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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty,
closed and convex subset of H and A : H — H be a single-valued operator. The variational
inequality problem (shortly, VIP) is formulated as

Find x'e€C suchthat (Ax",y-x")>0, VvyeC. (1.1)

We denote the solution set of problem (1.1) VI(C,A). It is well known that the VIP is
a very fundamental problem in nonlinear analysis. It serves as a useful mathematical
model which unifies in several ways, many important concepts in applied mathematics
such as optimization, equilibrium problem, Nash equilibrium problem, complementarity
problem, fixed point problems and system of nonlinear equations; see for instance [19—
21, 31, 33]. Moreover, its solutions have been an important part of optimization theory.
For these reasons, several researchers have focused on studying iterative methods for ap-
proximating the solutions of the VIP (1.1). Two important approaches for solving the VIP
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are regularized and projection methods. In this paper, we focus on the projection method.
The simplest known projection method is the Goldstein gradient projection method [14]

which involve a single projection onto the feasible set C per each iteration as follows:

xo€ CCR”,
Xp+l = PC(xn - )\Axn);

where A € (0, % ), n and L are the strongly monotonicity constant and Lipschitz constant of
A, respectively, and Pc is the orthogonal projection onto C. It is well known that the gradi-
ent projection method converges weakly to a solution of the VIP if and only if the operator
A is strongly monotone and L-Lipschitz continuous. When A is monotone, the gradient
projection method fails to converge to solution of the VIP. Korpelevich [28] introduced
the following extragradient method (EGM) for solving the VIP when A is monotone and

L-Lipschitz continuous:

X0 € C, A>0,
Yn = Pc(xy — LAxy), (1.2)
Kn+l = PC(Yn - )LAyn), n>0.

Moreover, the sequence {x,} generated by (1.2) converges weakly to a solution of the VIP
if the stepsize condition A € (0, %) is satisfied. It should be noted that in the EGM, one
needs to calculate two projections onto the feasible set C in each iteration. If the set C
is not so simple, then the EGM become very difficult and its implementation is costly. In
order to address such situation, Censor et al. [6, 7] introduced the following subgradient
extragradient method (SEGM) which involves a projecting onto a constructible half-space
T,:

x0€ C,A>0,

In = Pc(xn — LAxy),

T,={x€H:(xy— LAxy — Y, % — yu) < 0},
X1 = Pr, (%, — AAy,).

The authors also proved that the sequence {x,} generated by the SEGM converges weakly
to a solution of the VIP (1.1) if the stepsize condition A € (0, 1). Several modifications of the
EGM and SEGM have been introduced by many authors; see for instance [12, 22, 2426,
41-43]. Recently, He [17] modified the EGM and introduced a projection and contraction

method (PCM) which requires only a single projection per each iteration as follows:

xo € H,

Yn = Pc(x, — AAx,,),

A%y Yn) = % = Yu — MAx, = Ayn),
Xns1 = %n = YK, yn), Y1 >0,
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where y € (0,2), A € (0, %) and

77 _ <xn_ymd(xmyn)>
" A, ) 12

He proved that the sequence {x,} generated by the PCM converges weakly to a solution
of VIP.

On the other hand, the inertial-type algorithm which is a two-step iteration process was
introduced by Polyak [38] as a means of accelerating the speed of convergence of itera-
tive algorithms. Recently, many inertial-type algorithms have been introduced by some
authors, this includes the inertial proximal method [1, 37], inertial forward—backward
method [29], inertial split equilibrium method [23], inertial proximal ADMM [9] and fast
iterative shrinkage thresholding algorithm FISTA [5, 8].

In order to accelerate the convergence of the PCM, Dong et al. [11] introduced the fol-
lowing inertial PCM and proved its weak convergence to a solution x € VI(C,A) N F(T),
where F(T) = {x € H : Tx = x} is the set of fixed points of a nonexpansive mapping T

X0, X1 €H,
Wy =X + 0 (X — %p-1),

yrl :PC(WH - )‘-Awn); (1 5)
d(wn’yﬂ) = (Wﬂ _yn) - )»(AW,,, _Ayn);

— (Wn=yn,dWn,yn))
= w2

X1 =1 —t)Wy + T, T (W), — Vnnd(wmyn))» n>1,

where y € (0,2), A € (0, %), {a,} is a non-decreasing sequence with ¢; = 0,0 <o, <a <1
and 0,4 > 0 are constants such that
o’(1+a) +ao [0 —a((l+a)+ad+0)]

§>————— and O<t<71,< =T.
g 1-a? a <t= "Tl+al+a)+ad+o]

It is important to mention that in solving optimization problems, strong convergence al-
gorithms are more desirable than the weak convergence counterparts (see [3, 15]). Tian
and Jiang [45] recently introduced the following hybrid-inertial PCM: xg,x; € H,

Wy =Xy + an(xn - xn—l)r
Yn = PC(Wn - )\nAWn))
d(wn;yn) = (w, _yn) - MAw, _Ayn)’
Wn=yn,dWn,yn)) :

dmniz > EAWn ) 70,
0, otherwise,

NMn =

(1.6)
Zp =Wy — Wlnd(WmJ’n)»

