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1 Introduction and main results

1.1 Jacobi expansions of exponential type

Assume that o, 8 > —1. Let Rﬁ,a’ﬂ )(x) be the Jacobi polynomial on [-1,1] of degree n nor-
malized so that Rff"ﬁ )(1) = 1. It follows that the system {Rﬁ,a’ﬂ )(cos £)}°, is orthogonal over
[0, 7] with respect to the weight sin?**!(¢/2) cos?#*1(¢/2). In particular,

sin(n + 1)¢
REV2=1D (cost) = cos nt, RY2VD (o5 ¢) = sin(n + 2 - ) .
(n+1)sint

(a+1,8+1)

In analogy to the relation of cos nt and sinnt, the system {R,,_;

(cost)sint}i, is in-
troduced in [8], which is a conjugate one of {RE,"’/’ )(cos 1)}, based on a pair of gener-
alized Cauchy—Riemann equations. This allows us to define an exponential type system
{EE,DZ’“})(t)}ff’:_oo asin [9], by E(()a’ﬁ) =1/+/2, and for n > 1,

1 . P 1B+1) ;
E@P(f) = Z| R®P)(cos t) + i——2—R“* P V(cost) sin¢ ,
i (0= G| R eost) v in PSR T cost)

M
ESP(0) = ESP ),

with p, = /n(n +a + B + 1), which is orthogonal over [-7, 7] with respect to the weight
w(t) = po,5(£)?, where

)|a+1/2

¢a,ﬁ(t) = ]sin(t/2 ‘Cos(t/z)‘ﬂﬂlz'
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It is interesting that each EYP isan eigenfunction of the first order differential-difference
operator T defined by

(¢ +B+1)cost+a-p
2sint

d
Tf(t) = %f(t) + Ua,ﬁ(t)[f(t) _f(_t)]r na,ﬂ(t) = ’
that is,
TE(ia’ﬂ)(t) = :I:ipy,Ef;,ﬂ)(t) for n > 0.

n
This resembles the functions ™ satisfying £e*" = +ine*™. The system EP )y
induces an orthonormal system {5,(,0‘"3 )(t)};,";_oo over [—m, ] with respect to the Lebesgue
measure, that is,
b R
/ ECBDESP ) dt = 8,y mym=0,4£1,42,...,
=T
where, for n =0,4+1,+2,...,

gr(la,ﬂ)(t): a)ﬁ,a’ﬂ)Ei,a’ﬂ)(t)qba,ﬁ(t)’

and 1/0*?) = 1 |E,(f"'3)(t)|2¢>o,,,3(t)2 dt. From [9, Lemma 4] and [8, (2.2)] it follows that, for

n=0,1,2,...,
@B Cu+a+B+ 1) rn+a+B+1)In+a+1)
T Te+Dlae+D)Im+p+1)Im+1)
and 0% = %P It is easy to see that
P =20 (@ +1)2n* 7 (1+0(n")) forn>1. (2)

Sometimes we write E, (¢) = E“? () and &£,(¢) = £“P(¢) for simplicity.
In what follows we assume that «, 8 > —1/2, for which the functions 5,(,0‘”3 )(t) are con-
tinuous on [-m,7]. For f € L(-m, ), its Jacobi expansion of exponential type is defined

by
F0~ 3 elpEEP o, alf) - [ oo 3)

where ¢, (f) are called the Fourier—Jacobi coefficients of f.

1.2 The main results

The purpose of the paper is to study the coefficient multipliers of the real Hardy spaces
HP(-m, ) associated with Jacobi expansions of exponential type. We recall that a function
F analytic in the unit disk D is said to be in the Hardy space H?(D), 0 < p < 00, if || F||gr :=
SUPg,.; Mp(F;7) < 00, where

1 T ) 1/p
M,(F;r) = {E/ |F(re’9)|1’d9} .
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The real Hardy space H? (-7, ) consists of boundary values of real parts of functions F
in H?(ID), with real F(0).

Since H'(-m,7) C L(-m,7), the Fourier—Jacobi coefficients of f € H'(-, ) may be
defined as in (3); but if f € HP (-7, ) for 0 < p < 1, we need a substitute definition of its
Fourier—Jacobi coefficients c,(f), which is based on the duality relation of the Hardy space
HP (-7, ) and the Lipschitz space A,-1_;(-7, 7). Form > land m—1<8 <m, As(-m,7)
is the set of (m — 1)-times differentiable and 27 -period functions f satisfying

1l 4 == sup|f Ve + ) = £V )| 1111 < 00
x,h

for § # m, and

1Ly = suplf D + b) = 27" D) + £ D e = )| /1] < 00
x,h

for § = m. Here we use a unified notation As(-m,7) for all § > 0, without use of Zygmund’s
notation A} (-, ) for 8 = m.

