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Abstract
The main purpose of this research article is to construct a Dunkl extension of
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1 Introduction and preliminaries
The q-analogues of Bernstein operators were independently given by Lupaş [25] and
Phillips [42]. Consequently, Mursaleen et al. [33] applied the (p, q)-integers and studied
the approximation properties of Bernstein operators. Recently, a Dunkl-type generaliza-
tion of Szász operators [47] via post-quantum calculus was studied by Alotaibi et al. [10].
For more details and research motivation in Dunkl-type generalizations, we mention here
some research articles [13, 27, 34, 35, 37–39, 45, 46]. Let [s]p,q be the (p, q)-integer defined
as

[s]p,q = ps–1 + qps–3 + · · · + qs–1 =

⎧
⎪⎪⎨

⎪⎪⎩

ps–qs

p–q (p �= q �= 1),
1–qs

1–q (p = 1),

s (p = q = 1),

(1.1)

(au + bv)s
p,q :=

s∑

�=0

p
(s–�)(s–�–1)

2 q
�(�–1)

2

[
s
�

]

p,q

as–�b�us–�v�,

(1 – u)s
p,q = (1 – u)(p – qu)

(
p2 – q2u

) · · · (ps–1 – qs–1u
)
,

(u – y)s
p,q =

⎧
⎨

⎩

∏s–1
j=0 (pju – qjy) if s ∈N,

1 if s = 0.
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The (p, q)-power basis is explained as

(u ⊕ v)s
p,q = (u + v)(pu + qv)

(
p2u + q2v

) · · · (ps–1u + qs–1v
)
.

Furthermore, the (p, q)-analogues of the exponential function are defined by

ep,q(u) =
∞∑

�=0

p
�(�–1)

2
u�

[�]p,q!
, Ep,q(u) =

∞∑

�=0

q
�(�–1)

2
u�

[�]p,q!
.

Moreover, the (p, q)-Dunkl analogue of the exponential function is defined by

eτ ,p,q(u) =
∞∑

�=0

p
�(�–1)

2
u�

γτ ,p,q(�)
, (1.2)

γτ ,p,q(�)

=
∏[ �+1

2 ]–1
i=0 p2τ (–1)i+1+1((p2)ip2τ+1 – (q2)iq2τ+1)

∏[ �
2 ]–1

j=0 p2τ (–1)j+1((p2)jp2 – (q2)jq2)
(p – q)�

.

(1.3)

And a recursion identity is defined as

γτ ,p,q(� + 1) =
p2τ (–1)�+1+1(p2τθ�+1+�+1 – q2τθ�+1+�+1)

(p – q)
γτ ,p,q(�), (1.4)

where

θ� =

⎧
⎨

⎩

0 for � = 2m, m = 0, 1, 2, . . . ,

1 for � = 2m + 1, m = 0, 1, 2, . . .
(1.5)

For m = 0, 1, 2, . . . s, the number [ m
2 ] denotes the greatest integer function evaluated at

m/2.
In our demonstration, we let u ≥ 0 and C[0,∞) be the class of all continuous functions

on [0,∞). Recent investigation in [10, 38] defined the (p, q)-Dunkl analogue of Szász op-
erators by

Ds,p,q(f ; u) =
1

eτ ,p,q([s]p,qu)

∞∑

�=0

([s]p,qu)�

γτ ,p,q(�)
p

�(�–1)
2 f

(
p�+2τθ� – q�+2τθ�

p�–1(ps – qs)

)

. (1.6)

2 Operators and basic estimates
In this section we construct a class of (p, q)-variant of Szász–Beta operators of the second
kind generated by an exponential function via Dunkl generalization in Definition 2.1. Such
operators are a generalized version of the operators studied in [7, 22, 28, 29, 31, 36, 45].

