison mapping A is said to be «-weak-nonordinary difference
mapping if, for each p,q € H,,, there exist o > 0 and v, € A(p) and v, € A(g) such
that

vy ®vy) Dalp®q) =0;

(ili) a weak comparison mapping A is said to be a A-XOR-ordered different weak
compression mapping if, for each p,q € H,, there exist a constant A > 0 and
vy € A(p), v4 € Ag) such that

)‘(Vp @Vq) >=pDq.

Now, we introduce some new definitions of an XOR-weak-NODD set-valued mapping
and a resolvent operator associated with the XOR-weak-NODD set-valued mapping.

Definition 2.13 A comparison mapping M : H,, — 277 is said to be an (&, 1)-XOR-weak-
NODD set-valued mapping if A is an «-weak-nonordinary difference mapping and a A-
XOR-ordered different weak compression mapping, and [/ @ LA](H,) = H,, for A, 8, > 0.
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Definition 2.14 Let A : H, — 2" be an (&, 1)-XOR-weak-NODD set-valued mapping.
The resolvent operator J; : H, — H,, associated with A is defined by

Tip) =& 1A (p), VpeH,, (2.1)
where A > 0 is a constant.

Now, we show that the resolvent operator defined by (2.1) is a single-valued, comparison

mapping as well as Lipschitz continuous.

Lemma2.15 Let A :H, — 2"» be an a-nonordinary difference comparison mapping with

a > L. Then the resolvent operator T} : H, — H,, is single-valued for all ). > 0.
Proof Proof is similar to Proposition 2.15 in [33]. O

Lemma 2.16 Let A : H, — 2"r be an («, )-XOR-weak-NODD set-valued mapping with

respect to J . Then the resolvent operator J; : H, — M, is a comparison mapping.

Proof Let A be an (&, 1)-XOR-weak-NODD set-valued mapping with respect to J;. That
is, A is «-nonordinary difference and A-XOR-ordered different weak comparison mapping
with respect to 7}, so that p o< 7 (p). For any p,q € H,, let p « g and

b= (p® T50) € ATHP)) 22
and
Vg = %(q ® J5(q) € A(T;(q))- (2.3)

Since A is a A-XOR-ordered different weak comparison mapping, using (2.2) and (2.3), we

have

PRIV, ®v) = (p®Tip) ® (90 T (@),
r®a<paqa(Jip) & J; @)

0<Ti(p) @ Tilg) = [Tilp) - Ta@] v [Ta @ - Ti),
0<Ti(p) -Ji(g) or 0<Tx(q) -Ti(p)

Thus, we have
Trp) <Tig) or Ti(q) < Ti(p)
which implies that

THp) o T (q).

Therefore, the resolvent operator 7 is a comparison mapping. O
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Lemma 2.17 Let A : H, — 2" be an («, 1)-XOR-weak-NODD mapping with respect to
T4 for ak > and p > 1. Then the resolvent operator J} satisfies the following condition:

Tip)® Ti(q) < %eu)(p@q), Vp,q € Hp,

(aA

X
(arDp)

i.e., the resolvent operator J} is -Lipschitz type continuous mapping.

Proof Letp,q € Hy, u, = T4 (p), uq = T4 (q), and let
1 1
V= X(p @O u,) €A(uy) and v, = x(q @ u,) € Aluy).

As Aisan (&, 1)-XOR-weak-NODD set-valued mapping with respect to 77, it follows that

A is also an a-nonordinary weak difference mapping with respect to J3, we have
(vy ®vy) @ (e, D ug) =0 (2.4)

and

vy, v, = %[(p@up)@(q@uq)]

= 1[(p®Q)®(up@uq)]

>

=

>|=

(@ q) @ (up Duy)| forp>1.

From (2.4), we have

a(u, @ uy) =v, Dy

< %[(p@q)@(upﬁauq)],
oA
[I @1}(up@uq)§p®q.

It follows that u, ® u, < ((M"Tm)(p @ q) and, consequently, we have

A A w
Ti(p) @ T4 (q) < 7(%@“)(17@(1), Vp,q € Hy.

