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1 Introduction

In the past two decades, fractional calculus has received much attention. The fast inter-
est in the topic is due to its extensive applications in various fields such as biochemistry,
physics, viscoelasticity, fluid mechanics, computer modeling, and engineering, see [1-7]
for further details. Most of the studies have been devoted to the existence and uniqueness
of solutions for fractional differential or difference equations; see e.g. [8—12].

A fractional differential equation needs a certain inequality for existence and uniqueness
of solution. For this reason, a huge number of mathematicians have competed to seek such
inequalities; see e.g. [13—25].

As always, it is important and necessary to specify which model or definition of frac-
tional calculus is being used because there are many different ways of defining fractional
operators (integrals and derivatives). To further facilitate the discussion of this model, we
present here the definition which is most commonly used for fractional operators, namely
the Riemann-Liouville (RL) definition.

Definition 1.1 ([1, 2]) Forany L! function w(x) on an interval [e3, &4] with x € [e3, 4], the
xth left-RL fractional integral of w(x) is given by

By () = F(IK) /53 (- ¢)Miw(s)ds (1.1)
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for Re(k) > 0. Also, the «th right-RL fractional integral of w(x) is given by

1 [
S )= s f (¢ -2 Liils) de. 12)

Before starting the main findings, we review some definitions, notations, theorems

which will be necessary later to proceed.

Definition 1.2 ([26]) We say that the function w: J € R — R is convex on J if
w(ses +(1-¢)ea) < cwles) + (1 - ¢)wlea) (1.3)
holds for every €3,¢4 € J and ¢ € [0, 1].

Definition 1.3 ([27]) We say that the function w: J € R — R is exponential type convex

(or briefly exp-convex function) on 7 if
ﬂ/(gsg +(1- g)84) < (65 - 1)12/(83) + (el_g - 1)@(84) (1.4)
holds for every e3,¢4 € J and ¢ € [0, 1].

The well-known integral inequality of Hermite—Hadamard type (HH-type) for such a

convex function (1.3) is given by

w(83+8‘*>< 1 /g4ﬁ/(x)dxfw. (1.5)

2 _84—83 £3 2

On the same convex function (1.3), in 2013, Sarikaya et al. [28] generalized the HH-
inequality (1.5) to fractional integrals of RL type, which is as follows:

) Tk +1) e - o - w(es) + w(es)
W<£3 ; 84) = 2(84K—+83)K (75 wlea) + 1T, wles)] < W’ (16)

where k >0 and W : [e3,84] — R is supposed to be an L! convex function. One year later,

Sarikaya and Yildirim [29] found a new version of the above inequality, which is as follows:

_(ez+es 2+ 1) o, _ RLy« .
W( 2 ) = ey L Ny, e+ g, W)
@ _
< (e3) + W(£4)‘ (1.7)
2
Again, one can note that this result is valid for any L' convex function w : [3,£4] — R and
for each k > 0.
In 2020, Kadakal and Iscan obtained the new refinement of the classical HH-inequality
(1.5) on the exp-convex function (1.4), which is as follows:

1 _[e3+e&y 1 & _ _ _
2(e% - 1)w( 5 ) < P /53 w(x)dx < (e—2)[w(£3) + W(84)]. (1.8)
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A huge number of generalizations and modifications of classical HH-inequality (1.5)
have been established by means of fractional operators (1.1) and (1.2); e.g. see [20, 26, 30—
44).

In this study, we follow the line of result mentioned above to investigate a new integral
inequality, namely, the RL version of the new HH-type inequality (1.8). The rest of the
attempt is designed as follows: in Sect. 2.1 we prove the HH inequalities of trapezoidal type
by using differintegrals starting from the endpoints of the interval. In Sect. 2.2, we prove
the HH inequalities of midpoint type by using differintegrals starting from the midpoint of
the interval for the RL-fractional operators. Finally, some applications on special functions

are exposed in Sect. 4.

