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1 Introduction and preliminaries

The g-analogues of Bernstein operators were independently given by Lupas [25] and
Phillips [42]. Consequently, Mursaleen et al. [33] applied the (p, g)-integers and studied
the approximation properties of Bernstein operators. Recently, a Dunkl-type generaliza-
tion of Szasz operators [47] via post-quantum calculus was studied by Alotaibi et al. [10].
For more details and research motivation in Dunkl-type generalizations, we mention here
some research articles [13, 27, 34, 35, 37-39, 45, 46]. Let [s],,, be the (p, g)-integer defined

as
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The (p, q)-power basis is explained as

W), , = (u+v)(pu+ ) PPu+qv) - (P u+qMy).
Furthermore, the (p, g)-analogues of the exponential function are defined by
Ul

0 £(e-1)
epq(U) = a5 2
v Z’” am Z" mpq

{=

Moreover, the (p, g)-Dunkl analogue of the exponential function is defined by

i £(e-1) Me
erpq(u): p I — (1.2)
=0 yr,p,q(e)
yr,p,q(g)
(5111 i+ ; (51-1 271y ; ;
B 1—[1 3 p21 1y (pZ) p21+1 (q2)1q21+1)1—[‘:20 er( 1}1+1((p2)/p2 _ (qZ)jqz)
-9 '
(1.3)
And a recursion identity is defined as
27(-1) “1+1(p2r9[+1+£+1 270p,1+L+1
q )
Vr,p,q(e + 1) = (p _ q) Vr,p,q(g): (1-4')
where

0 forl=2mm=0,1,2,...,
0, = (1.5)
1 foré=2m+1,m=0,1,2,...

For m =0,1,2,...s, the number [7] denotes the greatest integer function evaluated at
m/2.

In our demonstration, we let # > 0 and C[0, c0) be the class of all continuous functions
on [0, 00). Recent investigation in [10, 38] defined the (p, g)-Dunkl analogue of Szasz op-
erators by

S 0+276p _ ,0+2706;
Dy q(fsu) = 1 ([s], qu) f(u)

et,p,q([S]p,qu) £=0 yr,p,q(z) Pl_l(Ps _qs)

2 Operators and basic estimates

In this section we construct a class of (p, g)-variant of Szdsz—Beta operators of the second
kind generated by an exponential function via Dunkl generalization in Definition 2.1. Such
operators are a generalized version of the operators studied in [7, 22, 28, 29, 31, 36, 45].

Definition 2.1 Let f € C;[0,00) = {f(¢) : f(t) = O(#*), t — 00,f € C[0,00)} and consider
u>0,¢>s,andseN. ThenforallO<g<p<1,7> ——, and 6, given by (1.5), we define

1 o0 t(3+21:95
t)d, L, 2.1
Panalli1) = ZQS““ ,q(€+2r0e+1,s)/o Qepopem? bt 2D
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where

1 ([s]pqm)" ¢ e

er,p,q([s]p,qu) Yr.pq ()

Qs,p,q (u) =

’

and B, ,(€ + 276, + 1,5) is the Beta function of the second kind in post-quantum calculus
defined by

ta—l

By,g(c, B) =/0 ( dygt, o, BeN, (2.2)

1 @ pt)oﬁﬁ
where a formula for the (p, g)-Beta function is given by

[or — ]p q

Bra@P) = iig, g

—— B, a-1,8+1), «opeN (2.3)

Moreover, to obtain the basic estimates here, we use the following relations:

[€+1+2t00p4 =ql€+ 2104 +p£+219“, (2.4)

[€+2+2T00]p4 = 1€ +2T0p),4 + (p + )" 7. (2.5)

For more related results on (p, g)-analogues, we refer to [1-6, 8,9, 11, 14-21, 26, 30, 43,
44, 48] and also see [12, 32, 40], for example, if p = 1, the operators P, - reduce to those
considered recently (see [45]). We have the following inequalities.