Therefore, the resolvent operator 7, f{\ isa G 2

wen -Lipschitz type continuous mapping. O

Proposition 2.18 Let g:'H, — H, be a strongly comparison and B-ordered compression
mapping. Let A : H, x H, — 2" be an (a, 1)-XOR-weak-NODD set-valued mapping with
respect to the first argument. The resolvent operator J} : H, — H, associated with A is
defined by

T ®) =194, (), forzeH,. (2.5)
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Then, for any given z € H,, the resolvent operator 7, j(,,z) :'H, — H, is well-defined, single-

valued, continuous, comparison, and Q;‘Tm—nonexpansive mapping with ha >  and @ >
1, that is,
A A M
TiP) @ Ti.0(@) < m(ﬁ ®q), forallp,qeH,. (2.6)

3 Formulation of the problem and iterative algorithm

Let H, be a real ordered positive Hilbert space and C be a normal cone with normal
constant dy. Let S, T, U,V : H, — F(H,) be closed fuzzy mappings satisfying the fol-
lowing condition (x), with functions a, b,c,d : H — [0, 1] such that, for each p € H,, we
have (Sp)a()s (Tp)bp)r (Up)e(p), and (V) a) in CB(H,,), respectively, and let G,g: H, — H,
be surjective single-valued mappings. Let A : H,, x H,, — 27 be an (&, 1)-XOR-weak-
NODD set-valued mapping with respect to the first argument. For a given nonlinear map-
ping N : H, x H, — H,, we consider a problem of finding p,u,v,w,z € H, such that
Sp(u) > a(p), T,(v) = b(p), U,(w) > c(w), and V,(2) > d(2), i.e., u € (Splag)s V € (Tp)p(p)s
w € (Up)e(p), 2 € (Vp)ag)

0€ G(w) ®N(u,v) + A(g(p), 2). (3.1)

Problem (3.1) is called nonlinear fuzzy ordered variational inclusion problem involving &
operation.

It is clear that, for suitable choices of mappings involved in the formulation of nonlinear
fuzzy ordered variational inclusion problem (3.1), one can obtain many variational inclu-
sion problems studied in recent past, i.e., [17-19, 25].

Putting a(p) = b(p) = c(p) = d(p) = 1 for all p € H,,, problem (3.1) includes many kinds of
variational inequalities and variational inclusion problems [17, 19, 22-25].

In support of our problem (3.1), we provide the following examples.

Example 3.1 The continuum of players problem can be obtained from nonlinear fuzzy
ordered variational inclusion problem (3.1). For more details, see Chap. 13 and exercise
13.2 of the book “Optima and Equilibria” by Aubin [34] and Example 2.1 in [35].

If we can take H,, = Ry, U = I (identity mapping) and T is a single-valued mapping, and
the other functions, that is, G, S, V, 4, g, are equal to zero. Define N : H, x H, — H, by

N(p, T(p)) :/LQ(M, T (u))h(u) du.

We associate each player with its action Q(x, -), where Q: H, x O — R, O is a nonempty
subset of R}, and each fuzzy coalition h(u) with its action fL Qu, T(u))h(u) du.

Example 3.2 Let H, = [0,10] and C = {p € H, : 0 < p < 4} be the normal cone. Let
S, T,U,V :H, - F(H,) be the closed fuzzy mappings defined by, for all p,q,u,v,w,z €

Hp:
1 : 1 .
S _ m lfp € [07 1]! T _ m lfp € [Or 1]1
)= 7 L) = {
Splu=z] 1fpe(1,10], m 1fp€(1,10],
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1 _ ifpelo,1], —L— ifpel0,1],
T A BRI L B
We define the mappings a,b,c,d : H, — [0,1] by
i if pe[0,1], 1 if pe[0,1],
a(p) = 51 .p [0,1] b(p) = 61 .p [0,1]
m lfp € (1, 10], m lfp € (1, 10],
1 if p € [0,1], L ifpe[0,1],
cp)=143 ifpelo1] and d(p) = {21+ ifpel01]
Iij if p € (1,10], : if p € (1,10].
For any p € [0, 1], we have
1 1 1
S)am =1u:S, >_t= ————— > 1 =[0,4],
(Sp)atp) {u p(u)_s} {{u 3+|u_2|_5} [0,4]
1 1 1
T, = : T > — 1 = ——— > —1 =1(0,4],
(p)b(p) u p(V)_6} {M 2+(V—2)2_6} [ ]
1 1 1
U,) ) = U > -1 = —— > — 1 =1[0,4],
Uptp = | "(W)—s} {” 1+|w—2|_3} 0,4)
72V PPRVAS PR, U P SR — )
P =\ = a Ty [T v plz—2l T 20+ T