2 Main results
Our main results are split into two subsections. The following facts will be needed in es-

tablishing our main results.

Remark 2.1 For Re(k) > 0, the following identities can hold:
1
/ c“leSde = (-1)y (k,-1); (2.1)
0
1
/ el ds =ey(k, 1), (2:2)
0

where y (-, ) is the lower incomplete gamma function [45]:

X
y(K,x) =/ c“lecde, xeC. (2.3)
0

Proof By making change of the variable u := —¢ in the first integral, we get

1 -1
/ c“leSde = (-1) / wle™du = (-1)y (x,-1),
0 0

which ends identity (2.1).
Identity (2.2) can be directly obtained from the original definition (2.3). O

Remark 2.2 For Re(k) > 0, the following identities can hold:

1
/0 o<lef dg=(—2>w(x,—§); 2.4)

! 1
f g"’lel’% d¢c =e2“y (/c, 5) (2.5)
0

Proof We can use the same method used for Remark 2.1 to produce the results for Re-
mark 2.2. O
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Lemma 2.1 ([28]) If w: [e3,84]) — R is L'[e3,84) with 0 < £3 < &4 and « > 0, then we have

w(es) + w(eq) 'k +1)
2 B 2(84 - 83)K

[R175,  w(ea) + R1T5, _w(es)]

€4 — €3

1
_ /O [(1- o) — ]/ (ces + (1 S)es) de

2

Lemma 2.2 ([29]) If w: [e3,84] — R is L'[e3,84]) with 0 < 3 < &4 and « > 0, then we have

20 (k + 1) rrpve _ RL+c - _(€3+¢&4
ey L Ty W)+ g Wea)] -0 =

1 1
€4 — €3 =[S 2-g / c-r{2-6 S
= W =e3+ g4 |dc - w g3+ —¢&4 |dc|.
4 |:/0 S <23 ) 4) S A 9 ( 5 3 24 9

2.1 Trapezoidal inequalities
Proposition 2.1 Suppose that w: [e3,84] — R is an L' and exp-convex function. Then we

have, for k >0,

ﬁ}(s?, + 84) - (e% -1DI'(x +1) [RL]K

i RLye -~
2 (€4 — £3)¢ e3+W(Ea) + 1547”’(53)]
=< K(e% -1) (e)/(/c, 1)+ (-1)*y(k,~1) - %) [W(es) + wles)]. (2.6)

Proof By the exp-convexity of f, we have

- <83 +e4> _ ([5‘83 +(1-g)ea] +[(1-¢)es + g&d)
w 5 =W 5

< (e% - l)ﬁ/(gsg +(1- §)84) + (e% - 1)171/((1 —g)es + §84).

Multiplying by ¢“~! on both sides and then integrating over [0, 1], we get

1
(25) =y [ i s a- gm)as
K 2 0
1
+ (e% _ 1)f ¢ Iw((1 - ¢)es + ces) ds.
0

Multiplying by « > 0 on both sides and making the change of variables in the last inequality,
we obtain

_[ &3t é&s
w
2
1 1 B e —u\ 1 4y ey \*7
EK(62—1)|: /( ) w(u) du + /( > w(v)dv
E4—83 Jgy \Ea—8&3 €4 =83 Jgz \E4—E3

_ T +1)(e2 - 1) [

(64 —&3)¢ o

w(eq) + NE_wes)]. 2.7)

E4—
On the other hand, we have by exp-convexity

w(ces +(1-¢)ea) < (e —1)w(es) + (75 — 1)w(ea);

Page 4 of 16
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ﬁ/((l - ¢)es + ge4) < (el_g - 1)171/(83) + (eg - 1)@(84).
Adding both inequalities, we get
w(ces + (1-¢)ea) + w((1 - ¢)es + gea) < (€5 + €75 = 2)[wles) + w(ew)].