Definition 2.1 Let f ∈ Cζ [0,∞) = {f (t) : f (t) = O(tζ ), t → ∞, f ∈ C[0,∞)} and consider
u ≥ 0, ζ > s, and s ∈N. Then for all 0 < q < p ≤ 1, τ > – 1

2 , and θ� given by (1.5), we define

Pτ
s,p,q(f ; u) =

∞∑

�=0

Qs,p,q(u)
1

Bp,q(� + 2τθ� + 1, s)

∫ ∞

0

t�+2τθ�

(1 ⊕ pt)�+2τθ�+s+1
p,q

f (t) dp,qt, (2.1)
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where

Qs,p,q(u) =
1

eτ ,p,q([s]p,qu)
([s]p,qu)�

γτ ,p,q(�)
p

�(�–1)
2 ,

and Bp,q(� + 2τθ� + 1, s) is the Beta function of the second kind in post-quantum calculus
defined by

Bp,q(α,β) =
∫ ∞

0

tα–1

(1 ⊕ pt)α+β
p,q

dp,qt, α,β ∈N, (2.2)

where a formula for the (p, q)-Beta function is given by

Bp,q(α,β) =
[α – 1]p,q

pα–1[β]p,q
Bp,q(α – 1,β + 1), α,β ∈N. (2.3)

Moreover, to obtain the basic estimates here, we use the following relations:

[� + 1 + 2τθ�]p,q = q[� + 2τθ�]p,q + p�+2τθ� , (2.4)

[� + 2 + 2τθ�]p,q = q2[� + 2τθ�]p,q + (p + q)p�+2τθ� . (2.5)

For more related results on (p, q)-analogues, we refer to [1–6, 8, 9, 11, 14–21, 26, 30, 43,
44, 48] and also see [12, 32, 40], for example, if p = 1, the operators Pτ

s,p,q reduce to those
considered recently (see [45]). We have the following inequalities.

Lemma 2.2 Let f (t) = 1, t, t2. Then the operators Pτ
s,p,q( · ; · ) defined by (2.1) satisfy

Pτ
s,p,q(1; u) = 1, and the following inequalities hold:

Pτ
s,p,q(f ; u) ≤

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[s]p,q
[s–1]p,q

u + 1
[s–1]p,q

for f (t) = t,
[s]2

p,q
[s–1]p,q[s–2]p,q

u2 + [s]p,q
[s–1]p,q[s–2]p,q

(1 + [2]p,q + [1 + 2τ ]p,q)u

+ [2]p,q
[s–1]p,q[s–2]p,q

for f (t) = t2,

(2.6)

and

Pτ
s,p,q(f ; u) ≥

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

q[s]p,q
[s–1]p,q

u + 1
[s–1]p,q

for f (t) = t,
q3[s]2

p,q
[s–1]p,q[s–2]p,q

u2

+ q[s]p,q
[s–1]p,q[s–2]p,q

(q + [2]p,q + q2+2τ [1 – 2τ ]p,q
eτ ,p,q( q

p [s]p,qu)
eτ ,p,q([s]p,qu) )u

+ [2]p,q
[s–1]p,q[s–2]p,q

for f (t) = t2.

Proof To prove the results of this lemma, we use (2.2)–(2.5). Take f (t) = 1. Then

Pτ
s,p,q(1; u) =

∞∑

�=0

Qs,p,q(u)
1

Bp,q(� + 2τθ� + 1, s)

∫ ∞

0

t�+2τθ�

(1 ⊕ pt)�+2τθ�+s+1
p,q

dp,qt

=
∞∑

�=0

Qs,p,q(u)
Bp,q(� + 2τθ� + 1, s)
Bp,q(� + 2τθ� + 1, s)

= 1.
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If f (t) = t, then

Pτ
s,p,q(t; u) =

∞∑

�=0

Qs,p,q(u)
1

Bp,q(� + 2τθ� + 1, s)

∫ ∞

0

t�+2τθ�+1

(1 ⊕ pt)�+2τθ�+s+1
p,q

dp,qt

=
∞∑

�=0

Qs,p,q(u)
Bp,q(� + 2τθ� + 2, s – 1)
Bp,q(� + 2τθ� + 1, s)

=
q

[s – 1]p,q

∞∑

�=0

Qs,p,q(u)
1

p�+2τθ�+1 [� + 2τθ�]p,q +
1

p[s – 1]p,q

=
1

p[s – 1]p,q
+

q[s]p,q

p2[s – 1]p,q

∞∑

�=0

Qs,p,q(u)
(

p2�+2τθ2� – q2�+2τθ2�

p2�–1(ps – qs)

)

+
q[s]p,q

p2+2τ [s – 1]p,q

∞∑

�=0

Qs,p,q(u)
(

p2�+1+2τθ2�+1 – q2�+1+2τθ2�+1

p2�(ps – qs)

)

.

