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1 Introduction and preliminaries
Ulam [30] raised a question concerning the stability of group homomorphisms. The func-
tional equation

fla+b)=f(a)+f(b)

is familiar as a Cauchy equation, in particular, every solution of a Cauchy equation is called
an additive mapping. Hyers [15] gave the first answer to the question of Ulam for Banach
spaces as follows.

Theorem 1.1 Let X and Y be Banach spaces. Assume that f : X — Y satisfies

@ +9) —f0) -fO)| <e

Jor all x,y € X and some ¢ > 0. Then there exists a unique additive mapping T : X — Y
such that ||f(x) - T(x)|| < e forallx € X.

Hyers’ theorem was generalized by Aoki [1] for additive mappings and by Rassias [28]
for linear mappings by considering an unbounded Cauchy difference. A generalization of
Rassias’ theorem was given by Gavruta [13] by replacing the unbounded Cauchy difference
with a general control function. In 1982, Rassias [24] after the innovative approach of
the Rassias’ theorem [28] replaced || x| + |[y||” by ||x[|? - ||ly||? for p,q € R with p + g # 1.
A generalization of Hyers—Ulam stability problem for the quadratic functional equation
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was given by Skof [29] for mappings f : X — Y, where X is a normed space and Y is a
Banach space. Cholewa [10] noticed that the theorem of Skof is still true if the relevant
domain X is replaced by an abelian group. Czerwik [11] proved the Hyers—Ulam stability
of the quadratic functional equation. The stability problem of functional equations has
been discussed by many mathematicians using different spaces and mappings. Park and
Najati [22] proved the Hyers—Ulam stability of functional equations in real Banach spaces.
The stability problems of several functional equations have been extensively investigated
by a number of authors and there are many interesting results concerning this problem
(see [2, 3, 5, 16, 21, 24]).

In [26, 27], Rassias first introduced and investigated the cubic functional equation

Sl +2y) +3f(x) =3f (x + 9) + f(x = y) + 6f (7).

In [18], Jun and Kim considered the following cubic functional equation:

SQx+y) +f(2x—y) =2f(x+y) + 2f (x — y) + 12f (x). (1.1)

It is easy to show that the function f(x) = x> satisfies the functional equation (1.1) and
every solution of the cubic functional equation is said to be a cubic mapping. Rassias [25]
first introduced and investigated the quartic functional equation.

SQx+y)+f(2x - y) = 4f (x +y) + 4f (x - y) + 24f (x) - 6/ (¥) (1.2)

and Lee et al. [20] investigated the quartic functional equation (1.2). It is easy to show
that the function f(x) = x* satisfies the functional equation (1.2) and every solution of the
quartic functional equation is said to be a quartic mapping.

We recall a fundamental result in fixed point theory. For some recent papers on fixed
point theory, see [4, 6, 14, 19].

Theorem 1.2 ([7, 12]) Let (U,d) be a complete generalized metric space and J : U — U be
a strictly contractive mapping with Lipschitz constant L < 1. Then, for each given element
x € U, either

d(]”x,]””x) =00

for all nonnegative integers n or there is a positive integer ng such that
(1) d(J"x, ] 1x) < oo for all n > ny;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of ] in the set Y = {y € U|d(J"x,y) < oo};
4) d(y,y*) < ﬁd(y,]y)for allyeY.

We will use the following notations:

o M,(U) is the set of all n x n-matrices in U;

+ ejeM;,,(C) means that jth component is 1 and the other components are zero;

+ E;eM,(C) is that the (i,j)-component is 1 and the other components are zero;

+ E; @ xe M,(C) means that the (i, j)-component is x and the other components are zero;
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o for xeM,(U), yeM,,(U),

x@_xO
y_Oy'

Note that (U, || - ||,,) is @ matrix normed space if and only if (M, (U), | - ||,)) is a normed
space for each positive integer » and

lAxBllx < [IANIBIlIxl»

holds for A € M,(C), x = [x;] € M,,(C) and B € M,,x(C)) and that (U, | - |,,) is a matrix

Banach space if and only if U is a Banach space and (U/, || - ||,,) is a matrix normed space.
A matrix Banach space (U, | - ||,,) is called a matrix Banach algebra if U is an algebra.
A matrix normed space (U, || - ||,,) is called an L>°-matrix normed space if

1% @ yllnek = max{ [l 171l }

holds for all x € M,,(U), y € Mi(U).
Let E, F be vector spaces. For a given mapping /4 : E — F and a given positive integer n,
define &, : M,,(E) — M, (F) by

hn([xij]) = [h(xij)]
for all [x;] € M,(E).

