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1 Introduction and preliminaries

The Banach contraction principle plays a central part in metric fixed point theory, and a
great number of researchers revealed many fruitful generalizations of this resolution in
diverse ways. In 1989, Bakhtin investigated the concept of b-metric space [1]. However,
Czerwik initiated the study of fixed point of self-mappings in a b-metric space and proved
an analogue of Banach’s fixed point theorem [2]. Since then, numerous research articles
have been published comprising fixed point theorems for several classes of single-valued
and multi-valued operators in b-metric spaces (for example, consider [3-6]). In 2012, the
concept of F-contraction, which is one of these generalizations, was introduced by War-
dowski [7]. He presented that every F-contraction defined in a complete metric space has
a unique fixed point. Subsequently, the subject of F-contraction proved to be a milestone
in the fixed point theory, and numerous research papers on F-contraction have been pub-
lished (for instance, see [4, 8—19]). In the same year, Samet et al. investigated the idea
of (&, ¥)-contractive and «-admissible mappings and established some significant fixed
point solutions for such a variety of functions defined on a complete metric space (for
more details, see [20]). Some authors such as Salimi, Latif, Hussain et al. improved the
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concept of a-admissibility and proved some important (common) fixed point theorems
as well (for more information, see [21-24].

Recently, Cosentino and Vetro established a fixed point result for Hardy—Rogers-type F-
contraction [25]. Also, Minak, Helvaci, and Altun presented a fixed point result for Ciri¢-
type generalized F-contraction [26]. In 2018, Nazam, Muhammad, and Postolache inves-
tigated some common fixed point results for four self-mappings satisfying such kind of
contractions on the a;-complete b-metric space and applied their conclusion to infer sev-
eral new and old results, based on the idea of Ciri¢-type and Hardy—Rogers-type (o, F)-
contractions [27].

In this study, motivated by [27] and among these achievements, we are working to
stretch out the Ciri¢-type and Hardy—Rogers-type (o, F)-contractions based on six self-
mappings defined on a b-metric space. Also, some common fixed point results for six self-
mappings satisfying such kind of contractions are shown in the (7, s, F)-complete tripled
b-metric space. Consequently, we discuss an application of the main result to show the
existence of common solution of the system of Volterra-type integral equations.

Let X be a nonempty set, R* = (0,00), R} = [0,00), and s > 1 be a real constant. Suppose
that d, maps X x X x X into R} somehow that for all x, y, z, and a; with i € {1,2,3,4}
belong to X satisfying the following conditions [9]:

o dp(x,y,2) =0ifand only ifx = y = z.

.

dp(x,9,z) >0ifand only if x #yorx #z or y # z.

dp(x,9,2) = dp(x,2,9) = dp(z,y, %) = dp(y, %, 2) = dp(2,%, ) = dp(y, 2, %).
dp(x,%,9) = dp(x,7,9).

dp(x,x,y) < dp(x,,2), dp(x,%,2) < dp(x,9,2), dp(y,5,2) < dp(%,9,2).
o dp(x,y,2) < sldp(x,a1,a2) + dp(y, as, as) + dp(z, a, as)].

.

.

.

We say that (X, dy, s) is a tripled b-metric space.
Example 1.1 Let X = R}. We define dj, : X3 — R} as follows:
dp(x,y,2) = max{|x - yI*, |x - 2%, |y - 2*}.
Then (X, dp, s) is a tripled b-metric space with s = 2.
We bring back into reader’s mind some definitions and properties of b-metric.

Definition 1.2 (see [2]) Let A be anonempty set, andlets > 1 be a real number. A mapping
d* : A — R} is said to be a b-metric if, for all @, b, and ¢ € A, we have:

+ a=bifand only if d*(a, b) = 0;

o d*(a,b) = d*(b,a);

o d*(a,b) <s[d*(a,c) + d*(c,b)].

In this case, the triple (A4, d*,s) is called a b-metric space (with coefficient s).

Remark 1.3 Definition 1.2 allows us to remark that b-metric space is effectually more
general than metric space as a b-metric is a metric when s = 1. It is worth to mention that
the b-metric structure produces some differences to the classical case of metric spaces: the
b-metric on a nonempty set M need not be continuous, open balls in such spaces need not
be open sets, and so on. The following example describes the significance of a b-metric.
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For the notions like convergence, completeness, Cauchy sequence in the setting of b-
metric spaces, the reader is referred to Aghajani et al. [28], Czerwik [2], Amini-Harandi
[29], Huang et al. [3], Khamsi and Hussain [5]. In line with Wardowski [7], Cosentino et al.
[30] investigated a nonlinear function F : R* — R complying with the following axioms:

« F is strictly increasing;

o lim,_, oo 7, = 0 if and only if lim,_, o F(r,) = —00;

o lim,_, o 7, = O there exists a € (0, 1) such that lim,, _, o+ (r,,)*F(r,) = 0;

o T+ F(sry,) < F(r,_,) implies T + F(s"r,) < F(s""'r,_1) for each n € N and some 7 > 0
for all sequence {r,} of positive numbers. We denote the set of all functions satisfying the
conditions (F), (F»), (F3), and (F4) by F.

