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0 Introduction

Let K" be the set of convex bodies (compact convex subsets with nonempty interiors) in
R”, the fundamental Brunn—Minkowski inequality for convex bodies states that, for K, L €
K", the volume of the bodies and of their Minkowskisum K +L = {x+y:x € K, and y € L}

are given by
V(K + L) > V(K)7 + V(L)7, 0.1)

with equality if and only if K and L are homothetic, namely agreeing up to a translation and
a dilation. The Brunn—Minkowski inequality exposes the crucial logarithmic concavity of

the volume in K", because it has an equivalent formulation as
V(A=K +tL) = VIK)" VL), (0.2)

fort € (0,1). See for example [18, 19, 29] for more about the Brunn—Minkowski inequality.
Another important geometric inequality related to the convex bodies K and L is the mixed
Quermassintegral inequality,

WK, L) > Wy(K)"'Wi(L), 0<i<n-1, (0.3)

with equality if and only if K and L are homothetic. Here W;(K) (i = 0,1,...,n) are the
Quermassintegrals of K, which are defined by letting Wy(K) = V,,(K), the volume of K;
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W, (K) = w,, the volume of the unit ball B, in R” and, for general i = 1,2,...,n -1,

W,_i(K) = ‘:)— / voli(K ) du(&),

i JGin

where the G;, is the Grassmannian manifold of i-dimensional linear subspaces of R”,
du(&;) is the normalized Haar measure on G;,, K|¢, denotes the orthogonal projection
of K onto the i-dimensional subspaces §;, and vol; is the i-dimensional volume on space
&i.

In the 1960s, the Minkowski addition was extended to the L? (p > 1) Minkowski sum by
defining h?<+pt. ; = I +thY. The extension of the mixed Quermassintegrals to the L? mixed
Quermassintegrals is due to Lutwak [24]. The inequalities for the L mixed Quermassin-
tegrals are established by Lutwak. Let K, L € K" with origin in their interiors, 0 <i<n-i
and p > 1, then

Wpi(K, L)' = Wi(K)" " P W (L),

with equality if and only if K and L are dilates. Here the L” mixed Quermassintegrals are
defined by

Wi(K +,t-L) - Wi(L
po WilK+pt-L) ()’

n—1it—>0t t

Wp,i(1<, L) =

(0.4)

fori=0,1,...,n—1.In particular, for p = 1 in (0.4), it becomes W;(K, L), and W,,,(K, L) is
denoted by V,(K, L), which is called the L, mixed volume of K and L.

Motivated by the analogy properties between the log-concave functions and the volume
of convex bodies in K, the interest in studying the log-concave functions has been consid-
erably increasing. For example, the functional Blaschke—Santal6 inequality for even log-
concave function is discussed by Ball in [6, 7]; for the general case see [8, 17, 21, 28]. The
mean width for a log-concave function is introduced by Klartag, Milman and Rotem (see
[22, 26, 27]). The affine isoperimetric inequality for the log-concave function is proved
by Artstein-Avidan, Klartag, Schiitt and Werner [5]. The John ellipsoid for log-concave
function has been establish by Gutiérrez, Merino Jiménez and Villa [2], the LYZ ellipsoid
for log-concave function is established by Fang and Zhou [16]. See [1, 4, 9, 12—14, 23] for
more about the pertinent results.

Let f = e™, g = e7" be log-concave functions, «, 8 > 0, the “sum” and “scalar multiplica-
tion” of log-concave functions are defined as

a-f®B-g=e", wherew"=au"+pv,

here w* denotes as usual the Fenchel conjugate. The total mass integral J(f) of f is defined
as J(f) = [pnf(x)dx. In [15], the quantity §](f,g), which is called the first variation of J at
f along g, is defined by Colesanti and Fragala,

51(frg) = :hl})l w

The authors show that the functional form of Minkowski’s first inequality is

8J(f,g) = J(f)[logJ(g) + n] + Ent(f), (0.5)
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where Ent(f) is the entropy of f defined by Ent(f) = [..f logf dx — J(f)logJ(f). We have
inequality in (0.5) if and only if there exist xy € R” such that g(x) = f(x — xp).

