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Abstract
In this paper, by the definition of Berezin number, we present some inequalities
involving the operator geometric mean. For instance, it is shown that if X ,Y ,Z ∈ L(H)
such that X and Y are positive operators, then

berr((X � Y)Z) ≤ ber
( (Z�YZ)

rq
2

q
+
X

rp
2

p

)
–
1
p

inf
λ∈Ω

(
[̃
X(λ)

] rp
4 –

[
˜(Z�YZ)(λ)

] rq
4 )

2,

in which X � Y = X
1
2 (X– 1

2 YX– 1
2 )

1
2 X

1
2 , p ≥ q > 1 such that r ≥ 2

q and
1
p +

1
q = 1.
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1 Introduction and preliminaries
We denote the C∗-algebra of all bounded linear operators on a separable complex Hilbert
space H with L(H). An operator X ∈ L(H) is called positive if 〈Xx, x〉 ≥ 0 for every x ∈
H, and in this case we write X ≥ 0. The numerical range and numerical radius of X ∈
L(H) are respectively defined by W (X) := {〈Xf , f 〉 : f ∈ H,‖f ‖ = 1} and w(X) := sup{|f | :
f ∈ W (X)}. We denote by F (Ω) the set of all complex-valued functions on a nonempty
set Ω . Let H = H(Ω) ⊂F (Ω) be a Hilbert space. The Riesz representation theorem makes
certain that a functional Hilbert space has a reproducing kernel, which is a function kλ :
Ω × Ω → H, that is called the reproducing kernel enjoying the reproducing property
kλ := k(·,λ) ∈ H (λ ∈ Ω) such that f (λ) = 〈f , kλ〉H, in which λ ∈ Ω and f ∈ H (see [18]).
For {ξn(z)}n≥0, an orthonormal basis of the space H(Ω), the reproducing kernel can be
presented as follows:

kλ(z) =
∞∑

n=0

ξn(λ)ξn(z)

(see [2, 18] and the references therein). Throughout the paper, H = H(Ω) for some
nonempty set Ω . If X ∈L(H), then the Berezin symbol of X is the function X̃ with

X̃(μ) := 〈Xk̂μ, k̂μ〉H (μ ∈ Ω),
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where k̂λ = kλ

‖kλ‖ is the normalized reproducing kernel of H (see [7]). Karaev in [13–15]
defined the Berezin set and the Berezin number for operator X as follows:

Ber(X) :=
{

X̃(λ) : λ ∈ Ω
}

and ber(X) := sup
{∣∣X̃(λ)

∣∣ : λ ∈ Ω
}

,

respectively. Moreover, the Berezin number of two operators X, Y satisfies the following
properties:

(i) ber(νX) = |ν|ber(X) for all ν ∈ C ;
(ii) ber(X + Y ) ≤ ber(X) + ber(X).
Also, we know that

ber(X) ≤ w(X) ≤ ‖X‖

for all X ∈ L(H). In some recent papers, several Berezin number inequalities have been
investigated by authors [3–6, 9, 10, 12, 21, 22].

Assume that X1, . . . , Xn ∈L(H) and p ≥ 1. In [3], the generalized Euclidean Berezin num-
ber of X1, . . . , Xn is defined as follows:

berp(X1, . . . , Xn) := sup
λ∈Ω

( n∑
i=1

∣∣〈Xik̂λ, k̂λ〉
∣∣p

) 1
p

.

If p, q > 1 with 1
p + 1

q = 1, then the Young inequality is the inequality

xy ≤ xp

p
+

yq

q
, (1)

where x and y are positive real numbers (see [11]). A refinement of (1) was obtained by
Kittaneh and Manasrah [17]

xy + r0
(
x

p
2 – y

q
2
)2 ≤ xp

p
+

yq

q
, (2)

where r0 = min{ 1
p , 1

q } or equivalently

xνy1–ν + r0
(
x

1
2 – y

1
2
)2 ≤ νx + (1 – ν)y, (3)

in which ν ∈ [0, 1] and r0 = min{ν, 1 – ν}.
For positive operators X, Y ∈L(H), the operator geometric mean is the positive opera-

tor X � Y = X 1
2 (X– 1

2 YX– 1
2 ) 1

2 X 1
2 , where it has the property X � Y = Y � X. A matrix mean

inequality was established by Bhatia and Kittaneh in [8], and later this inequality was gen-
eralized in [18]. A matrix Young inequality was obtained by Ando in [1]. The matrix mean
inequality and the matrix Young inequality were considered with the numerical radius
norm by Salemi and Sheikhhosseini in [19, 20].