Lemma 1.1 ([1, Theorem 7.5]) To each bounded linear functional L on H?(D), 0 < p < 1,
there is a function g € A,1_4 (=7, 1) such that, for all F(z) = > o Cn?"” € HP (D),

L(F) = Tim / E(re)gto) e (4)

Conversely, for any g € A,1_(~7,7), the above limit exists for all F € H?(D) and defines
a bounded linear functional satisfying

|L(F)| < C||g||Ap,171 1 Fll e
where c is a constant independent of g and F.

A convenient notation is £, = £ once £ and g satisfy relation (4).

The linear functional £ on the real Hardy space H?(-m,7), 0 < p < 1, is identified with
the associated one on H?(D), that means L(f) = L(F), where f(¢) = the real part of F(e)
for F € H?(D) with real F(0).

For 0 < p < 1, the Fourier—Jacobi coefficients ¢, (f) of f € H (-, ) are defined by

enlf) = L:W(f) forn=0,%£1,%2,....

It is easy to see that this definition is identical with the previous definition in (3) for “good”
functions. However, it is not always meaningful in general for all H?(-m,7), 0 < p < 1,
since the functions 5,Saﬁ )(t) are not sufficiently smooth for most of «, 8. Indeed we have
the following.

Proposition 1.2 Let o, 8 > —1/2. The functions &,(t) = €£,a’ﬂ)(t) are in A,1_4(~m,7) for
v(a,B) ™t <p<1, where

y(a,B) = +oo ifbotha +1/2 and B + 1/2 are nonnegative even integers

=min{a, B} +3/2  if neither o + 1/2 nor B + 1/2 is an even integer
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=a+3/20orB+3/2 ifa+1/20r B +1/2is not an even integer

and the other one is an even integer.

Consequently, for f € H? (-, ), y(a, B)™! < p < 1, its Fourier—Jacobi coefficients c,(f) =
EW(]’ ) are well defined.

It is obvious that y(«, 8) > 1 forall o, 8 > —1/2.

The main results in the present paper are about the boundedness of the multiplier
operators associated with Jacobi expansions of exponential type from the Hardy spaces
HP(—m, 1) to the sequence spaces £7 for some ranges of p and q. The details are stated in

the following two theorems.

Theorem 1.3 Leto, > —1/2 and 2 < q < 00. If a bilateral sequence {A,}52 _ satisfies the
condition

Z Aal7=0Q1) forN>1, (5)

N<|n|<2N

then, for all f € H'(—mt, ) having the Jacobi expansion (3) of exponential type,

D et < elif 1 (6)

n=—00

Theorem 1.4 Let o, 8 > —1/2 and
Y, B <p<l<g<oo.
If a bilateral sequence {),};° _ . satisfies the condition

> lf=0(NUP) for N> 1, 7)

N<|n|<2N

then, for all f € HY (-7, ), the Fourier—Jacobi coefficients c,(f) = Ew(f ) satisfy

D Pead* < ellf 1 ®)

Asaconsequence of Theorems 1.3 and 1.4, a Paley-type inequality associated with Jacobi
expansions (3) can be obtained. We first note that if {;} is a Hadamard sequence satisfying
His1/ng > p > 1 (k=1,2,...), then for any N = 1,2,..., the number of elements in {n;}
locating in [N, 2N] has a bound independent of N. Indeed, if nx_; < N < n, then for j >
k satisfying n; < 2N, we have 1 < 21\[11/’1 < 2Nm;' p¥7 < 2p*7, and hence the bound to
be determined is 2/(1 — p~!). Now if A, = n,l;llp for |n| = ng, and 0 otherwise, then the
sequence {A,}52__ satisfies (5) or (7) for p = 1 or 0 < p < 1 respectively, and hence applying

Theorems 1.3 and 1.4 to g = 2, we have the following corollary.
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Corollary 1.5 Leta, > -1/2 and y(a, B)~! < p < 1. If {ni} is a Hadamard sequence sat-
isfying ng1/ng > p>1(k=1,2,...), then for f € H?(—m, 1), the Fourier—Jacobi coefficients
cu(f) satisfy

oo

S (e (O + [ecn O < ellf 10- )

k=1

The Paley-type inequality for usual Jacobi expansions is a special case of (9) with p =1
and for even functions, which has been proved in [7] by the duality of H' and BMO.