Co={ueH:|z,—ul® < llx, — ull® + a2 lx5-1 — %4>
=200, (Xy — Uy X1 — K1) },

Qu={ueH: (u—x,x —x,) <0},

Xn+l = PC,,ﬁanl'
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The authors proved that the sequence generated by (1.6) converges strongly to a solution
of the VIP with the aid of this stepsize condition: 0 <a <A, <b< % Moreover, other au-
thors have further introduced some strong convergence inertial PCM with certain stepsize
conditions in real Hilbert spaces; see e.g. [10, 18, 26, 27, 39, 40, 44]. Note that the stepsize
conditions in the above methods restrict the applicability of the methods due to the prior
estimate of the Lipschitz constant L. In reality, the Lipschitz constant is very difficult to
estimate and even when it is estimated, it is often too small and deteriorates the conver-
gence of the methods. Moreover, the convergence of Algorithm 1.6 involves computing
two subsets C, and Q,,, and the projection of x; onto their intersection C, N Q,, which
can be very computationally expensive. Hence, it becomes necessary to propose an effi-
cient iterative method which does not depends on the Lipschitz constant and converges
strongly to solution of the VIP.

In this paper, we introduce a new self-adaptive inertial projection and contraction
method for finding common element in the set of solution of pseudomonotone varia-
tional inequalities and the set of fixed points of strictly pseudocontractive mappings in
real Hilbert spaces. Our algorithm is designed such that its convergence does not require
prior estimate of the Lipschitz constant and we prove a strong convergence result using
viscosity approximation method [36]. We also provide some numerical experiments to
illustrate the efficiency and accuracy of our proposed method by comparing with other
methods in the literature.

2 Preliminaries
Let H be a real Hilbert space and let C be a nonempty, closed and convex subset of H.
We use x, — x (resp. x, — x) to denote that the sequence {x,} converges strongly (resp.
weakly) to a point x as 1 — oo.
For each x € H, there exists a unique nearest point in C, denoted by Pcx satisfying
¥ = Pex|l < [lx -yl VyeC.
P¢ is called the metric projection from H onto C, and it is characterized by the following
properties (see, e.g. [13]):
(i) Foreachxe Handze€ C,
z=Pcx = (x-2zz-y)>0, VyeC. (2.1)
(ii) Foranywx,y € H,
(Pcx—Pcy,x—y) = |Pcx— Peyll™
(iii) Foranyx e H and y € C,

IPcx = ylI* < llx = yII* = llx = Pexl|”. (2.2)

Definition 2.1 A mapping A : H — H is called
(i) n-strongly monotone if there exists a constant > 0 such that

(Ax—Ay,x-y) = nllx-yI> VxyeH,
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(ii) a-inverse strongly monotone if there exists a constant & > 0 such that
(Ax — Ay,x —y) > a||Ax —Ay||2 Vx,y € H,
(iii) monotone if
(Ax—Ay,x—y)>0 Vx,yeH,
(iv) pseudomonotone if, for all x,y € H,
(Ax,y—x)>0 = (Ay,y—-x)>0,
(v) L- Lipschitz continuous if there exists a constant L > 0 such that

lAx - Ayl <Llx -yl V¥xyeH.

If A is n-strongly monotone and L-Lipschitz continuous, then A is Liz—inverse strongly
monotone. Also, we note that every monotone operator is pseudomonotone but the con-
verse is not true; see, for instance [25, 26].

Let T : H — H be a nonlinear mapping. A point x € H is called a fixed point of T if
Tx = x. The set of fixed points of T is denoted by F(T). The mapping T : H — H is said to
be

(i) a contraction, if there exists a € [0, 1) such that
ITx - Tyl <allx-yll Vx,yeH.

If @ =1, then T is called a nonexpansive mapping,
(ii) a k-strictly pseudocontraction, if there exists « € [0,1) such that

17— Ty|1? < 2=yl + | [ - T)x— (U - T)y|* Vx,y€H.

Remark 2.2 ([2]) If T is «k-strictly pseudocontractive, then T has the following important
properties:
(a) T satisfies Lipschitz condition with Lipschitz constant L = }%"
(b) F(T) is closed and convex.
(¢) I-T is demiclosed at 0, that is, if {x,} is a sequence in H such that x,, — x and

(I-T)x,— 0,thenx e F(T).

Lemma 2.3 ([47]) Let H be a real Hilbert space and T : H — H be a k -strictly pseudocon-
tractive mapping with « € [0,1). Let T, = ol + (1 — )T where o € [k, 1), then

(i) F(Ty)=F(T),

(i) T, is nonexpansive.

Lemma 2.4 ([34, 46]) Forall x,y,z € H, it is well known that
@) N+ y01% = [1xl1> + 2¢x,9) + 19117,
(ii) [lx+ x> < l%l1* +2(p,% + ),
(iii) [t + (1= )yl = x> + X = ) IylI* — e(1 = ) ]x — y||%, V2 € [0,1].

Page 5 of 22
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Lemma 2.5 (see [35]) Counsider the Minty variational inequality problem (MVIP) which
is defined as finding a point x" € C such that

(Ay,y —xT) >0, VyeC. (2.3)

We denote by M(C,A) the set of solution of (2.3). If a mapping h : [0,1] — H defined as
h(t) = A(tx+ (1—1t)y) is continuous for all x,y € C (i.e., h is hemicontinuous), then M(C,A) C
VI(C, A). Moreover, if A is pseudomonotone, then VI(C, A) is closed, convex and VI(C,A) =
M(C,A).

