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1 Introduction

Fractional calculus has gained considerable popularity during the past decades since it
has been recognized as one of the best tools to model physical systems possessing long-
term memory and long-range spatial interactions, which also plays an important role in
diverse areas of science and engineering, as well as other applied sciences. As a result of
the intensive development of fractional calculus, there has been a significant breakthrough
in theoretical analysis and applications of fractional differential equations in the literature
(8,14, 15,17, 23]. In recent decades, the existence and uniqueness of mild solutions, as well
as controllability for fractional differential equations with Caputo fractional derivative,
have attracted much attention. We can refer to [1-3, 11, 13, 16, 18-20, 24, 25] and the
references therein.

It is worth mentioning that by applying Laplace transform and probability density func-
tions, Zhou et al. [26] gave a suitable concept of mild solutions for a class of Riemann-—
Liouville fractional evolution equations with nonlocal conditions. Li et al. [10] considered
the Cauchy problems for fractional differential equations with Riemann-Liouville frac-
tional derivatives by using the a-resolvent operator. Yang and Wang [22] investigated the
approximate controllability of Riemann—Liouville fractional differential inclusions. For
more details about the existence of mild solutions of Riemann—-Liouville fractional dif-
ferential equations, one can refer to [12, 20]. On the other hand, Ahmed and El-Borai [1]
studied Hilfer fractional stochastic integro-differential equations. We can refer to [5-7]
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for more details about the existence of mild solutions and approximate controllability of
Hilfer fractional differential equations and inclusions.

As an generalization of Brownian motion, fractional Brownian motion has received a
lot of attention in the recent years, which as we know is a Gaussian process with self-
similarity and stationary increments, as well as long-range dependence properties. When
Hurst parameter H € (0, %), fractional Brownian motion is neither a semimartingale nor a
Markov process. Hence, the classical stochastic analysis techniques are invalid to study it.
Recently, the research of stochastic differential equations driven by fractional Brownian
motion has been investigated by many authors, see [4, 9, 21, 28] and the references therein.

However, we would like to emphasize that it is natural and also important to study the
existence of mild solutions for Riemann-Liouville fractional stochastic evolution equa-
tions driven by both Wiener process and fractional Brownian motion since it has not yet
been sufficiently studied in contrast with the integer-order case. In this paper we are con-
cerned with the following Riemann-Liouville fractional stochastic evolution equations

with nonlocal conditions driven by both Wiener process and fractional Brownian motion:

LD [x(8) — h(t, 2(2))] = Ax(t) + F(t,2(£)) 222
o089ty (0,0], (1.1)
T [x(0) — g(®)] = %0 € X,

where “D¥ denotes the Riemann-Liouville fractional derivative in time defined for % <
a < 1, Z¢ is the temporal Riemann—Liouville fractional integral operator of order «; x(-)
takes values in a separable Hilbert space X, A is the infinitesimal generator of an ana-
lytic semigroup {S(¢)};>0 on a real separable Hilbert space X with inner product (-, -) and
norm || - ||. Assume K to be another separable Hilbert space with inner product (-, -) and
norm || - ||x. Let L(K, X) denote the space of all bounded linear operators from K to X,
h:] xX— Xand F:] x X — L(K, X) be functions satisfying some specific assumptions
given in (Hy)—(Hs); {w(£)}:>0 is a given K -valued Wiener process with a finite trace nuclear
covariance operator Q > 0 defined on the filtered complete probability space (2, F, P); B
is a fractional Brownian motion with Hurst parameter H € (%, 1). The initial data x is an
Fo-measurable, stochastic process independent of the Wiener process @ and fBm B*(t)
with finite second moment.

A brief outline of this paper is given as follows. In Sect. 2, we recall some notations
and preliminaries about fractional Brownian motion and fractional calculus. Using the
fixed point theorem, Sect. 3 establishes the existence of mild solutions for system (1.1).
In Sect. 4, we will give an example to illustrate the application of the obtained abstract

results. Conclusions and discussions are given in the final section.

2 Preliminaries
In this section, we first present some notations, definitions, and preliminary facts.

We first recall some basic facts about fBm and the Wiener integral with respect to fBm.
Let (2, F, P) be a complete probability space. We choose a time interval J = [0, b] with ar-
bitrary fixed horizon b, assume {B"(t),t € J} to be a one-dimensional fractional Brownian

motion with Hurst parameter H € (0,1). The definition implies that B is a continuous
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and centered Gaussian process with covariance function
Loon  on 2H
Ry(s,t) = E(t + 57 — |t -] )
In what follows, we always assume % < H < 1. Consider the square integrable kernel

t
Ky(s,t) = cHs%_H/ (u —s)uH_% du,

_ HQH-1) 41
where ¢y = [—ﬁ(Z—ZH,H—%) 12, t > s. Then we have
1
3K, £\72 3
ZHt,s) = CH(-> (t—s)2.
Jat s

We will denote by H the reproducing kernel Hilbert space of the fBm. In fact, # is the
closure of the linear space of indicator functions {I[o4, ¢ € [0, T]} with respect to the scalar

product

Tro.: o)) = Ru (2, 9).
The mapping [jo,) — B (£) can be extended to an isometry between # and the first Wiener
chaos, and we denote by B (¢) the image of ¢ under this isometry.

