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1 Introduction
Let £2 C R? be a bounded interconnected region. The 2D unsteady conduction—convec-
tion problems are stated as follows (see [1, 2]).

Problem 1 Seek u, v, Q, and p obeying

Ot — LAY + udyu + VO, u + dxp = 0, (tx,9)€(0,T) x £2,

0V — LAY + udyv + vy + dyp = Q, (t,x,9)€(0,T) x £2,

dxtt + 9yv =0, (t,x,y) €(0,T) x £2,

0:Q—YAQ +udQ+v3,Q=0, (tx,9)€(0,T) x £2, )
u(t,x,y) =u(t,%,9),  v(txy) =etxy), (Lxy) €(0,T)x L2,

Q(£,%,7) = Qo(t,x, ), (tx,y) €(0,T) x 02,

w0,%,9) =u’(xy),  vOxy) =""(xy),  ®y e,

Q(0,x,9) = Q°(x,y), (x,y) € £2,
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where 9, = 3/3z (z = t,x,%), (u,v)T stands for the velocity vector of flow, p stands for
the pressure, Q stands for the temperature or heat energy, T stands for the total time,
w = ~/PriRe, Re stands for the Reynolds, Pr stands for Prandtl’'s number, y, = 1/+/RePr,
(0u(x,9,t), 0%, 9, )T and Qy(¢,x, y) stand, respectively, for the known boundary values to
the flow velocity and temperature, and (x°(x,y),°(x,)), and Q°(x, y) stand, respectively,
for the known initial values to the flow velocity and the temperature.

For convenience of the theoretic argumentation, we will presume that Qo(z,%,y) =
©u(t,%,9) = py(L,%,9) = 0 in the following.

The 2D unsteady conduction—convection problems possess very momentous physical
background and can be applied for simulating the real-world natural phenomena (see [1-
4]). But, due to the nonlinearity for Problem 1, most of all when the computational region
for Problem 1 is of an irregular geometrical shape, one cannot usually find any genuine
solution so one has to find numerical ones.

It is universally acknowledged that the spectral and finite element (FE) together with fi-
nite difference (FD) along with finite volume element (FVE) methods are four welcome nu-
merical means (see [5-10]). Nevertheless, the spectral method possesses the highest pre-
cision among four numerical ones because the unknowns to the spectral method are ap-
proximated with the smooth functions, including trigonometric functions or the Cheby-
shev, Jacobi, and Legendre polynomials, but the unknowns to the FE and FVE methods are
usually approximated by the classic polynomials, while the derivatives to the FD method
are approached with difference quotients. Specially, the spectral element (SE) method pos-
sesses a similar principle to the FVE and FE ones so as to be adapt to the calculated regions
of the non-regular shapes. Hence, it is more popular than the FE and FVE FD methods
and has proverbially been applied for solving the various PDEs such as the hyperbolic and
parabolic along with hydromechanics equations (see [11-15]).

Though the reduced-order extrapolating (SECN) method of the 2D unsteady conduc-
tion—convection problems to the vorticity and stream functions has been developed in
[16], the SECN method has not been minutely developed. Specially, there have been no
theoretic proofs as regards the existence along with stability as well as error estimates
to the SECN solutions. Therefore, in Sect. 2, we firstly intend to set up a semi-discretized
CN scheme as a function of time with second-order temporal precision to the 2D unsteady
conduction—convection problems to the vorticity and stream functions, as well as a proof
of the error estimates to the semi-discretized CN solutions. Afterwards, in Sect. 3, we in-
tend to build the fully discretized SECN model of the 2D unsteady conduction—convection
problems to the vorticity and stream functions, as well as prove the existence along with
stability together with error estimates to the SECN solutions. In the end, in Sects. 4 and
5, we intend to pose a set of numeric experiments to verify the validity to the obtained
theoretic consequences and give the primary conclusions and discussion, respectively.

What is noteworthy is that the SECN model of the 2D unsteady conduction—convection
problems to the vorticity and stream functions is not only spilt into three sets of relatively
linearly independent equations, but also that it possesses the second-order precision as a
function of time. Specially, it is able to avoid the restriction for Babuska—Brezzi’s stability
conditions to spectral subspaces so as to be able to easily seek the SECN solutions, which is
different from the previous other SE methods as stated above. As a consequence, the SECN
model is fully distinguished from the spectral ones (see [8—21]) and is a development or a
supplement to the previous ones.
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2 The generalized solution and semi-discrete solution as a function of time
Thanks to the connectivity and boundedness of £2 and 0,u + d,v = 0, there is only a stream
function 6 fulfilling u = 9,0 and v = —09,6. In additional, there is a vorticity function =
meeting @ = 0v/0x — 0u/dy = —A6.