Lemma 2.6 ([30]) Let {o,} and {3,} be sequences of nonnegative real numbers such that
Upr (L =8y +Bu+vn, n=1,

where {3,} is a sequence in (0,1) and {B,} is a real sequence. Assume that 'y -, yu < 00.
Then the following results hold:
(i) If Bu < 8,M for some M > 0, then {a,} is a bounded sequence.

(ii) Iy g 8n = 00 and limsup,,_, ., 52 <0, then lim, o &y = 0.

Lemma 2.7 ([32]) Let {a,} be a sequence of real numbers such that there exists a subse-
quence {ay,} of {a,} with a,, < ay. for all i € N. Consider the integer {my} defined by

my =max{j < k:a; < aj.1}.

Then {my} is a non-decreasing sequence verifying lim,_, o m, = 0o, and for all k € N, the
following estimates hold:

Ay = Apge+1> and ap < Aype+1-

3 Main results

In this section, we introduce a new inertial projection and contraction method with a
self-adaptive technique for solving the VIP (1.1). The following conditions are assumed
throughout the paper.

Assumption 3.1
A. The feasible set C is a nonempty, closed and convex subset of a real Hilbert space H,
B. the associated operator A : H — H is L-Lipschitz continuous, pseudomonotone and
weakly sequentially continuous on bounded subset of H, i.e., if for each sequence
{x,}, we have x,, — x implies that Ax, — Ax,
T :H — H is k-strictly pseudocontractive mapping,
the solution set Sol := VI(C,A) N F(T) is nonempty,
the function f : H — H is a contraction with contractive coefficient p € (0,1),

mm o0

the control sequences {0,}, {a,.}, {B,} and {8,} satisfy

{ay} C(0,1), lim, oo, =0and Y .7 o, = 00,

- {B.} C (a,1-«,) for somea >0,

{6,} C [0,0) for some 6 > 0 such that lim,,_, o Z—Z I, — %11l = 0O,
{8,} € (0,1) and liminf,_, (8, — ) > 0.
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Remark 3.2 The inertial parameter 6, and «,, can be chosen as follows:

1 1 1
(}/1+1)P and Gn:m, pe(0,5>,neN.

We now present our Algorithm as follows.

Algorithm 3.3 Inertial projection and contraction method

Initialization: Choose y € (0,2), o >0, [, u € (0,1), and given the initial points x,x; € H
arbitrarily. Set n = 1.
Step 1: Compute

Wy =Xy + en(xn - xn—l);

Yn = Pc(wy — A Awy,),
where 1, = o/"" and m,, is the smallest nonnegative integer m such that
Inll AWy = Ayull < pllwn = yull. 3.1)

If y, = w, stop; y, is a solution of the VIP. Else, do Step 2.
Step 2: Compute

Zn =Wy — )/End(wn:yn):

Xp+l = anf(xn) + ,ann + (1 - ,Bn - an)Té,,Zm (32)

where Ts, = 8,1 + (1 =8,)T, AWy, y4) = Wy — i — Lu(Aw,, — Ay,,) and

(Wn=yn,d(Wn,yn)) :
g,= ] Mol if | d(Win, yu)1l 7 0, (3.3)

0 otherwise.

Setm:=n+1and go to Step 1.

Before proving the convergence of Algorithm 3.3, we provide some key lemmas which
will be used in the sequel.

Lemma 3.4 The stepsize rule defined by (3.1) is well defined and
min{a, M—l} <M, <o0.
L
Proof Since A is L-Lipschitz continuous, we have
|Aw, — A(Pc(wn — o Awy) ) || < L||wi — Pc(wn — y "™ Aw,,) |
This is equivalent to

= Aw, = A(Pe(wn = o0 Aw,)) | < i = P = y 17 Aw,) .
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Hence, (3.1) holds for all A, < o. If A,, = g, then the result follows. On the other hand, if
An < 0, then, by the search rule (3.1), AT” must violate the inequality (3.1), i.e.,

An An
HAwn -A (PC <w,, - TAwn>) wy, — Pc (w,, - TAWH> H

Combining this with the fact that A is Lipschitz continuous, we have 1, > ”Tl Hence
min{o, “Tl} <X, < o. This completes the proof. O

>L‘

Lemma 3.5 The sequence {x,} generated by Algorithm 3.3 is bounded. In addition

1-p
62 (3.4)
Proof Letx* € VI(C,A). Then
l2n =" | = | = = yEudwnr3) |
= w6 = 2y Eu(wn — &, d(W, 7)) + 282 | AW 3|
= HWn -x" HZ - 2V€n<wn —In d(Wn’yn» + <yn - x%, d(men)>
+ 282 | dway) | (3.5)

By the definition of y, and using the variational characterization of the Pg, i.e., (2.1), we
have

(wn — AnAWy = Vi, Y — x*) > 0. (3.6)
Also since x* € VI(C,A) and A is pseudomonotone,

(Ayn,y,, - x*) > 0. (3.7)
Combining (3.6) and (3.7), we have

(AW, yn), yu — x*) = 0.