Inspired by Ref. [15] of Colesanti and Fragala, in this paper, we define the ith functional
Quermassintegrals W;(f) as the i-dimensional average total mass of f,

Wy

Wiff) = / ilf) i),

—i,n

where J;(f) denotes the i-dimensional total mass of f defined in (3.1), G, , is the Grassman-
nian manifold of R” and du(§,,_;) is the normalized measure on G;,,. The first variation of
W; at f along g is defined by (see Definition 3.3)

Wilf.g) = lim Wif @t -g) - Wilf)

t—0* t

Wi(f,g) is a natural extension of the mixed Quermassintegrals of convex bodies in R”, we
call it the ith functional mixed Quermassintegral. In fact, if one takes f = xx, and dom(f) =
K € R”, then W;(xx) turns out to be W;(K), and W;(xx, x) equals W;(K, L). In this paper,
our main result is to show the inequality for the ith functional mixed Quermassintegrals.
Let A’ denote the integrable functions in R”.

Theorem 0.1 Let f and g are integrable functions on A', then

Wilf,g) > vmf)[l ¢ log Wie)

1
y ‘Vz(f)i| + p _l.vVi(flng)r (0.6)

with equality if and only if there exists xy € R” such that g(x) = f(x — xo), for all x € R".

The paper is organized as follows, in Sect. 1, we introduce some notations about the
log-concave function. In Sect. 2, the projection of log-concave function is discussed.
In Sect. 3, we turn our attention to the functional inequalities involving Wi;(f,g), we
prove the ith functional mixed Quermassintegral inequality. Specially, the weaker log-
Quermassintegral inequality for convex bodies is obtained as a corollary.

1 Preliminaries

Let u: Q — (—00, +00] be a convex function, that is, u((1 — £)x + ty) < (1 —t)u(x) + tu(y) for
t € (0,1), here Q = {x € R” : u(x) € R} is the domain of u. The convexity of u implies that
Q is a convex set in R”. We say that u is proper if  # , and u is of class C? if it is twice
differentiable on int(£2), with a positive definite Hessian matrix. Let

L= {u : Q2 — (—00, +00] : u is convex, low semi-continuous

and lim u(x):+oo}.
[l%||—+00

The Fenchel conjugate of u € L is defined by

u'(y) = sug{<x,y> - u(x)}. (1.1)
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It is obvious that u(x) + u*(y) > (x,y) for all x,y € 2, and there is an equality if and only if
x € Q, and y is the subdifferential of u at x, which means

u* (Vu(x)) +u(x) = (x, Vu(x)). (1.2)

Moreover, if u is a lower semi-continuous convex function, then also u* is a lower semi-
continuous convex function, and #** = u. The infimal convolution of functions # and v is

defined by
uldv(x) = ylgg{u(x -y + V(y)}. (1.3)

The right scalar multiplication by a nonnegative real number « is given by

au(2) ifa>0;

(uer)(x) := o (1.4)
I{Q} ifa=0.

The following propositions below gather some elementary properties of the Fenchel
conjugate and the infimal convolution of # and v, which can be found in [15, 25].

Proposition 1.1 Let u € L, then there exist constants a and b, with a > 0, such that for
x € Q2

u(x) > allx|| + b. (1.5)
Moreover, u* is proper and satisfies u*(y) > —oo, Vy € Q.

Proposition 1.2 Let u,v: Q — (—00, +00] are convex functions. Then:
1. (uOv)* = u* + v
2. (ua)* = au*,a > 0;
3. dom(zJv) = dom(u) + dom(v);
4. we have u*(0) = —inf(x), in particular if u is proper, then u*(y) > —oo; inf(u) > —00

implies u* is proper.

Proposition 1.3 Let u : Q — (—00,+00] be a closed convex function, and set C := int(2),
C* := int(dom(u*)). Then (C,u) is a convex function of Legendre type if and only if (C*, u*)
is. In this case (C*,u*) is the Legendre conjugate of (C, u) (and conversely). Moreover, Vu :=
C — C* is a continuous bijection, and the inverse map of Vu is precisely Vu*.