Multiplying by ¢“~! on both sides and then integrating over [0, 1], we get
1 1
/ ¢ w(ses + (1-¢)es)ds + / SMw((1-¢)es + cea) dg
0 0
1
< [iles) + lew)] / ¢ (e + ¢ —2) de.
0

By making the change of variables and Remark 2.1, we get

I'(k)

(g4 —€3)" (75, o) + 5, es)]

< (w(x, 1) + (=1 (c,~1) - %) [(es) + W(ea)]-

Multiplying by positive constants ¥ > 0 and (€2 — 1) > 0 on both sides, we get

DT Dy e + 1, tes)]

(€4 — &3)¢
2
< K(e% - 1) (ey(/c, D+ (D)yk,-1)- ;) [171/(83) + ﬁ/(&;)]. (2.8)
Both of inequalities (2.7) and (2.8) rearrange to the required result. O

Remark 2.3 The expression (—1)“y (k,—1) occurring in inequality (2.6) may not be clear
for the readers, and they will imagine that this value is complex, or does it make sense?
Actually, the complex part coming from (—1)* cancels out the complex part coming from
the incomplete gamma y (k, —1). Furthermore, this value came from the integral formula
(2.1): from looking at the integral we can clearly see that it is real (and positive). Therefore,
the answer is yes, it does make sense; the overall expression is real and positive.

On the other hand, we can clarify the above expression by using the Taylor expansion
for the integral formula (2.1):

1 1 5_2
(_I)KV(K,—I):f g;c—legdg:/ §K1<1+g+_+...>dg
0 0 2!

1 1 1 1

=—+ + + e
Kk k+1 2k +2) 3k +3)

N i +1)

This formula confirms that (-1)*y (x,—1) > 0 for « > 0.
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Remark 2.4 Inequality (2.6) with « = 1 becomes inequality (1.8).

Theorem 2.1 Let w: [e3,84] — R be L'[e3,e4] with 0 < &3 < &4 and « > 0. If |W| is an

exp-convex function, then we have

w(es) +wlea)  Tle+1) g RLpe =
2  2ea—e3)" [ Jey Ea) + 84_W(83)]‘
< i ([So(kc, o) + 81(ic, i) ][/ (3)| + [So(ic, ) + 81 (i, o) ]| W (e4) |

+[81(kc, o) + 8ok, h1) || W (e3)| + [81(c, Ba) + So(kc, ho) || W (£4)])

:(84—83)MZZ(S(K 1), (2.9)

i=0 j=0

where

i Kk+1
Solk, 7yy) = (—D"h,[y(x +1,(-1)) - (K +1, %)] (- y+1K — [1 - (%) ];

K+1 1V

wolo im0
(1%, ifj=1.

Proof From Lemma 2.1, we have

[RU1E, w(ea) + RUTE, _w(es)]

w(es) + w(eq) Ik +1)
’ 2 2(84 —&£3)¢

<228 [N g s - 1) s
- %[/02[(1—9“ - "]|W(ses + (1= )ea) | ds

1
+/; [§K—(l—g)K]|ﬁ/’(§83+(1—§)84)|d§j|,

2

By using the exp-convexity of ||, it follows that

‘W(Ss) twles)  Tle+1) [7e, w(ea) + RMTE W(€3)]‘

2 2(84 - 83)'( et 4=
<228 [P0 o - e - Dlwten)] + 5 - ) e s
0
1
R ([T PR LZ I P

2
%)

= ;83 ([80(/(, hO) + 81(/(, hl)] |ﬁ/(83)| + [80(/(, hl) + 81(’(’ 774))] |ﬁ/(84)|
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+[81(kc, o) + 8ok, h1) ]| W (e3)| + [81(k, Bn) + So(kc, ho) | | W/ (£4)])

- ; & [50(/(,710) + 810k, h1) + 8ok, ) + 51(’<,h0)](|ﬁ/(83)| + |171/(84)

)

where the following identities are used:

3 1
8o(K, ho) = /0 (1-¢) (e —1)dg = [ - (el_g -1)dg;

1

5 1
o0, Fir) = fo (1= ) (e — 1) de = / (e 1) ds;