Lemma 1.3 Let (U, |.|l,) be a matrix normed space.
o 1Eu @l = llx|l forx € U.
o Nl < Wl < 32750 gl for [xy] € M (U).
o lim,, o %, = % if and only iflim,,_, o %, = x5 for x,, = [x;], x = [x;] € My(U).

This paper is organized as follows: In Sects. 2 and 3, using the fixed point method, we
prove the Hyers—Ulam stability of the cubic and quartic functional equation

fx+y)+f2x—y)=3f(x+y) +f(—x—») +3f(x—y) +f(y — x)
+ 18f (x) + 6f (—x) — 3f (y) — 3f (-y) (1.3)

in matrix Banach algebras. In Sects. 4 and 5, using the fixed point method, we prove the
Hyers—Ulam stability of the additive and quartic functional equation

fx+y)+f2x—9) =2f(x+y) +2f(—x—») +2f (x —y) + 2f (y — %)
+ 14f (x) + 10f (—x) - 3f(y) - 3f (-y) (1.4)
in matrix Banach algebras.

In 1996, Rassias and Isac [17] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using
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the fixed point method, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [9, 23]).
Throughout this paper, we assume that X is a matrix normed space and that Y is a matrix

Banach algebra.

2 Fixed points and Hyers-Ulam stability of a cubic and quartic functional
equation: an even case
One can easily show that an even mapping f : X — Y satisfies (1.3) if and only if the even

mapping f : X — Y is a quartic mapping, i.e.,
SQx+y) +f(2x-y) =4f(x +y) + 4f (x — y) + 24f (x) - 6f (y)

and that an odd mapping f : X — Y satisfies (1.3) if and only if the odd mapping f : X — Y
is a cubic mapping, i.e.,

SQx+y) +f(2x—y) =2f(x + ) + 2f (x — y) + 12f (x).

It is easy to show that the function f(x) = ax® + bx* satisfies the functional equation (1.3).

For a given mapping f : X — Y, we define

Df(x,y) = f(2x +y) + f(2x = y) = 3f (x + y) = f(=x — y)
=3f(x—y) - f(y—x) - 18f(x) — 6f (—x) + 3f () + 3f (~)
forall x,y € X.

Using the fixed point method, we prove the Hyers—Ulam stability of the functional equa-

tion Df (x,y) = 0 in matrix Banach algebras: an even case.

Theorem 2.1 Let f: X — Y be a mapping with f(0) = 0 for which there exists a function
@ : X% — [0,00) such that there exists an L < 1 satisfying

n n 1
Z (X yi5) < Z RL‘/’(inj; 29 (2.1)
ij=1 ij=1
| DAl )|, < D 0xii 3, (2.2)
ij=1

Sor all [x;], [y;] € M,(X). Then there exists a unique quartic mapping Q : X — Y satisfying

L n
Ifo () + () = Qi) |, = 33=557 Uzzl(ﬂxi,,m + 9(=x;,0)) (23)

Sor all [x;] € M,(X).

Proof Setting n =1 in (2.2), we get

|Df x,9)] < p(x,9). (2.4)
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Letting y = 0 in (2.4), we get

2f (2x) - 24f (x) - 8f (—x) | < ¢(,0) (2.5)
for all x € X. Replacing x by —x in (2.5), we get

21 (-2%) - 24f (~x) - 8 () | < 9(x,0) (2.6)
for all x € X. Consider the set

S:={g:X— Y,g(0)=0}
and introduce the generalized metric on S:

d(g,h) = inf{K € R, : |g(x) - h(%)|| < K¢(x,0) + Ko(-«,0),Vx € X}.