Set K}; be the linear operator from H to L*([0, ]) defined by

0Ky

(1(139")(5)=fs <P(t)W(t,s)dt.

Recall that the operator K}; is an isometry between H and L*([0, b]).
Let the process w = w(¢), t € [0, b] be defined by

-1
() = B ((Ky) ™ fio.m)-
Then w is a Wiener process, while B has the integral representation
t
BH(¢) = / Ky (t,s)dw(s).
0

We recall that for ¢, ¥ on [0, b], their scalar product in H is given by

b b
(0, ¥ =05H/ / oM)W W) |r — ul* 2 dudr < oo,
o Jo

where oy = H2H - 1).
The embedding relationship is as follows [21]:

LY([0,b]) C L% C |H| C H.
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Assume that Y is a real separable Hilbert space. Suppose that there exists a com-
plete orthogonal system {e,};°; in Y. Let Q € L(Y,Y) be an operator with finite trace
TrQ =Y 21 Ay < 00 (A, > 0) such that Qe, = A,e,. By using the covariance operator Q,
the infinite-dimensional fBM on Y can be defined as

B™(t) = B(t) = )V hupenBll (2),
n=1

where B!(t) are one-dimensional standard fractional Brownian motions mutually inde-
pendent on (2, F,P). Assume that the space £ := L(Y,X) consists of all Q-Hilbert—
Schmidt operators ¢ : Y — X. Recall that ¢ € L(Y, X) is called a Q-Hilbert—Schmidt op-
erator if

o0
lplzg = IV Angenl” < 00, 2.1)
n=1

and that the space £ equipped with the inner product (<p,1p)£g =) > {pes, Vey,) is a
separable Hilbert space.

Let (¢(s))se(o,6) be a deterministic function with values in £9(Y, X). The stochastic inte-
gral of ¢ with respect to B is defined as

[ o6 = 3 [ Vi (Kitoen) 0 i)
n=1

Lemma 2.1 ([4]) If ¢ :[0,b] — LY, X) satisfies fob ||(p(s)||i:0 ds < co, then the aforemen-
tioned sum in (2.1) is well defined as an X-valued random variable, and we have

2
E

/ t(p(s)dBH(s) < cH(2H — 1)1 / t||qo(s) | 2o ds.
0 0 2

We next denote by £,(€2, X) the collection of all strongly-measurable, square-integrable,
X-valued random variables. Obviously, £,(£2,X) is a Banach space equipped with norm
le( )l 2o @x) = (E|x(~)|)%. Let C(J, £5(£2, X)) denote the Banach space of all X-valued con-
tinuous functions from J = [0, b] into £,($2, X) satisfying sup,, l(2)]1? < oo. Let J/ = (0, b].
To define the mild solution of system (1.1), we also need to consider the Banach space
Co(J,X) = {x: t1%x(¢) € C(J, L2($2, X))} with the norm

[

— E l-a 2 .
I, = (sup E =) |")

Throughout this paper, we assume that 0 € p(A) where p(A) denotes the resolvent set
of A. Then it is possible for us to define the fractional power A" as a closed linear opera-
tor on its domain D(A") for 0 < n <1 (see [25]). For an analytic semigroup {S(¢)}:>0, the
following properties hold:

(i) There exists M > 1 such that

M:= sup S(f£) < oc;

te[0,+00)
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(ii) For Vn € (0,1], there exists a positive constant C, such that

C
[A"S@)]| <=L, 0<t<b.
£
For further convenience, set
S (t)x = / ¢a(9)S(t°‘9)x do, Po(t)x = / a9¢a(9)5(t°‘9)x do,
0 0
where
1 .1 -1
(»bot(@): —0 “%{(9“ );
o
which involves the Wright-type function

Val6) = = Z( 167" IF(”Z D Sin(nra), 6 € (0,00),

connected with the following one-sided stable probability function: ¢,(0) > 0, € € (0, 00)
and [, ¢, (0)d6 = 1.

Lemma 2.2 ([23]) The operators S, and P, have the following properties:
(i) Forany fixed t > 0,S,(t) and P, (t) are linear and bounded operators, i.e., for any
xeX,

|Sa@)x|| < Mlxll - and || Po(t)x] < mllxll

(il) {Su(®)}i=0 and {Py(t)}i0 are strongly continuous.
(iii) Foreveryt >0, Sy(t) and P, (t) are also compact operators if S(t),t > 0 is compact.

Lemma 2.3 ([25, 27]) Forany t>0and 0 <y <1, there exists a positive constant C,, such
that

APy (8)x = A7 Py (0)AY x

and

aC,T'(2-y)
t'T(1+a(l-y))

[arP.)] =

Lemma 2.4 ([23]) Foro €(0,1] and 0 < a < b, we have |a® - b’ | < (b—a)°’.

