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1 Introduction

In literature, inequalities are very important for convex functions especially the integral in-
equalities for convex functions originated form Hermite and Hadamard (see [11, p. 137]).
The researchers have worked on Hermite—Hadamard type inequalities since 1893 [4]. The
classical Hermite—Hadamard inequality reads as follows: if f : I — R is convex on the in-

terval I of real numbers and a, b € I with a < b, then

f(“;b) <=/ f(u)du<f(a +/@®)

We note that the Hermite—Hadamard inequality may be assessed as a treatment of the
conception of convexity. The Hermite—Hadamard inequality for convex functions has
conferred revived awareness in the latest years and some unusual variations of essential
and conclusion have been established (see, for example, [5, 6, 14, 17]). In the last few years,
the theory of inequalities has progressed very fast. The evolution of the hypothesis associ-
ated with ancient inequalities has developed in a resumption of attentiveness in this field.
In many classical inequalities, the Hermite—Hadamard inequality is one of the important
inequality of analysis. Such an inequality has been applied for different types of problems
of fractional calculus (see [1, 2, 8—10, 15, 16]). In this paper, as a continuation of the study
of the Hermite—Hadamard inequality, we establish some results for k-Riemann—Liouville
fractional integral by using the definition of convex functions via fractional calculus.
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Below, let us recall first some basic concepts and some earlier results.

Definition 1 A function f : [a,b] — R is said to be convex on an interval [a,b] C R, if

f(rE+ @ -1)n) <tf(E) + (1-1)f (n) 1)
holds for &, € [a,b] and T € [0,1].

Definition 2 ([13]) Letf € L;[a, b]. The Riemann-Liouville integrals /%, f and I} f of or-
der A > 0 with a > 0 are defined by

Pf(6) = —— /(g- W du, s a,

T

and
b
Iz-f@):ﬁ /E (-6 f(Wdu, &<b,

respectively, where I' is the classical Gamma function and I°,f = Iy_f = f(§)

Theorem 1 ([14]) Counsider f : [a,b] — R a positive mapping with 0 < a < b and f €
Ly[a,b). Iff is a convex function on [a, b], then

b\ T(+1) (@) +f(b)
1(457) = s s @+ @) L0, ®

Lemma 1.1 ([14]) Supposef : [a,b] — R is a differentiable function on (a, b) with a < b. If
f' €eLla,b], then

fla)+f(b) TG +1)
2 2(b-a)*

b—
-2t / [(L— ) — 1 Jf (e + (L - )b) . )
0

[/ (b) + I-f (a)]

Theorem 2 ([14]) Assume that f : [a,b] — R is a differentiable function on (a,b) with
a<b. If|f'| is convex on [a, b], then

fla) +f(b) T +1)
2(b-a)

b-a / ’
<5t (1—5)[“6:) +FB). @)

LS (B) + I f (a)]

Theorem 3 ([12]) Letf : [a,b] — R be a positive mapping with 0 <a < b and f € L,[a, b].
Iff is a convex function on [a, b], then

a+b 20 + 1) Fl@) +£0)
f( 2 )S (b - a) [(Tb *‘f(b)+1a+b)ﬁf(ﬂ)]ff' )
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Lemma 1.2 ([12]) Supposef : [a,b] — R is a differentiable function on (a,b) with a < b. If
f' €eLla,b], then

2210 (h + 1) Sih
_YEt;?f—[aw,fw)+1mﬁwﬂaﬂ_f< ' )

:b4a|:/0 /ﬂf’(%a+2zu )du—/o Mkf/(%b+ Mﬂ>dﬂ]~ (6)

Theorem 4 ([12]) Consider f : [a,b] — R, a differentiable function on (a,b) with a < b. If
|f'|" is convex on [a, b for h > 1, then

270 + 1)
(b-a)

< (5o ) @@ s o))

4+ 1)\ 21 +2)

(£ S B) + Loy j(a)]_f(a;b)‘

(3 @]+ a+ DIF®)") ). )

2 Hermite-Hadamard’s inequalities for k-fractional integrals

In [3], the k-gamma function was introduced by Diaz et al. as follows.