In this paper, we get some upper bounds for the Berezin number of the (X � Y )Z on
reproducing kernel Hilbert spaces (RKHS), where Z ∈ L(H) is arbitrary, and give some
Berezin number inequalities. We also present some inequalities for the generalized Eu-
clidean Berezin number.
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2 Main results
We need the following lemma to prove our results (see [16]).

Lemma 1 Let X ∈ L(H) be a positive operator, and let x ∈ H be any unit vector. If r ≥ 1,
then

〈Xx, x〉r ≤ 〈
Xrx, x

〉
(4)

and if 0 ≤ r ≤ 1, then

〈
Xrx, x

〉 ≤ 〈Xx, x〉r.

Before giving our next result, we set ‖X‖ber := sup{|〈Xk̂λ, k̂μ〉| : λ,μ ∈ Ω} and m(X) :=
infλ∈Ω |X̃(λ)|.

Theorem 2 Let X, Y , Z ∈ L(H) be operators such that X, Y are positive. If p ≥ q > 1 with
1
p + 1

q = 1, then

berr((X � Y )Z
) ≤ ber

(
X

rp
2

p
+

(Z�YZ)
rq
2

q

)
–

1
p

inf
λ∈Ω

([
X̃(λ)

] rp
4 –

[
˜

(
Z�YZ

)
(λ)

] rq
4
)2

for all r ≥ 2
q .

Proof Using the Cauchy–Schwarz inequality, we get

∣∣ ˜(X � Y )Z(λ)
∣∣r =

∣∣ ˜(
X 1

2
(
X –1

2 YX –1
2
) 1

2 X 1
2 Z

)
(λ)

∣∣r

=
∣∣〈(X

–1
2 YX

–1
2
) 1

2 X
1
2 Zk̂λ, X

1
2 k̂λ

〉∣∣r

≤ ∥∥(
X

–1
2 YX

–1
2
) 1

2 X
1
2 Zk̂λ

∥∥r · ∥∥X
1
2 k̂λ

∥∥r

=
〈(

X
–1
2 YX

–1
2
) 1

2 X
1
2 Zk̂λ,

(
X

–1
2 YX

–1
2
) 1

2 X
1
2 Zk̂λ

〉 r
2 × 〈

X
1
2 k̂λ, X

1
2 k̂λ

〉 r
2

=
(
˜Z�YZ(λ)

) r
2
(
X̃(λ)

) r
2

for all λ ∈ Ω . By using the Young inequality and (2), we get

(
X̃(λ)

) r
2
(
˜Z�YZ(λ)

) r
2 ≤ 1

p
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2 +
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〈
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and it follows from inequality (4) that

1
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–
1
p
(〈Xk̂λ, k̂λ〉 rp

4 –
〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2

=
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X
rp
2

p
+

(Z�YZ)
rq
2

q

)
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〉
–
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4 –
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for all λ ∈ Ω . Since
˜

( X
rp
2

p + (Z�YZ)
rq
2

q )(λ) is positive, then we have

sup
λ∈Ω

∣∣ ˜(X � Y )Z(λ)
∣∣r

≤ sup
λ∈Ω

˜
(

X
rp
2

p
+

(Z�YZ)
rq
2

q

)
(λ) –

1
p

inf
λ∈Ω

([
X̃(λ)

] rp
4 –

[
˜

(
Z�YZ

)
(λ)

] rq
4
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for all λ ∈ Ω . This implies that

berr((X � Y )Z
) ≤ ber

(
X

rp
2

p
+

(Z�YZ)
rq
2

q

)
–

1
p

inf
λ∈Ω

([
X̃(λ)

] rp
4 –

[
˜

(
Z�YZ

)
(λ)

] rq
4
)2. (5)

�

Taking the Z = I in inequality (5), we have the following result.

Corollary 3 Let X, Y ∈L(H) be positive operators, and let p ≥ q > 1 with 1
p + 1

q = 1. Then

berr(X � Y ) ≤ ber

(
X

rp
2

p
+

Y
rq
2

q

)
–

1
p

inf
λ∈Ω

([
X̃(λ)

] rp
4 –

[
Ỹ (λ)

] rq
4
)2

for all r ≥ 2
q .

Corollary 4 Let X, Y ∈L(H) be positive operators. Then

√
2 ber(X � Y ) ≤ ber2(X, Y ) ≤ ber

1
2
(
X2 + Y 2).