Clearly, we have

Pτ
s,p,q(t; u) ≥ 1

[s – 1]p,q
+

q[s]p,q

[s – 1]p,q

∞∑

�=0

Qs,p,q(u)
(

p�+2τθ� – q�+2τθ�

p�–1(ps – qs)

)

=
1

[s – 1]p,q
+

q[s]p,q

[s – 1]p,q
Ds,p,q(t; u)

=
1

[s – 1]p,q
+

q[s]p,q

[s – 1]p,q
u

and

P�,τ
s,p,q(t; u) ≤ 1

[s – 1]p,q
+

[s]p,q

[s – 1]p,q
u.

Similarly, for f (t) = t2, we have

Pτ
s,p,q

(
t2; u

)
=

∞∑

�=0

Qs,p,q(u)
1

Bp,q(� + 2τθ� + 1, s)

∫ ∞

0

t�+2τθ�+2

(1 ⊕ pt)�+2τθ�+s+1
p,q

dp,qt

=
∞∑

�=0

Qs,p,q(u)
Bp,q(� + 2τθ� + 3, s – 2)
Bp,q(� + 2τθ� + 1, s)

=
∞∑

�=0

Qs,p,q(u)
Bp,q(� + 2τθ� + 3, s – 2)
Bp,q(� + 2τθ� + 1, s)

=
1

[s – 1]p,q[s – 2]p,q

×
∞∑

�=0

Qs,p,q(u)
1

p3+2�+4τθ�+1 [� + 2τθ� + 1]p,q[� + 2τθ� + 2]p,q

=
q3[s]2

p,q

[s – 1]p,q[s – 2]p,q

∞∑

�=0

Qs,p,q(u)
1

p5+4τθ�

(
p�+2τθ� – q�+2τθ�

p�–1(ps – qs)

)2



Nasiruzzaman et al. Journal of Inequalities and Applications          (2021) 2021:6 Page 5 of 13

+
q(p + 2q)[s]p,q

[s – 1]p,q[s – 2]p,q

∞∑

�=0

Qs,p,q(u)
1

p4+2τθ�

(
p�+2τθ� – q�+2τθ�

p�–1(ps – qs)

)

+
(p + q)

p3[s – 1]p,q[s – 2]p,q

∞∑

�=0

Qs,p,q(u).

Now by separating the even and odd terms and applying θ� from (1.5), i.e., taking � = 2m
and � = 2m + 1 for all m = 0, 1, 2, . . . , we have

Pτ
s,p,q

(
t2; u

) ≥ q3[s]2
p,q

[s – 1]p,q[s – 2]p,q

∞∑

�=0

Qs,p,q(u)
(

p�+2τθ� – q�+2τθ�

p�–1(ps – qs)

)2

+
q(q + [2]p,q)[s]p,q

[s – 1]p,q[s – 2]p,q

∞∑

�=0

Qs,p,q(u)
(

p�+2τθ� – q�+2τθ�

p�–1(ps – qs)

)

+
[2]p,q

[s – 1]p,q[s – 2]p,q

=
q3[s]2

p,q

[s – 1]p,q[s – 2]p,q
Ds,p,q

(
t2; u

)
+

q(q + [2]p,q)[s]p,q

[s – 1]p,q[s – 2]p,q
Ds,p,q(t; u)

+
[2]p,q

[s – 1]p,q[s – 2]p,q
.

Similarly,

Pτ
s,p,q

(
t2; u

) ≤ [s]2
p,q

[s – 1]p,q[s – 2]p,q
Ds,p,q

(
t2; u

)
+

(1 + [2]p,q)[s]p,q

[s – 1]p,q[s – 2]p,q
Ds,p,q(t; u)

+
[2]p,q

[s – 1]p,q[s – 2]p,q
.