Thereupon, Problem 1 may be turned into the next systems of equations:

N0 =w, (t,xy)e(0,T)xS2, 2
0 =0, (&x,9)€(0,T) x £2,

0w — nAw + 0,00, — 0,00, = 9,Q, (£,x,9) €(0,T) x £2,

w =0, (&%) €(0,T) x 2, (3)
@ (0,%,9) =@ = 3v°/9x — du’/dy, (x,9) € 2,

0;Q -y AQ + 9,00,Q - 9,6009,Q =0, (t,x,9) €(0,T) x £2,

Q = 01 (t)x’y) € (O) T) X Q’ (4)
Q(0,x,y) = Q°, (x,9) € 2.

The Sobolev spaces along with norms adopted in the following are normative (see [1,
22]). Set V' = H;($2). Using the Green formula, we may gain the next weak format.

Problem 2 Find (z,0,Q) € HY(0, T; V) x HY(0, T; V) x HY(0, T; V) that satisfies

a0,¢) = (@,¢), VpeV; 5)
(O, x) + pa(@, x) + a0, @, x) = (0:Q x), Vx €V, (6)
(0:Q¢) + 10a(Q ¢) +a1(6,Q,¢) =0, VeV, (7)
@aOxy) =’  QOxy=0Q", xyen, (8)

where (w,¢) = [,wedxdy, a0, x) = [,(0:00:x + 8,00,x)dxdy, and a1(6,w,¢) =
[ (0,00, — 8,00, )@ dxdy.

Then a;(6, @, ) possesses the next properties (see [1, 16, 23, 24]):

a0, @,9) = -a10,¢, @), a0, m,@)=0, V0,0, e Hy(R); )
|a1(6,@,9)| < CIIVOlol Ve llollgllo, V6,0, @ € Hy($2), (10)
where C > 0 stands for the constant that is independent of 6, @, and ¢.

Theorem 1 If (u°,1°, Q%) € H'(2) x H'(£2) x H(82), then Problem 2 possesses only a so-
lution (w,0,Q) € HY(0, T; H} ($2) N\H*(2)) x H'(0, T; HA (2) NH?(£2)) x HY(0, T; Hy (£2) N
H?*(2)) that meets

IV&llo + 1w llo + I Ve ll22) + 1Qllo + I VRl 242) < o (g1, 82, 4%, v, 1), (11)

where || - || ym k) stands for the norms of space H™ (0, T; H*(2)) and o (1,82, u®,V°, i) > 0
stands for a constant that is dependent on g1, g2, u®, V0, and .
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Proof When (1°,1°, Q%) € H2(£2) x H?(2) x H%($2), from the approaches in Refs. [16, 23],
or [24] we know that the direct variational format for Problem 1 has a unique a set of solu-
tion and from the regularity for PDEs (see [16, 23, 24]) we have (,v, Q) € H'(0, T; Hy(£2) N
L2(£2)) x HY (0, T; HL(£2) N H*(2)) x HY0, T; H}(£2) N H%($2)). Therefore, Problem 2
has at least a solution @ € H'(0, T; HL(£2) N H*(£2)), 6 € H'(0, T; H}(£2) N H*(£2)), and
Q € HY(0, T; H}(£2) N H*(£2)). Thus, we only prove the uniqueness of solution to Prob-
lem 2. Namely, we only need to prove that, when @ = Q° = 0, Problem 2 has only a zero
solution.

Selecting ¢ =6 in (5), by the Holder and Poincaré inequalities (see [1]) we obtain
IVOl5 = (@,6) < @ lloll6llo < Collw ol Vo, (12)

where Cy > 0 stands for the coefficient in the Poincaré inequality: [|6|; < Co||V8||o. From
(12) we get

IVOllo < Colle llo. (13)

Selecting x = @ in (6), by the Holder and Poincaré inequalities (see [1]) and (9) we obtain

Ld|m@ |3
= L+ Ve [§ = 0:Q @) < 1:Qllollw llo
2 dt
VQllollV S vl + X v 2
= GolVQIolVallo = 5= 1IVQIlg + S IV . (14)
21 2
Thus, we can get
dll= 3 2 _ G 2
_— v <—|V . 15
a +ullVaor ll < MII Qllo (15)
Integrating (15) on [0,£] (0 <t < T) yields
2 2 C_S 2 02
oI5 + wll Ve 120 < o IVQIZ22 + [@° ], (16)
Selecting ¢ = Q in (7), by (9) we obtain
1dJ|Qll3 >
— \Y =0. 17
S+l Ve a7)
Integrating (17) on [0,£] (0 <t < T), we get
2
QUG + 2101V Q22 = [ Q- (18)