Therefore, it follows from (3.5) that

”Zn —-x* H =< ”Wn —x* ”2 - 2V€n<wn _yn’d(wmyn» + 7253 ”d(wn:yn) ||2
= ”Wn —x* ”2 - 2V§n<wn Y d(men)> + Vzgn(wn —In d(Wn:yn)>

= w2 |* = ¥ @ = )W = 3 d W, 3). (3.8)

However, from the definition of z, and &, we have

sn(wn =V d(men)> = ||’§nd(men)||2

1
ﬁ”zn _Wn”z' (3.9)
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Combining (3.8) and (3.9), we get

=2 < [ =2 > = 2Ll - wal. (3.10)
Since y € (0,2), we have

o= < o ="
Moreover,

[ =2 = [ + s = 2-1) =27

O
= ”xn —x ” + 0y — [|%n — x|
Ay
Since Z—: [l = x,-1]] — O, there exists a constant M > 0 such that

On
— %y —xpall <M V=1,
oy

thus
=] = ] 4t
Therefore, it follows from (ii) of Lemma 2.3 that

[%ns1 = x| = [Jtuf Gu) + Bun + (1 = Bu — ) T, 20 — 57|
< a|[f Gen) = x* || + Bu||n — | + (1= By — o) | Ts, 20 — x|
< e [fGon) —f (") +£ (") = 27| + Bullon =" | + (1= B — ) |20 =27
< anp wn =7 + [ (") =27 + |47 -4
+ (1= By — o) W — ¥
< np||xn = xF|| + o[£ (xF) = x| + B 2" — x|
+ (1= By —an)[ |0 — 2| + 0tutM]
< (L= au(1=p)) [n = &*|| + ot | f (5*) = 2| + 0w

IIf (™) — x| +M}

:(l—an(l—p))”xn—x*”+oty,(1—,0)[ =,

By induction, we see that {||x, —x*||} is bounded. Consequently, {x,} is bounded. Further-
more,
”d(wmyn) || = || Wy —=Yn— )"n(AWn _Ayn) ||
=< “Wn _yn” + )”n”AWn _Ayn”

= @ =wWlwn =yl (3.11)
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Also from (3.1), we have

(W = Vs AW, y)) = (Wi = Vs Wi — Y — An(Awy, — Ay,y))
= Wi = yull® = AWy = Y, Awyy — Ay
> Wi = yull®> = Al wn = yull | Aw,, — Ayl
> W = yaull* = el = yall?

= (1= w)llwn —yall*. (3.12)
It therefore follows from (3.11) and (3.12) that

(Wn — Y d(Wn:yn»
”d(wn’yn)llz

> 1-n .

T (1+p)?

%—n:

This completes the proof. O

Lemma 3.6 Let x* € Sol. Then the sequence {x,} generated by Algorithm 3.3 satisfies the
following inequality:

S+l = (1 - an)sn + anbn + Cys Vn > ]-;

where s, = |, — 5", @, = 2200, p, = PO t0im) o o O | L,
Xy_1|| My for some M, > 0.
Proof From Lemma 2.4(i), we have
T P S
= [xn —x* HZ + 20(%0 — X%, %0 — K1) + 07 0 — X ||
< Jln = |* + 20, % = & | 116 = 21 | + 62115 — 201112
= Jan =% |* + Ol = s 1[2] 260 = 2% || + Ollot — -1 1]
< JJn =% |* + Oulls — 2y 1 1M, (3.13)

where My = sup,_ {2[12, —x*[| + 6l — %51 [1}.
Moreover, from Lemma 2.4(iii), we get
| Ts,20 = %[ = |80z + (1 = 8,) Tz — |
= Sz — 2”4 (1= 82) | Tew — 2| * = 841 = 8) 120 — Tza®
< Sullzn—a*|* + (1= 8,)[ |2 — 2| + ll2s = T2all?]
= 8u(1 = 8,) 120 — Tzal?
= = |* + (1= 8,)(c = 8,) |20 — T2 ]1?

< Jlzn-|* (3.14)
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Also, using Lemma 2.4(ii) and (3.14), we have

[mer =% |* = e (FGen) = 27) + Ba(n = %) + (1 = By — @) (T5,20 — %) |

= “ ﬁn(xn —x*) +(1-By— O[n)(Téy,Zn _x*) H2 + Zan{f(xn) — %", %41 —x*>

=

=

=
=

=

=

=

Hence

||xn+1 - x* “2 =

Bl = [* + (1= By — )| Ty, 20 - 5°

+2B,(1 -8, - a,,)Hx,, -x* ” H Ts,zn — x* ”

+ 2an<f(x,,) —f(x*),xy,ﬂ - x*) + 2an<f(x*) — X X1 — x*)

B2l =" | + (1= By - )| Ty, 20 - 2

e B0 Bu—a) [l =+ | Ty 20— |

+ 20,0 [0 — & | [|me1 = 2| + 20u{f (5%) = &%, 2001 — 2%)