A function f : R” — (—00, +0o¢] is called log-concave if, for x,y € R” and 0 < £ < 1, we
have f((1 — t)x + ty) > f1(x)f (y). If f is a strictly positive log-concave function on R”,
then there exists a convex function u : Q — (—00, +oo] such that f = e™*. The log-concave
function is closely related to the convex geometry of R”. An example of a log-concave
function is the characteristic function yx of a convex body K in R”, which is defined by

1 ifxek;
xi(x) = ek = (1.6)
0 ifx¢K,
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where I is a lower semi-continuous convex function, and the indicator function of K is

0 ifxek;
Ix(x) = (1.7)
oo ifxé¢K.

Let us generalize f to the domain of R” by

- f xe
7- (18)
0, xeR"/Q.

In the later sections, we also use f to denote f having been extended to R”, let A = {f :
R" — (0,+00] : f = e7*,u € L} be the subclass of f.

Definition 1.1 Let f,g € A, and «, 8 > 0. The sum and multiplication of f and g are de-
finedby a - f @ B - g = e DA That means

_ v\ ¢ B
(- f @B g)x) = supf(’%) g(l) : (1.9)

yeR” 13

In particularly, when « =0 and 8 > 0, we have (o - f & B - 2)(x) = g(%)ﬂ; when a > 0 and
B =0, then (a-f & B-g)x)=f(3)% finally, when o = = 0, we have (& - f © B - g) = L)

Proposition 1.1 grants that £ is closed under the operations of infimal convolution and
right scalar multiplication.

Proposition 1.4 ([15]) Let u and v belong both to the same class L, and o, 8 > 0. Then
uavB belongs to the same class as u and v.

Let f € A, the support function of f = e™ is defined by
hy(x) = (~logf (%)) = u*(x), (1.10)

here the u#* is the Legendre transform of #. The definition of /i is a proper generalization
of the support function /i, in fact, one can easily check /,, = hix (see [3, 26]). Specifically,
the function % : A — L has the following properties [27]:

1. his a bijective map from A — L.

2. his order preserving: f < g if and only if iy < h,.

3. his additive: for every f,g € A we have lrg, = hiy + .

The following proposition shows that / is GL(#) covariant.

Proposition 1.5 ([16]) Let f € A, and A € GL(n). Then, for x € R”,
hfon(x) = hy(A™x). (1.11)

Let u,v € L, denote u; = ulvt (t > 0), and f; = e *. The following lemmas describe the

monotonicity and convergence of u; and f;, respectively.
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Lemma 1.6 ([15]) Letf,g € A. For t > 0, set u; = uld(ve), f; = e, and assume that v(0) =
0. Then, for every fixed x € R", u,(x) and fi(x) are, respectively, pointwise decreasing and
increasing with respect to t; in particular

ur(x) <ux) <ulx) and f(x) <filx) <filx) VxeR"Veel0,1]. (1.12)

Lemma 1.7 ([15]) Let u and v belong both to the same class L and, for any t > 0, set u, :=
ul(vt), assume that v(0) = 0. Then

1. Vx € Q, lim,_, o+ u;(x) = u(x);

2. YE CC @, limy—0+ Vuy(x) = Vu uniformly on E.

Lemma 1.8 ([15]) Let u and v belong both to the same class L, for any t > 0, let u, := ulJ(vt).
Then Vx € int($2,), and Vt > 0,

d
E(ut(x)) = —w(Vut(x)), (1.13)

where  := v*.

2 Projection of functions onto linear subspace

Let G;,, (0 <i < n) be the Grassmannian manifold of i-dimensional linear subspace of
R”. The elements of G;, will usually be denoted by &; and & stands for the orthogonal
complement of §; which is a (n — i)-dimensional subspace of R”. Let §; € G;,, and f : R" —
R. The projection of f onto &; is defined by (see [20, 22])

Sflg; (%) == max{f(y):yexﬁ;‘ﬁ}, Vx € Qlg,. (2.1)
Here &;- is the orthogonal complement of &; in R”, |, is the projection of 2 onto &;. By

the definition of the log-concave function f = e7, for every x € Q|¢,, one can rewrite (2.1)
as

Sflg; (%) = exp{max{—u(y) (yEX+ $f‘}} = e i (x). (2.2)

Asregards the “sum” and “multiplication” of f, we say that the projection keeps the struc-

ture on R”. In other words, we have the following proposition.