Lemma 2.2 Let f(t) = 1,t,t>. Then the operators PF, _(-;-) defined by (2.1) satisfy

spa
Pspa(Liu) = 1, and the following inequalities hold:

[slp.q _
[S_l]mu Ty 1] forf(t) =t

[s]p, 2 [sp,
Pepqalfsu) [s—l]p,q[sq—z]p,q u+ [s—l]p,qlfsq—z]p,q A+ [2]pq+[1+2T],0)u (2.6)
[2lp, _ 42
Ci e, JorfO=t

and

q[S]p,q
mu [S 1] forf(t = t

Ty o
[s—1lp,qls—2lp,q
51’ q(f M q[s]p,q 2427 er,p,q(g [s]p.qu)
+ m(q+ [2]p,q+q [1—21:]W1W)u

Cloa __ for £(2) = £2.

[s=1]pqls—2]pq
Proof To prove the results of this lemma, we use (2.2)—(2.5). Take f(t) = 1. Then

oo 1 t(3+21:9[
L; s
qu( u) ; Q qu(u) pq(z + 21'9( +1, S)

(1 ® t)Z+2r0@+s+1 dp’qt

Bpq(€ + 276, +1,5)
= Z Qs,p,q(u) Bp,q(z + 2‘[9@ + 1)5) -



Nasiruzzaman et al. Journal of Inequalities and Applications

If f(¢) = ¢, then

e 1
Pl Eu) =) Qpqu) /
s,pq 132=0: P Bp,q(ﬂ +2t0,+1,8) Jo

o0

= Z Qs,p,q(u

(2021) 2021:6

tl+2r9¢+1
t

a eapt)2+2104+s+1 dpq

)Bp,q(ﬂ +210,+2,5-1)

By (€ +216; +1,5)

1 1
T Te_11__ QspgU) ———[€ + 210y g + ——————
[s - l]pq Z PO p2r0y+1 tlpq P51l
1 qlslpq PR _ g2t
p[S—l]p,q 2[s—1]quQqu(u)< p1(ps - qf) )

2+ZI

Clearly, we have

q[s]pq Z Q u)( 2@+1+2102g+1 _ q2(3+1+21925+1>
Sipq .

P - )

quo

1 qls] pq Pl _ gte2c0,
Py tu) > Qipad W\ —7
P [S - l]p,q [S - pq L’XO: o pZA(pS - qs)
1 qlslpq
= =D gt 1)
[s—1lpg [s—1lpg i
__ 1 qlslpq
[s—1lp, [s—1lpg
and
[s]
Por (Guw) < 2Ly,
ki [ l]p,q [S - l]p,q
Similarly, for f(¢) = £2, we have
1 tl+21’€g+2
qu Z Qsp q( ) / £+276p+s+1 dp qt
By g€ + 210, + 1,5) (1@ pt)yy

(£ +2160, +3,5-2)

pq
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N q(p+2q s]pq iQ () 1 <p“2’94—q’3+279l>
[s = Upgls = 2lpq S 7 P20\ N0 - )

+ (p+q) ZQqu(u)

P?’[s_l]p,q[s Pq =0

Now by separating the even and odd terms and applying 6, from (1.5), i.e., taking £ = 2m
and £ =2m+1forallm=0,1,2,..., we have

. q [s 4+21'9[ _ql+2t95 2
Psm( u) > —MZQSM(”)<W)

T [s—1]p4ls -2 a o

+ [S—l]pq[s 2]quQSPq g_l(ps_qs)
Py
- Upgls = 2lpq
= 1 [S]p’q 2, q(q +[2 ]pq)[S]pq .
= ooy, e Ty gy, Do)
2154

[s— l]pq[s—Z]M

Similarly,
[s]; (1+[2]pg)ls]
Pr <— P _p(t5hu)y —LEPL D (tu)
\Ds q( ) [S _ l]p,q [S _ 2]p,q vP:‘I( ) [S _ l]p,q [S _ 2]p,q Pq
2)pq
[s —1],4[s - Z]M
This completes the proof of Lemma 2.2. 0

Lemma 2.3 Let ®; = (¢ — u) for j = 1,2, then we have following inequalities:

T . [S]p,q
L P, (Pru) < <[S_ v 1)u+ T fors>1,5€N,
[s]2 2[s]
2 PT CI) ; E Pq _ P,q + 1) 2
a2t ([s— Upals—2pg  B-1pg = )"

+
[s—1lpq —2pq

(2]pq

+—F— fors>2,seN.
[s —1]pqgls — 2],y J

3 Approximation results
Let us denote by Cp[0,00) the set of all bounded and continuous functions defined on

[0, 00), equipped with the norm ||f|c; = sup,.-q |f(x)]. We write

) I
L:= {f:ulingo1+u2 exits ¢,
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B,[0,00) := {f: [f(u)| < Mfa(u)},

where M is a constant depending on f, and o is the weight function with o (1) = 1 + u*.