3 1
81(, o) = —/0 ¥ (e -1)ds = —f (1-¢)(ef -1)dg;

1
2
) 1
81(K,fl1)=—/ g’((eg—l) d¢ :—/; (l—g)"(el‘g—l) de.
0 2

Thus, our proof is completed. d

Remark 2.5 Inequality (2.9) with « = 1 becomes the following inequality:

V_I/(Sg) + W(&;) 1 &4 -
‘ 5 _84—83,/53 w(x) dx
< (z~:4—53)<4weé —e— ;)M, (2.10)

which was obtained by Kadakal and Iscan [27].

2.2 Midpoint inequalities
Proposition 2.2 If w: [g3,84] — R is an L' and exp-convex function and « > 0, then we
have

7 RLyx —
2 (64 — &3)" (g2, V(Ea) + L@)_W(ss)]

V_V<83 + 84) < (e% —1)2T'(k + 1) [RL]K

< K(e% -1) [e2“y</<, %) +(=2)%y (K,—%) - %} [W(es) + w(ea)]. (2.11)

Proof By the exp-convexity of f, we have

_(e3+e¢ ([Ses+ Efey] + [5fes + Se4]
W<324>:W(23 24223 2 ¢4

2- 2 -
< (e% - 1)171/(%83 + 2§84> + (e% - 1)17v< 2§83 + %84).
Multiplying by ¢“~! on both sides and then integrating over [0, 1], we get
1_(e3+es 1 L s 2-¢
—w <(e2-1 Il 2eg + g4 ) d
K<2)_(e )/Og (2324§

1
2
+(e? - 1)/ g"‘lv"v( S ey ££4> ds.
A 2 2
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Multiplying by « > 0 on both sides and making the change of variables, we get

£3+€4

1 =t —u\*1
v'v(£3+84> §K(e§—1)|: / (84 u) w(u) du
2 E4— 83 Jgy &4 — &3

£3+€4 -1
1 2 -
+ / ( Y% ) w(v) dvi|
€4 =83 Jgg E4— &3
1
_ (e2 —1)2¢T"(k + 1) [RL
(64— &3)*

I’(683+S4 )+1/_l/(84) + RLII((53+S4 )_V_V(Sg)]. (212)
2 2
On the other hand, we have by exp-convexity

W Sere 255 e) = ¢F - )iten) + (75 - Dten

ﬁ/(z e %84) < (173 = 1)ibtes) + (e3 ~1)ibten).

Adding both inequalities, we get

2 2
w E83+ §84 +w S:83+ 584 < (e% +el s —2)[12/(83)+1X/(84)].
2 2 2 2
Multiplying by ¢“~! on both sides and then integrating over [0, 1], we get

1 1
k-1=[ S 2-¢ k-1~ 2-¢ S
=e3 4+ dg + =g )d
[) < W<2€3 5 84.) 9 /0‘ g W( 5 €3 + 284) <

< [Wles) + wlea)] fo 1 c“e +e"% ~2)ds.

By making the change of variables and Remark 2.2, we get

2T (k)

(64 —&3)*
< [eZ"y <K, %) + (—2)")/(/(,—%) - %][V_V(Eg) + 17v(€4)].

Multiplying by positive constants « > 0 and (e% —1) > 0 on both sides, we get

RL = RL =
[ ]/((%HW(&L) + ]’((%)_W(Eg’,)]

(2 —1)2°T (i + 1)
(€4 —€3)¢

< K(e% - 1) |:62K]/(K, %) + (—2)")/(/(,—%) - E:| [v'v(sg) + v'v(84)]. (2.13)

K

R — R _
[ L]l{%)*_w(gfl) + LI’((S?,;M)_W(&'?,)]