Lemma 2.5 If

-1
50 = o 0+ H(0,500) +g0)] + h(e0) +

a-1
F( )/ (t—3s) F(s,x(s))dw(s)+

_ -l
e )/(t $)* " Ax(s)ds

a-1 H
e )/ t=5)""o(s)dBy(s), t>0,



Yang and Gu Journal of Inequalities and Applications (2021) 2021:8 Page 6 of 19

then we have
x(t) = t“_IPa(t)[xo +h(0,x(0)) +g(x)] +h(t,x(t))

+ /0 (- 9Pt S)F(s,(5)) deo(s)
. /0 (= 9 APt - (s, 4(6)) ds
R fo (= Pt~ )0 () B, £50.
Proof Referring to [25], we omit the proof here. O

3 Main results
In this section, we present and prove the existence of mild solutions for system (1.1). To
develop our results, we first give the concept of mild solution for system (1.1).

Definition 3.1 An F;-adapted and measurable stochastic process x € C,(J,X) is said to
be a mild solution of system (1.1) if xo,g € £5($2, X), for each s € [0, ), the function (¢ —
$)*LAT, (¢t — s)h(s, x(s)) is integrable and the following integral equation is verified:

x(t) = 7 Py (t)[x0 + 1(0,x(0)) + g(x)] + A (£, %(2))
t
+ / (t — ) Pu(t — s)F (s, %(s)) dew(s)
0
t
+ / (t—s) " TAP,(t - $)h(s,x(s)) ds
0
11
+ / (£ = 8)* 1Pyt = 5)o (s) ng(s), te].
0
For our readers’ convenience, we first introduce some notations:
CisT(1+B) a-1 p1+aC2=2e1)

AP =My, Klap) = 2P - ., A=

[477] = Mo @B = T ap) “C1 1+ 022
1

011€|:§,(¥>.

To establish the main results, we require the following hypotheses:

(Hy) Semigroup S(¢) is compact for each ¢ > 0;

(Hy)  (2a) for each x € X, the function F(-,x) : ] — L9(X, Y) is strongly measurable
with respect to £, and for each ¢ € J, the function F(¢,-) : X — L3(X,Y) is
continuous with respect to x;

(2b) there exist a function N(¢) € LZ""I;‘l ), ay € [%, «) and a continuous

nondecreasing function ¥ : [0, 00) — (0, 00) such that for any
(t,x) €] x Cq, we have E[|F(¢,x(t)||> < N(¢) x 9 (|xllc,)
liminf,_, oo 22 ds = © < 00;

(H3) (3a) A(t,-): X — X is continuous for each ¢ € ], and for each x € X, the function
h(-,x):] — X is strongly measurable;
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(3b) there exist constants 8 € (0,1) and L > 0 such that # € D(A#) and for any
%,y € C,(J,X), t €], the function AP (-, x) is strongly measurable, and
AP h(t,x(t)) satisfies

E|| AP h(t,2(2)) = AP h(t, (@) |* < Lllx = yllc,,

forallx,y € Co(J,X), £ €J;
(3¢c) there exist a continuous nondecreasing function ¢ : [0,00) — (0,00) and a

constant 7 > 0 such that for a.e. t € J, x € C,(J, X), we have

E|APh(t,x@) | <21+ (IIxlc,)), timin £ s - I < o0;

r—00 r

(Ha) g:Co(J,X) — L3(Q,X) is such that
(i) there exist a continuous nondecreasing function u : [0,00) — (0, 00) such
that E||lg(x) (1> < n(llxllc,) for all x € Cy(J, X) and a constant r > 0 such that
fora.e. t €], x € Cy(J,X), we have

E|g(x) ||2 <L(1+u(lxlc,)) 1iminfM ds = T, < o0;

0 r

(i) gisa completely continuous map;
(Hs) the function o :J — L9(X, Y) satisfies

b 2
/OHU(S)HZ?_I ds<oo, Yb>0.

We define the operator ¥ : C,(J, X) — C,(J, X) as follows:

(Wax)(8) = 7 Po(8)[0 + 1(0,%(0)) + g(x)] + h(t, (£))

+ /t(t —5)* AP, (¢ - s)h(s,x(s)) ds
0
+ / t(t - 8)* Py (t — )F (s, %(s)) da(s)
0
+ /Ot(t —8)* P, (t - $s)o(s) a’Bg(s), te].