Definition 3 Let k and R(v) be positive. Then the k-gamma function is defined by follow-

ing integral:

00 k
(&) :/0 pil exp(—%) dv.

Definition 4 ([7]) If k > 0, Let f € L1(a,b), a > 0, then k-Riemann-Liouville fractional
integrals I},kf and Il’},’,@f of order A > 0 for a real-valued continuous function f(u) are
defined by

IAJ@):—E——/is—uﬁiﬂmdu E>a
“ kTw() J, ’ ’

and

&w)ﬂm/wawmmsw

respectively. Here Iy is the k-Gamma function.

Theorem 5 Let k > 0, 12+ka and Il’}_y,‘f be the left and right sided k-Riemann—Liouville
fractional integral of order X > 0. Let f : [a,b] — R be positive mapping with 0 < a < b,
f€Lila,bl. Iff is convex on [a, b), then

a+b Cr(A + k) 2 fla) +f(b)
b)+ 1 < —", 8
f( 5 ) 20— a)_[ W (0) + Iy f(@)] < ) ®8)
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Proof Asf is convex mapping on [a, b], we have, for &,7 € [a, b] with T = % in (1),
E+n\ _SE)+f(n)
< . 9
(551) <", ©)
(10)

Now let & = ua + (1 — )b and n = ub + (1 — w)a, then (9) becomes

) <f(ua+ @ -wb)+f(ub+Q1-pa)

Zf(a +b
Multiplying both sides of (10) by %™, then integrating with respect to u over [0, 1], we
get
a+b 1 Py 1
f( )_/ ek f(/w+(1—u)b)du+/ pE 7 (b + (1= pa) du

0 0

=h+Dh, (11)
where

1 A
h= [ ks = b di

and
1 A
L= /0 & (ub+ (1 - wa)dp
By taking pa + (1 —u)b=¢ in I and ub + (1 — n)a = w in I, we get
I - / (b-9)tf(¢)do (12)
(b-a)t
and
(13)

b R
1 / (- a)Ff(0) do.

Substituting the values of I; and I, from (12) and (13) in (11), we get
)< / (b- @) f(@)dg + f (@-a)tflo)do],
(b-a) k

a+b

(5

(14)

which implies that
L+ B )+ i of(a))

plh

a+b
(57)
2b-a
This completes the first inequality in (8). To complete the second inequality, we note that

if f is convex, then, for t € [0, 1], it yields that

fua+(1-pb) < uf@)+ (1 - p)fb)
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and
f(ub+ 1= pa) < uf(b) + (1 - wf(a).

By adding the above two inequalities, we get
f(ua+@-wb) +f(ub+(1-p)a) <f(a) +f(). (15)

Multiplying by ,u%’l on both sides of (15), then integrating with regard to p over [0, 1], we
get

1 A 1 A
[ nt e - p)ds [ d (b - ) die = 1@ @) a6)

0

We denote

1 A
Ky =f0 e (na+(1-p)b)du

and

1 A
](2=/0 & f (b + (1 - wa) dp.

Putting ¢ = pa + (1 — w)b in Ky, and = ub + (1 — p)a in K;, we obtain

1 b A
Ki-——— [ -0t @) 17)
(b-a)k Ja

and

1

K = .
(b-a)k

b S
f (@ - a)Tf (0) do. (18)

Substituting the values of K; and K; from (17) and (18) in (16), we get

b b
. _16”2 [ [(6-oi s [ (w_a)z—lf(w)dw] M@ sm)

which implies that

2b—a)f (1 f(B) + I f (@)] < w | .