When @ = Q° = 0, from (13), (16), and (18) we immediately obtain @ = # = Q = 0. And
from (13), (16), and (18) we also acquire (11). This fulfils the proof of Theorem 1. O

Let M > 0 stand for an integer, let At = TM~! stand for the temporal step, let @"(x,7),
0"(x,y), and Q"(x,y) stand, respectively, for the approximations of @ (¢, x,y), 0 (x, y,£), and
Q(t,x,9) at t, = nAt, as well as let ¢ = (¢" + ¢"1)/2. If 3, and 9,Q are, respectively,
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approximated with (@” — @"!)/At and (Q" — Q" 1)/ At, then the semi-discretized CN
scheme as a function of time with the second-order temporal accuracy is built in the fol-

lowing.
Problem 3 Seek (w”,0",Q") € V x V x V (1 < n < M) that satisfy

a(0""¢)=(@""¢), VoeV,l=sn=M+1; (19)

(w”,x) + MAta(zﬁ”,x) + Atal(é’”_l,a'r”,x) = (w”_l,x) + At(&xQ”,x),

VxeV,l<n<M; (20)
(Q"9) + voArta(Q", @) + Atar (6",Q% ¢) = (Q", ),
YVoeV,1<n<M. (21)

Problem 3 has the next consequence.

Theorem 2 Under the hypotheses in Theorem 1, Problem 3 possesses only a series of solu-
tions {@w”,0", Q"M C V x V x V meeting

n
[verlo+ oo+ 1Qlo+ e 3 (Vo + [VQLG) < 8o, Q). (22)

i1
where 80(u°,v°, Q% 11, v0) is a non-negative constant relying on u®, v°, Q°, u and yo.
When the solution of Eq. (6) meets w € [H>(0, T;L*(£2)) N H*(0, T; H}(£2))] and Q €
[H3(0, T; L*(£2)) N H*(0, T; H} (£2))], we obtain the following estimate errors:

[VE" =0, + o -], + AL V(@ -2 @),

lo

+ Q"= Q@)+ At|V(Q" - Q) ||, < CAP, 1<n<M, (23)
where C > 0 is the generic constant that is independent of At.

Proof (1) The existence along with uniqueness to solution of Problem 3

Firstly, it is easily seen that the bilinear functional a(0, ¢) to the left hand side in (19) is
bounded and coercive in V x V for given " € V (1 <n <M + 1). Thus, from Lax—
Milgram’s theorem (see [1]) we conclude that Eq. (19) possesses only a series of solutions
(0", C H)(£2).

Next, for the obtained 67, let A(Q,¢) = (Q,¢) + VOTAta(Q,go) + 5ta1(0",Q,¢) and
E(p) = (Q"1,9) - 22a(Q™Y, ) — SLai (01, Q" ¢). Then A(Q, ) is the bilinear func-
tional and F () is the linear functional. By (9) and the Holder inequality we have

A VoAt At n
A(Q, g{)) = (Q’ (/7) + 02 ﬂ(Q, (P) + 7“1 (0 1’ Q g))
)/()At At -1
= l1Qlollgllo + = —1VelloVQllo + 7” Vo' Vel VQIlo

At At
< (1 # 220 S v ||0) IQlllel, YQeeVs
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~ VoAt At _
A, 9) = (0, 0) + 5 a(p, ¢) + 7@1(9” Le,9)
YoAL R
= [lplls + 2 IVells > allelli, YeoeV,

where & = min{1, yyAt/2}. Therefore, the bilinear functional 121(-, -) is bounded and coer-

cive on V x V for obtained 8"~ € V. Moreover, by (9) and the Hélder inequality we have

At

(l(Qnil,QD) _ Tal(en—l, Qn—l,(p)

o At
Eig) = (@0) - 5
VoAt
2
At At
< (Il + B3t 19 @1y 5190 9@, v, voev.

At
=[Q ollelo + Z=1Vello[ VR g + S [ VR [ VO™ ol Velo

Therefore, the linear function F(¢) is bounded in V for the known 6”~! and Q"!. Conse-
quently, by the Lax—Milgram theorem (see [1]) we may assert that Eq. (21) possesses only
a series of solutions {Q"}L, C V for the known 6”1 and Q"!.