This completes the proof of Lemma 2.2. �

Lemma 2.3 Let 	j = (t – u)j for j = 1, 2, then we have following inequalities:

1. Pτ
s,p,q(	1; u) ≤

(
[s]p,q

[s – 1]p,q
– 1

)

u +
1

[s – 1]p,q
, for s > 1, s ∈N,

2. Pτ
s,p,q(	2; u) ≤

( [s]2
p,q

[s – 1]p,q[s – 2]p,q
–

2[s]p,q

[s – 1]p,q
+ 1

)

u2

+
1

[s – 1]p,q

(
[s]p,q

[s – 2]p,q

(
1 + [2]p,q + [1 + 2τ ]p,q

)
– 2

)

u

+
[2]p,q

[s – 1]p,q[s – 2]p,q
, for s > 2, s ∈N.

3 Approximation results
Let us denote by CB[0,∞) the set of all bounded and continuous functions defined on
[0,∞), equipped with the norm ‖f ‖CB = supu≥0 |f (u)|. We write

L :=
{

f : lim
u→∞

f (u)
1 + u2 exits

}

,
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Bσ [0,∞) :=
{

f :
∣
∣f (u)

∣
∣ ≤Mf σ (u)

}
,

where Mf is a constant depending on f , and σ is the weight function with σ (u) = 1 + u2.
Moreover,

Cσ [0,∞) := Bσ [0,∞) ∩ C[0,∞),

Ck
σ [0,∞) :=

{

f : f ∈ Cσ [0,∞) and lim
u→∞

f (u)
σ (u)

= k < ∞
}

.

Note that Cσ [0,∞) is a normed space with the norm given by ‖f ‖σ = supu≥0
|f (u)|
σ (u) .

Theorem 3.1 Take the sequences of positive numbers q = qs, p = ps satisfying qs ∈ (0, 1),
ps ∈ (qs, 1] such that lims→∞ qs = 1, lims→∞ ps = 1. Then, Pτ

s,ps ,qs is uniformly convergent on
each compact subset of [0,∞) and such that

lim
s→∞Pτ

s,ps ,qs (f ; u) = f (u),

where f ∈ C[0,∞) ∩L.

Proof To prove the uniform convergence on each compact subset of [0,∞), it is obvious
from the well-known Korovkin’s theorem [23] that lims→∞ P�,τ

s,ps ,qs (t
η; u) = uη for η = 0, 1, 2.

Whenever, qs = 1, ps = 1 as s → ∞, then clearly for all i = 1, 2 we have 1
[s–i]ps ,qs

→ 0,
[s]ps ,qs

[s–i]ps ,qs
→ 1, which imply that

lim
s→∞Pτ

s,ps ,qs (1; u) = 1, lim
s→∞Pτ

s,ps ,qs (t; u) = u, lim
s→∞Pτ

s,ps ,qs

(
t2; u

)
= u2. �

Theorem 3.2 For each f ∈ Ck
σ [0,∞), consider the sequences of positive numbers 0 < qs <

ps ≤ 1 such that lims→∞ qs = 1, lims→∞ ps = 1. Then the operators Pτ
s,ps ,qs satisfy

lim
s→∞

∥
∥Pτ

s,ps ,qs (f ) – f
∥
∥

σ
= 0. (3.1)

Proof We take f (t) = tη with η = 0, 1, 2. From Theorem 3.1, since Pτ
s,ps ,qs (t

η; u) is uniformly
convergent to uη for all η = 0, 1, 2, and applying Lemma 2.2, we conclude that

lim
s→∞

∥
∥Pτ

s,ps ,qs (1) – 1
∥
∥

σ
= 0. (3.2)

For η = 1,

∥
∥Pτ

s,ps ,qs (t) – u
∥
∥

σ
= sup

u≥0

|Pτ
s,ps ,qs (t; u) – u|

1 + u2

≤
(

[s]ps ,qs

[s – 1]ps ,qs
– 1

)

sup
u≥0

u
1 + u

+
1

[s – 1]ps ,qs
sup
u≥0

1
1 + u

.