and for any p € (1,10], we have

(s,) Sy() = — LN S ST
=3U: u =U: = , »
plate) P =3 op 31plu—21 " 3+2p

1 1
T _ :T > — . > = 014’
(Tp)op) = Y 4 P(V)—2+4p} {” 2+2p(V—2)2_2+4P} 0.4

(1) Uyw) = — R T
) =3U: w) > =3u: > =[0,4],
pletp) ’ 1+2p l+plw=-2| ~ 1+2p

1 1 1
V. = -V > _ 4= i —— > — 1 =[0,4].
(Vp)ap) = 11 p(Z)_4} {M 2+|z—2|_4} [0,4]

Now, we define the single-valued mappings G,g: H, — H, and N : H, x H, — H, by

v _r _u v
G(W)_2’ gp) z and N(u,v) 2+3,

and the set-valued mapping A : H,, x H,, — 2" is defined by

A(g(p),z) = {g(p) + g :p€ (0,10 and z € (Vp)d(p)}.

In view of the above, it is easy to verify that 0 € G(w) ® N(u,v) + A(g(p), z), that is, problem
(3.1) is satisfied.

Related to the nonlinear fuzzy ordered variational inclusion problem (3.1), we consider
the following nonlinear fuzzy ordered resolvent equation problem:
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Find p,q,u,v,w,z € H, such that (S,)(u) > a(p), (T,)(v) = b(p), (U,)(w) = c(p), and
(Vp)(2) = d(2),

GW) ® A" Ra(.0(@) = N(w,v), (3.2)

where A > 0 is a constant and R(.,) = [/ @ jf{\(A Z)].
Now, we establish the equivalence between nonlinear fuzzy ordered variational inclu-

sion problem and nonlinear fuzzy ordered resolvent equation problem.

Lemma3.3 AssumethatS,T,U,V :H, — F(H,) are closed fuzzy mappings satisfying the
Sollowing condition (x), with functions a,b,c,d : H — [0, 1], respectively. Let G,g : H, —
Hy, and N : H, x H, — H, be single-valued mappings. Let A : H, x H, — 2;{ be an
(o0, A)-XOR-weak-NODD set-valued mapping with respect to the first argument. Then the
following are equivalent:

@) (o, u,v,w,z), where p,u,v,w,z € H, such that S,(u) > a(p), T,(v) = b(p),

U,(w) = c(w), and V,(z) > d(z) is a solution of problem (3.1);
(ii) p € H,, is a fixed point of the mapping Q : H, — 27 defined by

Q) = G(w) ® N(u,v) +A(g(p),z) +p; (3.3)

(iil) (v, u,v,w,z), where p,u,v,w,z € H, such that S,(u) > a(p), T,(v) = b(p),
U,(w) = c(w), and V,(2) > d(2), is a solution of the following equation:

g) = T3, [g®) & A(GW) O N(w,v))]; (34)

(iv) (p,q,u,v,w,z), where p,u,v,w,z € H,, such that S,(u) > a(p), T,(v) > b(p),
U,(w) = c(w), and V,(z) > d(z), is a solution of problem (3.2), where

q=g(p) ® +(Gw) O N(u,v)),
gp) = T3 (@

(3.5)

Proof (i) = (ii) Adding p to both sides of (3.1), we have

0e G(w) ®N(u,v) +A(g(p),.2)
= peGw)®N(u,v)+A(gp)z) +p=Qp).
Hence, a is a fixed point of Q.
(i) = (iii) Let p be a fixed point of Q, then
pEGW) ®N(u,v) +A(gp),z) +p = Qp)
= 0e€Gw) ®N(u,v) +A(g(p),z)
0e A(G(w) @® N(u, v)) +AA (g(p),z)
AMGw) © N(u,v)) € AA(g(p), 2)
2(p) @ 1(Gw) © N(u,v)) € g(p) ® 1A (g(p),2)

U
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= g(p)®1(GW) ON(w,)) € [I & 1A(,2)](2())-

Hence g(p) = jAA(,,z) [g(p) & L(G(W) © N(u,v))].
(ili) = (iv) Taking g = g(p) ® AM(G(w) © N(u,v)), from (3.4), we have g(p) = JAA(,,Z)(q), S0

q=T}.»@ ®1(Gw) ©N(u,v)),
which implies that

4@ Tx.»@ = 1(Gw) O N(u,v)),

= [I&J4,]@ =+(Gw) © N(u,v))
Rai0(q) = »(G(w) © N(u,v))
A" Rac2(q) = Gw) © N(u,v)

U

G(w) © 2" Ra.5(q) = N(u,v).