"TMa(w,x) +5ta1(0" Y, @, x) and let F(x) = (@" !, x) -
“Tma(w”‘l, X)— %al(Q”‘l, @1, x) + At(3,Q", x). Then, by (9) and the Holder inequality,

we obtain

Further, let A(w, x) = (=, x) +

WAL At _
A(w:X) = (ZD-’X) + Ta(w,x) + Tal(en l,w,X)
WAL At a
=l@lollxllo + ==V llollVxllo + — V6" [, V@ lloll V xllo

At At
s<1+““7+7}|v0"1||0)||w||1||x||1, Vo, x € V;

At At
Alw, o) = (w,w) + MTa(ar, o)+ 7111(0”’1, w,w)

WAL
=llw i+ TIIVWII?) >alw|}, Vo eV,

where o = min{1, uAt/2}. Therefore, the bilinear functional A(-,-) is bounded and coer-
cive on V x V for obtained #”~! € V. The linear functional F(-) is obviously bounded for
the obtained "1, 6”1, Q" € V, thereupon, from Lax—Milgram’s theorem (see [1]) we
conclude that Eq. (20) possesses only a series of solutions {z "}, C H}(£2).

(2) The stability to solution of Problem 3

First, selecting ¢ = 6"~! in (19), by the Holder and Poincaré inequalities we have

||V9n—1 ”5 _ a(gn—l,gn—l) _ (Qn—l’wn—l)

<[ ol o = Coll Ve o |l=" (24)

Thus, we get

[ver|, < Co|="! l<n=<M+1. (25)

0’
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Next, selecting x = @” + @1 in (20), by (9) along with the Holder, Cauchy—Schwarz
and the Poincaré inequalities we get

e R e P A

WAL

L™+ w”’l) + Ta(w” + !

= (w”_w-”” ,wn_l_wn—l)

- 200(0.27,5") < 26t [V, | V],

2

= Gan [V [+ e v

n=1,2,...,M. (26)
Hence, we obtain

|| = @2+ nae|Va" |} < Caw | V|2 n=12,...,M. (27)

Summing (27) from 1 to n, we obtain

n n

| |o+naetd |Va'|; < @]+ Coat™ Y |VQ|; 1<n<M. (28)
=1 i=1

Then selecting ¢ = Q" + Q7! in (21), by (9) we get
@72~ Q|2+ 20Ae V@[ =0, n=12,.0 @)
Summing (29) from 1 to n, we obtain
2 " -2 2
Q[ + ZVOAtZ”VQ’HO =, n=12,...M. (30)

i=1

By (25), (27), and (30) we obtain (22).

(3) The convergence of solution for Problem 3

LetE, =60"-0(t,), e, =w" —w(t,), and r, = Q" — Q(¢,).

First, selecting ¢ = E,_; after (19) subtracting (5), by means of the Holder and Poincaré
inequalities we obtain

”VEn—lll(z) = a(En—lyEn—l) = (En—ly en—l)

< IEs-1llollen-1llo < Coll VE,—1llollen-1llo- (31)
Therefore, we obtain
IVE,—illo < Collen-1llo, 1<m=<M+1. (32)

Next, selecting x = e, + e,_1 after (20) subtracts (6) at ¢ = tnf%, by (9), (10), the Holder,
Poincaré and the Cauchy—Schwarz inequalities along with (32) we obtain

At
B Viens +e;

2 2
llenllo = llen-llo + ——

WAL
=(en—ep_1,€n +€4_1) + Ta(em +€nn 1 +€y)
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At
= —Tﬂl(En—l; @ (ty) + @ (ba-1), €4 + en—l)

3 3

At At
+ E(ammfm),en +e, 1)+ c a(0uw (§2n)s€n + €n1)

At _
+ Tm(@(tn,%), 0y (E3n), €n-1 + €n) + AL(0xT, €51 + €5)

AL
- T (axtttQ(&Ln): €p-1+ en)
CAt
< T ”VEn—l ”0 ” V(w(t}'l—l) + w(tn)) ”0 || v(en—l + en) HO

AL A3
+ 5 |0 € llew + enallo + S| Vo (620) | Ve + e

CAL
4

+

[ve, —5)”0 | Vouw &) || Vienrs + e,

_ At
+ oAt Viullo| Vien + en) g + == 10:QEE) o[ V(ewr + en)]

At
< CAtlle, 1|2 + CAL® + CAL| V7, |3 + MT [V(enr +en) 5 (33)
where t, 1 <&, <t,(=1,2,3,4) and n=1,2,...,M. From (33) we get
HAE 2
llenlls — llen g + 2 | V(en1 + en)”O
< CAtlle, 1|z + CAL® + CAL| V7|2, n=1,2,...,M. (34)
Noting that e = 0 and summing (34) from 1 to #, we obtain
WAL z
2
lells + == D Ve + e
i=1
n-1 n
<CnAL + CALY lleil3 + CALY |Vri+ri)|g n=12,..., M. (35)
i=0 i=1