Moreover,

C,[0,00) := B, [0,00) N C[0, 00),

C[0,00) := {f:feCa[O,oo) and lim fL”)) =k<oo}.

()l

o(u) *

Note that C, [0, 00) is a normed space with the norm given by ||f[|s = sup,-o

Theorem 3.1 Take the sequences of positive numbers q = qs, p = ps satisfying qs € (0, 1),
Ps € (gs, 1] such that lim_, o g5 = 1, limg_, o ps = 1. Then, Pipoqs 18 uniformly convergent on
each compact subset of [0,00) and such that

hm Psp s (f;u) =f(u),
where f € C[0,00) N L.

Proof To prove the uniform convergence on each compact subset of [0, 00), it is obvious

from the well-known Korovkin’s theorem [23] that lim,_, o, P47 (¢"; 1) = u” for n = 0,1, 2.

$:Ps: s

Whenever, g; = 1, ps = 1 as s — 00, then clearly for all i = 1,2 we have —[s_i]lp e 0,
[s] 55 i
= L‘]’qus — 1, which imply that
llm Psp s (1, M) = 1, hm PS}? s (t; u) =U, hm Psp s ( u) — MZ. D

Theorem 3.2 For each f € CX[0,00), consider the sequences of positive numbers 0 < g <

Ps < 1such that limg_, o, qs = 1, lim,_, o ps = 1. Then the operators Ps pesas satisfy

lim H (3.1)

500 $,Ps»qs )_f”a:

Proof We take f(¢) = t" with n = 0, 1,2. From Theorem 3.1, since P, s (¢"; u) is uniformly

convergent to u" for all n =0, 1,2, and applying Lemma 2.2, we conclude that

hm ” opsnas (1) — 1”0 =0. 32
Forn=1,
IP; . o (& 1) — ul
|| A t)_u” = sup $,Ps:qs
Psiqs o uzO 1+ u2
S 1 1
E( [s)psas )s up “_, sup .
[S - 1][7qu5 uz0 1+u [S - I]PS:qs u=0 L+u
Then

sl_l)ngoH $iPs:qs (

—ul, =o0. (3.3)
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Similarly, if we take n = 2, then

[P (t%5u) — u?|
2 2 _ $.Ps/s
”PSI:PS:‘IS (t ) —u ||0‘ - ilzlg 1+ uz
[s]2 2
< ( Pots - 1) sup “ >
[S - l]ps,qs [S - z]p,q u>0 1+u
+ [S]va% (1 + [2]1, as T [1+ 2r]p p ) sup
[S - I]Ps:% [S - 2]qus o o u>0 1 + M2
2
[ ]Ps:% sup =,
[S - l]Ps'LIs [S - 2]p,q w0 1+ u
: 2 2
1im[P5,,,,(2) ], =0 -~
This completes the proof. O
Let
wu(f;8)= sup sup V(t) —f(u)|. (3.5)

|t—u| <8 u,te[0,u]
It is obvious that lims_, ¢, @, (f;8) = 0 and for f € C[0, c0),

|t — ul

(O - f )] < ( + 1)wu(f;a>. (36)

1. Moreover, suppose w,,(f; ) is defined by (3.5) on the interval [0, i + 1] C [0, 00), for i > 0.

Then for every s > 2, we get

Theorem 3.3 Letf € C,[0,00),and 0 < gs < ps < 1 be such thatlim,_, o, g = 1, lims_, oo ps =

2

P ege 5 10) = ()] < 200,001 (F 8:()) + 6Cr (1 + 1) (8:(0))
where Cy is a constant depending only on f and 5,(u) = \/m.
Proof For u € [0,u] and ¢t < p + 1, with i > 0, we have