Example 1.4 (see [30]) Let F:R* — R be defined by F(r) =Inr or F(r) =r + Inr. Then F
satisfies in the conditions.

Theorem 1.5 (see [31]) Let (X,d) be a complete metric spaceand T : X — X be a bijective
(&, 0, n)-expansive mapping of type B satisfying the following conditions:

o T~V is a-admissible with respect to n;

o There exists xo € X such that a(xo, T %0) > n(x0, T~ x0);

« T is continuous.
Then T has a fixed point.

Definition 1.6 (see [32]) Let (X, p,) be a partial b-metric space with the coefficient s > 1.

A mapping T : X — X is said to be a generalized o — 1 — ¥/-Geraghty contractive type
mapping if there exist € ¥, a,n: X x X — [0,00), and B € F such that

ax,y) =n(xy) implies v (spp(Tx, T)) < (v (M (x,9))) v (M (x,9)) (1.1)

for all x,y € X, where

Pu(x, Ty) + pp(y, Tx) }

M! (x,y) = max { Pox,9), po (%, Tx), pu (y, T0), 5

Theorem 1.7 (see [32]) Let (X, pp) be a py-complete partial b-metric space with the coef-
ficients>1.Let T : X — X be a generalized o — n — r-Geraghty contractive type mapping.
Suppose that the following conditions hold:

o T is a triangular a-orbital admissible mapping with respect to n;

o There exists x1 € X such that a(x1, Tx1) > n(x1, Tx1);

o {x,} is a-regular with respect to n.
Then T has a fixed point.

Example 1.8 (see [32]) Let X = [0,00) and with the partial b-metric p; : X x X — [0,00)
defined by py(x, ) = max{x, y}2 for all x, y € X. Obviously, (X, pp) is a partial b-metric space
with s = 2. Define the mapping T : X — X given by

z ifx e€[0,1];
. [0,1]
Inx+3 ifxe(1,00).
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Define v : [0,00) — [0,00) and 8 : [0,00) — [0,1) by ¥ (¢) = ¢ and

e

B) - ° ifx e (0,00);

1 ife=o0.

Let o, n: X x X — [0,00) be defined by

6 ifxel0,1];
ax,y) =
0 ifxe(1,00),
and
2 ifxe0,1];
’T(x,y) =
1 ifxe(1,00).

Let a(x, Tx) > n(x, Tx). Thus x, Tx € [0,1] and so T?x = T(Tx) € [0,1], which implies
that a(Tx, T%x) > n(Tx, T*x), that is, T is a-orbital admissible with respect to 1. Now, let
a(x,y) > n(x,y) and a(y, Ty) > n(y, Ty), we get that x, y, Ty € [0, 1] and so «(x, Ty) > n(x, Ty).
Therefore T is triangular «-orbital admissible with respect to 1. Let {x,} be a sequence
such that {x,} is pp-convergent to z and «/(x,, x,.1) > n(x,,%,,1) for all » € N. Then {x,} C
[0,1] for any # € N and so z € [0, 1], from which we have «a(x,,z) > n(x,,z). That is, {x,} is
a-regular with respect to 7. The condition (ii) of Theorem 1.7 is satisfied with x; =1 € X
since ((1,71) =2 > 2 = n(1, T'1). We next prove that T is a generalized o-n-y-Geraghty
contraction type mapping. Let x,y € X with a(x,y) > n(x,y). Thus x,y € [0,1]. Without

loss of generality, we may assume that 0 < y < x < 1. Therefore

2 2

xy x

T,T = -, = = —
pu(Tx, Ty) [max{9 9}] o1

and

x2 + [max{y, £}]?
MsT(x,)’) = max{xz,xz,yz, #} %2,

2
X

1+x2”7

: 2
= <
Since 5 <

< we obtain that

1
2e

2 2 —x2
PN _ 2w e
81 81 ~ 1+42

< B () v (x")
< B(v (M] (x,9))¥ (M (x,9)).

v (spp(Tx, Ty)) = (2

Thus T is a generalized «-n-1-Geraghty contraction type mapping. Hence all the as-

sumptions in Theorem 1.7 are satisfied and thus T has a fixed point which is x = 0.

Page 4 of 28
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Definition 1.9 (see [27]) Let (M, d*,s) be a b-metric space, S: M — M and o5 : M X M —
R§ be two mappings. The mapping S is said to be «;-admissible if

o5(r,m) > st = ots(S(rl),S(rz)) >s> forallr,r, € M.