And then, after (21) subtracting (7), selecting ¢ = r, + 1,1 and £ = ty L by (9), (10), the
Hélder, Poincaré and Cauchy—Schwarz inequalities along with (32) we have

)/()At
2

17l = 17|12 + |V + )]

t
ﬂ(rn+rn—1;rn+rn—l)

Yo
=1y = Fpo1s T + Fpo1) +

= _%dl (En—l’ Q(ty) + Qy-1), 1w + rn—l)

AL oA
+ E(amQ(fln),rn + r,,_l) + 016

AL

+ Tﬂl(e(tn_%): 3 Q(L3n)s T + Tu1)

a(0::Q(Can) ' + 1)

CA
< SN Ent o] V(@ + Q) o[V + 7 )]
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AP
+ 94 ”3mQ(§1n) ||0||Vn + a1l +

NAL
6 ”VattQ(;Zn)”O”V(rn+rn—1)”0

Do V82 Q3 o V(s + 7ut)

Vo

< CAt|le,1|2 + CAL® + ||V(r,, o)’ n=12....M,

where t,_1 < ¢, <t, (i=1,2,3). From (36) we obtain

Vo

2 2
7115 = ll7rn-1llg + ||V(Vn +1a1)|g < CAtllesn |} + CAL,

where n=1,2,..., M. Note that ry = 0. Summing (37) from 1 to n, we get

n
2
(ri+ i) |y < CAEY lleia [§ + CnAf,

i=1

lI7allg +

where n=1,2,...,M. By (35) and (38) we obtain

n-1
||en||0+AtZ||V(el+el 1)H0<cmr‘%cmZneluo, 1<n<M.
i=1 i=0

Applying the Gronwall inequality (see [1]) to (39) yields

n
||en||(2) + AtZ“V(ei + eH)Hz < CAt*exp(CnAt) < CAtY, n=1,2,...,M.

i=1

From (32), (40), and (37) we obtain

[VEullo <CAL, n=12,...,M;
leallo < CAE*, n=1,2,...,M;
Irall2 < CAEY, n=1,2,...,M;

VAL ¢ J_

At||Ve < — Veillo — I Ve;
IVenlo =~ ;(n illo = Vei1llo) < lo
" 1/2
S(AtZ||Vei1+Vei||(2)> <CA?, n=1,2,...,M;
i=1
VAL ¢
AtIVrallo <~ Z IVrillo = IVriallo) < ZHV ria+ ),

n 1/2
< <Atz Vr; + Vri_1||§) <CA#, n=12,...,M.
i=1

From (41)-(45) we acquire (23), which fulfils the demonstration to Theorem 2.

(36)

(37)

(38)

(39)

(40)

(41)
(42)

(43)

(44)

(45)

O

Remark 1 The inequalities (22) and (23) to Theorem 2 signify that the sequence to solu-

tions for Problem 3 is stable and convergent, respectively.

Page 9 of 18
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3 The SECN method for 2D unsteady conduction-convection problems
Let 3y stand for the quasi-uniform quadrangle partition for £2. A spectral element space

is defined as
Vi = {wn € Hy(2) N C*(2) : wy |k, € Pi(K),K; € Sn,1 <j <N},
where N stands for the number of quadrangles and P;(K}) is defined by the following:
Pi(Kj) =span{N;;: 1 <i<4}, j=12,...,N,
where Njj = N o F ' (x,y), Ni(€, 1) = 3 [1 + cos (& — £)][1+ cos 7 (n — n)], (%) = (&, n) =
(Zil Ni(g, 0% Zil Ni(g, n)y;) stands for an invertible mapping from the reference
quadrangle K=[-1,1] x [-1,1] to K; € 3, and (x5, y;) and (&, ;) are, respectively, the

vertices of K; and K.
Let Ry : H}(£2) — Vi stand for the H!-orthogonal operator, i.e., Vo € H3(£2) satisfies

/ V(RNQO - (/J) . VVN dx dy = 0, VVN S VN.
2

Note that when Jy is the quasi-uniform quadrangle partition to 2, the number of nodes

equals the number of quadrangles (see [1]). Hence, Ry shows the next consequence (see