It is easy to show that (S, d) is complete (see [8, Theorem 2.5]).
Now we consider the linear mapping J : S — S such that

x
Jg(x) := 16g(—)
2
for all x € X. It follows from [7, Theorem 3.1] that
d(lg,Jh) < Ld(g, h)
forallg,h e S.
Let g(x) := f(x) + f(—«) for allx € X. Then g: X — Y is an even mapping. It follows from
(2.5) and (2.6) that

|2¢(2%) - 32¢(x)|| < ¢(x,0) + p(~x,0)

forallx € X. So

Hg(x) - 16g(§> H < go(;—“,0> + w(%",0> < %(w(x, 0) + ¢(~%,0))

for all x € X. Hence d(g,Jg) < 3L—2
By Theorem 1.2, there exists a mapping Q : X — Y satisfying the following:
(1) Q is a fixed point of ], i.e.,

X 1
Q(§> = 1—6Q(x) (2.7)

forall x € X. Then Q: X — Y is an even mapping. The mapping Q is a unique fixed point
of ] in the set

M:{geS:d(f,g)<oo}.
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This implies that Q is a unique mapping satisfying (2.7) such that there exists a K € (0, 00)
satisfying

le®) - Q)| < K(p(x,0) + ¢(-x,0))

forallx € X.
(2) d(J"g, Q) — 0 as m — oo. This implies the equality

lim 16mg<’—‘> - Q) (2.8)
m—00 2
forallx € X.
(3)d(g, Q) < ﬁd(g, Jg), which implies the inequality

L

=5

This implies that the inequality (2.3) holds.
It follows from (2.1), (2.2) and (2.8) that

x )
e( 53|

i mlof X Y LA I
§ml1_)mool6 <¢(2m,2m)+<p< Tk 2m>)—0

for all x,y € X. So DQ(x,y) = 0 for all x,y € X. Since Q : X — Y is even, the mapping
Q:X — Y is a quartic mapping.

By Lemma 1.3, there exists a unique quartic mapping Q : X — Y satisfying (2.3), as de-
sired. O

|DQE,y)| = lim 16™
m—00

Example 2.2 Let ¢ : R? — [0, 00) be a function defined by

0, ifx=0,
plx) =3 cat, iflx| <1,

Z, otherwise,

where ¢ > 0 is a constant. Define a function f; : R — R by

— @(2"x)
i) = -
1 HXO: 16

Then f; satisfies the functional inequality

282168 1ty 1y 2.9)

D] = 25

Page 6 of 18
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for allx € R. Let

24(%) = fo() + f (=),

gq(x) = §x4¢
4
gq(x/z) = ;2141

for all x € R. We define the set S = {g; : R — R, g,(0) = 0} and consider the generalized
metric on S as described in the proof of the above theorem. Also consider the mapping

J: S — S such that

Jgq(x) = 16g(x/2) = g(x).

Now
4
lim 16"g(x/2) = lim 16”5
m—>00 m—>00 24
1 m_Cx
= Jim 16" i
= Q).
It is clear that
Q/2) = — QM)
x/2) = 1 x).
Moreover, we have
4
|e) - 16g(x/2)] = | ¢a* - 16%

2 2
= £§0(x:0)+(/7(_x10)
— 32

Hence

L
d(g,Lg) < —.
04 g)s32

Also we can show that

1

The above result implies the following:

32
d(g, .
@Q = 32-32L

Therefore all the conditions are fulfilled and by Lemma 1.3, Q: R — R satisfies (2.3).

Page 7 of 18
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Corollary 2.3 Let p >4 and ¢ > 0 be real numbers and f : X — Y be a mapping such that

| DA (bl ) [, < & D (Il + gl + sl ® - lysl %) (2.10)

ij=1

Sor all [x;], [y;] € M,(X). Then there exists a unique quartic mapping Q : X — Y satisfying

¢ n
1 ([x) +fu (= [25]) = Qu([x)) |, < lloe 117
va 1 ( ) ) ( ] )” 2w -16 l’lzzl 2

Sor all [x;] € M,,(X).