Throughout the paper, ¢ or ¢’ denotes constants independent of variables, functions, n,
k, etc., which may be different in different occurrences.

1.3 Backgrounds and remarks

1. The research on multipliers for power series and Fourier series has a long history and
rich contents. One of the criteria of multipliers in the Hardy spaces, proved in Hardy and
Littlewood [4, 5], is that, for 1 <p <2 <gand p~! —g~! =1 - 6§71, the sequence {1,} is a
multiplier of H?(D) into HY(D) if the function &, (z) = Y o, Ak2* satisfies

Mg(h;;}") <c(1-r"L (10)

It was pointed out in [13] (see [12] too) that (10) with § = g is also necessary for the se-
quence {A,} being a multiplier of H 1(D) into H9(D) when 1 < g < oo, and hence, for g > 2,
it provides a characterization of multipliers from H!(DD) into H?(DD). In particular, by Par-
seval’s theorem, (10) for § = 2 is equivalent to

2N
Y IlP=00) forN=>1. (11)

n=N

That means the sequence {,} is a multiplier of H!(D) into H2(D) if and only if (11) is
satisfied.

Turning to the case for 1 < p < g < 2, the situation is completely different from (10).
A sequence {},} is constructed in [12] (see Theorem 3.1 there), which satisfies (10) but
is not a multiplier of H?(D) into H4(D). However, it was shown in [2] (and first stated in
[4, 5]) that a modification of (10) allows to extend the theorem of Hardy and Littlewood
to smaller p. Indeed, if 0<p<1<g<ooand (v+ 1) <p<v!withv=12,..., then
the sequence {A,} is a multiplier of H?(D) into H4(D) if and only if the function /4, (z) =
Y% 2" satisfies M, (Vs r) < c(1 - P2,

A different type of multipliers is the coefficient multipliers of the Hardy spaces H?(D)
into the sequence spaces £4. For 0 < g < 00, £1 = {{ay} : [Hax}ll4 = (Z/tio |ax|?)Y1 < oo}; and
£ is the set of bounded sequences. We use the same notations for a bilateral sequence.
That a sequence {A,} is such a multiplier means that {A,c,} € £ whenever ) .- c,z" €
HP (D).

A basic criterion following from that on multipliers of H'(D) into H*(D) (alias ¢?) men-
tioned above is stated as follows: the sequence {},} is a multiplier of H'(D) into £7 for
2 < g < oo if and only if ZiﬁlN |Ax|?7 = O(1) for N > 1. For details, see [2, pp. 72-73]. A gen-
eral extension of this criterion to the case 0 < p < 1 is given in [2]. Itis proved in [2] that (see
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Theorem 2 there), for 0 < p < 1 and p < g < 00, the sequence {A,} is a multiplier of H?(D)
into ¢4 if and only if Zn Yy Al = O(NI-1P)) for N > 1. We note that this condition is
equivalent to what is given in [2] by the following proposition.

Proposition 1.6 ([10, Proposition 1.8]) Let a, b be real and a > 0. Then, for a nonnegative
sequence {1}, the following conditions are equivalent:
i) N, #Pu, = ON®) for N > 1;
(i) 2Ny tn = ON“™) for N > 1
(i) 320k s = O@KED) for ke > 0;
(iv) Forsome§>0,Y 50 n=%3u, = O(N7®) for N > 1.

Since an element in the real Hardy spaces H? (-7, ) has an expansion associated with
Y sp p
{e"?}%° ., or equivalently with {1,cos nf,sinnd,n = 1,2,...}, the coefficient multiplier cri-

teria given above can be restated as follows.

Theorem 1.7

(i) If a bilateral sequence {A,}52_, satisfies condition (5), then it is a multiplier of
HY(-m,7) into €9 for 2 < q < 0o, which means {A,c,} € £9 whenever
Y e e H (-, 7).

(ii) Suppose 0 < p < 1.If a bilateral sequence {1, };°_, satisfies condition (7), then it is a
multiplier of HY (-1, 1) into £1 for p < q < 00, which means {,,c,} € €1 whenever
Y cn€™ € HP(—m, 7).

2.1ff € L(-m,m) is even or f € L(0,7), (3) is identical with the following usual Jacobi

expansion:

Za NP0, a)= [ oo

where

PEP() =\ 0P ROP) (cos 1) p(£), 1=0,1,2,...,

which form an orthonormal system over [0, 7] with respect to the Lebesgue measure.