Consequently, (p,q, u, v, w,z) is a solution of the fuzzy resolvent equation problem (3.2).
(iv) = (i), from (3.5) we have

2@) = T4.»@)
= Th.»[g®) ® 1(Gw) © N(w,v))],

ie.,

2(p) = (19 24(,2) " [g(p) @ A(GW) © N(,))],
s0

) ® A(G(w) ON(u,v)) € (I ® 1A(-,2))g(p),
which implies

0€ G(w) ® N(u,v) + A(g(p), 2).

Therefore, (p, u, v, w,z), where p € H,, such that S,(u) > a(p), T,(v) = b(p), U,(w) = c(w),
and Vj,(2) > d(2) is a solution of problem (3.1). O

Based on Lemma 3.3, we construct an iterative algorithm for finding approximate solu-

tions of problem (3.1).

Iterative Algorithm 3.4 Let S, T,U,V : H, — F(H,) be the closed fuzzy mappings sat-
isfying the following condition (x), with functions a,b,¢,d : H — [0, 1], respectively. Let
G,g:H, - H,and N :H, x H, — H, be single-valued mappings. Let A : H, x H, —
27 be an (, 1)-XOR-weak-NODD set-valued mapping with respect to the first argument.
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We assume that g is surjective. For any given po,qo € Hp, 1o € (Spy)apo)s Vo € (Tpg)b(po)s

Wwo € (UPO)C(PO)’ and zg € (Vpo)d(Po)’ let
01 = g(po) ® A(G(wo) © N(uo, vo)).

Since g is surjective, there exists p; € H,, such that

p1=1=B)qo + B[po ® (¢po) & T .)(a1))]-

On the other hand, by Nadler [36], there exist #1 € (Sy,)a(1)s Vo € (Tp,)b(p1)» Wo € (Up, )e(py)s
and z; € (V},)a(,)» and suppose that pg o p1, uo o u1, Vo X v1, wo & wi, and zp o z; such
that

U € (Spl )a(pl); up Quo <1+ I)D((Spl )a(pl)» (Spo)a(p()))r
vi € (Tp)bpr), V1 ®vo < 1+ 1DD((Tp)bo) (Tpo)bwo) )
w1 € (Up)ep)y w1 D wo < (1+ 1)D((Upy)epr) Upg)epo) )

z21€ (V) z21®@z0<(1+ 1)D((Vp1)d(p1)’ (Vpo)d(Po))'

Let
72 = g(p1) ® 1(G(w1) © N(uy,v1)).

Since g is surjective, there exists p, € H,, such that

pr=1-B)p1+Blp1 & (glp1) ® TS, (@2))]-

On the other hand, by Nadler [36], there exist 1y € (Sp,)a(py)s V2 € (Tpy)b(ps)s Wa € (Upy)c(r)s
and z; € (V},)d(p,), and suppose that p1 & po, U1 & Uz, V1 X Vo, Wi X W», and z; & z3 such
that

1
U2 € (Sp))a(ps)y U2 @ ur < (1 + i)D((sz)a(m)»(Spl)am))f
1
Vy € (sz)b(pz)x Dy < 1+ E D((sz)b(pz)!(Tpl)b(pl))r
1
W € (Upy)e(py)y w2 @w1 =<1+ 2 D((UPZ)C(PZ)’ (UPI)C(PI))’

1
22€ Vp)dpy)y 2@z < (1 t3 D((Vipy)dpa)s (Vi )dion))-
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Continuing the above process inductively with the supposition that p,.1 X p,, U1 X 1y,
Visl X Vi, Wiyl X Wy, and 2,41 X z,, forallm=0,1,2,...,