Then

lim
s→∞

∥
∥Pτ

s,ps ,qs (t) – u
∥
∥

σ
= 0. (3.3)
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Similarly, if we take η = 2, then

∥
∥Pτ

s,ps ,qs

(
t2) – u2∥∥

σ
= sup

u≥0

|Pτ
s,ps ,qs (t

2; u) – u2|
1 + u2

≤
( [s]2

ps ,qs

[s – 1]ps ,qs [s – 2]p,q
– 1

)

sup
u≥0

u2

1 + u2

+
[s]ps ,qs

[s – 1]ps ,qs [s – 2]ps ,qs

(
1 + [2]ps ,qs + [1 + 2τ ]ps ,qs

)
sup
u≥0

u
1 + u2

+
[2]ps ,qs

[s – 1]ps ,qs [s – 2]p,q
sup
u≥0

1
1 + u2 ,

lim
s→∞

∥
∥Pτ

s,ps ,qs

(
t2) – u2∥∥

σ
= 0. (3.4)

This completes the proof. �

Let

ωμ(f ; δ) = sup
|t–u|≤δ

sup
u,t∈[0,μ]

∣
∣f (t) – f (u)

∣
∣. (3.5)

It is obvious that limδ→0+ ωμ(f ; δ) = 0 and for f ∈ C[0,∞),

∣
∣f (t) – f (u)

∣
∣ ≤

( |t – u|
δ

+ 1
)

ωμ(f ; δ). (3.6)

Theorem 3.3 Let f ∈ Cσ [0,∞), and 0 < qs < ps ≤ 1 be such that lims→∞ qs = 1, lims→∞ ps =
1. Moreover, suppose ωμ(f ; δ) is defined by (3.5) on the interval [0,μ+ 1] ⊂ [0,∞), for μ > 0.
Then for every s > 2, we get

∣
∣Pτ

s,ps ,qs (f ; u) – f (u)
∣
∣ ≤ 2ωμ+1

(
f ; δs(u)

)
+ 6Cf

(
1 + μ2)(δs(u)

)2,

where Cf is a constant depending only on f and δs(u) =
√
Pτ

s,ps ,qs (	2; u).

Proof For u ∈ [0,μ] and t ≤ μ + 1, with μ > 0, we have

∣
∣f (t) – f (u)

∣
∣ ≤ Cf

(
2 + u2 + t2) ≤ 6Cf

(
1 + μ2)(t – u)2. (3.7)

Furthermore, for any δ > 0, u ∈ [0,μ], and t > μ + 1, with μ > 0,

∣
∣f (t) – f (u)

∣
∣ ≤ ωμ+1

(
f ; |t – u|) ≤

(

1 +
|t – u|

δ

)

ωμ+1(f ; δ). (3.8)

From (3.7) and (3.8), we have

∣
∣f (t) – f (u)

∣
∣ ≤ 6Cf

(
1 + μ2)(t – u)2 +

(

1 +
|t – u|

δ

)

ωμ+1(f ; δ). (3.9)
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Applying operators Pτ
s,ps ,qs and the well-known Cauchy–Schwartz inequality, we have

Pτ
s,ps ,qs

(∣
∣f (t) – f (u)

∣
∣; u

) ≤ 6Cf
(
1 + μ2)Pτ

s,ps ,qs (	2; u)

+ Pτ
s,ps ,qs

(

1 +
|t – u|

δ
; u

)

ωμ+1(f ; δ).

Moreover, for any g ∈ Cσ [0,∞), we know

Pτ
s,ps ,qs (g; u) – g(u) = Pτ

s,ps ,qs (g; u) – g(u)Pτ
s,ps ,qs (1; u)

= Pτ
s,ps ,qs

(
g(t) – g(u); u

)

≤ Pτ
s,ps ,qs

(∣
∣g(t) – g(u)

∣
∣; u

)
.

Therefore,

∣
∣Pτ

s,ps ,qs (f ; u) – f (u)
∣
∣ ≤ 6Cf

(
1 + μ2)Pτ

s,ps ,qs (t – u)2

+
(

1 +
1
δ
Pτ

s,ps ,qs

(|t – u|; u
)
)

ωμ+1(f ; δ)

≤ 6Cf
(
1 + μ2)Pτ

s,ps ,qs (	2; u)

+
(

1 +
1
δ
Pτ

s,ps ,qs (	2; u)
1
2

)

ωμ+1(f ; δ),

where

Pτ
s,ps ,qs

(|t – u|; u
) ≤Pτ

s,ps ,qs (1; u)
1
2 Pτ

s,ps ,qs

(
(t – u)2; u

) 1
2 = Pτ

s,ps ,qs (	2; u)
1
2 .