Proof As in the same arguments in the proof of Theorem 2, if we put r = p = q = 2, then
we get

∣∣ ˜(X � Y )(λ)
∣∣ ≤ 1

2
([

X̃(λ)
]2 +

[
Ỹ (λ)

]2)

≤ 1
2
(
X̃2(λ) + Ỹ 2(λ)

)
=

1
2

˜

(
X2 + Y 2

)
(λ) (λ ∈ Ω).

Since [X̃(λ)]2 ≥ 0, [Ỹ (λ)]2 ≥ 0, and ˜(X2 + Y 2)(λ) ≥ 0, taking the supremum over λ ∈ Ω , we
get that

√
2 ber(X � Y ) ≤ ber2(X, Y ) ≤ ber

1
2
(
X2 + Y 2). �

Proposition 5 Let X, Y , Z ∈L(H) such that X, Y are positive, and let 1
p + 1

q = 1. Then

∥∥(X � Y )Z
∥∥r

ber ≤
∥∥∥∥

X
rp
2

p

∥∥∥∥
ber

+
∥∥∥∥

(Z�YZ)
rq
2

q

∥∥∥∥
ber

–
1
p

inf
μ,λ∈Ω

(〈Xk̂μ, k̂μ〉 rp
4 –

〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2
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for all r ≥ 2
q .

Proof Indeed, for every λ,μ ∈ Ω , we have

∣∣〈(X � Y )Zk̂λ, k̂μ

〉∣∣r

=
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4
)2 (by (1) and (2))

≤ 1
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〈
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+

1
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〈(
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–
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〉
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μ,λ∈Ω
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4 –

〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2 (6)

so that if we take the supremum over λ,μ ∈ Ω in inequality (6), we get

∥∥(X � Y )Z
∥∥r

ber ≤
∥∥∥∥

X
rp
2

p

∥∥∥∥
ber

+
∥∥∥∥

(Z�YZ)
rq
2

q

∥∥∥∥
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–
1
p
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μ,λ∈Ω

(〈Xk̂μ, k̂μ〉 rp
4 –
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Z�YZk̂λ, k̂λ

〉 rq
4
)2. �

Remark 6 It follows from inequality

inf
μ,λ∈Ω

(〈Xk̂μ, k̂μ〉 rp
4 –

〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2

= inf
μ,λ∈Ω

(〈Xk̂μ, k̂μ〉 rp
2 +

〈
Z�YZk̂λ, k̂λ
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4
〈
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〉 rq
4
)

≥ inf
μ∈Ω

〈Xk̂μ, k̂μ〉 rp
2 + inf

λ∈Ω

〈
Z�YZk̂λ, k̂λ

〉 rq
2 – 2 sup

μ∈Ω

〈Xk̂μ, k̂μ〉 rp
4 sup

λ∈Ω

〈
Z�YZk̂λ, k̂λ

〉 rq
4

= m(X)
rp
2 + m

(
Z�YZ

) rq
2 – 2

∥∥Z�YZ
∥∥ rq

4
ber‖X‖

rp
4
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and inequality (6) that

∥∥(X � Y )Z
∥∥r

ber ≤
∥∥∥∥

X
rp
2

p

∥∥∥∥
ber

+
∥∥∥∥

(Z�YZ)
rq
2

q

∥∥∥∥
ber

–
(
m(X)

rp
2 + m

(
Z�YZ

) rq
2 – 2

∥∥Z�YZ
∥∥ rq

4
ber‖X‖

rp
4

ber
)
.

Proposition 7 Let X, Y , Z ∈ L(H) such that X, Y are positive, and let p ≥ q > 1, where
1
p + 1

q = 1. Then

(‖X‖ber
∥∥Z�YZ

∥∥
ber

) r
2 ≤

∥∥∥∥
X

rp
2

p

∥∥∥∥
ber

+
∥∥∥∥

(Z�YZ)
rq
2

q

∥∥∥∥
ber

–
1
p

inf
λ∈Ω

([〈Xk̂μ, k̂μ〉 rp
4
]

–
〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2

for all r ≥ 2
q .