Gni1 = &n) © MG(W,) O N(up, vy)),

Pt = (L= B)pw + Blow ® @) ® T} (@ne),

Unst € Spy)apurry et ® thn < (14 537)D(Spyaprn)s (Spudaton): 3:6)
Vit € (Tp,o)bpin) Vit @ Vi < (L+ 27)D(Tp,0 ) Db+ 1)s (T ) biom)s

Wit € Up,, ey Wit ®Wa < (14 Z)D(Up, g Up,)etp):

Zui1 € Vo dpa) 2ne1 @ 20 < (L4 37)D((Vip (o) (Vi )dpn))-

4 Main results
In this section, we prove an existence and convergence result for nonlinear fuzzy ordered
variational inclusion problem (3.1) and its corresponding nonlinear fuzzy ordered resol-

vent equation problem (3.2).

Theorem 4.1 Let H, be a real ordered positive Hilbert space and C be a normal cone with
normal constant 8y. Let S, T, U,V : H, — F(H,) be the closed fuzzy mappings satisfying
condition (%), with functions a,b,c,d : H — [0,1], respectively. Let G,g : H, — H, and
N:H, x H, — H, be the single-valued mappings. Let A : H, x H, — 27 be an (a, 1)-
XOR-weak-NODD set-valued mapping with respect to the first argument. Suppose that the
following conditions hold:
(i) G is comparison and Ag-ordered compression mapping, g € (0,1);

(ii) g is comparison and Ag-ordered compression mapping, hq € (0,1);

(ili) N is comparison and (k,v)-ordered Lipschitz continuous mapping;

(iv) S,T,U, and V are ordered Lipschitz type continuous mappings with constants Aps,

ADps Apy, and Ap,, respectively.

If the following conditions

@ Tio® & Thnp) <Es@L) forallp,steHyé>0,

|10 ® Mhhny @ (kKhpg +Vip,y)) + EAp, (ha @ )] < [ @ wngl, (4D
ra>p, w=>1,

(b)

are satisfied, then there exist p,q € H, such that u € (Sp)a(), V € (Tp)pp), W € (Up)e(p), and
z € (Vy,)a(p) satisfying the nonlinear fuzzy ordered resolvent equation equation (3.2), and
so (p,u,v,w,z) is a solution of the nonlinear fuzzy ordered variational inclusion problem
(3.1), and the iterative sequences {p,}, {un}, {Vu}, Wy}, and {z,,} generated by Algorithm 3.4
converge strongly to p,v,u,w, and z in ‘H,, respectively.

Proof Since g is a Ag-ordered compression mapping, V' is a Ap, -ordered Lipschitz contin-
uous mapping. By Algorithm 3.4, Proposition 2.7, and Proposition 2.18, we have

0=<pu1 ®pn
= [ =B)pn+ B(on ® (g0n) ® T4, (@ns1))) ]
& [(1 = B)pur + B(Pn1 @ (gPu1) ® T, 1y (a0))]
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<(1=B)©n ® qu-1) + B[ (pn ® (g0n) ® TS, (@ns1)))
B (a1 ® (gn-1) ® Tiiy )]

=(1=B)Pn ®pur) + B[(L® M) 0 ® pu1) & (T3, (@ns1)
O Tx(zyan))]

= (1= B)Pu @ pu-) + B[(1 ® 1) (P B Pu1)

® (jj(.,zn)(‘hﬂ) 57 jfih(.vzn)(%l) + Jj(.,zn)(qn) D jj(.,znil)(‘h))]

=(1-B)pn®pn1) +B [(1 ® Ag)(Pn ® pu-1) ® <

+&(z, @ Zn—l))]

= (1 - ﬁ)(pn @pn—l) + IB |:(1 D )\g)(pn @pn—l)

m(qm D qn)

1
@ (m(%u ®qn) +E <1 t 1>D((Vpn+1)d<pm1>» (mel)d(pmn))]

= (1 - ﬂ)(pn 6919;1—1) + ,B|:(1 S )‘g)(pn @pn—l)

H 1
@ (7(106 YN (Gne1 D gn) + & <1 + " 1>)LDV(Pn+1 @pn+1)>]. (4.2)