Proposition 2.1 Letf,ge A, & € G, and o, 8 > 0. Then

(a-fOB-Qlg=a-fl; DB gl (2.3)

Proof Let f,g € A, set x1,x;,x € §; such that x = ax; + Bx,. Then, by the definition of the
projection, we have

(@ fBB glg) = (o -f®B-g)(axs +Pxs+&")

> fo + E) g(x + E1)
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Taking the supremum of the second right hand inequality over all £;* we obtain (o - f & 8 -
Dl = a - flg, @ B - glg;- On the other hand, for x € &, any x1,x; € & such x; + x; = x then

(o flg ® B -gle)x) = sup (flg)” (xl )@lsi)ﬁ (@>

X1+x0=x o ﬂ

e (G e (50
=l ()2 (5 oe))|

= max{(a fep -g)(xl + X2 +‘§>:il)}

=(a-fDB- gl k).

Since f,g > 0, the inequality max{f - g} < max{f} - max{g} holds. So we complete the
proof. d

Proposition 2.2 Let & € G, f and g are functions on R", such that f(x) < g(x) holds.
Then

f|5i §g|éi
holds for any x € §;.

Proof For y € x + &7, since f(y) < g(y), then f(y) < max{g(y) : y € x + £&'}. So max{f(y) :
y € x+ L} < max{g(y) : y € x + £}, by the definition of the projection, we complete the
proof. g

For the convergence of f we have the following.

Proposition 2.3 Let {fi} be functions such that lim,_.f, = fo. Let & € G, then
limy,—, 00 (fulg;) = fole;-

Proof Since lim,,_, f, = fo, it means that, for Ve > 0, there exists Ny, Vi > Ny, such that
Jfo—€ <fu <fo+¢€. By the monotonicity of the projection, we have fy|s, —€ < fuls; <folg, +€.
Hence each {f,|,} has a convergent subsequence, we denote it also by {f,|¢,}, converging
to some f|¢,. Then, for x € &;, we have

Soles@) € <fyle () = Tim (fule)x) < fl, () + .
By the arbitrariness of € we have fj¢, = fylg,, so we complete the proof. O

Combining with Proposition 2.3 and Proposition 1.7, it is easy to obtain the following

proposition.

Proposition 2.4 Let u and v belong both to the same class L, Q2 € R" be the domain of u,
forany t >0, set u, = uld(vt). Assume that v(0) = 0 and &; € G, ,, then
1. Vxe Q|§i’ limH0+ ut|5i(x) = M|gi(x),
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2. Vx e int(Q|5i),limt_,0+ Vut|€,' = VM|§1.

Now let us introduce some facts about the functions u; = uJ(v£) with respect to the
parameter £.

Lemma 2.5 Let §; € G;,, u and v belong both to the same class L, u, := ulJ(vt) (¢ > 0) and
Q; be the domain of u,. Then, for x € Q|¢,,

d
E(”tk,-)(x) = —w(V(utlgi)(x)), (2.4)

where V := v¥|g,.

Proof Set D, := Q|¢, C &, for fixed x € int(D;), the map ¢ — V(u,l¢,)(x) is differentiable
on (0, +00). Indeed, by the definition of Fenchel conjugate and the definition of projection
u, it is easy to see that (u|g,)* = u*|¢, and (uOut)|s, = ule,Cutle, hold. Lemma 1.4 and the
property of the projection grant the differentiability. Set ¢ := u*|¢, and ¢ := v*|,, and ¢; =

@ + tyr, then ¢, belongs to the class C? on &;. Then V¢, = V2¢ + tV*y is nonsingular on
&;. So the equation

Vo) + Vi (y) —x=0 (2.5)

locally defines a map y = y(x,t) which is of class C!. By Proposition 1.3, V(i) is the
inverse map of Vg, that is, V,(V (1| (x)) = x, which means that, for every x € int(D;)
and every ¢ > 0, t = V(u,|g,) is differentiable. Using Eq. (1.2) again, we have

Uglg, (%) = <x, V(ut|§i)(x)> - (pt(V(ut|g,)(x)), Vx € int(Dy). (2.6)

Moreover, note that ¢; = ¢ + tiy and we have

el (%) = (%, V () (%)) — 0 (V (e |e,) (%)) — 29 (V (e g,) (%))
= urle, (V(uele,) (%)) — £ (V (uee,) () ).