Set
(W1)(2) = 7 Py () [%0 + 1(0,(0)) + g(x) ] + A(t, x(2))

+ /t(t —5)* AP, (¢ - s)h(s,x(s)) ds, te],
0
(Wax)(8) = / (t—s)* 1Pyt - $)E(s,%(s)) dew(s)
0

+ /:(t —8)* P, (t=5)o(s) ng(s), te].
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According to assumption (Hz) and Lemma 2.3, we obtain

2
E

/t(t — ) IAP, (£ - s)h(s,x(s)) ds
0

<E / |t = )% T AP P, (¢ - )AP h(s,x(s)) || ds
0
- AP, (t-9)| d

< [le-9 (t-9)] ds

x / t(t—s)a-lAl-ﬂPa(t—s>E||A"h(s,x<s>) |* ds
0

a?(Cy_p)°T*(1 + B)
- 21 +ap)

/ (65 dis / (=50 E || 4 h(5,2(9) | ds

w5 (C1op)’ T2 (1 + B)
<b’ ‘SmL(l+§(lle@))

=K AL(1+¢ (Il ))-

Now, from assumption (H;), we get

t 2
E / (t=9)*1P, (¢ - S)F(s,x(s)) dw(s)
0

M2t
. Qr2—(a) /0 (t - )% VE| F(s,2(5)) | ds

M2 t 2(a—1) 2-201
- _ 2-2a
=Tr Qs ( /0 (t-s) lds) O (%) INT 1

M2 b(1+c)(2—2a1)
<TrQ——7¢ —||IN
<Tr Qg (||x||ca)(1+c)2_2al INT i

2

T Q-3 (lxllc, ) AN
=TrQ—— .
() (e 2T

For the last term of the mild solution, from assumption (Hs), we have the estimate
t 2
E / (£ =8)* 1Py (t = s)o (s) ng(s)
0

M? t 1 2
2(a-1)
Fz(a)/(t s) HG(S)HLS ds
2207
< coH(2H - 1)$1- 1 (/ (t-ys) 2 = ds)

b 2 2001-1
X (/ ||c7(s)||2"17*1 ds)
0

M2 b(1+c (2—2a1)+2H-1 2a1-1
< coH(2H -1 m g ,
< QHEH - 1) ( / lo®)| s)

< coH(Q2H - 1)¢4!

In the following, we set to present our first existence result for system (1.1).



Yang and Gu Journal of Inequalities and Applications (2021) 2021:8 Page 9 of 19

Theorem 3.1 Suppose that hypotheses (H1)—(Hs) hold, then system (1.1) has at least one
mild solution defined on J' provided that 20XV L 4+ 2p2 A -reB) K2y B)L <1 and

15M?
"% (er)

[MLTT; + LTT,] + 569 MoLTT + 5620 *P K (o, B)LIT,

2

M
+5p21-%) OA|N|| 1 <1
() 201 -1

Proof Denote B, = {x € Cy(J,X), l*llc, < g}. Then it is obvious that B, is a bounded,
closed, convex set in C,(J, X). We demonstrate the proof in six steps.

Step 1. We shall show that there exists a constant r = r(a) such that W(B,) C B,.

In fact, if this claim is not true, then for each positive constant  there exists some " e
B, such that ¥(x") ¢ B,, i.e.,

r< JwE)e,

< sup ™) {55 [ Pute) w0 + 1(0,57(0) + ()] |

te]’

+5E|h(5,20 1) |*
2

+5E / t(t — ) LAP, (t - s)h(s,x"(s)) ds
0

2

+5E /t(t —5)* P, (¢ - s)F(s, a0 (s)) dw(s)
0

|

+5E /t(t —8)* Py (t - 5)a(s) ng(s)
0

5M?
2 (er)

#5820 | A PL(1+ ¢ |57 )

[Ell%0 + 1(0,27(0) + ¢(") ]

=

+ 5670 DK o, HL(1+ ¢ [« )

M? .
2(«) ’9(”’6( )Hca)A”N”Lzﬁ

M2 b(1+c)(2—2a1)+2H+1—2a b 9 2a1-1
+5¢coH(2H -1 21T
R e TRy

+ 50219 Tr Q

5M?
"2 (e)
+ 50" IMEL(L + ¢ (r)) + 56D K (o, B)L(1 + £ (1))

=<

[3E||x0||2 + 3M(2)L(1 + {(r)) + 3L(1 + ,u(r))]

M2
5620 Tr Q——
+ rQ 2(q)

M2 b(1+c)(2—2a1)+2H+1—2a b 2 201-1
+5c0H(2H -1 21T .
corttor - D2 ([ ot )

POIAINY
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Dividing both sides by r and letting »r — oo yields

15M?
@ [MZLIT; + LT1,] + 562 Mo LTy + 56% P K2 (o, B)LTT4
o

2

+ 5p21-@) M

OA|IN > 1.
o) O AN

This contradicts the assumption of Theorem 3.1, which implies that there exists r such
that ¥ maps B, into itself.

Step 2. We show that W is a contraction on B,.

For any x,y € B,, we derive

| (@i)() - (W)@ |,

= sup 2 E | (Wi)(1) - (P19)(0)]
te]’

< sup 22T OE | h(t, () - h(2,y(2)) |
te]’
2
+ sup 2t2(1_°‘)E‘
te]’

/t(t —8)* AP (t-s) [h(s,x(s)) - h(s,y(s))] ds
0

<sup 2420-) ||A_’3 ||2E||Aﬂh(t,x(t)) —Aﬂh(t,y(t)) ||2
te]’

t
+ sup 262179 / (t—s)* TAYPP,(t —s)ds
0

te]’
x / (6= 9 AP - DE A (s, 59)) A5 306) [ ds
0

<202 IMEL % - yll ey, + 262 P K (@, B)L % - I,

= 202" MEL + 26 K (@, B)L] 16 - Yl -

Thus, W, is a contraction by assumption of Theorem 3.1.