Proof By inequality (2), we have

〈Xk̂μ, k̂μ〉 r
2
〈
Z�YZk̂λ, k̂λ

〉 r
2

≤ 1
p
〈Xk̂μ, k̂μ〉 rp

2 +
1
q
〈
Z�YZk̂λ, k̂λ

〉 rq
2

–
1
p
(〈Xk̂μ, k̂μ〉 rp

4 –
〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2

≤ 1
p
〈
X

rp
2 k̂μ, k̂μ

〉
+

1
q
〈(

Z�YZ
) rq

2 k̂λ, k̂λ

〉

–
1
p
(〈Xk̂μ, k̂μ〉 rp

4 –
〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2

for all λ,μ ∈ Ω and taking supremum over λ,μ ∈ Ω in the above inequality, we get

(‖X‖ber
∥∥Z�YZ

∥∥
ber

) r
2 ≤

∥∥∥∥
X

rp
2

p

∥∥∥∥
ber

+
∥∥∥∥

(Z�YZ)
rq
2

q

∥∥∥∥
ber

–
1
p

inf
λ∈Ω

([〈Xk̂μ, k̂μ〉 rp
4
]

–
〈
Z�YZk̂λ, k̂λ

〉 rq
4
)2. �

Now, we present the next lemma to obtain our last results.

Lemma 8 ([16]) If f , g : [0,∞) −→ R are nonnegative continuous such that f (t)g(t) = t
(t ∈ [0,∞)), then

∣∣〈Xx, y〉∣∣ ≤ ∥∥f
(|X|)x

∥∥∥∥g
(∣∣X∗∣∣)x

∥∥,

where X ∈L(H) and x, y ∈H.

In the next theorem we show an upper bound for the generalized Euclidean Berezin
number.
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Theorem 9 Let Xi, Yi, Zi,∈L(H) (1 ≤ i ≤ n). Then

berp
p
(
X∗

1 Z1Y1, . . . , X∗
nZnYn

)

≤ n1– 1
r

2 1
r

ber
1
r

( n∑
i=1

[
Y ∗

i f 2(|Zi|
)
Yi

]rp +
[
X∗

i g2(∣∣Z∗
i
∣∣)Xi

]rp
)

–
1
2

inf
λ∈Ω

( n∑
i=1

(√〈(
X∗

i g2
(∣∣Z∗

i
∣∣)Xi

)pk̂λ, k̂λ

〉
–

√〈(
Y ∗

i f 2
(|Zi|

)
Yi

)pk̂λ, k̂λ

〉)2
)

, (7)

where f , g : [0,∞) −→R are nonnegative continuous such that f (t)g(t) = t (t ∈ [0,∞)) and
p, r ≥ 1.

Proof For any k̂λ ∈H(Ω), we have

n∑
i=1

∣∣〈X∗
i ZiYik̂λ, k̂λ

〉∣∣p

=
n∑

i=1

∣∣〈ZiYik̂λ, Xik̂λ〉
∣∣p

≤
n∑

i=1

∥∥f
(|Zi|

)
Yik̂λ

∥∥p∥∥g
(∣∣Z∗

i
∣∣)Xik̂λ

∥∥p (by Lemma 8)

=
n∑

i=1

〈
f
(|Zi|

)
Yik̂λ, f

(|Zi|
)
Yik̂λ

〉 p
2
〈
g
(∣∣Z∗

i
∣∣)Xik̂λ, g

(∣∣Z∗
i
∣∣)Xik̂λ

〉 p
2

=
n∑

i=1

〈
Y ∗

i f 2(|Zi|
)
Yik̂λ, k̂λ

〉 p
2
〈
X∗

i g2(∣∣Z∗
i
∣∣)Zik̂λ, k̂λ

〉 p
2

≤
n∑

i=1

〈(
Y ∗

i f 2(|Zi|
)
Yi

)pk̂λ, k̂λ

〉 1
2
〈(

X∗
i g2(∣∣Z∗

i
∣∣)Zi

)pk̂λ, k̂λ

〉 1
2 (by (4))

≤
n∑

i=1

[(
1
2
〈(

Y ∗
i f 2(|Zi|

)
Yi

)prk̂λ, k̂λ

〉
+

1
2
〈(

X∗
i g2(∣∣Z∗

i
∣∣)Xi

)prk̂λ, k̂λ

〉) 1
r
]

(by (2))

–
1
2

n∑
i=1

(√〈(
X∗

i g2
(∣∣Z∗

i
∣∣)Xi

)pk̂λ, k̂λ

〉
–

√〈(
Y ∗

i f 2
(|Zi|

)
Yi

)p, k̂λ

〉)2

≤ n1– 1
r

2 1
r

〈( n∑
i=1

([
Y ∗

i f 2(|Zi|
)
Yi

]rp +
[
X∗

i g2(∣∣Z∗
i
∣∣)Xi

]rp)
)

k̂λ, k̂λ

〉 1
r

–
1
2

n∑
i=1

(√〈(
X∗

i g2
(∣∣Z∗

i
∣∣)Xi

)pk̂λ, k̂λ

〉
–

√〈(
Y ∗

i f 2
(|Zi|

)
Yi

)pk̂λ, k̂λ

〉)2.

