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1 Introduction and preliminaries

Quantum calculus, which is often known as q-calculus or calculus without limits, is based
on finite difference. In quantum calculus we obtain q-analogues of mathematical objects
which can be recaptured by taking q — 17. The history of quantum calculus can be
traced back to Euler for investigating the q-binomial formula and Euler’s identities for
q-exponential functions. In the last century extensive research was done on the study of
quantum calculus. Consequently, this particular area of mathematics has expanded in dif-
ferent directions. With the research study of Jackson [6] the in-depth study of quantum
calculus started. He is considered a pioneer in developing the first systematic definitions
of q-derivatives and q-integrals. Geometrical interpretation of the quantum calculus has
been recognized through study on quantum groups. Another reason behind its rapid de-
velopment is that it can be viewed as a bridge between mathematics and physics. It has nu-
merous applications in various branches of mathematics and physics such as ordinary frac-
tional calculus, orthogonal polynomials, basic hypergeometric functions, combinatorics,
the calculus of variations, the theory of relativity, optimal control problems, q-difference
and g-integral equations, q-transform analysis, etc. For some recent studies on quantum
calculus and its applications, see [1, 5, 7]. Tariboon et al. [12] introduced the notion of
q-derivatives and q-integrals on finite intervals and developed several new g-analogues
of classical inequalities. Since then many new g-analogues of classical inequalities have
been obtained using the concept of q-integral on finite interval; for instance, Sudsutad
et al. [11] obtained first q-analogues of certain classical inequalities. Alp et al. [2] gave
© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02539-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02539-x&domain=pdf
http://orcid.org/0000-0002-1019-9485
mailto:awan.uzair@gmail.com

Chu et al. Journal of Inequalities and Applications (2021) 2021:9 Page 2 of 12

a corrected g-analogue of Hermite—Hadamard’s inequality. Noor et al. [10] obtained q-
analogues of Ostrowski type inequalities using the convexity property of the functions.
Zhang et al. [15] obtained a generalized g-integral identity and obtained many significant
generalized g-analogues of classical integral identities. Another significant development
in the field of quantum calculus is the introduction of post quantum calculus. In quan-
tum calculus we deal with q-number with one base q; however, post quantum calculus
includes p and q-numbers with two independent variables p and q. This was first inves-
tigated by Chakarabarti and Jagannathan [3]. It is worth to mention here that quantum
calculus cannot be obtained directly by substituting q by % in q-calculus. But g-calculus
can be recaptured by taking p = 1 in (p, q)-calculus. Recently Tunc and Gov [13] gave the
notion of (p, q)-derivatives and (p, q)-integrals on finite intervals as follows.

Definition 1.1 ([13]) Let ¥ : 7 — R be a continuous function, and let x € I and 0 < q <
p < 1. Then the (p, q)-derivative on I of function W at x is defined as

U(px +(1-pe)) — ¥(gx + (1 —qe)
(P-qx-e)

fo’qlll(x) = , xHe.

Definition 1.2 ([13]) Let ¥ : I C R — R be a continuous function. Then the (p, q)-integral
on [ is defined as follows:

x ad qn q” qn
/ \I’()») dsq}» = (P - Q)(x - e) Z pn+1 v (pn+1x + (1 - pn+l >e>

n=0

forxel.

Convexity is one of the most important and significant notions in mathematical anal-
ysis. Although it is very simple in nature, it is very powerful. It has many applications in
various areas of pure and applied sciences, such as in economics, management sciences,
optimization theory, in engineering sciences, etc. Extensive study on the theory of con-
vexity leads to many new extensions and generalizations of classical concepts of convex
functions. Note that convex functions depend on convex sets. In the literature we can see
several new diversified forms of the convex sets. This naturally leads us to several new
generalizations of convex functions. Mititelu [9] introduced an important generalization
of convex sets called invex sets.

Definition 1.3 ([9]) A set X’ € R is said to be invex with respect to ¢ if
x+tt(y,x) e X, Vx,yeX,t€l0,1].
Note that if we take ¢ (y,x) = y — «, then invexity reduces to convexity. Using invex sets
as domain, Weir and Mond [14] introduced the class of preinvex functions. This class is

defined as follows.