Bu(l =) |20 =% |* + (1 = B — ) (1 = 00| T 20 — 2|

ot ([ =2 + [ mer =2 [%) + 2000 (°) — &%, 01 — °)
Bl =) | =2 + (1= By — ) (1 = ) |2 = 2° |

o= [ + [ =) + 20l ) 00 =)

ﬂn(l - an)”xn _x* ”2

9
+ (1= Bn—ay)(1 _an)|:”Wn —x* ”2 - yy [ _Wn||2i|

o (= + ot =) # 2 () = 01 =)

ﬂn(l - O5;/1)||xn _x* HZ

+ (1 - ,Bn - an)(l - an)[”xn - x" ”2 + en”xn — Xn-1 ||M2]

o ([ + ot =) # 2, () =" 01 =)

[(1 - 20, + @) + @] |0 — 2%
+ Oyl — 21 | M + aanerl -x" Hz

+ 2an<f(x*) — X X1 — x*)

1-2a, +a,p 2 p

T = | |
: "l — X | M2

_an

2

) 2 =)

[1 20,1 p)} — ”2 .\ 2a,(1 - p) y (f(x*) —x*, %41 —x*)

1—0[,,,0

2
o o 6
by = x| X = 1 | M
1-aup l-ayp  ay

This completes the proof.
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Now we present our strong convergence theorem.

Theorem 3.7 Let {x,} be the sequence generated by Algorithm 3.3 and suppose Assump-
tion 3.1 is satisfied. Then {x,} converges strongly to a point x € Sol, where x = Psyf (X).

Proof Let x* € Sol and denote ||x, — x*||?> by T',, for all # > 1. We consider the following
two possible cases.

CASE A: Suppose there exists ny € N such that {I",;} is non-increasing for N > ny. Since
{I",} is bounded, I';, converges and thus I', — I';;,1 — 0 as n — oo.

First we show that
lim |z, —w,| = lim [lw, =l = lim [lw, —x,[l = lim [l%,41 — %] = 0.
n—00 n— 00 n—00 n—0oQ
From (3.13) and (3.15), we have

Jsenss =2 < Bt =) o =2

2 —
+(1- By —a,)(1 _an)|:||wn —x" ”2 - y)/ llzn _Wn||2:|

el
+ || Hprr — " HZ) + 200, (f (8*) = 2", 20041 — &%)
f ﬂn(l - an)”xn _x* ”2

+ (1= By —a,)(1- Oln)|:||xn — | + 6,120 — %51 [| M

2-vy

I - w] v anp ([ + [ —2°)
+ 2an<f(x*) — X, X1 — x*)
Since {B,} C (1 - o) and {«,,} C (0, 1), we have

2-y

)
12n = wall? < (1= 20, + @2) [0 =% ||* = a1 = || + ot x a—"llxn = %n-1[|Ma
n

O O O N PP
=Ty =T — 20,0 + aﬁrn + 0y p(Cy + Thit)
On
to; X — ”xn _xn—lllMZ
(07

n

+ 20 (f (8%) = &, 20041 — &%),
Using the fact that «,, — 0 and Z—’; l%; —x,-1]] = 0 as n — 00, we obtain

2-y

lim llzw — wull> =0,

n—00

hence

lim ||z, — wy| =0. (3.16)
n— 00

Page 12 of 22
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Also from (3.4), (3.9) and the definition of z,,, we obtain

(1+p)?

m”zn _Wn||2,

”Wn _yn||2 =<
Therefore from (3.16), we get
lim [, -y, = 0. (3.17)
n— o0
Again from (3.14) and (3.15), we have
||xn+1 - x* ”2 =< ,871(1 - an)”xn _x* ”2
+ (1= By —a,)(1 _an)[”Zn —x* H2 +(1=8,)(k =8 llzn - TZnHZ]
(= [+ [t =57 |7) + 20 57) -0 -
=< ﬂn(l - an)”xn _x* ”2 + (1 - ﬂn - an)(l - Oln)[”xn - x* ”2
+ 0%y — %111 M>
+ (1= 8,)(c = 8,120 = Tzull*] + et (|20 =% |* + 2001 —%*[%)

+20,(f (6%) = &, 20041 — &%),
Then
(1= 8B = )llzn = Tzull? < (1= 205 + &2) [ = > = |01 — ||
O
+a, X — ”xn —Xn-1 ||M2
oy

+aup ([ =+ [o0m =" [)
+ 200(f (") = 2", K1 — 2)

=Ty =Ty — 20,0, +a3,Fn + anp(rn + rn+1)

O
+ oy, X — |l — xu-1[| Mo
oy

+ Zan(f(x*) — X" X1 — x*>

Taking the limit of the above inequality and using the fact that liminf,_, (5, — ) > 0, we

have
lim ||z, — Tz,| = 0. (3.18)
n—00
Clearly
. . On
lim |w, —x,| = lim o, - —||x, —x,_1]| = 0. (3.19)
n— 00 n— 00 n
This implies that

lim ”Zn _xn” = lim ”yn _xn" =0.
n— 00 n— 00

Page 13 of 22



Jolaoso and Aphane Journal of Inequalities and Applications (2020) 2020:261 Page 14 of 22