3. In our previous work [10], the problem on coefficient multipliers of the Hardy spaces
HP(R) associated with Hermite expansions was studied. A sufficient condition given in
[10] for asequence {1,};°, to be a multiplier of H”(R) into the sequence space £ associated
with Hermite expansions for (i) p=1,2 <g<ooand (iij) 0<p<1<g<oois

Dw— (n3 &9, (12)

In comparison to (5) and (7), condition (12) might seem peculiar. For a Hadamard se-
quence {n}, a Paley-type inequality following (12) is of the form (see [10, Corollary 3.3])

Zn; MNa O < clf 2wy f€HR), (13)
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where a,(f), n > 0, are the coefficients of the Hermite expansion of f. It is noted that the
Hardy inequality associated with Hermite expansions was proved in [11], that is,

Y mi|af)| <clf e, feH'®). (14)

n=1

The sharpness of (14) was verified by Kanjin in [6], who showed that there exists fy € L'(R)
such that

it 3
Z na ’a,,(fo)| = 00.
n=1

4. The original proofs of the classical multiplier theorems depend on the complex vari-
able structure of analytic functions, which is not workable for the Jacobi expansions of
exponential type. We shall apply, in Sect. 3, the duality of H' and BMO in proving The-
orem 1.3, and the duality of H?(-7,7) and A,1_;(~m,7) in the proof of Theorem 1.4.
Applications of these principles base upon some evaluations of the exponential type Ja-
cobi functions Ey(,a’ﬁ )(t) which are given in Sect. 2.

2 Several lemmas
Lemma 2.1 Let o, > -1 and let 0 < €y < w be fixed. Then, for 0 < |t| < w — €y and for
n=12,...,

/ (.B) a+1/2 a+3/2
W 1
g(a,ﬂ)(t) — w— (m) ea+1/2(iNt) + O|:—( n|t| ) ] (15)

n 2 2 n\ 1+ n|t|

with N = n+ (o + B + 1)/2, where ey, is the one-dimensional Dunkl kernel

. . z . ,
ex(2) = jr-12(iz) + TN lmuz(w), zeC, (16)
and j,(z) is the normalized Bessel function j,(z) = 2T (a + 1)27%J, (2).

Proof The proofis essentially based upon the well-known formula [14, (8.21.17)] of “Hilb’s
type’, which is rewritten as

) ¢ a+1/2 ¢ a+3/2
o, p(t)RF (cost) = <§> Jou(NE) + O|:<1 N nt) :|

(@+1,8+1)
n-1

for 0 <t <m — €. Applying to R (cost) and noting that p, = N + O(1), then equal-
ity (15) follows from (1)—(2) and these estimates. If -7 + €9 < ¢ < 0, we use the relation

WP () = £P)(~t) to obtain (15) again. O

Corollary 2.2 Leta, B > -1 and let 0 < €y < w be fixed. Then, for nl<l|t|<m-e and for
n=12,...,

2
gen(y = [ (142207 gsmomin-Fe-)
" Nz AT A

+i 22 pemomie-3e-) | o L 1), (17)
4Nt n22  n

Page 7 of 17
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Proof We rewrite [3, 7-13(3)] as

Jo (%) = Cas1/2 cos |x|—za T + 1_Mzsin |x|—zot—z +0 i
|og|r+1/2 2 4 8|x| 2 4 x2

for x — oo, where ¢, = 2*T"(A + 1/2)//7. Applying to j;_1/2 and j;,1/2, then from (16) it
follows that

2
e, (ix) = S 11+ i)\— O (x-54) 4 ;= * e b (x-34) 4 o 1
x| * 2x 2% x2

Putting A = & + 1/2, x = Nt, and then substituting into (15) proves (17) on account of (2). (]

Lemma 2.3 Let o, 8 > -1 and let 0 < €y < w be fixed. Then, for k =0,1,... and 0 < |t| <

T — €p,
Lj:k ECP ()| < enk (14 nje)) 72, (18)
where c is a constant independent of n, t.
Proof The key step is the following equality:
d* :
TR cost)] = 20: U(mRS 7P (cos 1)y (1), (19)
j=

where Uj(n) is a polynomial in # of degree 2j and U;(n) =< n¥ as n — oo, ¥;(2) is a ho-
mogeneous polynomial in cos ¢ and sint of degree j, and when [(k + 1)/2] <j <k, v¥;(¢) =
(sint)%~* x is a homogeneous polynomial in cos ¢ and sin¢ of degree k — .