Definition 1.4 ([14]) A function F: X — R is said to be preinvex with respect to ¢ if

F(x+tc(yx) <A -t)F(x) +tF(y), VxyeX,t€[0,1].
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For ¢ (y,x) = y—x, the class of preinvex functions reduces to the class of convex functions.

Another charming aspect of the theory of convexity is its close relationship with the
theory of inequalities. Many inequalities are direct consequences of the applications of the
convexity property of functions. One of the most interesting results relating to convexity
is Hermite—Hadamard’s inequality which is just estimates for the integral average of a
continuous convex function on a compact interval. It reads as follows:

Let ¥ :I C R — R be a convex function, then for a,b € I we have

b
2 b-al, 2

This result has a lot of applications in numerical analysis and in theory of means. In recent
years intensive study has been done on the generalizations and applications of Hermite—
Hadamard’s inequality. For example, Dragomir and Pearce [4] wrote a very informative
monograph on the significance of Hermite—Hadamard’s inequality, its recent develop-
ment, and its applications. Interested readers can find very useful information in that
book. Note that the left Hermite—Hadamard inequality can be estimated by the inequality
of Ostrowski which reads as follows:

ootz a1 (52 o

with the best possible constant % if f:[a,b] — R is differentiable, where |f’|lc =
max{|f(x)| : x € [a, b]}.
Kunt et al. [8] used the concept of post quantum integrals and gave new generalizations

of Hermite—Hadamard’s inequality.

The motivation behind the study of this paper is to derive a new generalization of the
classical Montgomery identity using (p, q)-integrals. We also give estimation of associated
bounds essentially using the class of preinvex functions. Finally, we present some applica-
tions to means of the obtained results. We hope that ideas and techniques of this paper
will attract interested readers.

2 Results and discussions
We now discuss our main results of the paper.

2.1 Post quantum Montgomery identity
We now derive a significant result of this paper. Next results of this paper depend on this
lemma.

Lemma 2.1 Let ¥ : [e,e + £(f,e)] — R be a (p, q)-differentiable function such that .Dy, oV
is (p,q)-integrable on [e,e + £(f, e)], then

B 1
p&(f.e)

e+pé(fie) 1
/ W) dpgh = E(fe f Kq(1) eDpq¥ (e + AE(f,€)) odpghs
where

A or A € [0,
K= 19 fe 0, g5 )

gr-1 for)»e(g(fe 1].
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Proof 1t suffices to show that
1
£(f,e) / Kq(A) eDpq¥ (e + 2£(f,€)) odpqh
=&£(f, e)[/ i qreDpq¥ (e +2£(f,e)) odpqh

1
+ / . (qh = 1) Dpq V(e + AE(f €)) Odp,qx}

£70
qreDpq¥ (e +2£(f,€)) odpqh

1
+ / (gh = 1) Dy, gV (e + AE(f, €)) 0dp,g
0
- /O (@h —1) Dy V(e + 2£(f,€)) odp,qx]

1
=&(f, e)|:/0 (qr - l)er,q\I/(e + AE(f, e)) odp,qr

x—e
E(f.e
+
0

1
=£(f,e) [ /0 qheDpq¥ (e +2£(f,€)) odpgh

DpqV(e+AE(fe)) Odp,qx}

1
- / erlq\IJ(e + AE(f, e)) odp,gt
0

x—e

£(fe)
+
0

1 1 dp ot — 1 + d
= ] , I\ ,
|:q|:/0 (e +qrE(f e)) odp,q? /0 (e qré(f e)) 0 p,q){|

Ly AE(f, Ly AE(f,
_[/0 (e+qké(fe))odp'q/\_/0 (e+qAE(fe))Odp'q/\]