Since G is a Ag-ordered compression mapping, N(,-) is a (x,v)-ordered Lipschitz con-
tinuous and g is a Ag-ordered compression mapping and D-Lipschitz continuous of 7, U,
and V with constants Ap,, Ap,, and Ap, . Using Proposition 2.7, we have

Tni1 ® @ = [g(0n) ® L(G(W,) © N(1t,v)) ] © [g(0n-1) ® A(G(Wy1)

ON(ty-1,vn1))]

< (g(pn) ® g(Pu1)) ® A[(G(Wn) © N (14, v)) ® (G(Wi_1)
ON(ty-1,Vn1))]

< (g(pn) ® gWn-1)) ® A[~(G(w,,) ® N (14, v,r)) ® ~(G(Wy-1)
O N(ty1,Vn1))]

< (¢@n) @ gpu-1)) ® A-1I[(G(Wn) & N4y, v)) ® (G(Wy-1)
O N (tp-1,Vn-1))]

< 2g(Pn ® pn-1) ® A[(G(Wn) B G(Wn_1)) & (N (4, V1)
& N(ty-1,vn1)) ]

< )"g(pn @pn—l) @ )\v[)"G(Wn 69 Wn—l) @ (K(un 69 Mn—l) + v(Vn 69 Vn—l))]

1
< )"g(pn Gapn—l) DA AG<1 + n+l )D((Upml )C(Pml)’ (upn)C(Pn))

1
D <K <1 + ﬁ)D((Spml )“(Pnﬂ)’ (S n)ﬂ(pn))
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1
+ v(l + m)D((Tpml)b(pn*l)’ (Tpn)b@n))>]

1
= )‘g(pn D pu-1) @ )\[)MG)VDU 1+ (Bn B pu-1)
n+1

1 1
@ (KADS(H = 1)(pn€Bpn_1)+kaT(1+ n+1)(pn eBpn_l))

< [Kg @® A(Aghp, @ (kKApg + vAip,)) (1 + ﬁ)}(t’n ® pn-1)- (4.3)

Using (4.3), (4.2) becomes

0 < Pus1 @pn

=[(1-ﬁ)+ﬂ((1€9%g)€9( =M n+l

et Yo ) e

- [(1 - ﬁ(l - ((1 ® 1) @ ((M(Ag ® A(Achoy & (khps + Vi)
B 4

(Ao @ )
+$)\Dv) (1+ 1 ))))](pneapnl)
n+1

= *Qn(pn @pn—l): (44')

u(kg@x(xamEB(KADSMADT)))(“ 1 )

where

2= [1 - ﬁ(l —(1@A) ((”W ® Mrchpy @ (kApg +vip,)))

S

Letting

B whg ® A(AgAp, ® (KApg + VAp,)))
9_[1-5(1—(1@Ag)@<( oot @ 10) +$ADV)>)]~

By condition (4.1), we have 0 < §2 < 1, thus {p,} is a Cauchy sequence in H, and as H,, is
complete, there exists p € H, such that p, — p as n — oco. From (3.6) of Algorithm 3.4
and D-Lipschitz continuity of S, T, U, and V, we have

1
Un+l 5>} Uy < <1 + 1>D((Spn+l )“(PVHI)’ (Spn)“(pﬂ))

n+
1
< 1+ ))\Dg(prﬁl @pn)¢ (45)
n+1
1
Vi+l @ Vn S 1 + n+ 1 D((Tp;ﬁl )b(Pn+1)’ (Tpn)h(pn))
1
=< <1 + )kDT(anrl @Pn)’ (4.6)
n+1
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1
Whil S Whn = <1 + )D((Upnﬂ)c(lgrul)’ (uPn)C(Pn))
n+1
1
< 1+ )"Du (Pn+1 @pn% (47)
n+1
1
Zi @z, < 1+ D((Vpi)dpnry Vo )dw)
n+1
1
= (1 + —>)\Dv(pn+1 @ pn)- (4.8)
n+1

It is clear from (4.5)—(4.8) that {u,}, {v.}, {w,}, and {z,} are also Cauchy sequences in H,,
so there exist u, v, w, and z in ‘H,, such that 4, — u, v, - v,w, — w,and z, — zasn — oo.
By using the continuity of the operators S, T, U, V, J, j‘(,,z) and iterative Algorithm 3.4, we
have

p=0-Bp+B[pa (gb) & Ti ,(gp) &1(GWw) O Nu,v))))],

which implies that

gp) = Ti . (gp) ® M(Gw) © N(u,v))).