The equality in (19) is a consequence of the formula (see [8, (2.9)])

d (ct,8) 10;% (o +1,8+1)
ax 0 g

after induction. And hence, by means of the estimate [R"? (cost)| < (1 + |nt])*1/2 (see
[14, (7.32.5)]), |dt’< [R,f‘ #) (cost)]| is dominated by a multiple of

n¥ ||k [(k-1)/2] 2j

n
e T n:. . 171 + . o~ 14
Z (1 + |nt|)/+a+1/2 ; (1 + |nt|)/+a+1/2

j=l(k+1)/2]

and consequently by cn(1 + n|t])*"'2, since n¥|t|¥~* < n*(1 + |nt|)¥* in the first sum-

mation and #¥ < #¥ in the second one. Furthermore, we also have

%|[R(Ol+1ﬂ+l (cost)slnt] {_ _|[ R@B) COSt)]k+1)|
o

<cn ( |t|) —o— 1/2

and then by (1) the desired estimate (18) follows immediately. O
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Lemma 2.4 Let o, B > —1/2 and let 0 < €y < w be fixed. Then there is a constant c inde-
pendent of n, t such that

—k+1/2
nt] \*
o
1+ |nt|

for())0<k<a+1/2,0<|t| <m —€p,and (ii) k > o +1/2,0< |t| < 7 — €. Furthermore,

(iil) if o + 1/2 is an even integer, then | d S(aﬂ @) < cnkfork >a+1/2and0 < |t| < 7 — €.

k

d
’ dt* &

Proof By Leibnitz’s rule,
k
d—tk&fﬁ (t):\/wfq“'“Z( ) ESP(0)p0,(2). (20)
j=0

It is obvious that ¢g])ﬁ(t) = | sin(¢/2)|**V*7 h(t), where h(t) is a continuous function for 0 <
|t] <7 — €. We have |¢g?ﬂ(t)| < c|t|**¥27 for t # 0 and also for £ = 0 when j < o + 1/2, and

|¢g?ﬁ(t)| <cforj>a+1/2 when «a + 1/2 is an even integer. Now by Lemma 2.3 we obtain

‘—5‘”’ (t)

k_,|t|a_1+1/2 . |Vlt| a—k+1/2
dek ™"

< Cnoz+1/2 <cn
Z (1 + n|t])>+1/2 — 1+ |nt|

for 0 < |t|] < — € and also for t = 0 when k <« + 1/2. If @ + 1/2 is an even integer and
k > o +1/2, again by Lemma 2.3 the summation with j < « + 1/2 is, as above, bounded by
cn, and the remainder part is dominated by

k— —a-1/2
n* 12 E ’ 1+n|t| <cnt.
j=a+1/2

Combining all the evaluations finishes the proof of the lemma. O

Corollary 2.5 Let o, 8 > —1/2. Then, for 0 <k < y(a, 8) —

The corollary is a consequence of Lemma 2.4 and the relation
E@P(t) = (<1)"EP) (- t). (21)
Lemma 2.6 Letw,f > -1/2. Then if 1 <m<y(a,B) -1,
£V (s) — EmD(B)| < en™|s — ¢]; (22)

if y(a, B) is finite and y (o, B) — 1 <m < y (e, B), then

| £V (s) — EmD(8)| < cn? @75 — gy h)=m, (23)

n

Page 9 of 17



Xue et al. Journal of Inequalities and Applications (2020) 2020:34 Page 10 of 17

Proof Forl <m < y(a,B)—1,(22)isaconsequence of the mean-value theorem and Corol-
lary 2.5.

In what follows we assume that y («, 8) is finite and y (o, 8) -1 <m < y (o, B). If |s —
t| > (2n)7, the estimate is obvious since | V(£)| < cn”!. Now we consider the case
when |s — ¢| < (2n)7! (< 7/6). Furthermore, we assume that y (a, 8) = « + 3/2 and restrict
ourselves to the case for -7 /4 <t < 3w /4, which implies =57 /12 < s < 11x/12. By (20),
£V (5) — £Y"V(#)] is dominated by a multiple of n“*1/2 times

m-2

|E ()5 " (5) — En(®)g " (0)] + Y| (ES 0090, (1), |15 — (24)

j=0

with some &; lying between s and ¢. The second term above is bounded by, applying
Lemma 2.3,

m-2

STIET I )¢5 (61) + E I @D el (E)|Is — ¢

j=0
m—j a—j+1/2 nm—j—l a—j-1/2
<C§: a2 | st
1 + |}’l€1| Ot+1/2 (1 + |ng>:1|)a+l/2

mfotfl/2|s _ t|
b

<cn

since |n&*77Y2 < (1 + |n&;|)*712 for j < m - 2. In the meantime, it is easy to see that the
first term in (24) is bounded by