€9 Wie+ qrE(f, 9 Wi+ artlf,
+[/OW)M°‘1MA_/OWMO%MH

1 — ¢’ ( q" )
\I'I - )
g q[q(p q)[;_(;pm1 et (0

St n n+1
Y (e )|

n=0
—(p—q)[2w<e+q—ns<f,e>)

n=0 P

0 qn+1
—Z\P(6+W§(f,e)>:|

n=0

0 Wie+ G(EE( )
+o- q’(s(f ))[Z re

&(f.e)

eDpq¥ (e +1&(f,€)) Odp,qx}
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vl S (55 o)
el e Gs)e) |
_ Hi ‘jflw<e+p < s(f,e))
=

p pn+1
~ B i qn+1 \p(e . pqn+1 %—(f’e))
q prs pn+2 pn+2
~[Y(e+&(fe) - W(e)]

W ' — q" g
[E (25 o]

q n=0

p
~W(e+&(f,e) + ‘1’<“ (sx(;:,:)>§(f’e)>]
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-9 ‘jﬂw(wp%sme))
n=0

p p

1 e
= \IJ(x) - m /; \p()\,) edp,q)"

This completes the proof. d

(p+qle+pé(fe)
p+q

Remark 2.2 If we take x =

ity:

in Lemma 2.1, then we have the following new equal-

(p + qe + p&(f, e)) 1 e+pE(f.e)
v - W) dy oA
( P+q p&(ﬂe)/e *) edpq

P

=&(f.e) [/o ™ A eDpq ¥ (+2§(f, €)) odpq2
1
+ /P (qr - l)er,q\I’(e +AE(f, e)) odp,q)»i|.
p+q

2.2 Estimation of bounds
We now discuss some results depending upon Lemma 2.1.

Theorem 2.3 Let V : [e,e + £(f,e)] be a function such that .D, 4V is (p,q)-integrable on
le,e+&(f,€)]. If |.Dpq¥I", r > 1 is preinvex on [e,e + & (f, e)], then

1 [eélfe)
g [ Y

< £ AL [|eDp (@) Ls + [ Dpg W ()| L]

1
-

1
-

_1
+ LzlL ’ [|er,qq’(e)|rL5 + |er,q‘~I’(f)|rL6] ],

where
L /;Ef'; %odpgh = — (x_e)2
= qhodpgh = —— :
0 P prq\&(fe)
)
LZZ/ (q}.—q)\z)odp’q)\,:Ll_Lg,
0
L fng'z) 22 odpqh d (x_e>3
3= JA~ olp,gr = ’
0 P b pg+ 2 \E(fre)
1
P q x—e q x-—e
Li- [ a-aiadogi - P 3228 (- )
5 P prqa pral\i(fe) p+q&(fre)
1

Ls= f (1-qr =2 +qAr?%) odpgh = La— L,

1
Le = / (A = q2A?) odp,gr

~ p? 1 (x—e>2+ q <x—e>3
C(p+@(P2+pg+q?) p+q\&(fre)) pP+pa+?\E(f.e))

Page 6 of 12
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Proof Using Lemma 2.1, the power mean integral inequality, and the preinvexity of
leDp,q¥|", we obtain

1 e+pE(f.e)
‘\Il(x) 50 /e W(A) odpgh

x—e

<E&(f,e) [/;W q)»’er,q\Il(e + AE(f, e))‘odp,qk

1
+ / _(1-qd) |eDp,q ¥ (e + A& (f,€)) |0dp,qx]

£(fe)

x—e_ 1-1 x—e_ 1
o) r 0] - r
<E&(f,e) |:(/ qr Odp'qk) (/ qk|er,q\Il(e + AE(f, e))| Odp_qk>
0 0

1 1-1 1 1
+ ( / L —qx)odp,q/\> ( / (1—q)»)|er,q‘-Il(e+)L§(f,e))ir0dp,qk> }

(o) £(fe)

x—e_ 1-1
&(fe) r
<&(f, e)[(/ qr odp,qk>
0
x—e 1

, [EFa , [EGa
x(|er,q\1/(e)} /0 (g1 = qA?) odpgh + |eDpq U (f)| /0 qxzodp,qx)

1 1-1
+ (/“ 1- qk)odp,qk)

§(fe)

1
x (|er,qxp(e)|’ / (1-qh—2+qr%)odpgh
§(f.e)

1 :
+ |er,q\IJ(f)|r/xie (A -2’ Odp,q)‘) i|’

£(fe)

The proof is accomplished. d
Corollary 2.4 [n Theorem 2.3, the following quantum estimates hold under the following

conditions:
Lr=1

1 e+&(fre)
I\I'(x) - —S(fy o /e W(A) edp gt

<&(f,e)[|eDpq¥(e)|[La + Ls] + |eDpq ¥ (F)|[Ls + Le]].