Both of inequalities (2.12) and (2.13) rearrange to the required result. O
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Theorem 2.2 Let w: [e3,€4] — R be L'[e3,e4] with 0 < &3 < &4 and « > 0. If |W| is an

exp-convex function, then we have

2710k + 1) oy s ) RLve _ _[e3+¢4
W[ ](83554)+W(84) + ]@3;84)_W(83)] - W(T)
|/ (e3)| + W (20)] - £
<(ea— Ss)f ;S(K, hy), (2.14)

where h; is as before, and

N j K+ (_1)1 1
5k, ) = (1) hy2 1)/(/( 1 T) e

Proof With the help of Lemma 2.2 and the exp-convexity of |#'|, we have

2¢710 (i + 1) _ _ _[e3+¢4
Y o [RL]’((%HW(&L) + RL]'{%%W(SS)] -w

(64— £3)" 2
-/ S 2_§
Wl e+ e

84_83/1 « w 2_§e +£8
s ), ° gy 3T

_ 1 s e 7
e [ e e+ (F Dol

0

IA

+

Jos

IA

4
+/ g"[(e%Tg - 1)|V_V/(83)’ + (e% - 1)|17v’(84)|]d§}
0

- 8“;83 {80, 1) | (£3)| + 80, Fo) |/ (£4) | + 8, Fo) [/ (£3)| + B, Fiy) [/ ()

where the following identities are used:
- 1 g
St ha) = [ 5 (eF - 1) s
0
- 1 2-¢
8k, ) = f (e -1)ds.
0

Thus, our proof is completed. d

Remark 2.6 Inequality (2.14) with « = 1 becomes the following inequality:

1 €4
/ ﬁ/(x)dx—v'i/(83+84)
€4 — €3 £3 2

3 He's inequality
This section deals with the HH-inequality in the sense of He’s fractional derivatives as

[W (e3)| + W (e4)]
4

< (64— £3)(3 + de—8e?) . (2.15)

introduced in Definition 3.1. As we discussed before, there are many definitions on frac-
tional derivatives in the literature. Herewith we recall the fractional derivatives by the
variational iteration method [46, 47]. A complete review on variational iteration method
and its application and development are available in references [48, 49].

Let us recall the following fractional derivative introduced by He [47].
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Definition 3.1 ForanyL! function w on an interval [0, s], the « th He’s fractional derivative
of w(s) is defined by

1 a’
I'(n—«)ds"

DEin(s) = /0 (¢ =) () ds.

Now, by making use of exp-convexity of w, we have

_ (83 +84) - ([§83 +(1-¢)ea] + [(A - g)es + §84])
w 5 =w 5

< (e% - 1) [ﬁ/(geg +(1- §)£4) + v'v((l —c)ez+ §84)]. (3.1)

(;_S)n—;(—l
T'(n—x)

Taking €3 = 0 and &4 > 0 for all s € (0, 1), multiplying by on both sides of (3.1), and

integrating with respect to ¢ over [0, 1], we get

1 _ (€4 ’ n—k-1
mn—mw<?>ﬁ(§‘” ds

(6%—1) * k-1~ _ d * k-1~ di|
< [A(ts) w((1 dm)§+A(§ 9 inceq) de |.

“I'(n-«)
Hence
(_l)n—/(—lsn—/c _ (&4
WW(E)
< (e2 -1) |:/ (5‘ —5)"_'(_11711(5‘84) d¢ +/ (¢ _S)n—ic—lv-v((l _ §)84) dg], (3.2)
0 0

“I'(n-«)

After getting the n~* derivatives on both sides of (3.2) with respect to s and using Defini-

tion 3.1, we obtain

(-1)%%%(%‘*) < (e;;l)s[ 5, i(sh) + (~1)"'Df_ o, w((1 - s)b)]. (3.3)

4 Examples
In this section, some examples in the frame of special functions, matrices, and fractional

Zakharov—Kuznetsov functions are selected to fulfil the applicability of obtained results.

Example 4.1 Let the function J; : R — [1,00) be defined by [50]
T5(2) =2°T(p + 1)z"I5(z), zeR.