EL&)[0l ©)]1s -t + |En)] |84V (5) - L V(@)
for some &, lying between s and ¢. Since
oY eLipla—m+3/2), O<a-m+3/2<1,

and (1 + |n&;|) < (1 +|nt]) for s, t under consideration, again applying Lemma 2.3 we obtain
an upper bound of the first term in (24) as a multiple of

nltla—m+3/2

a-m+3/2
T+ )17 |

m—-a—-1/2 a-m+3/2
Is I .

|s—t|+]s—t <cn —tl+|s—t

Substituting the two estimates into (24) yields
|5(m—1)(s) _ g(m—l)(t)| < Cna+l/2|s _ t.|oz—m+3/2
n n —_

for|s—t|<(n)tanda+1/2<m<a+3/2.
If37/4 <t <7m/4ory(a,B) =B +3/2, the associated estimate in (23) is a consequence
of the proved case and formula (21). d

Lemma 2.7 Letw, B > —1/2. There exists a constant c such that, for all interval I, |I| < m /4,

Ijl 1
Jesuoal=(fine 1)
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Proof If |k|/2 < |j| < |k|, then by Corollary 2.5, |f1 E®)E(t) dt| < c|I|. In what follows, we
assume that |j| < |k|/2. Since |I| < 7 /4, we may suppose I C [-37 /4,37 /4], and the case
when I C [7/4, 77 /4] has a similar result by appealing to (21). If I contains 0 as an interior
point, then we divide it by 0 into two parts, and hence we may assume / C [0, 37 /4]. We
also assume that &, > 0 without loss of generality. At first we have

<ck™ by Corollary 2.5.

/ E()E(t) dt
IN{t:t<k=1}

It remains to show that, for j < k/2,

j 1
/ SO dt| < c<i|1| ¥ —>. (25)
IN{et=k=1} k k

We apply (17) to the &(¢) in (25). The contribution of the O-term, in conjunction with
Corollary 2.5, to the integral is dominated by

37/4
¢ / [(ke)> + k"] de < k.
k

-1

We need to evaluate the critical part of the integral in (25) according to (17), that is,

Ajg = / ek E(p) dt,
IN{t:t>k=1}

where K = k + (¢ + 8 + 1)/2. But the evaluation of the part of the integral associated with
the terms in (17) with additional factor (K¢)~! is a little easier.

Taking integration by parts yields

i )
Ak =— eKeE () de + O(k7Y). (26)
P K Jingeeske / ()

By Lemma 2.4, |£/(¢)| < ¢j for a = ~1/2 and |£](#)] < ¢j(jt/(1 +jt))* V2 for a > —1/2. It
follows from (26) that, for oo = —1/2, |A; x| < c(j|I| + 1)/k, and for « > 1/2,

. . a-1/2
|Ajk|<CL/( Jt ) dt+ O(k™).
M=k J\1+jt

It is obvious that the integration over I is dominated by a multiple of

1
f (jt)“’mdt+/dt§c’(j’1 +111),
0 I

and immediately one has an upper bound for |A; 4| as in (25), as desired. d

3 Proofs of the main results

3.1 Proof of Theorem 1.3

We first note that the conclusion for 2 < g < co follows from that for g = 2. Indeed, if
we put v, = |4,,|%?, then (5) implies Yy _ |, i<on [Val” = O(1), and since |ex(f)| < c|f |1 by
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Corollary 2.5 with k = 0, we have
00 / 3 00 )
Y e <A1 Y e < ellf I,
k=—00 k=—00

Now we turn to the proof of the theorem for g = 2. We fix a sequence {b,}?°__ € ¢* and
forn=1,2,..., put

&i®) =Y hbiEile). 27)
k=—n

In terms of the duality of H*(-m, ) and BMO, one has | f_ﬂ”f(t)gn(t) dt| <cllgullzmollf |z
or equivalently,

> bici(f)

k=—n

<cllgullsmollf I (28)

where |\g|lzmo = sup1(1/|1|)f1 |g(t) — gr] dt for taking I to be all interval of the line and
gr = (/1)) flg(t) dt with |I| being the length of 1. We shall show that

