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In this paper, we prove that, for x > 0,

\/1 —exp(—%) <tanhx < \%1 —exp(—\/%).

This solves an open problem proposed by Ivady.
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1 Introduction
Ivady (see [1, Problem 51]) proposed the following problem: Show that, for x > 0,

1-ex —L <tanhx < 1 —ex _x—3 (1.1)
P Va2 +1 P Va3 + 1

holds. Subsequently, a solution was presented by the proposer (see [2]).
In [2], the proof of the left-hand side of (1.1) is correct, but the proof of the right-hand
side of (1.1) is not correct.

Using the inverse function of tanhx, the second inequality in (1.1) has the equivalent

form
1+ 31— exp(—i)
1 W/
5111( P17 ) S x foras 0. (1.2)

3 x3
1-31 —exp(——m)

According to the mean-value theorem, Ivady [2, Eq. (8)] got on [0, x]

1 | <1+,3/1—exp(—%))
—1In

1- 3/1—exp(——%)

/ 3
lln(1+31—exp(— x3+1))

2 3
I P+ 2) (13)
* 2007+ 172(1 - exp(=—E=)2(1 = (1 - exp(=—E=))
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for some 0 < 1 < x, and then proved that, for all n > 0,

n*(n* +2) 1
207 + 1P2(1 - exp(-—E=))3(1 - (L-exp(-—L—)2)

We note that (1.3) may be corrected as

1 <1+13/1—exp(—%))
—1In -
1- 31 —exp(- %3“)
3

2x
2(,,3 o
n=(n” +2) exp( m)

2077 + 17201 - expl-—E=)R(1 - (1 - expl-—E=)))

for some 0 < 1 < x.
In this paper, we provide a proof of the right-hand side of (1.1).

The numerical values given in this paper have been calculated via the computer program

MAPLE 13.

2 Lemma
Lemma 2.1 Let

x2(x% +2) x3 x3 23
G = — _—_ — 1— _—_—
0= s o)~ (1o~ )

o)
+1-expl - .
P x3+1

Then, for x > 0,

G(x) > 0.

Proof We split the proof into three cases.
Case 1. 0<x<0.5.
We first prove the following inequalities:

X% +2 x? 103
exp| - >1-2x°,
2(x3 +1)3/2 P Va3 +1

3 2/3
2 7

1-exp(- ~ <x?— X%+ —ab,
B+ 1 3 12

and

3 4/3
4
(1—exp<— x )) >at -~
23+ 1 3

for 0 <x <0.5.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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The inequality (2.3) can be converted to

Y i 2(y + 1)%2(1 - 2y)
Jy+1 y+2

We consider the function fi(y) defined, for 0 < y < 0.125, by

><0 for 0 <y <0.125.

3
fily) = \/J% +In2 + Eln(y+ 1) + In(1 - 2y) — In(y + 2).
Differentiation yields
, 6y* + 19y + 4 +2
S+ D) = -

S (1-2)0+2) +DV

By direct computation, we get, for 0 <y < 0.125,

( 6y + 19y + 4 )2 (y+2)*  y(4y*(2-y) +199y° + 597y + 601y + 200)

(1-2)(y+2) y+1 (1-29)2(y+ 22y +1)

We then obtain f](y) < 0 for 0 < y < 0.125. Hence, fi(y) is strictly decreasing for 0 < y <
0.125, and we have

(2R
500+ e () sho-o

The inequality (2.4) can be written for 0 <x < 0.5 as

3 9 7 3/2
X +In[1-a3{1-Za%+ —x° <0. (2.6)
3+ 1 3 12

In order to prove (2.6), it suffices to show that

fH») <0 for0<y<0.125,

where

) 7 3/2
f2()’)=\/3%+1n(1—y<1_§y+ﬁy2) >

Differentiation yields

£0) = 4(3 — 5y + 7y%),/36 — 24y + 21y? y+2
2 72 (12 - 82 + 793)/36 — 24y + 21y2  2(y+1)32