Theorem 1.10 (see [27]) Let M be a nonempty set and o, be as defined in Definition 1.9.
Letf,g,S, T be as — b-continuous self-mappings defined on an as-complete b-metric space
(M, d*,s) such that f (M) C T(M), g(M) € S(M). Suppose that, for all (r1,12) € Vfga,, there
exist F € F; and t > 0 such that

T+ F(sd*(f(r1),4(r2))) < F(My(r1,72)). (1.2)

Assume that the pairs (f,S), (g, T) are as-compatible and the pairs (f,g) and (g,f) are
triangular partially weakly os-admissible with respect to T and S, respectively. Then the
pairs (f,S), (g, T) have the coincidence point (say) v in M. Moreover, if ay(Sv, Tv) > 52, then
v is a common fixed point of f, g, S, T.

Remark 1.11 (see [27]) If we suppose that a (v, w) > s? for each pair of common fixed
point of f, g, S, T, then v is unique. Indeed, if w is another fixed point of f, g, S, T and
assuming on the contrary that d*(fv, gw) > 0, then from (1.2) we have

F(sd*(v,w)) = F(sd*(S(v), Tw))) < F(M1(v,w)) — 1, (1.3)
where

Mi(v,w) = max{d* (SW), Tw)), d* (f(v), S(v)),

d*(gw), T(w))

a*(S(),gw)) +d*(f(v), T(w)) }
2s ’

Thus, by (1.3), we have
F(sd*(v,w)) < F(d*(v,w)),

which is a contradiction. Hence, v = w and v is a unique common fixed point of self-
mappings f, g, S, T.

Theorem 1.12 (see [27]) Letf, g, S, T be self-mappings defined on an os-regular and o-
complete metric space (M, d*, s) such that f (M) € T(M), g(M) € S(M), and T (M) and S(M)
are closed subsets of M. Suppose that, for all (r1,12) € Vf g, there exist F € Fg and © >0
such that

T+ F(sd*(f(r1),g(r2)) < F(My(r1,12)). (1.4)

Assume that the pairs (f,S), (g, T) are weakly compatible and the pairs (f,g) and (g,f)
are triangular partially weakly as-admissible with respect to T and S, respectively. Then
the pairs (f,S), (g, T) have the coincidence point v in M. Moreover, if as(Sv, Tv) > s2, then v
is a coincidence point of f, g, S, T.
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Theorem 1.13 (see [27]) Letf, g, S, T be as-continuous self-mappings defined on an o-
complete b-metric space (M, d*,s) such that f(M) C T(M), g(M) C S(M). Suppose that, for
all (r1,72) € Yy,g5» there exist F € Fy and © > 0 such that

T+ F(sd* (f(r1),g(r2)) < F(My(r1,72)) (1.5)
holds for one of i = 2,3,4,5,6, where

Mo(rirs) = ard*(S(r), T(r2)) + asd* (f(r1), S(r1)) + asd* (g(r2), T(r))
+ag[d*(S(r),g(r)) +d* (F(r), T(r))]

witha; >0,i=1,2,3,4, such that a, + a + az + 2sas = 1;
Ms(r1,r2) = ard* (S(r), T(r2)) + azd* (f (1), S(r1)) + asd* (g(r2), T(r2)),
with a; + a, +as = 1;

Ma(r1,r2) = kmax{d* (f(r1), S(r1)), d* (g(ra), T(r2))}  with k € [0,1);
Mis(r1,72) = @y (r1, r2)d* (S(r1), T(r2)) + aa(ry, ra)d* (£ (1), S(r1))
+az(ry, r2)d* (g(r2), T(ry))
+ aa(r1, ) [d* (S(r1), g(r2))) + d* (£ (r1), T(r2)) ]

with a;(r1,r2), i = 1,2, 3,4 are nonnegative functions such that

sup {ﬂl(V1:V2) +ax(ri,r2) + as(ri,r2) + 23614(”1#2)} =1

r1,rpeM
Me(r1,12) = ard” (S(rl)’ T(Vz)) + i [d* (f(h), 5(71)) +d* (g(rz); T(rz))]
+ %Sas [d* (S(I"l),g(rz)) +d* (f(rl), T(Vz))]

withay +as +az +ag +as = 1.

Assume that the pairs (f,S), (g, T) are as-compatible and the pairs (f,g) and (g,f) are
triangular partially weakly as-admissible pairs of mappings with respect to T and S, re-
spectively. Then the pairs (f,S), (g, T) have the coincidence point v in M. Moreover, if
a(Sv, Tv) > s, then v is a common point of f, g, S, T.

2 Main results
In this section, first we introduce some definitions in a tripled b-metric space (X, d}) and

present several examples.