By combining (17), and (19), we get (8). O
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Lemma 2.1 Let k>0, I;. .f and I f be defined as Definition 4. Let f : [a,b] — R be a
differentiable mapping on (a,b) with a < b. If f' € L[a, b], then

G=9) (Y11 0k~ ik (wa+ (- ) du
2 Jo
_fl@) ;rf(b) D+ kg (Lo ff (B) + I 1f (@)]. 20
2(b - a)k

Proof Let us consider

1 A A
I= / [1-wWF - pk]f'(na+ (1 - wb)dpu,
0
which, we can write as
1 N 1 N
I- U (L= j)kf (na + (1 - w)b) du] . [_/ k(a1 - )b) du)}
0 0
= Il + ]2. (21)

Integrating I; by parts, we get

(b) A ! i
zlzj_a-k(b_a)/o (- W (na + (1 - wb) dp.

Setting & = pa + (1 — u)b, then after some calculation, we get

_fB) TG +h) 1

h b-a (b—a)%ﬂ b_'kf(a)]' (22)

Now integrating I, by parts to get

_f@
“b-a k(b-a)

2

1 A
/0 wE ' (na+ (1 - wb)du.

Setting & = (ua + (1 — n)b), after some calculation, we get

f@ TR,
" (b_a)%ﬂ‘[fatkf (b)) @3)

Applying (22) and (23) in (21), it follows that

O f@ TR

A A
= b-a b-a (b_a)%ﬂ [I’ﬁ'kf(b) +Ib‘,kf(a)]¢

or

1 A A
/0 [(1— )% = u®]f (ka+Q - w)b)du

_S®) | f@ 10k
“"b-a b-a (b—a)%”

(L f (B) + Iy i f (@)]. (24)

Multiplying both sides of (24) by h‘T” to get the required result. O
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Theorem 6 Let k >0, I, ,f and I}, ,f be defined as Definition 4. Let f : [a,b] — R be
differentiable on (a,b) with a < b. If |f'| is convex on [a, b], then

i (B) + 1y 1f (a)]

‘f (@) +f(b) Ti(r+k) [

2 2Ub - a)t
(b -a) 1\, ,
2(*+1>(1 z%)(v(ﬂ)“wb)’)' (25)

Proof By using Lemma 2.1 and the definition of a convex function of |f’|, we have

i (0) + I i f (@)]

’f(a) +f()  Tk(r +k) )1
2 2b - a)k

b— A A
<! 2a)/ (1= )T = pk||f' (na + (1 - wb)|dp
0

b- ! Lo
<! 24)/ =)k = ¥ |[lf @] + (1= w)f )] du
0
1 ) 1 )
OO [la-wt -t lely@ldies [ 1= 0% k1= 0l @) ]
RIS (26)
where
Lf<a>|[f (1 - )k dpa /Ozu%“du}
+ [f’(b)l[foi(l—u)%”du—/;(l—u)/ﬁdu}
and

T 1 3
Ky = lf’(a)}[ﬁ M”du—ﬁ M(l—u)“iﬂ}

1 R 1 N
+lf’(b)|[/1 - putdu- | (1—M)?”du]

We calculate K; to get

=@l o ()+1] ol g ‘%)2”] -
b %+2) Z+1]
Similarly we can calculate K, and get
) HEty 1 (1)
K=l )‘[(Mz) e +1)}+V(")|[(%+1>(%+2)_<%+1>]' 29

Substituting the values of K; and K; in (26) and after some calculations, we get (25). [
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3 Some more fractional inequalities for convex functions
Definition 5 Let f € L;[a,b]. The k-Riemann-Liouville integrals 7* (asye, kf and I* (as2)- f
of order A > 0 and k > 0 with a > 0 are defined by

1 a+b

kT (L)

4 A
L SO s [, €~ 0F F0du, &>

and

+b

a+b
Ty SO =gy | -9 0 &<

respectively. Here I'x(1) is the k-Gamma function.