We now prove f;(y) < 0 for 0 < y < 0.125. It suffices to show that, for 0 < y < 0.125,

4(3 - 5y + 79%)/36 — 24y + 21y y+2
> .
72— (12y — 8y2 + 793),/36 — 24y + 212 2(y + 1)3
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It is not difficult to prove that

4(3 — 5y + 7y%),/36 — 24y + 21y2 9,
>1l-y+ -y
72 — (12y — 892 + 793),/36 — 24y + 212 8

and

y+2 clews 9 5
2y+1pz YT
for 0 < y < 0.125 (we here omit the proofs). Hence, f; () < 0 holds for 0 < y < 0.125. So, f2(y)
is strictly decreasing for 0 < y < 0.125, and we have

32
L) = y_y+ - +1n(1—y(1— §y+ %ﬁ) > <f2(0)=0

for 0 <y <0.125.
The inequality (2.5) can be written for 0 < x < 0.5 as

3 4 3/4
Y im(1-3(1-24 >0. 2.7)
x3+1 3

In order to prove (2.7), it suffices to show that

fs(»)>0 for0<y<0.125,

where

3/4
)= \/J% +ln(1 —y(l - ;—Ly> )

Differentiation yields

y+2 3-7y
20+ 1)32 3(1- %y)llzl(l —y(1- %y)m)'

f£0)=

We now prove f;(y) > 0 for 0 < y < 0.125. It suffices to show that, for 0 < y < 0.125,

1_y< 4 )3’4> 2(3 - 7y)(y + 1)>?

1-- .
37) T3pe2)a- gy

It is not difficult to prove that

4 3/4 2(3-7 13/2
1—y<1——y) >1-y and L(m<l—y
3 3(y+2)(1 - 30V

for 0 < y < 0.125 (we here omit the proofs). Hence, f;(y) > 0 holds for 0 < y < 0.125. So, f3(y)
is strictly increasing for 0 < y < 0.125, and we have

4 3/4
f3(y)=\/3%+ln(l—y<l—§y) )>f3(0)=0

for 0 <y <0.125.
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We then obtain by (2.3), (2.4) and (2.5), for 0 < x < 0.5,

2 7 4
Gx) >a*(1-2x%) — (a7 = Za® + —a® ) + 2t — =o7
3 12 3

1
= Ex4(12 - 16x — 16x° — 7x*) > 0.

Case2.0.5 <x<3.
Let

G(x) = G1(x) + Ga(x),

where
22(x3 +2) x3 x3 23
G - — —(1- D 2.8
1) 2(x3 +1)3/2 exp( x3+1> ( exp( x3+1)) 28)
and
x3 4/3
Gy(x) = (1 —exp <— )) . (2.9)
x3+1
It is not difficult to prove that
3 1/3
x
(l—exp(— )) <x, x>0 (2.10)
x3+1

(we here omit the proof). Differentiating G (x) and using (2.10), we obtain, for x > 0,

(xS + 1)3/2 ( xs )G/( )
- €X X
x P Vadi1) !

—(x® + 8)v/a3 + 1 + 3x3(x® + 2)2 2(x3 +2)
= +
4(x3 + 1)32 (1 - exp(——2=))13
Vad+1
—(x®+8)Vad +1+3x3(x% +2)2
> +x°+2

4(x3 + 1)3/2

33 ((x% + 4)Vx3 + 1+ x° + 4a + 4)
= > 0.
4(x3 + 1)3/2

Therefore, the function G (x) is strictly decreasing for x > 0.

Differentiation yields

G = (1—e x3 1/3e X3 2% (x% + 2) 0
x)=(1-exp| ——— xp| — >0.
> P x3 +1 P Va3 r1) @3 +1)32
Therefore, the function Gs(x) is strictly increasing for x > 0.
Let 0.5 <r <x <s < 3. Since G;(x) is decreasing and G,(x) is increasing, we obtain

G(x) > Gi(s) + Ga(r) = o (1,9).
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We divide the interval [0.5, 3] into 250 subintervals:

4 k k+1
[0.5,3]=U[0.5+—,0.5+ } fork=0,1,2,...,249.