Step 3. W, is completely continuous.

To prove this assertion, we subdivide Step 3 into three claims.

Claim 1. ¥, maps bounded sets into uniformly bounded sets in C,(/, X).

We only need to show that there exists constant A > 0 such that for each WVyx,x € B,,
IW2x|lc, < A holds. In fact, for each ¢ € J/, by using Holder’s inequality, we have

[Wx1g, = sup~E
te]’

t“‘lpa(t)[xo + h(O,x(O)) +g(x)]

+ ./t(t S Ry 2 (. s)F(s, x(s)) dw(s)
0

t 2
+ /0 (£ = 8)* 1Py (¢ = 8)o (s) ng

2

M
<3755 E L0+ (0,400) + (0|

2(1-c) M?

Page 10 of 19
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+ 3021 H(2H — 1) —— M bt “a(s)” T o
T2(er) (1+¢)>2

2

<3

<3mw [3Ellxoll* + BMZL(1 + £ (r)) + 3L(1 + (1)) ]

+3p+ 2% TrQ

= )ﬁ(r)AnNn

S M2 p1+)(2-2e1) 20( i 201-1
+3b coH(2H - 1)r2( P / [o(s)]| 17 ds

= A,

Consequently, for each p € Wox, we have | p(t)|lc, < A.
Claim 2. V,(B,) is equicontinuous on B,.
Denoting E = {y € C(J, X) : y(t) = t""%(W,x)(¢), (0) = y(0*),x € B,}, for t; =0, 0 < £, < b,

we can obtain

E|y(t) - y(0)|*

< 3| [Pa(ts) = Pu(0)][%0 + 5(0,(0)) + g)] |
2
+367

fo (b = 9 Pt - ) (5,5(5)) dao(s)

2

+367 —0, asty— £ =0.

foz(tz—s)“ 1Py (b2 - 5)o (s) dBEA(s)

For 0 < t; < £, < b, the strong continuity of {P,(¢) : ¢ > 0} implies that there exists a
constant § > 0 such that |t — #1]| < 8 and ||Py(¢1) — Py (£2)]l < 7. In addition, note that ¢ =
%, then for Vx € B,, this yields that

E||y(t2) -yt ||*

< 9E || Pu(t2)[%0 + 1(0,%(0)) + g(x)] = Pu(t1)[ %0 + 1(0,x(0)) + g(x)] H2
2

+9E / f [£7(t, — )% = 6172ty — )% | Pa(ts - $)E (s,x(5)) deo(s)
0

t 2
+9E / [t;“"(tg —s)* - t{_“(t — 8% 1] (2 —8)o(s) dBH(s)
0

2

+9E / 1-¢ ti—“(tl —g)*! [Pa (L2 —8) = Pylt1 — S)]F(S,x(s)) dw(s)
0

2

+9E / 1= 1 (61 = 8)" 7 [Palty = 5) = Polts =)o (s) dBGy (s)
0

2

+9E / 1 t}_‘"(tl e [Pa(tz —8) = Py(t1 — s)]F(s,x(s)) dw(s)

2

+9E / 1 1%t —s)* ! [Pa(tz —5) = Po(ts —s)]a(s) ng(s)

2

+9E /[2 t%‘“(tz —8)* P, (8 — s)F(s,x(s)) dw(s)

f
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ty 2
+9E / t%_“(tz —8)* P, (8 — 5)o (s) ng(s)

3}

< 9| Pultr) - Pult1) | *E| 0 + 1(0,2(0)) + g
. 9Ter [ty - 9! = (61 — 5|
x| Paltz = )| "E[F(s,x() | ds
+9coH(2H — 1)1 / ) |4 (s — ) = 7 (e — )7
<[ Pults =) "o ()] 3 s

+9 sup ||P (ty —s) —

[0,¢1—¢]

|: t§1+c)(2—2a1) g(1+0)(2-201) :|

(1+c)> 2 - (1+c¢)2 2

+9coH(2H — 1)b*11 sup ”Pa(tz —38) = Py(t1 - ) ”2
[0,1 -]

t(11+6)(2—2a1) o (1+0)(2-2a1) 201-1
20( 1
X |:(1 T o2 (1 T o)zt } (/ o (s)]| - ds)

2 t
+9Tr Q% / ! L‘%(l_a)(tl _ 5)2(“_1)EHF(S;9C(S)) ”2 ds
t1—-¢

+ 9¢coH(2H — 1)£H AME T poa,  gpan lo )] o ds
’ 2@y 4

My [ 2a-1) 2
FIT Qb /ﬁ (t2 - 2 VE| F(5,2() | ds

M? 2H+1-2 2 2(x—1) 2
9coH(2H -1 b ty — )¢ d
#9eoH(aH = D s b [y ooy ds

where
11 = “Pa(tz) - Pa(tl)” ZE”.?C() + h(O,x(o)) +g(x) “2,
L=TrQ / [ CED i CED i b
0
X | Palts )| E| E(s,x(5) || * s,
Iy = coH(2H — 1)1~ 1/ ey — 5! = £ty — ) ”2