(7).
Theorem 3 VYo € H1(S2) (m > 2) meets
IVRy@llo < CrlIVello, [0 (Rye — @) [, < CN* 77, 0<k<m <N+1,

where C > 0 stands for a generic constant as well as N also stands for the number of nodes

in SN.
With the spectral element space, the SECN model is built in the following.
Problem 4 Find (w},0%) € Vi x Vi (1 <n < M) satistying

a(0f " on) = (@ on), Yoy € Vi, n=1,2,..,M+1; (46)

(@ xn) + nAta(a, xn) + Atar (03, %, xn)

= (i x) + AL(0:Q% ), Yan € Vion=1,2,..., M; (47)
(Q}q\[’ (p) + VOAtﬂ(Q?\]r (/)N) + At“l (Gﬁj_ll QX{! (pN) = (Q}q\[_lr (pN):
Yon € Von=1,2,...,M, (48)

where @) = Ry and QY = Ry Q°.

Problem 4 possesses the next result as regards existence, convergence, and stability.

Page 10 of 18
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Theorem 4 Under the hypotheses in Theorem 2, Problem 4 uniquely has three sets of so-
lutions {w Y3, C Vi, (08} C Vi, and {Q )M, C Vi meeting

[V6kllo + |l + At Vo] + [l + 22 VQ |y <6 (%0, Qo r0), (49)

where & (u°,v°, Q% w, yo) is a non-negative constant dependent on u°, °, Q°, u, and yy.

When the solution of Eq. (6) meets (w,0,Q) € [H>(0, T; H1(2) N H}(£2))] x [H3(0, T;
H1($2) N HY(£2))] x [H3(0, T; H1(22) N HA(2))] (2 < q < N + 1), we obtain the following
estimate errors:

[V -0+ 2% - @y + ALV (@f - @) o + [ Q- Qe
+At|V(QY - Qtw)) |, = C(AP+N7T), 1<n<M;2<q<N+1. (50)

Proof (1) The existence as well as stability to solution of Problem 4

Using the same proving approach as the existence and stability of solutions to Problem 3
in Theorem 2, we can prove that for Problem 4 there uniquely exist three series of solutions
(@M, C Vi, (053, C Viv, and {Q} 1M, C Vv to meet the stability (49).

(2) The convergence to solution of Problem 4

Let p, = 0" — Ry0", &, = 0" — 001, E, = R\O" — 02, b, = " — Ry, E,=Ryow" - (o)
&n=w" — ol Ry = RyQ" — QY fu = Q' — RyQ",and 7, = Q" - Q.

First, selecting ¢n = E,_; after (19) subtracting (46), by the Holder, Poincaré and the
Cauchy—Schwarz inequalities as well as Theorem 3 we get

IVen-1lly = a(@n-1,n-1) = a@n-1,En1) + A@n-1, pu1)
= (én—lrEn—l) +a(Pn-1, Pn-1)
= IV ou-1llg + @1, 8n-1) = @1, Pn1)
< Vot ll§ + CollV pu-tlloll€n-tllo + Coll Véu-illollénllo

o 1 .
< C(N7*12) + [|&,1113) + EIIVeHII?). (51)
Therefore, we acquire
[Veullo < C(N?+lI&allo), n=0,1,2,...,M. (52)

Next, after (20) subtracting (47), by (9), (10), the Holder, Poincaré and the Cauchy—
Schwarz inequalities as well as Theorem 3 together with (52) we have

L2 s g2 MAL L A2
llenllo — llen-1llg + TIIVEH +Veullg

A Ao n WAL A n
= (6 —€y_1,€4-1 +&y) + Ta(em + 8,841 + €y)
= (én - én—b ﬁn—l + lan) + (én - én—lrEn—l +En)

WAL

~ A R UAE oA n
+ Tﬂ(pn_1 + P> Pt + Pn) + Ta(en—l +enE.1 +Ey)

A A A A HAL A A
= (en —€n-1,Pn-1 7+ pn) + Tﬂ(pn—l + Pns Pn-1 + pn)
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At . 1A A At 1A A ~ ~
- 7611(6;«—1,13" +ao” I,En +En—1) - 7@(@(’; lyen +€;-1,Ey +En—1)

+ At (0 (P + Fuo1), En +E,,_1)

A A A A At A4
= (en —€n-1,0nt pn—l) + MT “V(pn + pn—l)||(2)

At At
~ 1 A A ~ —1 A A
=5 @@ @+ D" Pk prt) = @@+ "8+ 0)

At
+ 7611(9{\3 Y80 + 8ty O + Put)

+ At(ax(?n + ?n—l): én - ﬁn + én—l - ﬁn—l)
<CN (181l + 18413) + CN71720 + CAL||VE,1 ]I}