Proof The proof follows from Theorem 2.1 by taking L = 2** and

? ?
9@, y) = P (%P + lyll” + llx01Z - Iyl 2)
forall x,y € X. g

Remark 2.4 Let f : X — Y be a mapping with f(0) = 0 for which there exists a function
@ : X? — [0, 00) satisfying (2.2) and

> ol yy) < 16LZ¢(3’,5’> (2.11)

ij=1 ij=1

for all [x;], [y;] € M,(X) and for some L with 0 <L < 1. By a similar method to the proof
of Theorem 2.1, one can show that there exists a unique quartic mapping Q : X — Y sat-
isfying

n

Z(w(xi;, 0) + ¢(—x;,0))

ij=1

o (Geg) + o (=) = Qu(bsil) |, = 55557

for all [x;] € M,(X).

Similarly, one can obtain a similar result to Corollary 2.3: Let 0 < p < 4 and ¢ > 0 be real
numbers and f : X — Y be a mapping satisfying (2.10). Then there exists a unique quartic
mapping Q: X — Y

() + o) - Qu()], = 122 3

for all [x;] € M, (X).

3 Fixed points and Hyers-Ulam stability of a cubic and quartic functional
equation: an odd case

Using the fixed point method, we prove the Hyers—Ulam stability of the functional equa-

tion Df (%, y) = 0 in matrix Banach algebras: an odd case.
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Theorem 3.1 Letf: X — Y be a mapping with f(0) = 0 for which there exists a function
@ : X% — [0,00) such that there exists an L < 1 satisfying (2.2) and

n n 1
pr(xij,yij) < Z gL(P(zxijrzyij) (3.1)

ij=1 ij=1
Sor all [x;], [y;] € M (X). Then there exists a unique cubic mapping C : X — Y satisfying

n

Vi) (L)) = o (@), = iz Y (vts00)+ t-50) 62)
for all [x;] € M,y (X).
Proof Setting n =1 in (2.2), we get

|Df (x,9)|| < @(x,). (3.3)
Letting y = 0 in (3.3), we get

|2f (2x) - 24 (x) - 8f (=) | < ¢(x,0) (3.4)
for all x € X. Replacing x by — in (3.4), we get

|2f (~2x) — 24f (~) - 8f (%) | < ¢(,0) (3.5)

forall x € X.

Consider the set
S:={g:X - Y,g(0) =0}
and introduce the generalized metric on S:
d(g,h) = inf{[( eR,: ”g(x) - h(x)|| < Kg(x,0) + Ko(—x,0),Vx € X}.

It is easy to show that (S, d) is complete (see [8, Theorem 2.5]).
Now we consider the linear mapping J : S — S such that

Je(x) = 16g<§)

for all x € X. It follows from [7, Theorem 3.1] that
d(Jg,Jh) < Ld(g, h)

forallg,h e S.
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Let g(x) := f(x) — f(—«) for all x € X. Then g: X — Y is an odd mapping. It follows from
(3.3) and (3.4) that

|2¢(2%) - 16g(x)|| < ¢(x,0) + p(~x,0)

forallx € X. So

Hg(x) - 8g(§>

for all x € X. Hence d(g,Jg) < 1L_6'
By Theorem 1.2, there exists a mapping C: X — Y satisfying the following:
(1) C is a fixed point of /, i.e.,

< ¢<§,0> + ¢<—§,0> < %(qo(x,o) + ¢(-x,0))

—

c(’—c> - %C(x) (3.6)

for all x € X. Then C: X — Y is an odd mapping. The mapping C is a unique fixed point
of J in the set

M={geS:d(f,g) < oo}

This implies that C is a unique mapping satisfying (3.6) such that there exists a K € (0, 00)
satisfying

le@) — C@)|| < K(px,0) + ¢(~x,0))

forallx € X.
(2) d(J"g,C) — 0 as m — oo. This implies the equality

lim smg<21m) - Clx) (3.7)

m—00
forall x € X.

(3)d(g,C) < m_LW’ which implies the inequality (3.2) holds.
It follows from (3.1), (2.2) and (3.7) that

X )y
Dyl —, =
g(zm 2m>H
. m x )y X y
< lim 8 —, - =0,
= o (“’(2'“ 2*")“”( 2 2'"))

for all x,y € X. So DC(x,y) = 0 for all x,y € X. Since C: X — Y is odd, the mapping C:

|DC@,p)| = lim 8™
m—> 00

X — Y is a cubic mapping. By Lemma 1.3, there exists a unique cubic mapping C: X — Y

satisfying (3.2), as desired. O
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Corollary 3.2 Letp > 3 and ¢ > 0 be real numbers and f : X — Y be a mapping satisfying
(2.10). Then there exists a unique cubic mapping C : X — Y satisfying

Ui leal) o) ~ Gl = 5.2 Dl

ij=1
Sor all [x;] € M,(X).