Theorem 7 Let k >0, IAM kf and I (as2)- kf be defined in Definition 5. Let f : [a,b] — R
be positive mapping wzth 0 < a<b andf € Ly[a, b). Iff is a convex function on [a, b], then

a+b 2%~ ITe(h + k) f(zz)+f(b)
< wbye S B) + T () f(@) (29)
f(z) (ba)k[b)kf hkf]
Proof As f is convex function on [a, b], we have, for &, € [a,b] with T = %,
f($+n> Sf(é)+f(n). (30)
2 2
Putting & = &% + % and n = “Tb + %, then (30) becomes
a+b na (2-u)b ub  (2-pa
2f( ) f<2 + 5 +f 5 + 5 . (31)
Multiplying by ;1,%’1 on both sides of (31), then integrating with respect to u over [0,1],
we get
2k (a+b 1 uwa (2-u)b
7f<2>5/0u f< 5 >du
92—
/ ‘1f<“ b, Goua )“) dp. (32)
o 2
We set
! 2-wb
112/. M%_f<ﬂ—a+ﬂ> d/.L. (33)
o 2 2
Taking ¢ = + & 2" after some calculations we get
A
2% -
- f (b- ) f()d (34
(b-a)k Jeg
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and we set
! b (2-
I :/ M%—lf(“_ + M) du.

) 2 2

Putting w = %b + % to get
(35)

2t /PT@u—aﬁqu»dw

I =
(b-a)t

Substituting the values of I; and I, from (33) and (35) in (32), we get

(36)

(4bye,

21
_2 UM+MUA SO + Lo f(@)]

a+b
f( 2 )‘ (b—a)k

The first part of the inequality is proved. To complete the second inequality, we note that

if f is convex function, then, for t € [0, 1], showing

2-p
5 f(b)

f(%a+%%ﬁb>§%fmh-

and
s(Bp+2a) < Brw 2
By adding the above two inequalities, we get
f(ﬁa+%:ﬁb>+f<ﬁb+2_ﬂa>5f@)tﬂw. (37)
2 2 2 2
on both sides of (37) and integrating inequalities with respect to u

S @.

Multiplying by M%"l

over [0,1], we get

1
2
/ ,u%lf<ﬁa +
0 2

- k
ha) i @0 69

— 1 A
“b)du+/“ur{f(ﬁb+
o 2

We take
Lol a (2-pb
Ll:f ' lf<M2 " ZM )dM

and choose ¢ = &% + %, we get after some simple calculations
(39)

2% b A
(b-¢)c f(p)de.

atb
2

L=
(b-a)F

Likewise we take
1

“ b (2-

L, :/ M;—1f<“_ + (7“)“) du,
o 2 2
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2-pa
2

and choose w = %b + , we get

a+b

2t / (w—a) f(a)) dow. (40)

Ly=
(b-a)t

Substituting the values of L; and L, from (39) and (40) in (38), we get

a+b

2

This implies that
26721 (3) fla) +f(b)
- i a+ (h) +1 a+ ( ) = (41)
o_at Ll O+ ligy J@] =7
From (36) and (41), we get the required result. d

Lemma 3.1 Let k>0, I” kf and I, (as2)- kf be defined as Definition 5. Let f : [a,b] — R

(u+b

be differentiable on (a, b) with a < b. Iff’ e Lla,b], then

2%~ ITeOn + k)

g1+t i1-1(23)

(b-a)t
b 2 - LY
“U kf<—a+ Mb)du—/ Mf’(ﬁlﬂ “a)du]. (42)
4 A 2
Proof Let
1 _ 1 _
1:[] ,ﬁf/(ﬁw Mb)du—f Mkf’<ﬁb+ Ma)du]
0 2 0 2
_ I -D.
Note that

1
L K 2-p
I = =
1 /(;Mkf(za+ 5 b)d,u,
a+b 2 A2 Vo 2-p
(57)(772) 7 () [ iG55

Substituting & = 5* + %, we get after some computations

b +1 k
)2 o

Similarly we can write for I,

b= [ iy (S04 25 e
G
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(2-pa
2

Taking & = 4 + , we get

a+b 2 2k+11“k(x +k)