Definition 2.1 Let (X,dp,s) be a tripled b-metric space, T: X — X and a5 : X3 — R}
be two mappings. The mapping T is said to be o-admissible if ay(x,y,z) > s2, then
ay(Tx, Ty, Tz) > s? for all x, y,z € X.

Definition 2.2 Let (X, d,,s) be a tripled b-metric space, T : X — X and o, : X> — R be
two mappings. The mapping 7 is said to be triangular o;-admissible if
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o ag(x,9,2) > 5% implies that a,(Tx, Ty, Tz) > s for all x,y,z € X;

o ag(x,9,2) > 5% and as(y, z, w) > s% imply o(x, z, w) > s*for all x, y,z,w € X.

Definition 2.3 Let (X, d),s) be a tripled b-metric space, f,g,/: X — X and o, : X> - R}
be four mappings. The tripled (f,g, %) is said to be

« triple weakly as-admissible if as(f (x), gf (%), hgf (x)) > s%, as(g(x), hg(x), fhg(x)) > s2,
and o, (h(x), fh(x), gfh(x)) > s? for all x € X;
« partially weakly a;-admissible if o(f (x), gf (x), hgf (x)) > s* for all x € X.

Definition 2.4 Let (X, dy, s) be a tripled b-metric space and f,g, 4, ¢ : X — X be four map-
pings such that f(X) U g(X) U h(X) € ¢(X). The triple of mappings (f,g, /) is said to be
« triple weakly a;-admissible with respect to ¢ if and only if os(f (x), g(y), k(z)) > s? for
allx € X, for all y € ¢~ gf (x), for all z € ¢~ hgf (x) and a,(h(x),g(y),f(z)) > 52 for all
x € X, forall y € ¢~ gh(x), for all z € ¢~ fgh(x) and a;(g(x),f (), h(2)) > s? forall x € X,

for all y € ¢~ fg(x), for all z € ¢ hifg(x);
« partially triple weakly os-admissible with respect to ¢ if and only if

o (f(%),g0), h(2) = s°
forallx € X, y € ¢~Lgf(x), and z € ¢~ Lhgf (x).

Definition 2.5 Let (X,d},s) be a tripled b-metric space and f,g, 4, ¢ : X — X be four map-
pings such that f(X) U g(X) U h(X) C ¢(X). The triple of mappings (f,g, /) is said to be
triangular triple weakly o;-admissible with respect to ¢ if

o ag(h(x),g(9),f(2)) > s* forall x € X, for all y € ¢~ 'gf (x), z € ¢ L hgf (x), and

s (h(x),g0).f (2)) = s*

for all x € X, for all y € ¢~ gh(x), for all z € ¢~ fgh(x), and a,(g(x),f (), h(z)) > s? for all
x € X, forall y € ¢p~fg(x), for all z € ¢~ hfg(x);
o ag(x,y,2) > 5% and a,(y, z, w) > s? imply a,(x, z, w) > s? for all x,y,z,w € X.

Example 2.6 Let X =Rj and
dp(x,y,2) = max{|x - y*, lx — 2%, |y - 2*}

for all x,y,z € X. Then (X, dp, s) is a tripled b-metric with s = 2. We define f(x) = x, g(x) =
x2, h(x) = x%, and S(x) = % if x € [0,1) and f(x) = g(x) = h(x) = S(x) = 1, whenever x €
[1,00) and & : X* — R} as follows:

max{4d+y-x4+z-x4+2z-x}, x92€][0,1),
a(x,y,2) =
0, otherwise.

|~

Then, for all x € [0,1), y € S~ (g(f(x))), z € S (h(g(x))), we have y = X%,z =x%,

he!

Ols( ,g(x§),h(x31‘2)) = as(x,xl%,xszlm) > %

Page 7 of 28
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Thus the triple of mappings (f,g, %) is triangular weakly o;-admissible with respect to S.
Indeed, if a(x, ¥, z) > s? and a(y, 2z, w) > 52, then a,(x, z, w) > s2. Since y—x > 0or z—x > 0
orz—y>0andz-y>0orw—-z>0orw—-y>0.Thusw—x>0orw-z>0orz—x>0.

Definition 2.7 Let f,g,h,¢ : X — X be four self-mappings defined on a tripled b-metric
space such that f(X) U g(X) U h(X) € ¢(X). The triple of mappings (f, g, 4) is said to be
triangular triple partially weakly o;-admissiblewith respect to ¢ if

o o5(f(x),g(y), h(z)) > s> forallx € X, y € 71 (g(f (%)), z € ¢~ (hg(f (x))),

o ag(x,9,2) > 82, as(y,z,w) > s imply as(x, z, w) > s? for all x,,z € X.