" 1/2
llgnllzato < ¢ (Z |bk|2> (29)

k=-n

for a constant ¢’ independent of 7 and {b;}°__ € £2. Once (29) is true, then from (28) it
follows that (3_7_ , [Axck(F)|*)V2 < c||f || 1, which proves the theorem by letting 7 — co.
As usual, in order to prove (29), it suffices to show that, for any interval /, there exists a

constant y; satisfying

" 1/2
|71|f1|gn<t>—w|dt§c’(2 |bk|2) : (30)
k=—n

For an interval [, if 2mm < |I| < 2(m + 1)z for some m > 1, then

1 2 1 1 (7 n
(m /|g”(t)|dt> = m/|gn(f)|2dts —mn:ﬂ / lgu(®)*dt <y 1l
I I _r

k=-n

If 7/4 < |I| < 27, we have a similar estimate.
In what follows we assume that 27 /(m + 1) < |I| < 27 /m for some m > 8. For such an
interval, if m > n, then choosing ¢; to be one of the end points of I, we have
n n
2 2
l@n(®) = gu(tn)|” < D 15kl* Y 1] Ex(t) - Elt)[

k=-n k=-n

and by Lemma 2.6,

() = gu(tD)|* < D 1B Y elP kP - 11,
k=-n

k=—n
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where § = y(a,8) — 1 if y(a, 8) is finite and 1 < y(«, 8) < 2, and & = 1 otherwise. From
assumption (5), Yy <, <an |Aal* = O(1), which implies Y}, [A]*[k|*> < cn® by Propo-
sition 1.6 ((ii) = (i) with b = a = 28 > 0). Therefore

(0 —gu(tn)|* < > 1 P(nll) < > Ibil?,

|k|<n |k|<n

and (30) is true with y; = g, (¢)).
If m < n, we again choose ¢; to be one of the end points of I to get

|81() = gm(tD)] < |gm(®) — gm(tr)| +

> Akbkgk(t)’.

m<|k|<n
Hence by what has been verified,

m 172
o e~ guten] at < c/(Z |bk|2) + (31)

k=—m

where Fu = 117" [ 32,0 1<n 4bxEx(2)| dt. But for F,, ,, we first note

< Z Z |)»kbk?»b|||‘/5k ‘

m<|k|<n m<|j|<n

By symmetry, it suffices to evaluate the part »_, ., > ,.<up and for these j,
27|17t <m +1 < j|, and by Lemma 2.7,

I /&(t)%dt <c(Ijl + 7)1kl < 2cljl/ 1kl
I

Thus the evaluation of F2 , is reduced to showing the following inequality:

=y > |xkbkxb|—<c > bl

m<|k|<n m<|j|<|k| m<|k|<n

For the purpose, we rewrite S, , as

Z 3 (Inbil? +|xkb|)|',’('|

m<\kl<n m<lj|<|k|

Loy~ bl e 0 s
5 T B Y ey ¥ omen > T (32)

m<|k|<n m<|jl<|k| m<|jl<n Vl=<Ikl<n

Since assumption (5) (g = 2) implies

>
Y Pl <clkl and Y |,ﬁ| clil™,

W1=Ikl k=1l
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by Proposition 1.6 ((ii) = (i) and (ii) = (iv) with b = a = § = 1). Incorporating these into
(32) proves that S,,,,, < ¢' Y, x<, |bk|?; furthermore ., < ¢(3,, /< |bk|?)V2. Inserting
this into (31) proves (30) with y; = g,,(¢).

The proof of Theorem 1.3 is completed.

3.2 Proof of Theorem 1.4
We fix a sequence {b,}%°___ € 07, g7t +q ' =1,and for n =1,2,..., define g, asin (27). By
Proposition 1.2 and Lemma 1.1,

> ?»kbkck(f)‘ =

k=-n

> )»kbkﬁgk(f)‘ =|Lg, ()] < cligalla, o, Wl

k=-n

In order to prove (6), it suffices to show that there is a constant ¢’ independent of # and
{bi} € €9 such that

lgnlla,_, <[ Bid],- (33)
Assume m—1<8:=p ' —1<m <y(a,B) - 1. From (27) we have, for 1 %0,
g V(e + i) =g D@ < D bl [V €+ 1) - V). (34)

k=—n

If n < |h|™}, we apply Lemma 2.6 for m < y (o, ) — 1 to get an upper bound of |g,(4m71)(t +
(m-1) .
h)—g, (¢)| as a multiple of

n n 1/q
D el Ikl 1 < 1 [ (B} |, (Z |Ak|q|k|’"Q> : (35)

k=-n k=—n
Since g(1 —p™') =a — b, where a = g(m + 1 — p~') > 0, b = mgq, condition (7) and Proposi-

tion 1.6 ((ii) = (i)) give

n

-1 -1
D Ik < en® 1D < el forn < (k|
k=—n

Substituting this into (35) yields

lg V(¢ + ) - gD @)| < c||{be)

,l_m
Ml (36)

If n > |h|™!, the summation of those terms in (34) for |k| < |#|~! has the same bound
cl{bi}lly |h|1’71‘”‘ as above and the summation of the terms for |4|™! < |k| < n, in virtue of
Corollary 2.5, is dominated by