By using (43) and (44), it follows that

2T, (A + k) a+b 4
Il—lzzm[(ﬁb kf(b)+1u+b kf(ﬂ)] —f< ) )(m)
Thus, multlplymg 2 on both sides of the above, we get (42). d

Theorem 8 Let k >0, IAM . J be defined as Definition 5. Let f : [a,b] — R

bea dgﬁ"erentmblefunctzon on (a,b) with a < b. If |f'|" is convex on [a, b) for h > 1, then

kfand]

(a+b

2571 (0 + K)

a+b
ot B SO g1 )

() agen) (Gt Gosron)

((2)r@l+ (3 +1) Lf/(b)lh)i] us)

Proof First, we consider the case of # = 1. By using Lemma 3.1, and the definition of convex

function of |f’|, we obtain

25710 + K)

ot Ui+ g, @)-1(%57)

< [l o 20 o )
Sb;a(/o [ If'(@)| + Lf(b){ v,(b)|+2_TMV/(a)|]du)
=b;a(/ol[$v/(a)|+le’(b)\

ok it
2 )

~ If'(a)] £+2)- (A+1)
"4 ([2(;+2)+ Cr1)+2 A

2% +2) - (A+1) f(b) D
g VO

_b-a(] |f'(a) (k+3
=2 [(&+2)+2(*+1)0+2)V( )

(2 <)|D
T+ ) ATy

>
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b-a 1 +3)
T [(2(%+2)+2( +1)( )lf( )
(% +3) ,
+(2(A+1)(A+2) 2%+2))V(b)|]

b- 2% +2) , )
- G s @l )

F+1)(%+2)

b-a

el ol

Now we consider the case of /7 > 1. By using Lemma 3.1, the Holder inequality and the

definition of convex function of | |, we get

a+b

Oy 01, 011(%51)

b—al (' » (n 2-u
k' = b)d
= [/0 Mkf(2ﬂ+ 5 ) w

+
PN
S~

=
>
e
= (SRS
o=
=
T =
‘N
=
T =
~—

QU

=
N~
Y

Cb-a[( [f' @] +3) h>i
4 [(2(%+2)+2(%+1)(%+2)V(b)|
' ®)" G43) N\
+(2(%+2)+2<A+1)( +2)V(“)|> ](/o ’“d“>

B b;a <2(A - S( +2)>h [((% + 1) Lf’(a)|h + (% + 3) V’(b);h>é
(oot (o) ()

This completes the proof. O
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Remark 1 Our results described in the above theorems coincide with the results of [14]
and [12] by replacing I, ,f(§) by I.f ().

4 Applications to quadrature formulas

In this section we apply the obtained results in to the error estimations of quadrature
formulas. It is shown that our main results contain as special cases results such as mid-
point inequality and trapezoid inequality. Also, the Hermite—Hadamard inequality can be
deduced directly from our main results.

Proposition 1 (Hermite—Hadamard inequality) By using the assumptions of Theorem 5
with . =1 and k = 1, we get the following

f(d+b)_—/f(u)du<f() +f(b)

2

Proposition 2 (Mid-point inequality) By using the assumptions of Theorem 8 with A =1,
h=1and k =1, we get the following mid-point type inequality:

o [rwanr(%3)| <

Proposition 3 (Trapezoid inequality) By using the assumptions of Theorem 6 with X = 1

b—

‘Nl @]+ r )]

and k = 1, we get the following trapezoid inequality:

@+@®) 1 ° b-a., ,
OO L [ ] < 2 @]+ )

5 Conclusion

We have discussed some Hermite—Hadamard type inequalities for k-Riemann-Liouville
fractional integral using the convexity of differentiable functions. We stated our main re-
sults by Theorems 5, 6, 7 and 8, and showed that our results contain some existing results
as special cases. As applications we have established two inequalities involving the error
estimates of quadrature formulas.
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