Definition 2.8 Let (X, dp,s) be a tripled b-metric space. The tripled b-metric space X
is said to be «;-complete if and only if every Cauchy sequence {x,} in X such that
s (Xy Xpa 15 Xa2) = s> forall m e N converges in X. That is,

lim dy(x,,x,%) = lim dp(x,,x,,%) = 0.
n—0oQ n—0o0

If X is a complete tripled metric space, then X is also an a;-complete tripled metric
space, but the converse is not true. The following example explains this fact.

Example 2.9 Let X =R* and dj, : X> — R}, be the tripled b-metric. Define o : X> — R,

4maxf{e ), el =2, e}, x,y,z€(0,32),
alx,y,z) =
0, otherwise.

It is easy to see that (X, dj, S) in not a complete tripled b-metric space, but (X, dj, s) is an
as-complete tripled b-metric.

Definition 2.10 Let (X, d),s) be a tripled b-metric space. We say that the self-mapping T
is an os-continuous mapping on (X, dy, s) if, for given x € X and sequence {x,},

lim dy(x,,%,x) = lim dp(x,,x,,%) =0,
n— 00 n— 00
and &(%,,, %41, %42) > 8% for all # € N implies
lim dy(Tx,, Tx, Tx) = lim d;(Tx,, Tx,, Tx) = 0.
n— o0 n— 00

Example2.11 LetX =R} andd, : X> — R{ forallx,y,z € X, define by dj(x, y, z) = max{|x—
y|2’ |x—z|2, |y—Z|2} and

sin 7w x, x€10,1],
T(x) =
cosTtx+2, x¢€(1,00),
x2+y?*+4, x7yz€[0,1],
as(x,y,2) =

0, otherwise.

Then T is not continuous on X; however, T is a;-continuous.
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Definition 2.12 Let (X, dj, s) be a tripled b-metric space. The pairs of self-mappings (f,g),
(g, h), and (f, h) are said to be a;-compatible if

Tim dy(gh(x), hg(xn) g(xn)) = 0,
Tim dp (fg(n), &f (%), f (6)) =0,
Tim d (f () (), ) = O,
or lim,_, o dy(gh(x,), hg(x,), h(x,)) = 0 or lim,,_, o, dp(fg(x,.), gf (x,),£(x,)) = 0 or
Tim (B (), f ), f () =0,
whenever {x,} is a sequence in X such that &(x,, %11, %,41) > 5%, and
lim f(x,) = lim g(x,) = lim h(x,) =t

for some t € X.
Example 2.13 Let X =[1,00) and dj, : X x X x X — R} be defined by
dp(%,y,2) = max{|x - yI*, |x — 2|, |y - z|*}

forallx, y,z € X, then (X, dy, s = 2) is a tripled b-metric space. Define f (x) = 4, g(x) = 16 —3x
ifx € [1,4] and f(x) = 8 and g(x) = 9 whenever x € (4, 00) and

6, x,y,z€[1,4],
alx,y,z) =
0, otherwise.

Let us consider {x,} to be a sequence such that (%, %1, %..2) = 52, and let
lim f(x,) = lim g(x),
n— 00 n— 00
then x,, = 4. It is clear that lim,,_, o f (x,,) = lim,,_, o, g(x) = 4. We obtain that

nll>nc}o db (fg(xn)rgf(xn):f(xn)) = HILIEO db (fg(xn)!gf(xn)!g(xn))

=dp(4,4,4) = 0.
Hence (f,g) is an as-compatible pair. Now, if we consider x, =4 — %, then
lim f(x,) = lim g(x,) = 4.
n—00 n—0o0
But lim,,, o gf (%) = 4,
. . 1 . 3
lim fg(x,) = lim f{16-3{4—-—) )= lim f|4+—) =8,
n— 00 n—00 n n—00 n

and limy,_, o dp(fg(x), gf (%), fx,) # 0. Consequently, (f, g) is not compatible.
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Definition 2.14 Let f, g, and T be self-mappings defined on a nonempty set X. If f(x) =
g(x) = T(x) for some x € X, then x is called a coincidence point of f, g, and T'. Three self-
mappings f,g, and T defined on X are said to be weakly compatible if {f,g}, {g, T}, and
{f, T} commute at their coincidence points.

Definition 2.15 Let (X, d),s) be a tripled b-metric space. The space (X, dp,s) is said to
be o,-regular if, for any sequence {x,} in X, the following condition holds: if x, — x as
n — 00 and os (X, X1, Xusz) > s* for all n € N, then a,(x,,,%,%) > s* and o (%, Sy, &) > s
forall m e N.

Now, we are ready to prove our results.

Lemma 2.16 Let (X,dy,s) be a tripled b-metric space. If there exist three sequence {x,},
{yu}, and {z,} such that lim,_, o dp(xy,, Yy, 24) = 0 and lim,,_, o x,, = lim,,—, o ¥, = £ for some
te X, then lim,_, oz, = t.