[f(6) = f)| <Cr(2+u® +£%) <6Cr(1+ 1)t —u)*. (3.7)

Furthermore, for any § >0, u € [0, u], and £ > . + 1, with £ > 0,

|t — ul

(&) =f@)| < o (51— ul) < ( 1+ —— J@ua(f;9). (3.8)
)

From (3.7) and (3.8), we have

|t — ul

F(6) —f ()] < 6Cr (1 + 1>) (¢t —)? + (1 " >wu+1(f;3). (3.9)
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Applying operators P, .~ and the well-known Cauchy—Schwartz inequality, we have

SPst(lf(t) f(u)i )<6Cf(1+ﬂ) SPst(qDZ’ )

|t —ul
+ Psrpx s <1 + T; u w1 (f; 8).
Moreover, for any g € C, [0, 00), we know

Spsqs(g M) ( = spsqs(g M Spsqs(l M)
= Pstps s (g(t) —g(bl); u)

).

= Psz,ps,qs(|g(t) _g(u) H

Therefore,
Pl 510 =S )] = 6Cr (14 2P, (0~

(1 + PSTPS qs(|t— u|;u)>a),“1(f;8)
< 6Cf(1 + 1 )Psrps (D25 1)

(1 + Psps qb(d)z, u)Z)a)ml(f 3)

where

Nl

Pr oot —uliu) <P, (Gu)iPr,  ((E—w%u)® =P, (©su0)b.

$:Psqs $iPs s

Finally, if we choose § = §,() = (®y; u), then we get the desired result. O

qu

4 Rate of convergence

In 1963, to measure the smoothness, a mathematical formula of a certain functional was
given by Peetre [41]. For all § > 0 and f € C[0, 00), Peetre defined the K-functional, which
we write as Ky(f;8). The formulas below give its definition, as well as a bound for some
constant C > 0 and the second-order modulus of continuity w,(f; ) defined as follows:

Ka(f;8) = inf{ (I = ¥ llcyione) + 89" | yp000)) : ¥ € C310,00)}, (4.1)

Ky(f;8) < Clan(f;v/8) + min(L,8)[If I cp000)
w2 (f;8) = sup suplf(u +2v) — 2f (u +v) + f (). (4.2)

0<v<d u>0
Theorem 4.1 Let q = g5, p = ps with q; € (0,1), p; € (g5, 1] and R, (f;u) = P, (f;u) +

fu) - f( [fs]’j‘;’]';;l). Then, for every yr € C2[0,00) and s > 2, we have

4

RE o (Ui ) = Y ()| <

where x,(u) = 82(u) + (Pspq(P1;u))?, in which 8(u) is defined in Theorem 3.3 and
Ps pg(P1;u) is defined by Lemma 2.3.
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Proof Let y € C3[0,00). We easily get RY, , (1;u) =1 and

SiPs:qs

[$]psqtt + 1
RipoaGu) =Py, o (Gu) +u— (7[3—1]}, y =u

Also

|Pépa F < 1,
1
(R Fi0)] = [Pl 0] + Wﬂ—ﬂw)‘ssw. (43)

1 ]Ps:qs

From the Taylor series expansion, we have

V(t) =) + (£ —u)y'(u) +/ (t-a)y"(a)da.

Applying the operator R, . , we conclude that

Ry (Wi 0) = () = ¥ (R, (¢ - uu)+Rspsqs(/u (t—a)w//(a)da;u)

= Ripoa ( / (t—a)l/f”(a)da;u)

Py [ -0 e

[slps,gs u+1

_/ B-Lps.as (M _a>¢”(a) do
y [S - l]ps;qs

oo (/u (f—“)lﬂ”(a)da;u>

slps,gs#+1

s / G—psas <[s]ps,qsu +1 —O[)I/I”(Ol)d()l '
u [S - l]pqus

(R poge W3 1) = Y ()| < | P

Since

f (6 - )" (@) dat| < (E= [y,

we conclude that

[f]Ps»]qs’“’l [ ] 1

s=Lps.as Slps,qs ¥ + /

/ pet <L—a)1/f’ () dx
u [S - I]Ps,%

Hence,

[]XﬂS 1 2 "
RS 510 = 00| = [Py (=500 (P22 ) ).