< [Putr =9 o s

L= sup [Pulta=9) = Pulti =9 TrQIOINT 1

[0,1—¢]

|: t(11+0)(2—2011) 8(1+c)(2—2a1) ]

(L+0)>2 (1402 [

Page 12 of 19
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Is = coHQRH - )b sup | Pa(ts - ) - Pultr -9)|

[0,1-¢]
t(11+c)(2—2a1) g(1+0)(2-201) 2a1-1
X |:(1 n 6)2*2‘3’1 (1 " C)Z 201 :| (/ HO—(S)H 2011 1 dS) ’
to= Qs [ A EFea00) s
4M2 . 8(1+c)(2—2a1)
=1 T

I; = coH(2H — 1)£3H

M2 t o
iy [ A= o0 g
t1—¢

DM 412 4:M2 (1+¢)(2—201) 201-1
+ o 201 1
<c¢H(2H - 1)t; T2e) (11 c)2 o (/ ||a(s) || 1= ds) s

t
QM [ - (st s
t

(a)

M2 ty—t (1+¢)(2—201)
STI‘Q - b2,2a( 2 1)

9 (r)|IN
I'2(ar) (1 +¢)2 2 ™l ||L2#

Iy =cgH(2H - 1) M pHir1-2e /tz(tz D R HU(S)”z ods
r2(a) t1 [,2

M?2 S (ty —t1) (1+¢)(2—2a1) 201-1
<coH(2H - I)FZ( )b e (1+622°‘1 /Ha ‘2‘11 Tds .

Since p € (0,«), we have (1 + ¢)(2 — 2a1) > 0, thus the terms from Iy to Iy tend to zero as
t; —t; — 0 and ¢ — 0. The strong continuity of {P,(¢) : £ > 0} indicates that ||P,(¢; —s) —
Pt —s)||> = 0as § — 0. Hence I}, I, I5 also tend to zero as t; — t; — 0.

For I, by a standard calculation and for p € (0, ), we have

L=TrQ / |67t -9 - (11 - 97|

% || Pults - )| E|| E(s,x(5)) | ds

M2 t
=@ [ (-9 = - PE| G o) ds

M? 1
_ (1+¢)(2-2a1)
<Tr Q—FZ(a) Arorm [(#2-11)

(1+¢)(2-2c1)

" t1 (1+¢)(2-21)

-t ] % ﬁ(llxllca)llNllLZ%
Thus I, tends to zero as t, —t; — 0. Similarly, we can get that /5 tends to zero as t, —t; — 0.
Therefore, the relationship of E and {W,x : x € B,} implies that W, is equicontinuous on
B,.
Claim 3. V(t) = {(Wox)(£),x € B,} is a relatively compact in X.
Let 0 < £ < b be fixed. Then for VA € (0,£) and V§ > 0, x € B,, define an operator

(B3°%)(0) = £ P, (O + h(0,5(0)) +()]

t—r 00
+a / / ot - s)”“1¢a(9)5((t - s)“@)F(s,x(s)) dw(s)
0 s
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t—X 00
_ -l _ H
+Ol/(; /(; 0(t —s) ¢>a(9)S((t s) G)G(S)dBQ(s)

= 7P () [%0 + 1(0,%(0)) + g(x)]
t—A 00
+ aS(A“G) / / O(t — s)* Loy (8)5((t —5)%0 — A“G)F(s,x(s)) dw(s)
0 s
-1 9]
+aS(2%0) / / 6(t—5)""9a(0)S((t - )70 — 1°0) 0 (s) dB (s).
0 s
From the compactness of S(A%8), A% > 0, we obtain that for VA € (0,¢) and V§ > 0, the set

VAO(¢) = {(\Dé’ax)(t),x € B,} is relatively compact in X.
Moreover, for each x € B,, we have

[ (Wa)(2) - (¥3°%) )],

t s
= sup P2I-OF| / / af(t - s)“’lqba(G)S((t - s)”‘@)F(s,x(s) dw(s)
o Jo

te]’

+ /0 t /5 ” af(t —5)* " Po (0)S((£ — $)*0) F(s, (s) deo(s)
" /0 t /5 Ooae(t—s)“'1¢>a(9)5((t—s)‘”e)a(s)dB’é(s)

- /om /5 " a0t - 9414, O)S((¢ - 96 E(s,x(5) dols)
- /OH /5 (e 5)* " ¢a(0)S((t — 5)0) 0 () B (5)II”

t pé
< 4a? sup 2| / / 0t —5)" "o (0)S((t — 5)*0) E(s, %(s) dew(s)||*
0 Jo

te]’

2
+ 40 sup t210E
te]’

t S
/0 /o 6(t—5)""¢a (0)S((t - 5)70)0 (s) dBJ(s)