Taking the differential of the above formally we obtain

d
2 Wele) () = ¥ (V(ulg) (%))

Then we complete the proof. d
3 Inequality for functional mixed quermassintegral
A function f € A is non-degenerate and integrable if and only if lim_ 100 % = +00.

Then, let £' = {u € £ :u € C2(R"), limy 400 % = +o0}, and A" = {f : R" — (0, +00] : f =
e uel'}.

Definition 3.1 Let f € A, § € G, (i=1,2,...,n), and x € Q|,. The ith total mass of f is
defined as

Jf) = /g Fla@ (3.1)
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where f/¢, is the projection of f onto &; defined by (2.1), dx is the i-dimensional volume
element in &;.

Remark 3.1 (1) The definition of the J;(f) follows the i-dimensional volume of the projec-
tion of a convex body. If i = 0, we define Jo(f) := w,, the volume of the unit ball in R”, for
completeness.

(2) When one takes f = xx, the characteristic function of a convex body K, one has
Ji(f) = Vi(K), the i-dimensional volume in &;.

Definition 3.2 Let f € A'. Set §; € G;,, be a linear subspace and, for any x € Q|,, the ith
functional Quermassintegrals of f (or the i-dimensional mean projection mass of f) is
defined as

Wn—i(f) = % ];; ]l(f) du&), i=12,...,n, (3.2)

where J;(f) is the ith total mass of f defined by (3.1), dj.(§;) is the normalized Haar measure

on G;,.

Remark 3.2 (1) The definition of the W;(f) follows the definition of the ith Quermass-
integral W;(K), that is, the ith mean total mass of f on G;,. Also in the recent paper of
Bobkov, Colesanti and Fragala [10], the authors give the same definition by defining the
Quermassintegral of the support set for the quasi-concave functions.

(2) When i equals 7 in (3.2), we have Wo(f) = [ f (%) dx = J(f).

(3) From the definition of the Quermassintegrals W;(f), the following properties are
obtained (see also [10]):

« Positivity. 0 < W;(f) < +oo.

« Monotonicity. W;i(f) < Wi(g), if f <g.

+ Generally speaking, the W;(f) has no homogeneity under dilations. That is,

Wi(h - f) = A" Wi(f*), where A - f(x) = Af (x/A), A > 0.

Definition 3.3 Letf, g € A, @ and - denote the operations of “sum” and “multiplication”
in A', W;(f) be the ith Quermassintegrals of f. Whenever the following limit exists:

1 i -g) - W,
\)Vi(f,g)z( lim Y ®LD-WiD oy (3.3)

M — i) t—0* t

we denote it by W;(f, g), and call it the first variation of W; at f along g, or the ith functional
mixed Quermassintegrals of f and g.

Remark 3.3 Let f = xx and g = x;, with K, L € K”. In this case Wi(f @ ¢ - g) = Wi(K + L),
then Wi(f,g) = Wi(K, L).

The following is devoted to proving that W;(f,g) exists under the fairly weak hypoth-
esis. First, we prove that the first variation of i-dimensional total mass of f is translation

invariant.

Lemma 3.4 Let&; € Gy, f =e™ and g = e’ are integrable log-concave functions in A'. Let
c = infulg, =: u(0), d = infv|g, := v(0), and set U;(x) = ulg,(x) — ¢, Vilx) = vlg,(x) — d, @i(y) =



Chen et al. Journal of Inequalities and Applications (2020) 2020:253 Page 10 of 17

@) (), i) = G)* ), and f, = e,5 = e, fil; = f @ t -Z. Then, if

lim M = \Zi dﬂi(?),
&i

t—0*

then we have

/L(ft) Ji(f /'ﬁz ).