Proof By the triangle inequality, we have
db(zn: t, t) < S[db(zn’xmyn) + db(t’ t, t) + db(t7ynr t)]
By taking limit as # — oo, the result follows. a

Definition 2.17 Let (X, dp,s) be a tripled b-metric space, f,g, 4,51, 52,85 : X — X be self-
mappings, and o, be as defined in Definition 2.1. We define the set Asg 0, by

)\f,g,h,as = {(0[, ,3¢ J/) € X3 :as(Sl(a)ySZ(,B)rSS(y)) = 52¢
and dh(f(a),g(ﬁ),h(y)) >0}. (2.1)

Let
M(w,B,y)
= max{d;, (S1(a), S2(8), S3(¥)), d (f (), Sa(), S3(a)),

dyp(g(B), S1(B), S3(B)), dp (h(¥), S1(¥), S2(¥)),

dp(S1(),g(B), h(y)) + dp(f (), S2(B), h(y)) + dp(S3(y),&(B),f () }

= (2.2)

The following theorem is one of our main results.

Theorem 2.18 Let X be a nonempty set and o be as defined in Definition 2.1. Let f, g,
h, 81, Sa, S3 be o — b-continuous self-mappings defined an os-complete tripled b-metric
space (X, dy, s) such that f(X) C §1(X), g(X) C S2(X), and h(X) C S5(X). Suppose that, for
all (x,9,2) € A g s there exist F € Fg and r > 0 such that

r+ F(sdy(f (x),2(), h(2))) < F(M(x,9,2)). (2.3)
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Assume that the pairs (f,51), (¢, S2), and (h, S3) are as-compatible and the triples (f, g, h),
(g.f>h), and (h,g,f) are triangular partially weakly os-admissible with respect to Sy, S,,
and Ss, respectively. Then the pairs (f,S1), (g,S2), and (h,S3) have the coincidence fixed
point say v in X. Moreover, if ay(S1(v), S2(v), S3(v)) > s2, then v is a common fixed point of
f,g h 81,8, Ss.

Proof Let %y € X be an arbitrary point. As f(X) C S;(X), there exists x; € X such that
f(xo) = S1(x1). Since g(x1) € S2(X), we can choose x; € X such that g(x;) = Sa(x3). Since
h(xy) € S3(X), there exists x3 € X such that h(x;) = S5(x3). In general, x2,, %2141, and xoy0
are chosen in X such that f(x2,) = S1(*24+1), 8*2n+1) = S2(X2442), and h(x242) = S3(X2,43).
Define a sequence {J,,} € X such that, for all n € N, Jp,,1 = f(%2,) = S1(X2u41), Joni2 =
8(x241) = Sa(®2u42), and Josa = Axap2) = S3(X2443). As 1 € ST (%0)), %2 € S31 (g(x1)), %3 €
S31(h(xy)), and (f,g, h), (h,g,f), and (g,f,h) are triangular partially weakly a;-admissible
triples of mappings with respect to Si, Sy, and Ss, respectively, we have

o (f (x0), g(x1), A(%2)) = et (S1(x1), Sa(x2), S3(x3)) > 5,
atg((x2), (1), f (%0)) = et (S3(x3), Sa(%2), S1(x1)) = 8,

and
ats(g1),f (%0), I(x2)) = o5 (S2(x2), S1(%1), S(x3)) > 5.

Continuing this way, we obtain

ot (S1(%2n41), S2(%2m42)> S3(*2m43)) > 57
s (S3(%2143), S2(%2042), S1 (1)) = 7,

and O(S(S2 (x2n+2)) Sl (x2n+l)r S3 (x2r1+3)) = Sz» Thus; we have

2
as(]Zn+lr]2n+2v]2n+3) =S,

s (Tons3, Jons2s Jons1) = 8%,

and os(Jon42, Jans 1, Jans3) > 8% for all n € N. At present, we prove that
lim dy(/1, /141, J142) = 0.
-0

Set d; = dp(J1, J111,J1+2). Suppose that dj, = 0 for some ly. Then Jj, = Ji;+1. If [y = 27, then
Jon = Jan+1 gives Jani1 = Janso. Indeed, by contractive condition (2.3), we get

F(sdpans1, Jons2s Jans3)) = F (s (f (%21), §(X241), A(%242)) )

=< F(M(x2nr Xon+1s x2n+2)) —-r

for all # € N U {0}, where

M (X2, X241, X2042) = MAX { dp(S1(%21), S2(%2041), S3(%2142))5
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Ay (f (%2n), S2(%21), S3(%20))
dp(g(x2m1), S1(*2n41), S3(¥2n41))s

dp (h(%2n42), S1(%2142)5 S2.(%242) )
[ (51 (e ), )
+ dp (f (%21), S2 (K21 B(X2mi2) )

+ dp(S3(x2042), €(X2ns1)s f (%2)) | }

= max { ApUons Jons1: Jone2)s ApUonsrs Jons Jon-1)s

db (]2n+2,]2n+1;]2n): db(]z;q+21]2n+2:]2n+2);