By Lemma 3.3, we conclude that (p, u, v, w,z) is a solution of problem (3.1). It remains to
show that u € (Sy)ap), vV € (Tp)b), W € (Up)e(p), and z € (V}) (). Using Proposition 2.8, in
fact

d(u, (Sp)a(p)) < u@® uall + d(um (Sp)a(p))
< Il ® | + D((Sp,atpn)» (Sp)atr)

< llu—-uull +Apsn ®p) = 0, asn— oo.

Hence u € (Sp)a(y). Similarly, we can show that v € (T,)p), w € (Up)cp), and z € (V) ag)-
This completes the proof. O

Taking 8 = 1 in Algorithm 3.4, we can also prove the existence and convergence result for
nonlinear fuzzy ordered variational inclusion problem (3.1) and nonlinear fuzzy ordered
resolvent equation problem (3.2).

Theorem 4.2 Let S,T,U,V : H, — F(H,) be the closed fuzzy mappings satisfying the
Sfollowing condition (x), with functions a,b,c,d : H — [0, 1], respectively. Let G,g : H, —
H, and N : H, x H, — H, be the single-valued mappings. Let A : H, x H, — 27 be an
(o0, A)-XOR-weak-NODD set-valued mapping with respect to the first argument. Suppose
that the following conditions hold:
(i) G is comparison and Ag-ordered compression mapping, g € (0,1);

(ii) g is comparison and Ag-ordered compression mapping, kg € (0,1);

(iii) N is comparison and (k,v)-ordered Lipschitz continuous mapping;

(iv) S, T,U, and V are ordered Lipschitz type continuous mappings with constants Apg,

ADps Apy» and Ap,, respectively.
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For given pg € H, let the sequences py, Uy, vy, Wy, and z,, defined by the following schemes:

qn+1 = g(pn) @ )“(G(Wn) © N(um Vn)):
Pni1 =Pn D (g(pn) @ jﬁ(.,zn)(qn+1)))
Unsl € (SPVH-I )ﬂ(pn+1)’ Un+1 @ Up = (1 + ﬁ)D((SpVH—l )ﬂ(pn+1)’ (Spn)ﬂ(pn))’

(4.9)
Vi1 € (Tp,p ) b(orsn)s Vi1 ® Vi < (L+ 2)DU(Ty,, )oons 1) (Tp)bom)s
Wil € (upnﬂ )C(pn+l)’ Wnil Dw, < (1 + ﬁ)D((uan )C(Pn+l)’(upn)C(Pn))’
Zp+1 € (mel)d(pml)r Zns1 P zn < (1 + ﬁ)D((mel)d(pml)t(Vpn)d(py,))-
If the following conditions
(a) j/f(,,s)(p) &) J/f(,,t)(p) <&@s@t), forallp,s,;teH,t>0,
wrg®ri(hgrp, ®kApg+vip )  Erpy, 4.10
® | Gaiig t o<l (410
ra>u,p>1,

are satisfied, then there exist p,q € H, such that u € (Sp)a), V € (Tp)bp), W € (Up)e(p), and
z € (Vy)a) satisfying the generalized nonlinear mixed ordered fuzzy resolvent equation
(3.2), and so (p,u,v,w,z) is a solutions of the generalized nonlinear mixed ordered fuzzy
variational inclusion problem (3.1), and the iterative sequences {p,}, {u,}, {v,}, {w,}, and
{z,} generated by Algorithm 3.4 converge strongly to p,v,u,w and z in H,, respectively.

5 Conclusion

The aim of this paper is to introduce a resolvent operator, and we demonstrate some of
its properties. The resolvent operator is used to define an iterative algorithm for solving
a nonlinear fuzzy ordered variational inclusion problem and its corresponding nonlinear
fuzzy ordered resolvent equation problem based on XOR operator in real ordered pos-
itive Hilbert spaces. Some preliminary results are proved to obtain the main result. We
prove the convergence analysis of our proposed iterative algorithm which assumes that
the suggested algorithm converges to a unique solution of our considered problem with
some consequence. Our results extend and generalize most of the results involving fuzzy
mappings of different authors existing in the literature.
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