[S - l]ps,qs

2
< ([S]PSJ/ISM +1 u) lv"].

[S - I]Ps:%

Thus we complete the proof. O
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Theorem 4.2 Let q = g5, p = ps with q, € (0,1), ps € (g5, 1] and f € Cp[0,00). Then, for
every ¥ € C3[0,00) and s > 2 there exits a positive constant C > satisfying the inequality

[PE g i) ~F0)] < A{m(f rl ))mm( xs(u))”f”}

spx qs(cbl»u)“

Proof Forallf € Cg[0,00) and ¥ € C3[0, 00), it is very easy to see the result from Theorem
4.1. Indeed,

IR s (3 10) ﬂW|‘Rm%VM)quf<E&ﬂﬁi)ﬁﬂm
[s—1lpq

- |R5Psqs(f_l/f;u)| |Rspsqb(w;u)_w(u)|
o) £ + MM) —f(u)‘

[ 1 ]Ps qs

<d4lf -yl + x| v
Slps.as 1
By taking the infimum over all ¢ € C3[0,00) and using (4.1), we get
(e 2o 1
[s = 1 pyaq, [s = 1y,
< A{wz <f; X;‘”’) . min( Xs(”’) ufn}

. [S]ps,qs _ 1
' “’(f ’ ([s— Upoas 1)” TS ) ‘ -

We consider the following Lipschitz-type maximal function [24] and obtain the local

R0 =0 = k(s 252 ) w1

)

approximation. For f € C[0,00], 0 <k <1 and ¢, u > 0, we recall that

Lipy(i) = {f : [F(6) ~ £ ()| < M1t - ). (4.4)
Theorem 4.3 For all k € (0,1], s > 2, and f € C[0, 00), we have

[P 50 —f )] < M(8,(w))",
where 85(u) is given in Theorem 3.3.

Proof We prove the claim by applying (4.4) and the well-known Hoélder’s inequality:

| SPSQS(f;u) _f(u)| SPSQS(
<M|P;, .. (1t —ul;u)

i)

Page 10 of 13
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< M(P, , (L) T (L, (1t - ulu)®

= M(P;  pogs (D2 u))?.

N\K

This gives the desired result. O
We denote
C5[0,00) = {¥ : ¢ € C5[0,00) and ¥/, ¥ € C[0,0)}, (4.5)
1913000 = 1 lcpio00 + 19 | eyt0m + 19" [ cyt0m0y (4.6)
1V llcao.0 = sug|w(u)|. (4.7)
uz

Theorem 4.4 Let the positive sequences of numbers 0 < g, < ps < 1 satisfy lim,_, o g5 = 1,

limy_, o ps = 1. Then for all € C3[0,00), the operators Ps p.qs have the property

[P (Ws18) = ¥ ()| < O5) Y1l 210,00 (4.8)
where Og(u) = /8;(u) + W

Proof Let ¥ € C2[0,00). Then

/ 7 (t_ u)2
V(@) =y (u) + ¥ (W) -u) + ¥ (p) 5 for ¢ € (u,2),

where if we take
S= i‘;lg‘w/(”” = | w/”CB[0,00) = Wl
T =suply"W)] = [V 1000 = ¥ 310001
then we have
1 2
[v@®) -y w)| < Slt—ul + §T(t_ u)
1 2
<\lt—u|+ E(t— u) ||1/’||c§[o,oo)'
Therefore
|PL, s w) = v ()] < < s (1€ — 1l ) + Psrp (=) u)>||1//||c§[o,oo)
< <( i qs(d>2,u)) + Pstpsqs(q)z;u)) 11l c210,00)-

This completes the proof of Theorem 4.4. g
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5 Conclusion

We constructed a (p, g)-variant of Szdsz operators by using the Beta functions of the sec-
ond kind by introducing the Dunkl generalization. We obtained the approximation results
involving local and global approximations in Korovkin’s and weighted Korovkin’s spaces.
We applied some techniques of earlier investigation and discussed the convergence of op-
erators by employing the modulus of continuity, Lipschitz class and Peetre’s K-functionals.
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