WAL

+ CAIN™ 4 CAL|V Py +7) 5 + V@ + &)|e (53)

Therefore, when At = O(N7!), by (52) and (53) we get

A A Aty .
18al13 = 18113 + 5= V(@rmt + 20)[
< CAL([184l13 + 184-1112) + CAL|V(Fy + Fut) |5 + CAIN. (54)

Summing for (54) from 1 to 1, by Theorem 3 we obtain
A 12 MAt - ~ ~ 2
llexllo + 2 Z”V(ei + ei—l)HO
i=1
n
< CALY (&3 + | Vi + 7)) + CHAIN + | - Ry

i=0

n
<CAty (&l + I1V7lG) + CN ™. (55)
i=0

As At is small enough to meet CAt < 3/4 in (55), we get

n
lenlld + Aty |V +é);

i=1

n-1 n
< CALY (&2 + CALY | V(Fi+Fi0) g+ CN 2. (56)
i=0 i=0

After (21) subtracting (49), with (9), (10), using the Holder, Poincaré and the Cauchy-

Schwarz inequalities as well as Theorem 3 and (52) we have

A 2 A 2 VOAt A ~ 2
17115 = 17011l + 5 IVFu1 + Vil

VoAt

= (;'n_?n—ly;‘n—l +?n)+ ﬂ(;‘n—l +?m ?n—l +;‘n)

= (;'n - ?n—lr ,5n—1 + ﬁn) + (;n - ;n—lvien—l +1A€n)
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WAL . -\ VoAt
+ Ta(pn_l + P> Pt + Pn) +

a(Fp-1 + s Ryt + Ryy)

VoAt

ﬂ(pn—l + ﬁn’ /Sn—l + ﬁn)

= (;'n _?n—lrﬁn—l + ﬁn) +

At _ A A At . A
- Tal(e,,_l,Q” "+ QLR + Ry) - 7611(9:, U Pt + P Ry + Ry

A oA~ YoAt . . 2
= (Fp = Fne1s P + Pn-1) + ) ”v(pn"'pn—l)”()
At _ - - At _ o A
- 7”1 (en—lr Qn ! + Qn,pn—l + pn) - Tal(en—ly Qn ! + Qnr Tp-1 + rn)
At

+ 751 (9](1[_1: ?n—l + ;'n: ﬁn—l + ,5n)
< CN ' (IFur 1§ + 174113) + CNT' 729 + CAL|| Ve, |13

+ CAEIN™ 4 “TM RG] (57)

Therefore, when At = O(N™!), by (57) we obtain

n N VoA, _ . . 2
17all§ = 1711l + 1 1V G+ Facn) |
< CAL(IIF4ll§ + IFucn13) + CALIVE, 11§ + CALNT, (58)

Summing (58) from 1 to #, by Theorem 3 and (52) we obtain

L2 VoAE L A 2
I7alls + == DIV G+ 7)o
i=1
n n-1
A A _ 2
< CALY |illy + CAL Y ll&illf + CnAtN + | Q° - Ry Q|
i=0 i=0
n n-1
< CALY |I7illg + CALY lI&illg + | VEa1]13) + CN74. (59)
i=0 i=0

As At is small enough to meet CA¢ < 3/4 in (59), one gets

n
1713+ ot > |V G+ 710)

i=1
n-1 n-1
<CAL)Y IRl +CALY lleillg + CN 7. (60)
i=0 i=0

By applying the discrete Gronwall inequality (see [1]) to (60), one gets

n n-1
I7all3 + oAt > [V + s < (cmz l1é:12 + CNZq) exp(CnAt)

i=1 i=0

n-1
< CALY l&l5 + CN7. (61)
i=0
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From (56) and (61) we get
n n-1
N A A 2 A~ _
I8allg + ALY V(@ +eia)|, < CALY  fléillg + CN7. (62)
i=1 i=0

By using the discrete Gronwall inequality (see [1]) to (62), one obtains

n
lenlld + At > |V +ém);
i=1

<CN % exp(CnAt) <CN™, n=1,2,...,M. (63)

By (62), (52), and (63) we obtain

IVeullo<CN™9, n=0,1,2,...,M; (64)
n
A A A 2 _
17113 + voA2 Y [ V(i + 7o) |y < CN. (65)
i=1

From (63) we have

leallo + VRAL(IVEllo = | V(@® - av) [,)