Finally, if we choose δ = δs(u) =
√
Pτ

s,ps ,qs (	2; u), then we get the desired result. �

4 Rate of convergence
In 1963, to measure the smoothness, a mathematical formula of a certain functional was
given by Peetre [41]. For all δ > 0 and f ∈ C[0,∞), Peetre defined the K-functional, which
we write as K2(f ; δ). The formulas below give its definition, as well as a bound for some
constant C > 0 and the second-order modulus of continuity ω2(f ; δ) defined as follows:

K2(f ; δ) = inf
u≥0

{(‖f – ψ‖CB[0,∞) + δ
∥
∥ψ ′′∥∥

CB[0,∞)

)
: ψ ∈ C2

B[0,∞)
}

, (4.1)

K2(f ; δ) ≤ C
{
ω2(f ;

√
δ) + min(1, δ)‖f ‖CB[0,∞)

}
,

ω2(f ; δ) = sup
0<v<δ

sup
u≥0

∣
∣f (u + 2v) – 2f (u + v) + f (u)

∣
∣. (4.2)

Theorem 4.1 Let q = qs, p = ps with qs ∈ (0, 1), ps ∈ (qs, 1] and Rτ
s,p,q(f ; u) = Pτ

s,p,q(f ; u) +
f (u) – f ( [s]p,qu+1

[s–1]p,q
). Then, for every ψ ∈ C2

B[0,∞) and s > 2, we have

∣
∣Rτ

s,ps ,qs (ψ ; u) – ψ(u)
∣
∣ ≤ χn(u)

∥
∥ψ ′′∥∥,

where χn(u) = δ2
s (u) + (Ps,p,q(	1; u))2, in which δs(u) is defined in Theorem 3.3 and

Ps,p,q(	1; u) is defined by Lemma 2.3.
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Proof Let ψ ∈ C2
B[0,∞). We easily get Rτ

s,ps ,qs (1; u) = 1 and

Rτ
s,ps ,qs (t; u) = Pτ

s,ps ,qs (t; u) + u –
(

[s]ps ,qs u + 1
[s – 1]ps ,qs

)

= u.

Also

∥
∥Pτ

s,ps ,qs (f ; u)
∥
∥ ≤ ‖f ‖,

∣
∣Rτ

s,ps ,qs (f ; u)
∣
∣ ≤ ∣

∣Pτ
s,ps ,qs (f ; u)

∣
∣ +

∣
∣f (u)

∣
∣ –

∣
∣
∣
∣f

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

)∣
∣
∣
∣ ≤ 3‖f ‖. (4.3)

From the Taylor series expansion, we have

ψ(t) = ψ(u) + (t – u)ψ ′(u) +
∫ t

u
(t – α)ψ ′′(α) dα.

Applying the operator Rτ
s,ps ,qs , we conclude that

Rτ
s,ps ,qs (ψ ; u) – ψ(u) = ψ ′(u)Rτ

s,ps ,qs (t – u; u) + Rτ
s,ps ,qs

(∫ t

u
(t – α)ψ ′′(α) dα; u

)

= Rτ
s,ps ,qs

(∫ t

u
(t – α)ψ ′′(α) dα; u

)

= Pτ
s,ps ,qs

(∫ t

u
(t – α)ψ ′′(α) dα; u

)

–
∫ [s]ps ,qs u+1

[s–1]ps ,qs

u

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

– α

)

ψ ′′(α) dα

∣
∣Rτ

s,ps ,qs (ψ ; u) – ψ(u)
∣
∣ ≤

∣
∣
∣
∣P

τ
s,ps ,qs

(∫ t

u
(t – α)ψ ′′(α) dα; u

)∣
∣
∣
∣

+
∣
∣
∣
∣

∫ [s]ps ,qs u+1
[s–1]ps ,qs

u

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

– α

)

ψ ′′(α) dα

∣
∣
∣
∣.

Since
∣
∣
∣
∣

∫ t

u
(t – α)ψ ′′(α) dα

∣
∣
∣
∣ ≤ (t – u)2∥∥ψ ′′∥∥,

we conclude that

∣
∣
∣
∣

∫ [s]ps ,qs u+1
[s–1]ps ,qs

u

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

– α

)

ψ ′′(α) dα

∣
∣
∣
∣ ≤

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

– u
)2∥

∥ψ ′′∥∥.