Proof The proof follows from Theorem 3.1 by taking L = 237 and

0(5,3) = S(Ixl1” + 191 + 121 - ly12)
for all x,y € X. O
Combining Corollaries 2.3 and 3.2, we get the following.
Theorem 3.3 Let p >4 and ¢ > 0 be real numbers and f : X — Y be a mapping satisfying
(2.10). Then there exist a unique quartic mapping Q : X — Y and a unique cubic mapping

C: X — Y satisfying

1 1 .
”2fn([x11]) - Qn([xij]) - Cn([xij]) ”n = (2’” 16 + ﬂ)d) Z ”xij”p

ij=1

Sor all [x;] € M,(X).

Remark 3.4 Let f: X — Y be a mapping with f(0) = 0 for which there exists a function
@ : X? — [0, 00) satisfying (2.2) and

Zw(xz];yll)<8LZ (xl/ yl})

ij=1 ij=1

for all [x;], [y;] € M, (X) and for some L with 0 < L < 1. By a similar method to the proof of
Theorem 3.1, one can show that there exists a unique cubic mapping C: X — Y satisfying

n

L
Hf;’l([‘xi]']) fn( [xl] ) Qn([xij]) “n = m ;(‘p(xij) O) + ‘P(—xi;‘,o))

for all [x;] € M, (X).

Similarly, one can obtain a similar result to Corollary 3.2: Let 0 < p < 3 and ¢ > 0 be real
numbers and f : X — Y be a mapping satisfying (2.10). Then there exists a unique cubic
mapping C: X — Y satisfying

o ([i]) = for(=Txi) = Qu([%]) llw <

8§ -2 £
ij=1

for all [x;] € M,(X).
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Combining Remarks 2.4 and 3.4, we get the following.

Theorem 3.5 Let 0 < p < 3 and ¢ > 0 be real numbers and f : X — Y be a mapping sat-
isfying (2.10). Then there exist a unique quartic mapping Q : X — Y and a unique cubic
mapping C : X — Y satisfying

12, (1x50) - Qu(x5]) = Call) ], < (e + ) S iy
16-2» 8-2°

ij=1

Sor all [x;] € M,(X).

4 Fixed points and Hyers-Ulam stability of an additive and quartic functional
equation: an even case

One can easily show that an even mapping f : X — Y satisfies (1.4) if and only if the even

mapping f : X — Y is a quartic mapping, i.e.,

fQ@x+y)+f(2x—y) =4f (x + y) + 4f (x — ) + 24f (x) — 6/ (y)

and that an odd mapping f : X — Y satisfies (1.4) if and only if the odd mapping f : X — YV
is an additive mapping, i.e.,

Sfle+y) =fx) +f().

It is easy to show that the function f(x) = ax + bx* satisfies the functional equation (1.4).
For a given mapping f : X — Y, we define

() =fx+y) +f(2x—y) = 2f (x + y) = 2f (~x = y) = 2f (x - y)
= 2f(y - x) - 14f (x) - 10f (—«) + 3/ (y) + 3f (-y)
forall x,y € X.

Using the fixed point method, we prove the Hyers—Ulam stability of the functional equa-
tion Cf(x,y) = 0 in matrix Banach algebras: an even case.