Also
lim || Ts,2, — zxll = lim (1 = 6,,) || Tz, — 24| = O.
n—0oQ n—0oQ0

On the other hand, it is obvious that

141 = zall = ”ar(f(xn)
= Buxy + (1- B — Oln)TSnZn — 2zl

Ay Hf(xn) —Zn ” + Bullxn = zull + (1 = By — )l Ts,2n — znll

IA

— 0 n— oo,

hence

”xn+l _xn” =< ||xn+1 _Zn” + ”Zn _xn” -0 n— oo
Next, we show that w,,({x,}) C Sol, where w,,({x,}) is the set of weak accumulation points
of {x,}. Let {x,,} be a subsequence of x, such that x,, — p as k — oo. We need to show
that p € Sol. Since ||w,, —x,, || = 0and ||z,;, =%, || — O, w,,, — pandz, — p, respectively.
From the variational characterization of Pc¢ (i.e., (2.1)), we obtain

Wiy = Ay AWy = Yy =¥, ) <0 Vy e C.

Hence

(WVlk _ynkry_ynk> S )"nk<AWnk1y_ynk>

= A AWy Wiy, = Yy ) + Ay (AWyp Y — Wiy ).
This implies that
Wi = YooY = Vi) + Mg ABAW, Y. = W) < Ay (AW, y =Wy ) Yy € C. (3.20)
Fix y € C and let k — oo in (3.20). Since ||w,, — ¥y, || = 0 and liminfy_, o A,,, > 0, we have
0< linlgf(Awnk,y—wy,k) VyeC. (3.21)

Now let {€;} be a sequence of decreasing nonnegative numbers such that €, — 0 as

k — oo. For each €, we denote by N the smallest positive integer such that
(AWnk,J’ - Wnk) + €= 0 Vk = N, (3.22)
where the existence of N follows from (3.21). This means that

(AWp,y + €xty, =Wy ) >0 Vi >N,
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for some t,, € H satisfying 1 = (Awy,, t,,) (since Aw,, #0). Using the fact that A is pseu-

domonotone, then we have
(A(y + €kl )y X + €kl —x,,k> >0 Vj>N.
Hence
(Ap,y — %n) = (Ay — AW + €ty + €kt — %) — €(AYs b)Yk = N. (3.23)

Since € — 0 and A is continuous, the right-hand side of (3.22) tends to zero and thus we

obtain
likrggﬂAy,y— wy) >0 VyeC.
Hence
(Ay,y —p) = lim {Ay,y —wy, ) 20 VyeC.

Thus from Lemma 2.5, we obtain p € VI(C, A). Moreover, since ||z, — Tz, || — 0, it follows
from Remark (2.2)(c) that p € F(T). Therefore p € Sol := VI(C,A) N F(T).

Now we show that {x,} converges strongly to X = Ps,;f (). To do this, it suffices to show
that

lim sup(f(a'c) — X, Xpe1 — J_C> <o0.

n— 00

Choose a subsequence {x,, } of {x,} such that

lizrisolclp(f(a_c) — X, Xpe1 — a'c) = klirrolo(f(k) — Xy Xy e1 — a'c)

Since [|#; +1 — %4l — 0 and x,, — p, we have from (2.1) that

lim sup(f(a_c) — X, Xpe1 —56) = lim (f(a_c) =% K41 —9_6)
n—00 k—o00

=(f(x) -xp-%) <0. (3.24)

Hence, putting #* = x in Lemma 3.6 and using Lemma 2.6(ii) and (3.24), we deduce that
|l —%|| = 0 as n — oo. This implies that {x,} converges strongly to X = Pg,f (x).

CASE B: Suppose {I',,} is not eventually decreasing. Hence, we can find a subsequence
{T'y} of {I',} such that I, < T, 1, for all kK > 1. Then we can define a subsequence

{T'z(s)+1} as in Lemma 2.7 so that

max{rr(n)v Fn} = 1—‘1:(r1)+lr Vn> no.
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Moreover, {t(n)} is a non-decreasing sequence such that 7(n) — coasn — oo and I';(,) <
[+1 for all m > ny. Let x* € Sol, then from Lemma 3.6, we have

20t (1 —
[eyer = 27|* < [1 - %] e =17

+ 2051:(;'1)(1 - :0) > (f(x*) _x*:xr(n)+l _x*>

1- Az (n) P 1-p
2
o
T -
1 — Oz (n) 0
Ut (n) (%
b= s Oy = e M, (3.25)

1 — Q)P oy

for some M > 0. Following a similar process to CASE A, we have

nhenolo 1Ze ) = Wl nlin;o 1Yz = Wemll

lim ”Wr(n) _xr(n)” = lim ||xr(n)+l _xr(n)” =0
n— 00 n—oo

Since {x.(y)} is bounded, there exists a subsequence of {x.(,} still denoted by {x;(,} which
converges weakly to x € C and

limsup(f (x*) = %, #c (1 —#*) = Hm (f(x*) =&, % (91 — 27)

n—00 n—00

<(f(x*) —&*x—x*) <0. (3.26)

Furthermore, since |, () —x* |12 < 1% ()1 — %™ I, from (3.25), we have

2 1- 2 1- *) — &%, —x*
0< |:1_ Otr(n)( p)]}}xr(n)_x* ||2+ Olr(n)( 0) « (f(x) X5 Xr(m)+1 — X )