> kil (|ET V(8 + B + €7 0)))
|h|~1<|k|<n

1/q
< > mbkukv"-‘scu{bk}uq,( > |xk|q|k|‘f‘"“-”> : (37)

|h=1<|k|<n |h~1<|k|<n
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Since

qm-1)= q(p‘l -1)- q(p’l -m) and q(p’l -m) >0,
condition (7) and Proposition 1.6 ((ii) = (iv)) give

_a(p~1_ _
Do Dl < (i) = ey,

|h|~1<|k|<n

Substituting this into the previous evaluation yields an upper bound of the summation of
the terms in (34) for |4|™! < |k| < n as cll{bk}llq/|h|p71‘m. Thus (36) is proved to be true for
all # and 4, so that (33) is shown whenever

m—1<5:=p’1—1<m§y(a,,3)—1.
Next we consider the case when y («, B) is finite and
m-1<8:=pt-1<y(a,B)-1<m.
Similarly to (35), we apply (23) in (34) to obtain

gDt + h) - g (2)|

p 1/q
< clh” P (b, (Z |Ak|q|k|q<y‘”’ﬂ’-“) : (38)

k=—n

Since g(1-p~!) =a—b,wherea = q(y (o, 8) —p~') >0, b = g(y (a, B) — 1), condition (7) and
Proposition 1.6 ((ii) = (i) give

n
Z [Ag|]k|90 @B)-D) < endv@p)-r) - c|h|fI(P’1—V(a,ﬂ))
k=—n

for n < |h|7}, and substituting this into (38) proves (36) again. If n > |h|™!, we also break
the summation in (34) into two parts according to |k| < |k|™! and |k|™! < |k| < n, where
the first part has the same bound c||{bi} | |h|1’71‘”’ as just proved and the second part is
dealt with by the same way as in (37). That means (36) is true for all » and /4, and hence
(33)isproved form—1<8:=p ' —1<y(a,B) -1 <m.

Finally, we prove (33) for

S=pl-l=m<y(p) -1

It is noted that the verification from (35) to (36) for n < |h|~' does not work when
p~' =m+1. We shall need to evaluate the second order difference of gf,m_l), which is
also sufficient by our definition about A; for § = m. From (27) it follows, for & # 0, that

g (e + h) —2g" V(1) + 8" (¢ — )| is bounded by

D bl |E7 V@ + ) = 28" @) + £V (e - h). (39)
k=—n



Xue et al. Journal of Inequalities and Applications (2020) 2020:34 Page 16 of 17
If 1 <m<y(a,B) -2, this is dominated by ¢ > ;__, I)Lkbk||5,gm+l)(§)||h|2; furthermore, by
virtue of Corollary 2.5, by

P bl k)™t < ¢k | {be}
k=-n

n 1/q
py (Z |Ak|q|k|‘f<’”*”> : (40)

k=-n
Since g(1 — p™') = —qgm = a — b, where a = g > 0, b = g(m + 1), condition (7) and Proposi-

tion 1.6 ((ii) = (i)) give

n
Z Akl 71k 7 Y < en? < c|h|™? for n < |h|™.
k=—n

Substituting this into (40) yields, for n < |h|!,

g0V + 1) — 26 () + gV (e = )| < e[ B}

L (41)
If y(«, B) is finite and y (o, B) -2 < m < y(«, B) — 1, we note that
&7+ ) =267 @) + £V - 1| = [£7) - £ €)| 1A

by the mean-value theorem, where &, and &, lay between ¢ — /1 and ¢ + /; furthermore, by
(23) this is bounded by

Cny(a,ﬂ)—l|h|y(a,ﬁ)—m—1|h| - Cny(a,ﬁ)—1|h|y(01,ﬂ)—m.

Hence the expression in (39) is dominated by a multiple of

n
D Vil k|7 P e,
k=—n

which has the same bound as in (38), and also the bound c||[{x} |l |h|p71"” = cl{bi}lly 1A
for n < |h|™" as in (36). Thus (41) is shown to be true for n < |k|™L.

If n > |h|™%, the summation of the terms for |k| < |k|™! in (39) has the same bound as in
(41), and the summation of those for || < |k| < # is dealt with by the same way as in (37)
to obtain its bound c|[{bi} |4 |h|1’_1‘”’ = c|[{bi} 4 |h|. Therefore (41) is verified for all # and
h, and hence (33) is proved for §:=p™! =1 =m < y(a, B) — 1.

The proof of Theorem 1.4 is completed.
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