Proof By the construction, we have 7;(0) = 0,7;(0) = 0, and v; > 0, ¢; > 0, ¥; > 0. Further,
we have ¥;(y) = Vi(y) + d, andﬁ = €°f;. Then we have

fz(ft) Iif /wl wi(f) = e /W;dul (f) + de° / dui(f). (3.4)

t—>0‘r

t—>0‘r

On the other hand, since f; ® ¢ - g; = e‘(”dt)(ﬁ @Dt -g),wehave J;(f ®t-g) = e‘(“dt)]i(ﬁ &)
t - ;). By derivation of both sides of the above formula, we obtain

lim Jif®t-g)-J(f)
t—0t t

=—de ® lim ]i(?; @ tg;) dx + e~ lim [jii(ﬂ) _]i(f):|

t—0* t—0* t
=—de” C], ) / v dui(f +d/ dui(f)
= [ Yidwi(f).
&
So we complete the proof. O

Theorem 3.5 Let f,g € A', with —oo < inf(logg) < +00, and Wi(f) > 0. Then W;(f,g) is
differentiable at f along g, and

W;(f,g) € [_k’ +OO], (35)
where k = max{d, 0} W;(f).

Proof Let&; € G, since ulg, := —log(f|s,) = —(logf)|s; and v|g, := —log(gls,) = —(logf)|,. By
the definition of f; and the Proposition 2.1 we obtain

ﬁ'Si = (f@ tg)'%'L =f|$,' DL g'El
Notice that v|¢,(0) = v(0), set d := ¥(0), Vg, (%) := V|, (x) — d, g, (%) := e‘mfi("),ﬁki =flg, @
t - glg,. Without loss of generality, we may assume inf(v) = ¥(0). Lemma 1.6 says that, for

everyx € &;,

fle <file, <fils, VxeR",VEe[0,1].
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Then there existsf| g (%) == limt_>0+ﬁ| g (%), moreover,j?|gl. (%) = flg, (%) andﬁ|gi is pointwise

decreasing as t — 0*. By Lemma 1.1 and Proposition 1.4, one shows that
fle @t gl €A, Vtelo,1].
Then Ji(f) < ],-(E) < ],»(71), and, —o0 < ],»(f),],»(ﬁ) < 0o. Hence, by the monotonicity and

convergence, we have lim,_, o+ V%(ﬁ) = Wi(f). In fact, by definition we have };Lfl.(x) =
e influlg; (=0 +0vlg (D) 5ng

_inf{u|§i(x—y) + Vg, (%)} < —infulg(x —y) — tinfyl (%)

Note that —oo < inf(v|g,) < +0o, then —infus, (x — y) — tinfv]g, (%) is a continuous function

of variable ¢, then
Fle(x) = lim File,(x) = f1e, ). (3.6)

Moreover, W;(f;) is a continuous function of £ ( € [0, 1]), then lim,_, o+ W;i(f;) = Wi(f). Since
Selg; = eidtfki (x), we have

Wilf) = Wilf) _ gy € =1 | e Will = Wilf)

. . . (3.7)

Sinceft| ¢ = f g, we have the following two cases:
Aty >0: Wify)) = Wilf) or Wilf,) = Wi(f) V&>o0.

For the first case, since VVi(ﬁ) is a monotone increasing function of ¢, Wi(ﬁ) = Wi(f) for
every t € [0,ty]. Hence we have

iy YY)y,

t—0t

the statement of the theorem holds true.
In the latter case, since f;|;; is an increasing nonnegative function, log(W;(f;)) is an in-
creasing concave function of t. Then

S log(Wi(f) ~log(Wi(f) _

; [0, +00].

On the other hand,

o log(Wi() —log(Wi(f) 1
og W)= i = 5 vy W

Then

lim Wilf) - Wilf) = Wi(f) > 0. (3.8)
0% log(Wi(f;)) — log(Wi(f))

Page 11 of 17
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From the above we infer that

3 lim
t—0t

Will) = W) - Wilh ¢ 0, +o0]. (3.9)

Combining the above formulas we obtain

t—0* t

—max{d, 0} W;(f), +oo].