1-ormp 1-omp 1-p
2
o 2 o 0 2
+ i ||xr(n) -x* “ + & X M ”xr(n) — Xr(n)-1 ”M - ||xr(n) -x* “ .
1- Az (n) 0 1- Az (n) P oy
Hence
_ _ ) _ ak ok
2(1 ,0) ||xf(n e ”2 < 2(1 p) > (f(x ) XXt (n)+1 — X )
1-omp 1-arwp 1-p
Ar(n % (|2
T || X)) — X
S|
1 0
+ ——— X ﬂ”xr(n) _xr(n)—lllM'

1- Az (n) O oy

Therefore from (3.26), we have

lim ”xf ) — %" || =0
n— o0

As a consequence, we obtain, for all n > n,

2

’

0< “xn —x* “2 = er(n)+1 —x*

Page 16 of 22
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hence lim,_, « [|x, — x*|| = 0. This implies that {x,} converges to x*. This completes the
proof. g

Remark 3.8
(a) We emphasize here that the assumption that A is pseudomonotone is more general
than the monotone condition used by [11, 17, 41, 44] for PCM.
(b) Also, the convergence result is proved without any prior condition on the stepsize.
This improves the results of [10, 11, 44, 45] and many other results in this direction.
(c) The strong convergence result proved in this paper is more desirable in optimization

theory than the weak convergence counterparts; see [3].

4 Numerical experiments

In this section, we will test the numerical efficiency of the proposed Algorithm 3.3 by solv-
ing some variational inequality problems. We shall compare our method Algorithm 3.3
with other inertial projection contraction methods proposed in [10, 11, 44]. Our interest
is to investigate how the line search process improve the numerical efficiency of Algorithm
3.3. It should be noted that the methods proposed in [10, 11, 44] required prior estimate
of the Lipschitz constant of the cost operator. Moreover, the methods in [11, 44] converge
for monotone variational inequalities, thus may not be applied for pseudomonotone vari-
ational inequalities. All numerical computations are carried out using a Lenovo PC with
the following specification: Intel(R)core i7-600, CPU 2.48GHz, RAM 8.0GB, MATLAB
version 9.5 (R2019b).

Example 4.1 We consider the variational inequality problem given in [16] which is a HP-
hard model in finite dimensional space. The cost operator A : R” — R™ is defined by
A(x) = Mx+q, with M = BBT + S+ D where B,S,D € R"™*™ gre randomly generated matri-
ces such that S is skew symmetric, D is a positive definite diagonal matrix and g = 0. In this
case, the operator A is monotone and Lipschitz continuous with L = max(eig(BB” + S+ D)).
The feasible set is described as linear constraints Qx < b for some Q € R**" and a ran-
dom vector b € R¥ with nonnegative entries. We also define the mapping 7 : R” — R™ by
Tx = (’3"1 ’3’“2, o _3;’” ), which is é-strictly pseudocontractive and F(T) = {0}. It is easy
to see that Sol = {0}. We compare the performance of Algorithm 3.3 with Algorithm 1.5
of [11], Algorithm 3.1 of Cholamyjiak et al. [10] and Algorithm 1 of Thong et al. [44] which
are also versions of projection and contraction method. To validate the convergence of all

the algorithms, we use [|x,1 — %, < 10‘5 as stopping criterion. We choose the following

parameters for Algorithm 3.3: 6, 5n+2, a, = ﬁ, Bn = % - ﬁ, 8y = é 5,,+2, y =0.85,

1=0.5,0 =2, u =0.1. The projection onto C is easily solved by using the FMINCON Op-
timization solver in MATLAB Optimization Toolbox. Since the other algorithms require

prior estimate of the Lipschitz constant, we choose the following parameters for the algo-

rithms:
— for Algorithm 1.5 of Dong et al. [11], we take «;, = ﬁ, A= 2L’ y =0.85,and 1, = %,
— for Algorithm 3.1 in Cholamyjiak et al. [10], we take o, = 5n+2, A= 2L, y =0.85,
071:_ (5n+205 andﬂn_Tz)OS’
— for Algorithm 1 in Thong et al. [44], we take «,, = ﬁ, A= ﬁ, y =0.85, B, = m
and f(x) = 2

The numerical results are presented in Table 1 and Fig. 1.
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Table 1 Computation result for Example 4.1

Algorithm 3.3 Dong et al. Cholamjiak et al. Thong et al.
Case | No of Iter. 18 51 26 28
CPU time (sec) 2.1442 34613 2.1548 22796
Case ll No of Iter. 18 53 27 29
CPU time (sec) 2.1442 5.7077 24134 2.5259
Caselll No of Iter. 19 56 28 30
CPU time (sec) 46622 10.0815 55014 6.4405
Case IV No of Iter. 20 58 29 32
CPU time (sec) 3.3056 74533 34276 3.8743
" [-Ag 52 . ‘ : i "[+-ng 32
R —>—Dong et al. A —>—Dong et al.
10° \ +$:§Emej.la; etal.f3 +$::Engia; etal.
=102
10
10 10
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Iteration number (n) Iteration number (n)
= T T 10? T T
A ——Alg. 3.2 ~—Alg. 3.2
X ——Dong et al. R ——Dong et al.
10° ——Cholamjiak et al.|3 TN —+—Cholamjiak et al.
Thong et al. Thong et al

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Iteration number (n) Iteration number (n)

Figure 1 Example 4.1, Top Left: Case |; Top Right: Case II; Bottom Left: Case Ill; Bottom Right: Case IV

From the numerical results, it is clear that our Algorithm 3.3 solves the HP-hard problem
with a smaller number of iterations and CPU-time (second). This shows the advantage of
using a line search process for selecting the stepsize in Algorithm 3.3 rather than a fixed
stepsize which depends on the estimate of the Lipschitz constant as used in [10, 11, 44].