1
3s [dbUans Jons2s Jans2) + Ay Janis Jansrs Jans2)
+ db(]2n+1’]2n+2x]2n+l)] }

So

M (%, X241, X2ns2) = max{db(]2m]2n+17]2n+l):db(]Zn—l:]an]ZrHl),
dpUans Jans1, Jans2)s
%[dh02n112n+2¢]2n+2) +dp(Jans1, Jons1s Jane2)
+ db(]2n+l:]2n+l:]2n+2)]}

< max{dy(ans Jons1:J2n+2)s Ao U2n-15Jans Jons1)s
dbUZn»]2n+1,]2n+2): dbUZn;]2n+1,]2n+2)}
= max{thZmIZnJrl;]ZnJrZ)’ db(]Zn—l;]Zm]ZnJrl)}'

Since dbUZn:]2n+lr]2n+2) = 0; therefore M(xZn,x2n+1;x2n+2) = db(]Zn—b]Zm]ZnJrl)' Then

F(Sdb02n+1:]2n+2;]2n+3)) = F(dbUZn—lyJZn;]ZnJrl)) —-r

By (F1), we have
5dy(ans1s Jone2s Jons3) < ApUan-1:J2m Jans1) = 1.
Let [ = 2n, then we have sdy(Jou, Jan+1,Jons2) < dp(an-2,Jon-1,Jo) — r. Thus, for all n,

1
db(]n;]n+l)]n+2) =< ;db(]n—l’]nr]wrl)'

That is, a sequence {dy(J,;, Ju+1,Ju+2)} is nonincreasing and dy(J;, Js1,Jus2) — 0 as n —
0o. Hence limy_, o dp (1, J1+1,J1+2) = 0 holds true. Now, suppose that d; = dp(J}, Jis1,/1+2) > 0

Page 12 of 28
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for each [ € N. We claim that lim,,_, oo dp (T Jus15Jus2) = —00. Let [ = 2n. As
ot (S1 (%2> Sa(®241), S3(¥2n42)) = 8%,
dp(f (%24), 8(®2)s H(X2141)) > 0, SO (X2-1, %205 X2041) € Af g hass DY (2.3), we obtain
F(sdpUon Jans1:Jans2)) < F(dpUan-1sJans Jons1)) = 7 (2:4)

for all # € N. Similarly, for § =2n -1,

F(sdpUan-1,JonJans1)) < F(dpUan-2:Jan-1,Jon)) = 1 (2.5)

for all » € N. Hence, by (2.4) and (2.5), we have

F(Sdb(]nrjn+l:]n+2)) =< F(db(]n—b]m]n+l)) -r (26)

for all n € N. Let a,, = dy(J,;, Jus1,Jus2) for each n € N. By (2.6) and property (F4), we have
r+ F(s"a,) < F(s"'a,_1) for all n € N. Continuing this process, we obtain

F(s"a,,) < F(a,) — nr (2.7)

for all n € N. On taking limit # — oo in (2.7), we have lim,_, o, F(s"a,) = —0co. By prop-
erty (Fy), we get lim,_, s"a, = 0 and (F,) implies that there exists k € (0,1) such that
lim,,_, o (s"a,)*F(s"a,) = 0. By (2.7), for all # € N, we obtain

(s"an)kF(s”ay,) - (s"a,,)kF(ao) < —(s”ay,)knr <o0. (2.8)

On taking limit # — oo in (2.8), we have lim,,_, «, 71(s"a,,)* = 0. This implies there exists

m € N such that n(s"a,)* <1 for all n > n;, or s"a, < % for all n > n;. To prove {J,} is a
nE
Cauchy sequence, by the triangular inequality, we have

Ap (s X %m) < S[Ap Koy %01, %12) + A (s Xows X )s A (s K2 %m) |
= 8dp (X, Xns1, Xn12) + SAp(X1+2), Xms Xn)
< $Ap (s Xne1s %) + 5[ Ap (Kna2s K13, Xra)
+ Ay Xy Xm) + Ap(Fons X3, %11 |
= 5 (%> X1, %m12) + 8 Ap (420 Fns35 Xra) + 8 A (K113, Xms Xom)
< 8 (s X1 Xns2) + 8 Ap (K420 X135 Xisa)

3 3
+S db(xwr?n Kn+ds xn+5) +S db(xn+4: KXm» xm)
Take m = n + p, (n,p € N), then we have

2
db(xmxmrxm) =< Sdb(xmxn+lrxn+2) +S dh(xn+2rxn+3xxn+4)

3 n-1
+S$ dh (xn+3y Kn+dos xn+5) L dh (xn+p—1; Xn+p> xn+p)
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s s? s3