Hence,

∣
∣Rτ

s,ps ,qs (ψ ; u) – ψ(u)
∣
∣ ≤

{

Pτ
s,ps ,qs

(
(t – u)2; u

)
+

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

– u
)2}∥

∥ψ ′′∥∥.

Thus we complete the proof. �
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Theorem 4.2 Let q = qs, p = ps with qs ∈ (0, 1), ps ∈ (qs, 1] and f ∈ CB[0,∞). Then, for
every ψ ∈ C2

B[0,∞) and s > 2 there exits a positive constant C > satisfying the inequality

∣
∣Pτ

s,ps ,qs (f ; u) – f (u)
∣
∣ ≤ A

{

ω2

(

f ;
√

χs(u)
2

)

+ min

(

1,
χs(u)

4

)

‖f ‖
}

+ ω
(
f ;

∣
∣Ps,ps ,qs (	1; u)

∣
∣
)
.

Proof For all f ∈ CB[0,∞) and ψ ∈ C2
B[0,∞), it is very easy to see the result from Theorem

4.1. Indeed,

∣
∣Rτ

s,ps ,qs (f ; u) – f (u)
∣
∣ =

∣
∣
∣
∣R

τ
s,ps ,qs (f ; u) – f (u) + f

(
[s]ps ,qs u + 1

[s – 1]p,q

)

– f (u)
∣
∣
∣
∣

≤ ∣
∣Rτ

s,ps ,qs (f – ψ ; u)
∣
∣ +

∣
∣Rτ

s,ps ,qs (ψ ; u) – ψ(u)
∣
∣

+
∣
∣ψ(u) – f (u)

∣
∣ +

∣
∣
∣
∣f

(
[s]ps ,qs u + 1
[s – 1]ps ,qs

)

– f (u)
∣
∣
∣
∣

≤ 4‖f – ψ‖ + χs(u)
∥
∥ψ ′′∥∥

+ ω

(

f ;
∣
∣
∣
∣

(
[s]ps ,qs

[s – 1]ps ,qs
– 1

)

u +
1

[s – 1]ps ,qs

∣
∣
∣
∣

)

.

By taking the infimum over all ψ ∈ C2
B[0,∞) and using (4.1), we get

∣
∣Rτ

s,ps ,qs (f ; u) – f (u)
∣
∣ ≤ 4K2

(

f ;
χs(u)

4

)

+ ω

(

f ;
∣
∣
∣
∣

(
[s]ps ,qs

[s – 1]ps ,qs
– 1

)

u +
1

[s – 1]ps ,qs

∣
∣
∣
∣

)

≤ A
{

ω2

(

f ;
√

χs(u)
2

)

+ min

(

1;
χs(u)

4

)

‖f ‖
}

+ ω

(

f ;
∣
∣
∣
∣

(
[s]ps ,qs

[s – 1]ps ,qs
– 1

)

u +
1

[s – 1]ps ,qs

∣
∣
∣
∣

)

. �

We consider the following Lipschitz-type maximal function [24] and obtain the local
approximation. For f ∈ C[0,∞], 0 < κ ≤ 1 and t, u ≥ 0, we recall that

LipM(κ) =
{

f :
∣
∣f (t) – f (u)

∣
∣ ≤ M|t – u|κ}. (4.4)

Theorem 4.3 For all κ ∈ (0, 1], s > 2, and f ∈ CB[0,∞), we have

∣
∣Pτ

s,ps ,qs (f ; u) – f (u)
∣
∣ ≤ M

(
δs(u)

)κ ,

where δs(u) is given in Theorem 3.3.

Proof We prove the claim by applying (4.4) and the well-known Hölder’s inequality:

∣
∣Pτ

s,ps ,qs (f ; u) – f (u)
∣
∣ ≤ Pτ

s,ps ,qs

(∣
∣f (t) – f (u)

∣
∣; u

)

≤ M|Pτ
s,ps ,qs

(|t – u|κ ; u
)
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≤ M
(
Pτ

s,ps ,qs (1; u)
) 2–κ

2
(
Pτ

s,ps ,qs

(|t – u|2; u
)) κ

2

= M
(
Pτ

s,ps ,qs (	2; u)
) κ

2 .