Example 4.2 In this example, we consider a variational inequality problem in an infinite
dimensional space where A is a pseudomonotone and Lipschitz continuous operator but
not monotone. We only compare our Algorithm 3.3 with Algorithm 3.1 of Cholamjiak
et al. [10] which is strongly convergent and also solves the pseudomonotone variational
inequality problem.

Let H = L,([0, 1]) endowed with inner product (x,y) = fol x()y(t) dt for all x,y € L,([0,1])
and norm ||x|| = (fo1 lx(£)|2 dt)? for all x € Ly([0,1]). Let

C={xeLy([0,1]): (y,x) <a},
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where y = 32 + 9 and a = 1. Then we can define the projection P¢ as

a-yx)
if (y,x) > a,

Po(x)={ I° b ’
x, otherwise.

Define the operator B: C — R by B(u) = m and F : L*([0,1]) — L2([0,1]) as the
Volterra integral operator defined by F(u)(¢) = fot u(s)ds for all u € L?([0,1]) and ¢ €
[0,1]. F is bounded, linear and monotone with L = 7 (cf. Exercise 20.12 in [4]). Let

A:L%([0,1]) — L?([0,1]) be defined by
Au)(t) = (B(u)F(u)) ().
Suppose (Au,v —u) > 0 for all u,v € C, then (Fu,v—u) > 0. Hence

(Av,v —u) = (BvFv,v—u)
= Bv(Fv,v —u)
> Bv((FV, v—u)— (Fu,v - u))

= Bv(Fv—Fu,v—u) > 0. (4.1)
Thus, A is pseudomonotone. To see that A is not monotone, choose v=1 and u = 2, then

1
(Av —Au,v—u) =—— <0.
10
Now consider the VIP in which the underlying operator A is as defined above. Let T :
L2([0,1]) — L*([0,1]) be defined by Tx(¢) = x(¢) which is O-strictly pseudocontractive.
Clearly, Sol = {0}. We choose the following parameters for Algorithm 3.3: ¢, = ﬁ, 0, = a2,
Bn=",0u=12,1=028, 4 =057,0 =2,y =1. Wetake B, = -, 0y =a?, A= 5,y =1
and f(x) = x in Algorithm 3.1 of Cholamjiak et al. [10]. Using ||x,..1 — .|| < 107> as stopping
criterion, we plot the graphs of ||x,,,1 —x, || against number of iterations with the following
initial points:
Case I Xo = exp9(2t) % = exp(3t)
. ’ 7 )
Case II: xy = sin(2t), x1 = cos(5¢),
Case III: xg = exp(2t), x1 = sin(7¢),

CaseIV: xo=t>+3t—1,% = (2t + 1)%

The numerical results can be found in Table 2 and Fig. 2. The numerical results also
show that Algorithm 3.3 performs better in terms of number of iterations and CPU time
taken for computation than Algorithm 3.1 of [10]. This also signifies the advantage of
using dynamic stepsize rather than a fixed stepsize which depends on an estimate of the
Lipschitz constant.

5 Conclusion
In this paper, we introduced a new self-adaptive inertial projection and contraction
method for approximating solutions of variational inequalities which are also fixed points
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Table 2 Computation result for Example 4.2

(2020) 2020:261

Algorithm 3.3 Cholamjiak et al.
Case | No of Iter. 4 10
CPU time (sec) 0.8810 2.3446
Caselll No of Iter. 4 8
CPU time (sec) 2.0265 43052
Caselll No of Iter. 3 9
CPU time (sec) 0.7089 3.0754
Case IV No of Iter. 5 9
CPU time (sec) 0.8865 1.1464
10° —-Alg. 3.2 i 10° ——Alg. 3.2
107 E
102
102
)S: 10 )S:
Y <" 10
10
105 106
10
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8
Iteration number (n) Iteration number (n)
10° T T 3 102 - -
il
107 E
102
*:: 10°
10
10
10 10°®
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
Iteration number (n) Iteration number (n)
Figure 2 Example 4.2, Top Left: Case |; Top Right: Case II; Bottom Left: Case Ill; Bottom Right: Case IV

of a strictly pseudocontarctive mapping in real Hilbert space. A strong convergence result

is proved without prior estimate of the Lipschitz constant of the cost operator for the vari-

ational inequality problem. This is very important in the case where the Lipschitz constant

cannot be estimated or very difficult to estimate. Furthermore, we provided some numer-

ical examples to show the accuracy and efficiency of the proposed method. This result

improves and extends the corresponding results of [11, 17, 26, 41, 42, 44, 45] and other

important results in the literature.
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