In our attempt, we consider the first kind modified Bessel function I;, given by [50]

0 (%)ﬁﬂn

@)= WC(p+n+l)

n=0
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Then, the first and second order derivatives of 7;(z) are given as follows:

z

2(,5 + 1) jﬁ+l(z);

T5(@) =
(4.1)

1 1 Z2
TO- 1 [mmw ; sz+1<z>].

Let w(z) := J. ﬂ; (2). Then, with the help of Remark 2.5 and the two identities in (4.1), we can
deduce

e3T5+1(83) + €aTp541(€a) B T5(ea) — T5(e3)

4(p +1) €4 — €3
1 7\ [ €3 Tpe2(e3) + €5 Tpun(ea)  Tpi(e3) + Tpe1(ea)
5(8“_83)(46 _6_5>{ 85+ 1)(5 +2) 4G+ 1) }

Also, from Remark 2.6 and the two identities in (4.1), we can deduce

Tp(ea) = Tles) Jp+1(83 + 84)‘

&4 — €3 2

€2 Tsia(e3) + €2 Tpia(€4) N Tse1(€3) + Tp41(84) }
16(p +1)(p +2) 8(p+1)

< (&4 —83)(3 +4e—865){

for p > -1, 3,64 € R with 0 < &3 < 4.

Example 4.2 In this example, we deal with the second kind modified Bessel function K5,
given by [50]

T J_5(2) + T5(2)

Ko@ 2 sin(p7r)

Let w(z) := —( 1(55(2) ) with p € R. Following [50], we have the following integral represen-

tation:
o0
Ks(z) = / e 7N cosh(pr)dt, z>0.
0

One can easily observe that the function z — K;(z) is completely monotonic on (0, 00)
for each p € R. Also, we know that the product of two completely monotonic functions is
also completely monotonic, then z > w(z) is a strictly completely monotonic function on
(0, 00) for each p > 1. Thus, the function

w(z) = —(’Cﬁ(z))/ _ Kﬁg(z);

zP zP

K@) Ksnl(2)
T el

W (2)

becomes strictly completely monotonic on (0,00) for each p > 1. Hence w(z) becomes a

convex function. Then, with the help of identities (4.2), and Remark 2.5 and Remark 2.6,
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respectively, we can deduce

5K 501 (e0) + €5 KC5,1(e3) . 5K 5(ea) — €5 KC5(e3)

2 &4 — &3

1 7
< (&4 —83)(462 —e— 5)

5 { e1Kp(es) + 5 Kp(ea) €5 Kpiales) + 5" Kpialea) }

2 283 &4

and

£5K (ea) — 4 Kyles) ( 26364 )f’ Kpﬂ(a + u)\

€4 — E3 €3 + &4 2

<(ea—¢3)(3 +4e—8e%)

5 { £1Kp(e3) + 5 Kp(ea) €5 Kpiales) + 5" Kpualea) }

4 4-83 &4

for each p > 1 and &3,&4 € R with 0 < &3 < &4.

Example 4.3 In this example, we deal with the g-digamma function ¥, given by [50]

o pLrE
V() = =In(1-p) +Inp) ) T
1=0
o p'z
= —1n(1—p)+ln(,o)Z 1= forO<p<1,
=1

or equivalently,

1 S p—(t+z)
\Ilp(z) = —ln(,o— 1) +1I1(,0) zZ - 5 - gm

-z

[o¢]
—Z p ) forp>1landz>0.
l_p—tZ

=1

N =

=—1In(p - 1) +1In(p) (z -

From the above definitions, we can observe that the function z \I/; (z) is completely
monotonic on (0,00) for each p > 0. Consequently, we see that z — \I/;)(z) is a convex
function on (0, 00).