This gives the desired result. �

We denote

C2
B[0,∞) =

{
ψ : ψ ∈ CB[0,∞) and ψ ′,ψ ′′ ∈ CB[0,∞)

}
, (4.5)

‖ψ‖C2
B[0,∞) = ‖ψ‖CB[0,∞) +

∥
∥ψ ′∥∥

CB[0,∞) +
∥
∥ψ ′′∥∥

CB[0,∞), (4.6)

‖ψ‖CB[0,∞) = sup
u≥0

∣
∣ψ(u)

∣
∣. (4.7)

Theorem 4.4 Let the positive sequences of numbers 0 < qs < ps ≤ 1 satisfy lims→∞ qs = 1,
lims→∞ ps = 1. Then for all ψ ∈ C2

B[0,∞), the operators Pτ
s,ps ,qs have the property

∣
∣Pτ

s,ps ,qs (ψ ; u) – ψ(u)
∣
∣ ≤ �s(u)‖ψ‖C2

B[0,∞), (4.8)

where �s(u) =
√

δs(u) + (δs(u))2

2 .

Proof Let ψ ∈ C2
B[0,∞). Then

ψ(t) = ψ(u) + ψ ′(u)(t – u) + ψ ′′(ϕ)
(t – u)2

2
for ϕ ∈ (u, t),

where if we take

S = sup
u≥0

∣
∣ψ ′(u)

∣
∣ =

∥
∥ψ ′∥∥

CB[0,∞) ≤ ‖ψ‖C2
B[0,∞),

T = sup
u≥0

∣
∣ψ ′′(u)

∣
∣ =

∥
∥ψ ′′∥∥

CB[0,∞) ≤ ‖ψ‖C2
B[0,∞),

then we have

∣
∣ψ(t) – ψ(u)

∣
∣ ≤ S|t – u| +

1
2
T (t – u)2

≤
(

|t – u| +
1
2

(t – u)2
)

‖ψ‖C2
B[0,∞).

Therefore

∣
∣Pτ

s,ps ,qs (ψ ; u) – ψ(u)
∣
∣ ≤

(

Pτ
s,ps ,qs

(|t – u|; u
)

+
1
2
Pτ

s,ps ,qs

(
(t – u)2; u

)
)

‖ψ‖C2
B[0,∞)

≤
(

(
Pτ

s,ps ,qs (	2; u)
) 1

2 +
1
2
Pτ

s,ps ,qs (	2; u)
)

‖ψ‖C2
B[0,∞).

This completes the proof of Theorem 4.4. �
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5 Conclusion
We constructed a (p, q)-variant of Szász operators by using the Beta functions of the sec-
ond kind by introducing the Dunkl generalization. We obtained the approximation results
involving local and global approximations in Korovkin’s and weighted Korovkin’s spaces.
We applied some techniques of earlier investigation and discussed the convergence of op-
erators by employing the modulus of continuity, Lipschitz class and Peetre’s K-functionals.
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7. Acar, T., Aral, A., Raşa, I.: Positive linear operators preserving τ and τ 2 . Constr. Math. Anal. 2(3), 98–102 (2019)
8. Acar, T., Mohiuddine, S.A., Mursaleen, M.: Approximation by (p,q)-Baskakov–Durrmeyer–Stancu operators. Complex

Anal. Oper. Theory 12(6), 1453–1468 (2018)
9. Acar, T., Mursaleen, M., Mohiuddine, S.A.: Stancu type (p,q)-Szász–Mirakyan–Baskakov operators. Commun. Fac. Sci.

Univ. Ank. Sér. A1 Math. Stat. 67(1), 116–128 (2018)
10. Alotaibi, A., Nasiruzzaman, M., Mursaleen, M.: A Dunkl type generalization of Szász operators via post-quantum

calculus. J. Inequal. Appl. 2018, 287 (2018)
11. Bin Jebreen, H., Mursaleen, M., Naaz, A.: Approximation by quaternion (p,q)-Bernstein polynomials and Voronovskaja

type result on compact disk. Adv. Differ. Equ. 2018, 448 (2018)
12. De Sole, A., Kac, V.G.: On integral representations of q-gamma and q-beta functions. Atti Accad. Naz. Lincei, Rend.

Lincei, Mat. Appl. 16, 11–29 (2005)
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