By taking the supremum on k̂λ ∈H with ‖k̂λ‖ = 1, we reach the desired inequality. �

Selecting Xi = Yi = I for i = 1, 2, . . . , n in Theorem 9, we get the next result.
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Corollary 10 Let Zi ∈L(H) (1 ≤ i ≤ n) and r, p ≥ 1. Then

berp
p(Z1, . . . , Zn) ≤ n1– 1

r

2 1
r

ber
1
r

( n∑
i=1

[f 2(|Zi|
)rp + g2(∣∣Z∗

i
∣∣)rp

)

–
1
2

n∑
i=1

(√〈
g2p

(∣∣Z∗
i
∣∣)k̂λ, k̂λ

〉
–

√〈
f 2p

(|Zi|
)
k̂λ, k̂λ

〉)2,

where f , g : [0,∞) −→R are nonnegative continuous such that f (t)g(t) = t (t ∈ [0,∞)).
In particular, if X, Y ∈L(H), then for all p ≥ 1 and 0 ≤ ν ≤ 1

berp
p(X, Y ) ≤ 1

2
ber

(|X|2νp +
∣∣X∗∣∣2(1–ν)p + |Y |2νp +

∣∣Y ∗∣∣2(1–ν)p) – inf
λ∈Ω

δ(k̂λ),

where

δ(k̂λ) =
1
2
[(〈|X|2νpk̂λ, k̂λ

〉 1
2 –

〈∣∣X∗∣∣2(1–ν)pk̂λ, k̂λx
〉 1

2
)2

+
(〈|Y |2νpk̂λ, k̂λ

〉 1
2 –

〈∣∣Y ∗∣∣2(1–ν)pk̂λ, k̂λ

〉 1
2
)2].

In the last theorem, we show another upper bound for berp(T1, . . . , Tn).

Theorem 11 Let Zi ∈L(H) (1 ≤ i ≤ n). Then

berp(Z1, . . . , Zn) ≤ 1
2

[ n∑
i=

(
ber

(|Zi|2ν +
∣∣Z∗

i
∣∣2(1–ν)) – 2 inf‖x‖=1

δ(k̂λ)
)p

] 1
p

, (8)

where p ≥ 1, 0 ≤ ν ≤ 1, and δ(k̂λ) = (
√

〈|Z∗
i |2(1–ν)k̂λ, k̂λ〉 –

√
〈|Zi|2ν k̂λ, k̂λ〉)2.

Proof Let k̂λ ∈H(Ω). Then, by using Lemma 8 and inequality (3), we have

n∑
i=1

∣∣〈Zik̂λ, k̂λ〉
∣∣p

≤
n∑

i=1

(〈|Zi|2ν k̂λ, k̂λ

〉 1
2
〈∣∣Z∗

i
∣∣2(1–ν)k̂λ, k̂λ

〉 1
2
)p (by Lemma 8)

≤ 1
2p

n∑
i=1

[
〈|Zi|2ν k̂λ, k̂λ

〉
+

〈∣∣Z∗
i
∣∣2(1–ν)k̂λ, k̂λ

〉

–
(√〈∣∣Z∗

i
∣∣2(1–ν)k̂λ, k̂λ

〉
–

√〈|Zi|2ν k̂λ, k̂λ

〉)2]p (by (3))

=
1
2p

n∑
i=1

[〈|Zi|2ν +
∣∣Z∗

i
∣∣2(1–ν)k̂λ, k̂λ

〉
–

(√〈∣∣Z∗
i
∣∣2(1–ν)k̂λ, k̂λ

〉
–

√〈|Zi|2ν k̂λ, k̂λ

〉)2]p.

Thus

( n∑
i=1

∣∣〈Zik̂λ, k̂λ〉
∣∣p

) 1
p

≤ 1
2

[ n∑
i=1

(〈|Zi|2ν +
∣∣Z∗

i
∣∣2(1–ν)k̂λ, k̂λ

〉
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–
(√〈∣∣Z∗

i
∣∣2(1–ν)k̂λ, k̂λ

〉
–

√〈|Zi|2ν k̂λ, k̂λ

〉)2)p
] 1

p

=
1
2

[ n∑
i=1

(〈|Zi|2ν +
∣∣Z∗

i
∣∣2(1–ν)k̂λ, k̂λ

〉
– 2δ(k̂λ)

)p
] 1

p

.

If we get the supremum over all k̂λ ∈ H(Ω) with ‖k̂λ‖ = 1, then we reach the desired re-
sult. �
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