ILx= %, then we have a new inequality:

1 e+pé(fie)
‘\Ij(x) - m /ej \IJ()\.) edp,q)"

1
-

<&(f,e) [L;_% [|eDpq¥(e)| Ls + [Dp,g ¥ (f)| Lo]

It

1-1 1
r
+Ly" [ r

er,qq"(e) | rLll + |er,q\Ij(f) | rLlZ]
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where

2
q ([ p
qAodp gt = < ),
P p+q\p+q

Lg— q)» q)n deq)» L7—L9,

o[
[

_P_ 3
49 q p
q)\, ()d )»— ( ),
/ P p+pg+?\p+q

X—e
Lm:f (1—qx)0dp,qxzi<1— p )(1— d )
. P+q\ P+q p+qé(fie)

1
L= /P (1-qr—A+qr?)odpghr =Lio —Lia,

P+q

1 ) 1 p? 1 P\’
L =/ L= qi?) odp o) = - + (1-( >>
12 p( 42*) 0dpq p+q (p+q? Ppi+q+pq p+q

p+q

Theorem 2.5 Let W : [e,e + £(f, e)] be a function such that .D,q\V is (p,q)-integrable on
le,e + £(f,)]. If |.Dpq V", 7> 1,571 + 77! = 1 is preinvex on [e,e + £(f, €)], then

e+pé(fie)
’lI’(x) - f W(L) o dpgh

1
pé(f,e)
<qé(f,e [K [|eDpq¥(e)| Ko + |eDpq ¥ (f)] 1<3]%

+ 1(5 [|eDpq ¥ (e)| K5 + |eDp,q ¥ (f)| Ke] 7],

where

—e

)
1<l /
0

|

+1

(Fe x—e p q
2ot~ (25)

P \efe))  prt gt

xX—

1<:/ (1-2)odpgh = ( )
27 o O7pa é(fe) p+q\&(f.e)
sjff,ee) 1 xX—e
K; = Aodpoh = —— ,
3/0 07 p+q<é(f,e)>
1 1 K
ko [ (22) st
4 e q 0%%p.q
=(p-9 iq_nc_ z )
pn+1 q pn+1

(a3 le7s)
%-(f e o prz+1 q pn+1 %-(f e ’

1 2

p+q-1 x-—e 1 x—e

K: :/ (I-2)odpqr = - + ( ) )
g TP prq  E(f0 pra\Elfie)

1<—f1 hody A= 1 (1—(x_e)2)
©7 Jee TP T g £(fe)) )

§(f.e)

x®

o
Mg

Na)
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Proof Using Lemma 2.1, Holder’s inequality, and the preinvexity of |.D, ¥|", we obtain

1 e+pE(f.e)
‘\Il(x) - M / lIJ()\.) edp,q)"

<E&(f, e)|:/w qk’er_q\I'(e+S(f,e))’odp,q)»

x—e

£(fe)

1
+ / (1-q)|eDpq¥ (e +£(fre)) |0dp,qk:|

1

EEVm{(ARm&ﬂYM5@>S(Am?kﬁmw@+évmﬁrﬂmﬁ>r
1

1 1 1
* (/xe (1-qn) Odp'qk> </“ eDpq¥ (e +&(f, e))|r0dp,q)‘) :|

(o) §(Fe)

<dgé&(f, e)|:(fW A* Odpvq)‘) X
0

5«8 Ve
eDpq V(e } 1- x)odpq)\+|qu\1/(f)]/ xodpqx>

1

)

|qu\y(e)|/ (1- x)odpqx+|qu\y(f)|/ xodp,qx>r].

X—

E(fe

dl
(/;
dt

The proof is accomplished.