+4a® sup P2I-OF| /t /*00 0(t — 5)* by (9)5((t - s)“@)F(s,x(s) dw(s)ds||?
-2 Js

te]’

2
+ 40 sup 210 E

te]’

/‘: /6~009(t—s)a—1¢a(9)5((t_S)ae)a(s)ng(s)

8 2
< 402072 M2 Tr QA (r)|N|| L (/ 9¢a(9)d9>
L1~ 0

E) 2
+4a’coH(2H — 1)bH 12002 A ( / 0¢4(0) de)
0

t 2 2011
. (/ ||a(s)||wazs>
0

- ) k(1+c)(2—2a1)
+ 40”2 M2 Tr QO () |IN |
L

@1 M2 + 1) (1 + )220
1 )\(1+c)(2—2a1)
Mo +1) (1+c¢)% 2

A 2 2001-1
X (/ ||c7(s)||2"‘17*1 ds) ,
0

+4alcoH(2H — 1)p*H+1-2 pp2
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where we have used the equality

= e _ [T _ra+é
/0 6¢>a(0)d9_/0 eaf%(e)de'r(lmg)’ £€[0,1].

The right-hand side of the above inequality tends to zero as 1,5 — 0. So we can deduce
that || (Wox)(¢) — (\112A "Sx)(t)||ca — 0 as A,8 — 0" which enables us to claim that there are
relatively compact sets arbitrarily close to the set V(£) = {(W2x)(¢),x € B,}. Hence, V(¢) =
{(Wox)(£), x € B,} is relatively compact in X.

We deduce, from Claims 1-3 and the Arzola—Ascoli theorem, that ¥, is a completely
continuous map. Using Krasnoselskii’s fixed point theorem, we claim that the operator
equation Wx = W x + Wyx has a fixed point on B, which is a mild solution for system (1.1).
The proof is complete. d

To give our last existence theorem, we require the following hypotheses:

(Ho) S(2) is continuous in the uniform operator topology for ¢ > 0, and {S(¢)};>¢ is uni-
formly bounded, i.e., there exists M > 1 such that sup, (g, ) [S(£)| < M;

(He) there exists positive constant L such that for any x;,x, € C,(J, X), we have E||g(x;) —
g < Llxy —x2llc,s 1

(H;) there exists a function N;(¢) € L2171 (J), a; € [%, a), such that foranyx,y e X, t €/,

we have

E|E(t,2(0)) - F(t,50) | < Ni(®) - Ix = ylc, -

For convenience, let

M/ _ 4]92(1—01) M2

L+ 40" OM2L + 4?02 g2 (o, B)L
F2(Ot) 0 (o ,B)

2

M
4y - Tr Q——A||IN- )
+ rQFz(a) I 1||L2a}_1

To end this section, we shall proceed with our last existence and uniqueness theorem

for system (1.1) based on the Banach contraction principle.

Theorem 3.2 Assume that hypotheses (Hy), (Hy)—(H7) hold, then system (1.1) has a unique
mild solution on B, provided that M’ < 1.

Proof Define operator W as in Theorem 3.1. Then by similar arguments employed in The-
orem 3.1, we can get that operator ¥ maps B, into itself, where B, is defined as in Theo-
rem 3.1.

Moreover, we have

| (wa)®) - (W)@ ¢,

= sup 20 VE | (wa) () - (¥)(8)|*

te]’

<4sup pl-afp “ P.(t) [g(x) - g()’)] || ’

te]’
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+ 4sup 2OE | (e, () - h(5, (1) |

te]!

2

+4sup?YE /t(t — ) TAP,(t-5) [h(s,x(s)) - h(s,y(s))] ds

te]’ 0
t 2
+4sup t”“”EH / (£ =5)* " Pu(t = 5)[F(s,(5)) = F(s,5(s)) | deo(s)
te]’ 0
M? )
<4 sup 2017 E|g(x) -
<4 sup ) lgtx) -]

+ 4sup 29| AP |*E| AP (2, x(0)) - AP (5, y(2)) |
te]!

t
+4sup 2= / || (£ —3s)*TAPP, (¢ —s) || ds
te]! 0

x / (6= 9 AP - DE A (s, 509)) AP, 306) [ ds
0

2
va s Qs [ (6= P B 50) - o) s

2

M
<4p1 Llx = yllc, +46* " ML|x -
< @) llx—yllc, SLlx~-ylc,
+ 4?1 P K2 (o, B)L|1x -yl c,
2 b(1+c)(2—2ot1)

+4PP T Q————||IN- -
Qo s g NIl ety 5=l

- [41;2(1“) M

L+ 402 OM2L + 4?02t g2 (o, B)L
Fz(a) 0 (o ﬁ)

2

M
+ 40O Tr Q—— AN -
Qragy MMl i [,

<lx=ylic,-

Hence, the Banach contraction principle implies that ¥ has a unique fixed point in B,
which is a mild solution for system (1.1). This completes the proof. 0

4 An example

As an application, we present an example to illustrate our results. Consider the following
fractional stochastic evolution equation driven by both fBm and Wiener process:

LD ult,2) - [T Wiz y)ult,y) dy) = u.(t,2) + E(t, u(t)(2) 22,

H
+obut) 28, te(0,bl,ze[0,7],

u(t,0)=u(t,m)=0, te]=]0,b],
Ti(ult,2) - X0, [T kzy)ultsy) dy) = ug(2),  z € [0,7),

(4.1)

3 1
where D% denotes the Riemann—-Liouville fractional derivative of order z, 71 is a

Riemann-Liouville integral of order i, n is a positive integer, 0 <ty <t; < -+ <, < b,
z € [0,7].
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To write the above system (4.1) into the abstract form of (1.1), we choose the space
X = L*[0,7]. Next we define an operator A by Av = v with the domain D(4) = {v € X :
v,V absolutely continuous, v" € X, v(0) = v(;r) = 0}. Then A is a generator of a strongly con-
tinuous semigroup {S(¢);>0} which, as we know, is compact, analytic, and self-adjoint.

Moveover, from the previous work [25], A has a discrete spectrum, the eigenvalues of
A are —n%,n € N with corresponding orthogonal eigenvectors e,(z) = \/g sin(zz). Then
Az =Y n*(z,e,)e,. On the other hand, we know that

(i) foreachve X, S(tv=7 ., e’”zt(v, eq) ey, in addition, S(-) is a uniformly stable
semigroup and ||S(¢)|| < e7%;
(ii) foreachve X, A~ 3v = Yool 2 (v,en)e, and JA=2 |2 = 1;
(iii) the operator A7 is given byA% v=> > n{v,e,)e, € X on the space
D(A2) = (v() € X, Y% (v,e,)e, € X}

Letting (Wjv)(z) = foﬂ W (z,y)v(y) dy, for v € E = L*([0,7],R), z € [0, ], we assume that
the following assumptions hold:

(a) w(s) denotes a one-dimensional standard Brownian motion;

(b) the function W(z, ¥),z,y € [0, 7] is measurable and

b/ g
/ / W?2(z,y) dy dz < oc;
o Jo

(¢) the function 9, W (z, y) is measurable, W(0,y) = W(x,y) = 0, and

A= </On /Oﬂ(E)ZW(z,y))Zafyalz)7 <L<oo.

Note that (c) enables us to show that W), is a bounded linear operator on X. Furthermore,
W,(v) € D(A%), and ||A% Will2[0,7) < 00. Indeed, the definition of W), and (ii) yield that

1

(W/h(v),e,,> = /On e,,(z)(/ojr Wz, y)v(y) dy) dz = —@(W(v),cos(nz)),

n

where W is defined by
(W) (@) = / Wz, y)v(y) dy.
0

We know from (b) that W : X — X is a bounded linear operator with || V_V||L2[o.b] <A.
Hence we can write || A2 Wil 7200 = | V_V(V)H%z[o,n].
(iv) For the function F: [0,b] x [0,7] — [0, ] the following conditions are satisfied:

(1) for each s € [0, 5], E(s,-) is continuous, and for each u € X, E(-, u) is measurable;
(2) there exist a function N(¢) € L”}ﬁ N, ar € [%, «) and a continuous
nondecreasing function ¥ : [0, 00) — (0, 00) such that for any (t,u) € ] x X, we
have E||F(t, u(t))||> < N(¢) x ?(||lullc,_,), liminf,_ o @ ds =0 < 00.
Define the fractional Brownian motion in Y by

By(t) =YV (u)Bl (Ve
n=1
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where H € (%, 1) and {Bf,n € N} is a sequence of one-dimensional fractional Brownian
motions which are mutually independent. Let us assume that the function ¢ : [0, +00) —
L5(L*([0,1]), L%([0, 1])) satisfies

b 2
/ H&(S)“L;H ds<oo, Yb>DO0.
0 0

Letting u(¢)(z) = u(t,z), t € J, z € [0, ], we define 4 :[0,b] x X — X, F:[0,b] x X —
L(K,X) and g : E — X by h(t,u) = Wy(u), F(s,u)(z) = F(s,u(z)), g(u) = 5’7:0 Qu(t;) and
o (t) = 6 (t), respectively, where

T
Q- [ k2t dy.
0

With the above choices of A, F, i, 0, system (4.1) can be seen as an abstract form of system
(1.1). On the other hand, suppose that the assumptions of Theorem 3.1 hold. Thus, using
Theorem 3.1, we claim that system (4.1) admits a mild solution on [0, #] under the above
additional assumptions.

5 Conclusion

In this paper, we have considered a class of Riemann-Liouville fractional stochastic evo-
lution equations. In particular, the fixed point technique, fractional calculus, and stochas-
tic analysis were used for achieving the sufficient conditions to ensure the existence of
mild solutions of Riemann-Liouville fractional stochastic evolution equations driven by
Wiener process and fBm. We last gave an illustrative example. Our future work will ad-
dress the explosive solutions of fractional Navier—Stokes stochastic differential equations
driven by fBm and multiplicative noise.
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