Set w(z) := W/, (2) with p > 0, then we see that #/(z) := W/ (2) is completely monotonic on

(0,00). Then, with the help of Remark 2.5, we can obtain

_ Wyl + )

N 5 (4.3)

P

(83 + 84) - ‘%(84) —W,(e3)

2 €4 —E3

Combining inequalities (1.5) and (2.10), we obtain

Wi (e3) + W) (e4) _ Wplea) - Wyles)
2 &4 — €3

<= <4e% —e- ;>(|wg(sg)| W),
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Also, combining inequalities (1.5) and (2.15), we obtain

W, (e4) — W, (e3) " (83 + &4

E4— & 1 ,
fa — o3 Yol >‘§ 44 3(3+4e—8e2)(|\llg(£3)|+|\Ilp/(g4)|),

Example 4.4 We denote by C” the set of n x n complex matrices, by M, the algebra of
n x n complex matrices, and by M, the strictly positive matrices in M,,. That is, A € M}
if (Ax,x) > 0 for all nonzero x € C".

In [51], Sababheh proved that the function

f)=||A"XB""" + A"VXB"||, A,BeM},XeM,
is convex for all v € [0,1]. Then, from [27], this nonnegative function is exp-convex on

[0,1].
Then, by using Propositions 2.1 and 2.2 with A, B € M}, X € M,,, respectively, we have

ATXB' + AVPXB | + 5, | ABXB' T + AT XB ]

£3+€4
4

_£3+e4 _£3+e4 £3+€4
T XB""7 + A7 XBTT

B (e? —1)F(K+l)[K+
(84— €3)¢ £

< K(e% -1) (ey(ic,l) + (-1 yk,-1) - %)

x [|A®XB'~*3 + AV XB3 | + |A™XB'"" + A'*4XB™||] (4.4)

and

2

£3+€4 _e3teq _£3+é4 £3+€4
|A~=" xB +A"TTXBTT |

B (e2 —1)2T(k + 1)
(64— £3)¢

x []’{%V |A®XB'* + AT XB || + Vieasea ) |A®XB'3 + AT XB3 ]

cat-nferfed) ()

x [||A®XB'*3 + AV XB%3 | + |A®XB'" + AM*4XB™ ||| (4.5)

for all &3, &4 € [0, 1], where €3 < &4 and « > 0.
The following two examples are dedicated to Sect. 3.

Example 4.5 Consider the fractional Zakharov—Kuznetsov ZK(2, 2, 2) equation [52]:

1 1
Diu + (uz)x + 3 (uz)xm + 3 (uz)yyx =0. (4.6)

Denote f = u(x,y, T), where T = F(L Also, suppose that g, > 0 for all s € (0,1). From

1+k)°
equation (4.6), we have

Diu= —|:(u2)x )t s (MZ)W}. 47)
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Applying inequality (3.3), we get

P €4
_anl Y, —
(-1) u(xy 2>

1
5 _ K
< (ez = 1)s

P [ng4u(x,y, S€4) + (—1)”_"_1D’(‘175)84u(x,y,(1 —S)84)], (4.8)
4

where D¢ u is defined by (4.7).

Example 4.6 Consider the fractional Zakharov—Kuznetsov ZK(3, 3, 3) equation [52]

Diw + (w?’)x +2(w?) __+2(w?) =0. (4.9)

XXX yyx

tK
F'(1+k)*

Let us denote f = w(x,y, T), where T = Also, suppose that &4 > 0 for all s € (0,1).

From equation (4.9), we have

D’;W = _[(Wg)x + 2(W3)xxx + Z(Ws)yyx]' (4'10)

Applying inequality (3.3), we obtain

e 7
_ln/(l Y, —
(-1) W(xy 2)

i «
- (ez —1)s

e [Df,, w(x, y,s64) + (—1)”_"_1D’(‘1_s)£4w(x,y, (1-5)es)], (4.11)
4

where Diwis defined by (4.10).

5 Conclusion

The study dealt with investigating new inequalities of HH-type for the new type of con-
vex functions, namely the exp-convex function. The new results are established via the
Riemann-Liouville fractional operators. Finally, we have applied our findings on special

functions. By examining this, we can see the usefulness and efficiency of our results.
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