Remark 2.6 1f we take x = %‘?f’e)) in Theorem 2.5, then we have a new inequality:

e+p&(f e)
hm il v

<q&(f,e [K [|eDpq¥ (€)' Ks + |Dpq ¥ ()] Ko]

1
+ 1<1%[|6Dp,q\p(e) "Ki1 + [eDp,q ¥ ()| Ki2] G ],

where

s+1
P P-9
K= [ 77 25 odpgh = ,
’ /0 opa (p+q) ptt— gt

P p’

p+q (p+q?

K = f (1-2)odpgh =
0

p2

Ko= [ 00d,oh = ,
9/0 P (py P

Page 9 of 12
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1 1 s
Kio = fl ((—1 - A) odpa,

P+q

o n 1 no\S
:(P—CD[ZPL (—— : )

— q pn+1
oG
+q4=Zp"\q p"\p+q//) |

1 1 2
K11=/ (1-Rodpgh = - P

. p+q (p+q
1<12=/1 hodpgh = —— — p* -

2 p+q (p+q)

P+q

2.3 Applications
We now discuss some applications of the results obtained in the previous section. First of
all we recall some previously known concepts. For arbitrary real numbers, consider the

following means:

e+f

Arithmetic mean: A(e,f) = ——

fq+1 _ eq+1 cl[
(q+ D - e)}

Generalized logarithmic mean: Lg(e,f) = |:

where q e R\ {-1,0}, ¢,f € Rwith e #f.

Proposition 2.7 LetO<e<f,neN,0<q<p<1,then

n+ P-4 g
p(pn+1 qn+l)L”(e’(1 p)e+pf)‘

E(f—e)[HII%Dne”‘lI'H (of + (L=ple)" = (gf + (1 = q)e)"

A'(e.f) -

Ty
Hg]
ot
H6] }

(f-e)(1-q)

(of + 1 -p)e)" —(qf + (1 - q)e)"
(f-e)(1-q)

1-1 r
+H, " |:|ne”‘1| Hjs +

where

3
q
H=/ Aodp o = s
! 0 T*0%pa 4(p +q)

q(p +2pq +2q* - q)
8(p+q)(p? +pg +q?)’

1
2
H, = / (ah — qA%) odpgh =
0

q
8(p+pg+q®)

2p-q
Ap+q)

% 2
H3 = / q)\ Odp,q)‘- =
0

/ (1 -qA)odp,gr =

Page 10 of 12
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! 4p® + 2pq* + 2p*q - 2q° - 6p” +pq+q
HFﬁ (1= ah =2+ 929 odpoh = 8(p + q)(p* + pq + @)
2
! 6p> —pq — q*
H, =/ A —qr?) ody gk = .
° %( Vo 8(p + Q(p* +pg + )

Proof The proof directly follows from Theorem 2.3 applied for W (x) = x", £(f,e) =f — e

and considering x = ﬂ 0

Proposition 2.8 LetO<e<f,neN,0<q<1,then

(n+1)(p-q

A"(e,f) = WLZ(& (1- p)e +I9f)‘
o gt
H e f +(1-p)e)"—(gf +1-q)e)"|", ’

M, [|ne |"Ms + Tre 6:| ]’

where

1

I p-q
M1=/0 ASOquX 2S+1W;

2p+2q-1

1

2
My= [ (1=1)odygh =
2 A TP T 4p + q)

1

2 1
M:/Ad A= ——,
L TP T 4p g

1 1 s
M, = /1 (c—l—x> odp gt

2

:(p—q)[i < (1— s )

o pn+1 q pn+1
__Z n+1( r1+1) :|’
2e=p"i\q 2p
! 2p+2q-3
M5=/ (l—k)odp,qkzi
1 4(p+q)
1 3
M6=/ Aodpgh = ——.
L TP T a(pt )

Proof The proof directly follows from Theorem 2.5 applied for W (x) = x", £(f,e) =f —e

and considering x = % 0O

3 Conclusion

In the article, we have found a new post quantum version of Montgomery identity and
presented several inequalities involving the post quantum bounds via certain properties of
the preinvex functions. Our obtained results are the generalizations and improvements of
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some previously known results. Moreover, we also provided some applications to support
our obtained results.
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