Theorem 4.1 Let f: X — Y be a mapping with f(0) = 0 for which there exists a function
¢ : X? — [0, 00) such that there exists an L < 1 such that

n n L
ij=1 ij=1
| Shu(le), o) |, < D o), (4.2)
ij=1

Sor all [x;], [y;] € M,(X). Then there exists a unique quartic mapping Q : X — Y satisfying

n

L
e (F]) + (= [51) = Qu([x1) ||, < 3301 > (9,0 + p(—x3,0)) (4.3)

ij=1

Sor all [x;] € M,(X).
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Proof Setting n =1 in (4.2), we have

|Df (x,9)] < @(x,) (4.4)
for all x,y € X. Letting y = 0 in (4.4), we obtain

|2/ (2%) - 18 (%) - 14f (-2 || < ¢(x,0) (4.5)
for all x € X. Replacing x by —x in (4.5), we get

2 (=2x) — 18f (~) ~ 14f (%) | < (-, 0) (4.6)

forall x € X.
Consider the set

S:= {g:X—> Y,g(0) =0}
and introduce the generalized metric on S:
d(g,h) =inf{K € R, : |g(x) - h(x)|| < Ke(x,0) + Ko(-x,0),Vx € X}.

It is easy to show that (S, d) is complete (see [8, Theorem 2.5]).
Now we consider the linear mapping J : S — S such that

x
Jg(x) := 16g<§)
for all x € X. It follows from the proof of [7, Theorem 3.1] that
d(Jg,Jh) < Ld(g, h)

forallg,h e S.
Let g(x) :=f(x) + f(x) for all x € X. Then g: X — Y is an even mapping. It follows from
(4.5) and (4.6) that

|2¢(2%) - 32g(x)|| < ¢(x,0) + p(~x,0)

forall x € X. So
e —16g(2) <¢(%0) +o(~2,0) < Z (p(x,0) + p(-x,0))
g‘x g 2 —(p 2’ (p 2’ _32(P ’ W )

for all x € X. Hence d(g,Jg) < %.

The rest of the proof is similar to the proof of Theorem 2.1. d

Corollary 4.2 Let p >4 and ¢ > 0 be real numbers and f : X — Y be a mapping such that

| Cha(xsl, ) [, < & D (el + 1y 1” + g1 2 - Nyl %) (4.7)

ij=1
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Sor all [x;], [y;] € M,(X). Then there exists a unique quartic mapping Q : X — Y satisfying

1 (l0) + fu(=x]) = Qu([x5]) |, < 16Zn il

ij=1
Sor all [x;] € M,(X).

Proof The proof follows from Theorem 4.1 by taking L = 247 and

v P
@(,9) = d(IIxI” + lyll” + llxll 2 - 1yl 2)
forall x,y € X. O

Remark 4.3 Let f : X — Y be a mapping with f(0) = 0 for which there exists a function
@ : X? — [0, 00) satisfying (4.2) and

Zw(x,,,yl,)<216L <x” y") (4.8)

ij=1 ij=1

for all [x;], [y;] € M,(X) and for some L with 0 < L < 1. By a similar method to the proof
of Theorem 4.1, one can show that there exists a unique quartic mapping Q: X — Y sat-
isfying

n

1
£ (L1 + £ (=Tox]) = Qu(ly) [, = 32-32L Z(‘P(xiﬁ 0) + (x5, 0))

=1

forall [x;] € M,(X). Similarly, one can obtain a similar result to Corollary 4.2: Let 0 < p < 4
and ¢ > 0 be real numbers and f : X — Y be a mapping satisfying (4.7). Then there exists
a unique quartic mapping Q: X — Y

¢ n
i (31) + (= i) = Qu(Exi) I, < 1o > llagli?

ij=1

for all [x;] € M,(X).

5 Fixed points and Hyers-Ulam stability of an additive and quartic functional
equation: an odd case

Using the fixed point method, we prove the Hyers—Ulam stability of the functional equa-

tion Cf(x,y) = 0 in matrix Banach algebras: an odd case.

Theorem 5.1 Let f: X — Y be a mapping with f{0) = 0 for which there exists a function
@ : X% — [0, 00) satisfying (4.2) such that there exists an L < 1 such that

n "1
Z w(xij:yij) = Z ELQO(ZXLP 2)/11)

ij=1 ij=1
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Sor all [x;], [y;] € M, (X). Then there exists a unique additive mapping A : X — Y satisfying

n

Vi) o) = )], = 5 3 (o0 +(-5,0) 51
"
[x;] € M, (X).
Proof Setting 7 = 1 in (4.2), we get
ICf(x,9)] < o) (5.2)
for all x,y € X. Letting y = 0 in (5.2), we have
|12f (2%) - 18f (x) - 14f () | < ¢(x, 0) (5.3)

for all x € X. Replacing x by —x in (5.3), we obtain
|2f (~2x) — 18f (—) — 14f (%) || < ¢(,0) (5.4)

forall x € X.
Consider the set

S:={g: X — Y,g(0) =0}
and introduce the generalized metric on S:
d(g,h) = inf{K eR,: ”g(x) - h(x)|| < Kg(x,0) + Ko(—x,0),Vx € X}.