So we complete the proof. d

Corollary 3.6 Letf € A, then

1

~W(f logf). (3.10)
(n—1)

Wi(f.f) = Wi(f) +

Proof Since f € A’, we have f|, € A'. ulJut = u(1 + t), then ulut|g, = u(1 + t)|¢,. So

]i(f@t-f) -Ji(f) _ l|:(1 + t)if e—(1+t)u|gi dx—/ e dx:|

t t & &
1+2)i-1 R |
= aroy-1 / e Dl gy 4 / e Vléi (7 dx.
t & & 4
Now taking the limit when ¢ — 0%, we obtain

lim

t—0t

WEEDID i)+ [ f1atonsi s .11

Then we have

i Y @t-f) - Wilf)

t—0t t

- ﬂ/‘ lim ]n—i(f@t'tf) — Ju=i(f) Ay

Wy

(én—i)

+
gn—i,n t=0

Wy

= / [(n = )ui(f) + / Sle,_ilogfle, dx} du(n-i)
Gneipn En-i

Wy

Wy

— (- )W) + / | e tosle, st

Wp-i Jg,

Wy

=(m-)Wi(f) +

/ (flogf)le,_; dx d(&,-)
Gn—in VY En-i

Wy
= (n =) Wi(f) + Wi(f log ).
Here we use the (flogf)|s, =f| logf|e,, due to the f and log f being increasing nonnegative

functions. Then by the definition we obtain W;(f,f) = W;(f) + ﬁWi(flogf). Then we
complete the proof. d

The following lemma is useful in proving Minkowski’s first inequality for Quermassin-

tegrals.
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Lemma 3.7 Letf,ge A',and0<t<1. Then

lim Wi((1-9)-f@t-g) - Wilf)

t—0* t

= (n-)[Wilf.g) - Wi(f.f)]- (3.12)

Proof First by Lemma 3.4, without loss of generality, we may assume that the function
v=-logg satisﬁes the condition V(O) =0.For ¢ € (0,1), letting s(¢) = - t, by (1.9) we obtain
(1-2t)-ft-g= ) (f ®s(t) - 2). Let fyr) =f D s(t) - g, then we have

Wi((1-2t)-fdt-g - Wif) _ Wi((1-1) - fi) — Wilfsr)
t t
.\ Wilfs) — ‘Vi(f).

; (3.13)

Concerning the first term of the right hand side (3.13), by Lemma 1.6 we know that the
function f;;) (x) converges decreasingly to some pointwise limit f(x) as ¢ — 0%, since s(t) —
0* as t — 0*. In fact, we have lim;_, ¢+ fi»(x) = limy_,¢ fir (x) = f (x). Then we obtain

WAL= 0 fio) = Wilko) _ . Wil(L=8)-) = Wilf)

t—0* t t—0* t

=—(n-)Wi(f.f). (3.14)

Concerning the second term, we have

Wi(fs(e )—W(f) Wi(f @ s(t) - g) — Wi(f)

= lim
t—>0+ t—0* t
L Wi @s0) -9 - Wil s
t—0+ s(t) t
= (n-)Wi(f,g). (3.15)
Then one can show the conclusion by combining with (3.14) and (3.15). a

Now we give the proof of Theorem 0.1.

Proof of Theorem 0.1 Let 0 <t <1, we construct a function

W(e) =log(Wi((1-8) - f&t-g)).
In fact, for f,g,he A and 0 <¢ <1,
hle,(2) = (1-1t) 'flsi ®t-gly)(2)

= sup{f|gl g|g, Ll-tx+ty= z}
> {fe () gl ) (A —t)x + ty =z},

By the Prékopa—Leindler inequality, for 0 < ¢ < 1, we have

1-¢t t
/hls,»dzz( flsi(x)dx) (/ glsi@)dy> .
& & &

i
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That means that
Jith) > 1.0 Ti(g)". (3.16)

Taking the integral of both sides of (3.16) on §;, with measure w(&;), by the Prékopa—
Leindler inequality once again, we obtain

Wi((1-t)-f@t-g) = Wi()' " Wi(g)". (3.17)

Since W(£) := log(W;((1 —¢) - f & ¢ - g)), we conclude that W(¢) is concave on [0, 1]. Then

W(t) — w(0)

; > W(1)-W(0), Vielo1]. (3.18)

It means that W (£)|,—o > W(1) — ¥(0).