100 100
k=0

By direct computation we get

k k+1
o(05+——,05+—"")50 fork=0,1,2,...,249.
100 100

Hence,

k k+1
Gx)>0 forxe|05+—,05+ "
100 100

This implies that G(x) is positive for 0.5 < x < 3.
Case 3. x > 3.
We first prove that, for x > 3,

33 3 2) — 3 13/2 3 1/3
i +2) -G+l (1—exp(— X )) >x2(x3+2),

4/x

x3+1

which can be written for x > 3 as

X3 nl1 4552 (x3 + 2) 3 0
+In(1- >0,
3+ 1 33 (x3 +2) — (3 + 1)3/2

which can be converted to

4456 3
J +ln(1—( " o+ >>>0 for y > 27.

Jy+1 3y(y +2) — (y + 1)32
It is not difficult to prove that
y 1

>J/y-—

Jy+1 2.y

and
4958 (y + 2) 3 64 64 128
3y(y +2) — (y + 1)372 27y 27y 81y%?

for y > 27 (we here omit the proofs).
In order to prove (2.13), it suffices to show that

64 64 128
-——+In{l-—— - — - >0 fory>27.
Y

We consider the function f;(z) defined, for z > 3+/3, by

64 64 128 >

1
O ™Y (T B
fi@=z-5 n( 27z 272 817

] and k=0,1,2,...,249.

(2.11)

(2.12)

(2.13)

(2.14)
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Differentiation yields, for z > 3+/3,

1622° — 384z* + 812% + 320z% + 576z — 128

(z) = 0.
i@ 222(812% — 19222 — 1927 — 128) g

Hence, fi(2) is strictly increasing for z > 34/3, and we have

1 64 64 128
=z— —+Inf1-— - — - 3v3)=4.289...>0
fl@)=z=5 n( 27z 272 81z3> f(3¥3) g

for z > 34/3. Hence, (2.14) holds for y > 27.
We now prove G(x) > 0 for x > 3. It is easy to see that

x2(x% +2)

W>\/9_C for x > 3.

In order to prove G(x) > 0 for x > 3, it is enough to prove the following inequality:
H(x)>0 forx>3,

where

ool ) (ee(5))
H(x) = —exp| - —1-expl ————
2 P 2B +1 P 2B +1
(oo 7))
+|1-exp|- .
P x3+1

Differentiating H(x) and using (2.11) yield, for x > 3,

3
3 3/2 X ) /
—(x°+1) “ex H'(x)
( ) p(Vx3+1
3x3(x +2) — (x% + 1)32 (1 < x> ))1/3
= —exp| -
4/x P x3+1
xs 2/3
+x2(x3+2)—2x2(x3+2)(1—exp<—7)>
x3+1

3 2/3
>2x2(x3+2) 1-{1-exp _ > 0.
x»+1

Therefore, the function H(x) is strictly decreasing for x > 3, and we have
H(x) > tlim H(t)=0 forx>3.
Hence, we have G(x) > 0 for all x > 0. The proof of Lemma 2.1 is complete. d

3 Proof of the right-hand side of (1.1)
It is sufficient to prove the following inequality:

1+ 31 —exp(—\/%)>
1- ‘3( 1- CXp(——%)

—-x>0 forx>0. (3.1)

F(x) = %ln(
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Differentiating F(x) and using (2.2), we obtain, for x > 0,

xg 2/3 xs 2/3
(11’(*1)) [1(1P<ﬁ)> ]F/("):G("“"’

where G(x) is given in (2.1). Therefore, F(x) is strictly increasing for x > 0, and we have

1+ F/l—exp(—%)
1- 3/l—exp(—\/a%)

for x > 0. The proof is complete.

F(x):%ln( -x>F(0)=0
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