It is easy to show that (S, d) is complete (see [8, Theorem 2.5]).
Now we consider the linear mapping / : S — S such that

Je) = 2g(§)

for all x € X. It follows from the proof of [7, Theorem 3.1] that

d(lg,Jh) < Ld(g, h)
forallg,h e S.
Let g(x) :=f(x) — f(—x) for all x € X. Then g: X — Y is an odd mapping. It follows from
(5.3) and (5.4) that

|2¢(2x) — 4g(x) | < ¢(x,0) + (-, 0)

for allx € X. So
L
llg(x) - 2g<g) < ¢(§,0> + ¢<—§,0> < Z(w(x, 0) + ¢(-x,0))

for all x € X. Hence d(g,Jg) < %.
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The rest of the proof is similar to the proofs of Theorems 2.1 and 3.1. O

Example 5.2 Let ¢ : R? — [0, 00) be a function defined by

0, ifx=0,
o) ={cx, if|x <1,

¢, otherwise,

where ¢ > 0 is a constant. Define a function f; : R — R by

@(2"x)
T

n

fi@=3

n=0
Then f; satisfies the functional inequality
[Dfy ()] = 56¢ (Il + 1y1) (5.5)

for all x € R. By the same procedure as in Example 2.2, we can find a mapping A, satisfying

the inequality (5.1).

Corollary 5.3 Letp >3 and ¢ > 0 be real numbers and f : X — Y be a mapping satisfying
(4.7). Then there exists a unique cubic mapping A : X — Y satisfying

|W“%D‘ﬁC¢WD—AAMﬂNMSE%EE:MMP

ij=1
Sor all [x;] € M,(X).

Proof The proof follows from Theorem 5.1 by taking L = 2!? and

0(%,9) = (16117 + Y17 + 1612 - ||y||17’)
forallx,y € X. O
Combining Corollaries 4.2 and 5.3, we get the following.
Theorem 5.4 Let p >4 and ¢ > 0 be real numbers and f : X — Y be a mapping satisfying

(4.7). Then there exist a unique quartic mapping Q : X — Y and a unique additive mapping
A: X — Y satisfying

1 1 -
”%MVM)—QAVH)—CJMMWnS(ZL46+§;:§)¢§:WWw

ij=1

Sor all [x;] € M,(X).
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Remark 5.5 Let f : X — Y be a mapping with f(0) = 0 for which there exists a function
@ : X? — [0, 00) satisfying (4.2) and

n
Z (p(xi,»,yu Z 0 (xz/ yl] )

ij=1 ij=1

for all [x;], [y;] € M,(X) and for some L with 0 < L < 1. By a similar method to the proof
of Theorem 5.1, one can show that there exists a unique additive mapping A : X — Y

satisfying
1 (Lxg1) = £ (=) = An(lxg]) |, < = ) (x5 0) + ¢(=x5,0))

for all [x;] € M, (X).

Similarly, one can obtain a similar result to Corollary 5.3: Let 0 < p < 3 and ¢ > 0 be real
numbers and f : X — Y be a mapping satisfying (4.7). Then there exists a unique additive
mapping A : X — Y satisfying

Hf ([xlI]) +fn( xl/ ) n([xij]) ”n = ﬁ = ||xi/||p

for all [x;] € M,(X).
Combining Remarks 4.3 and 5.5, we get the following.
Theorem 5.6 Let 0 < p <1 and ¢ > 0 be real numbers and f : X — Y be a mapping sat-

isfying (4.7). Then there exist a unique quartic mapping Q : X — Y and a unique additive
mapping A : X — Y satisfying

1 1 =
||2ﬁ’([‘x’7]) Q”([xll]) ([xl/])”n = (16 —op + m)¢z ”xif”p

ij=1

for all [x;] € M,y (X).
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