By Lemma 3.7, we have

_wi@-n-fet-g| _ n-dWif,g - Wif,f)
Wi(l-2)-f@t-2) |0 Wi(f) '

W (t)|i=0

On the other hand, note that W (1) — ¥(0) = log(W;(g)) — log(W;(f)). Therefore, we obtain

(n - DIWif,&) - Wi(f, )]
Wi(f)

> log(Wi(g)) —log(Wi(f))-
Then, combining with formula (3.10), we obtain

Wilf.0) = —— Wil [log(Wilg) ~log Wi(1)] + Wilf./)

Wi(g) 1
VVz(f)] + EVVi(fIng)

1
= Wi(f)[l + ——log
n—i

Concerning the equality case, first, assume that g(x) = f(x — x¢), by (3.10) and the invari-
ance of the integral by translation of coordinates, we know that (0.6) holds with equality.
On the other hand, if (0.6) holds with equality, by inspection of the above proof, one may
see that the inequalities (3.16), (3.17) and (3.18) must hold as equalities. Moreover, when-
ever inequalities (3.16) and (3.17) hold with equality sign, then (3.18) automatic holds with
equality. This entails that the Prékopa—Leindler inequality holds as an equality, therefore

f and g must agree up to a translation. O

The inequality (0.6) is called the functional Brunn—Minkwoski first inequality for ith
mixed Quremassintegrals or functional mixed Quermassintegral inequality. In the fol-
lowing we will give some special case of (0.6).

In fact, we take f = xx and g = xz, with K, L € K". In this case xx D¢t - x1 = X+, Ji(xx) =
Vi(K), here V; denotes the i-dimensional volume in &;, W;(xx) = W;(K), and W;(xx, x1) =
Wi(K, L). Moreover, by (1.6) and (1.7) we have, for any «,

f(x)logf(x) = —e7& W e (x) =0.
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Then (0.6) turns out to be

Wi(K,L) > Wi(K)[l + ﬁlog VVi(L)i|

Wi(K)
Wi(L)
Wi(K)’

1
= Wi(K) + — Wi(K) log (3.19)
n-—i

We can rewrite the above formula (3.19) equivalently as the following:

WiK,L) - Wi(K) 1 Wi(L)
WK s W) (3.20)

By defining the i-cone volume probability measure Vjx similar to the Vi defined in [11]
by Boroczky,

1
adVig = ;thSiK,
where dS;y is the ith Borel measue on S"~!. The normalized i-cone volume probability

measure Vg is defined as

1

= ——dVig.
iK VViU() iK

Then the normalized i-mixed Quermassintegrals W;(K, L) can be expressed as

. W(K, L) ho_
WiK,L)= ——F— = — dVig. 3.21
00 =g = o (20

Moreover, by the integral representation of W;(K), we have

MWP%/

hx dSix = / adVig.
sn-1 sn-1

Then Eq. (3.20) reads

hp — 1 Wi(L)
B 1) dVi= —1 . 3.22
[Sn_l <h1< ) AN A7) (322

We call (3.22) the weaker of the ith log Quermassintegral inequality. In fact,
h
My eg (3.23)

for all u € §"71, and the equality holds if and only if ,% =1, that is, K = L. For i = 0 and
n =2, since d\_/oK = dVy, the cone volume probability measure of K, then by (3.23) and

(3.22) we obtain
hy _ ho— 1. V(L)
— -1 log —dV —1 . 3.24
/51 (hK )dVK = /51 0g 7 V= 3 log s (324)

So we have the following corollary.
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Corollary 3.8 Let K,L € K", W;(K) denotes the ith Quermassintegral of K, Vi be the
normalized i-cone volume probability measure. Then

hr — 1 Wi(L)
) dVie s —1 .
/SH (hK ) K= R Wik

When hy = hy, equality holds.
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