VAL N, . .
— > (IV&illo = 1V&i-1llo) + lealo
i=1

=

o
NN

At . . .
7 > lIVei + Veillo + lleallo
i=1

=<

" 1/2
< lleullo + (uAtZHV(éi_I +éi>H§> <CN™. (66)

i=1

By Theorem 3 and (66) we obtain
lnllo + At Veullo < CN™7 + CAL| V(2 - Ryw®)||, < CN 7Y, (67)
where n = 1,2,...,M. Using the same ways as deducing (67) for (65), we obtain
I7ullo + At[[Vi,llo <CNY, n=12,...,M. (68)

From (67), (68), and (64) along with Theorem 2 we acquire (50), which fulfills the proof to
Theorem 4. 0

Remark 2 The inequalities (49) and (50) in Theorem 4 signify that the sequence to the

SECN solutions of Problem 4 is stable and convergent, respectively.
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By u = 06/9y and v = —96/0x one directly obtains the next consequence.

Theorem 5 Under the hypotheses in Theorems 1 and 4, Problem 4 possesses only a set of
SECN solutions (uy, vy, Qx) (1 < n < M) satisfying the stability estimates

[0 + IRl = & (@182 1%V, 1), (69)

and the error estimates

altn) = i, + [ V(8 = Vi | + | QL) — Q[ + AL V(QUE) - Q)
<o(Af+N7), 2<g<N+1 (70)

Remark 3 Even if §2 is a bounded polygonal region, the error estimations of Theorem 5
reach optimal order due to u,v,Q € H3(0, T; Hy (2) N H*(£2)).

4 Numerical examples
Here, we provide a set of experiments to check the correctness of the theoretical conse-
quences.

Let the computational region £2 be a channel with a total length of 20 and a width of 6
that has two identical rectangular protrusions with a length of 4 and a width of 2 at the
top and at the bottom (see Fig. 1). When the quadrilateral elements in Jy are the squares
about edge length Ax = Ay =0.01, N = 3 x 136 x 10*. In addition to the outflow velocity
u(t,x,y) = u(20-1/M,y,t) (20— 1/M <x < 20,2 <y <8,0 <t < T) on the right boundary
as well as the inflow velocity (u,v) = (0.1(y — 2)(8 — ¥) sin27¢£,0) (x =0, 2 <y < 8) on the
left boundary, the other boundary and initial values are chosen as 0. The temporal step
At = 0.0001. In the case, the theoretic errors reach O(1078).

Using the SECN model (Problem 4), we seek the SECN solutions at ¢ = 4 and 8, painted
in Figs. 2 to 5, respectively. The numerical test results are very ideal.

When 0 <t < 8, the errors of velocity and energy solutions are approximately estimated
by lult — ulllo + Vit = viillo and Q%! — QY llo (1 < n < 80,000), painted in Figs. 6
and 7, respectively, which also accord with the theoretic consequences since two types of
errors do not exceed O(1078). This signifies that the SECN method is reliable and valid
for settling the 2D unsteady conduction—convection problems to the vorticity and stream
functions.

(8,10) (12,10
Wall Wall 208)
©.8)
(8,8) (12,8
I C :
Inlet (8.2) (12,2) Outlet
©,2)
Wall | | Wall 202
(8,0) (12,0)
Figure 1 The calculated region along with boundary conditions of flow
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=4

100 120 140 160 180

Figure 2 The SECN velocity solution at t =4

=4
80 i 8 0.01
60 0
40
-0.01
20F .
, , , , -0.02

20 40 60 80 100 120 140 160 180

.
20 40 60 80 100 120 140 160 180

Figure 4 The SECN velocity solution at t =8

=8
sol | 0.01
60 0
40
-0.01
20t -
‘ ‘ ‘ ‘ -0.02

20 40 60 80 100 120 140 160 180

Figure 5 The SECN energy solution at t =8

error

Figure 6 The errors of the SECN velocity solutionson 0 <t <8
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error

Figure 7 The errors of the SECN energy solutionson 0 <t <8

5 Conclusions and discussions

Hereto, we have built the time semi-discretized CN and fully discretized SECN models
of the 2D unsteady conduction—convection problems to vorticity and stream functions
and analyzed the existence, convergence, and stability to the time semi-discretized CN
along with SECN solutions, respectively. We have also posed a set of numeric experiments
to verify the reliability and validity to the SECN method and to verify that the numeric
consequences accord with the theoretic ones.

Though we here only dealt with the 2D unsteady conduction—convection problems to
the vorticity and stream functions, the SECN method may be popularized to the three-
dimensional unsteady conduction—convection problems or more complicated flow dy-
namics problems, even to be used for the more complicated actual engineering computa-

tions. Thereupon, the SECN method shows an extensive prospect as regards applications.
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