Tt Tt I
s'nk  §"2(n+2)k  s"3(;m+ 3)k

IA

sP1
+ -+ —1
Pl +p—1)k
Sl—n s s s
=-—7T*t Tt Tt t 1
nk  (m+2)k  (n+3)k (m+p-1)k
-1
s _np 1
=—0 + S T-
nk i (m+ i)k

. -1 ) -
Since Y %, —L+ is convergent and s — 0 as n — 00, thus we conclude that
(n+i) k

lim  dp(x,, %, %) = 0.
1,m—> 00

This implies that {J,} is a Cauchy sequence in the as-complete tripled b-metric space X

and
as(]m]n+1¢]n+2) = 527
there exists v € X such that
lim dj(Jons1,v,v) = lim dp(fxos, v,v) = lim dp(S1(%2041), v, v) = 0.
n—00 n—00 n—00
Consequently, f(x2,) — v and S;(%2,41) = v as n — 00. So
lim dj(Jans1,v,v) = 1im dy(gxan, v,v) = lim dy(Sa(%241), v, v) = 0.
n—00 n—00 n—00
Thus g(x2,) — v and Sa(xe,41) — v as n — oo. Again, we have
lim dy(J5,, v,v) = lim dp(hxy,,v,v) = lim db(Sg(x2n+1),v, v) =0.
n—00 n—00

n—00

Hence h(xy,) — v and S3(x2,41) — v as n — o0o. Now, since (f,S;) is an o;-compatible

pair and

2
as(]2m]2n+1:]2n+2) =S

Therefore, we have lim,,_, oo dp(fS1(%2,), S1f (%24), %2,,) = 0 and (g, S,) is an «;-compatible

pair and
as(]Zn;]2n+1’]2n+2) > 52-
We have llmnﬁoo db (gSz (QCZ,,,), S2g(x2n);x2n) =0and (h, 53) isan Ols—compatible pair, we get

lim dj, (hS3(%2,), S3h(%2n), %2) = 0.

n—00
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Since lim,_, o0 dp(f (%2,), v, v) = 0, lim,,—, 00 dp(S1(%2,), v, v) = 0, and f, S is «s-continuous.
Thus lim,,—, oo dp(S1f (%2,), S1v, S1v) = 0, lim,,_, o dp (fS1(21,), fV, fv) = 0, and

lim dj,(g(x24),v,v) =0,
n— o

$0 g, Sy is ag-continuous, we have lim,,_, o, d(S2g(x2,), Sav, Sov) = 0 and
Tim dj(gSa(x2n), gv:gv) =0.

Again in this way, lim,_, oo dp(S3/(%2,), S3v, S3v) = 0 and lim,,—, o dp, (hS3g(x2,), v, hv) = 0.
By the triangle inequality, we have

db (fV! Sl v, Sl (xZn)) =< S[db (fvyfV’fSI (xZVI)) + db (SIV’ S]f(x2n); SIV)
+ dh(SlenifSIxZVl:Slf(xZVl))]' (2'9)
Applying limit as n — 0o, we obtain dj(fv, S1v,v) < 0, which yields that fv = S;v = v. Thus
v is a coincidence and common fixed point of f, S;. Arguing in a similar manner, we can

prove thatgv=Sv=vand hv=S1v=v. Thus fr=gv=hv=8S1v=Sv=S3v=vand vis a
common fixed point of f, g, &1, S1, S», and Ss. O

Remark 2.19 If we suppose that a,(v, w,w) > s? for each pair of common fixed points of
f,g h, 81, S2, and S, then v is unique. Indeed, if w is another fixed point of f, g, 4, S1, S,
and S3 and assuming on contrary dp(fv, gw, hw) > 0, then from (2.3) we have

F(dy(v, w,w)) = F(sd)(S1(v), S2(w), S3(w))) < F(M(v, w,w)) —r, (2.10)
where

M(v,w,w) = maX{db (S10), S2(w), S3(W)), dp (f (v), S2(v), S3(v)),

dy(gw), S1(w), Ss(W)), djy (h(w), S1(w), S2(w)),
1
3s

+dp(f(v), Sa(w), h(W)) + dip (S3(w), g(w), f(v)) ] }

[ (S1(v), g(w), h(w))

= maX{db(V, w,w), dp(v, v, v), dp(w, w, w), dp(w, w, w),

é[db(v, w, w), dj(v, w, w) + djy(w, w, V)] }

Thus, by (2.10), we have F(sd,(v,w,w)) < F(dy(v,w,w)) — r < F(dy(v,w,w)), which is a
contradiction. Hence v = w and v is a unique common fixed point of self-mappings f, g, 4,
Sl, 52, and 53.

The following example elucidates Theorem 2.18.
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Example 220 Let X =R} and dj : X x X x X — R} be defined by
dp(x,y,2) = max{ |x_y|2’ |x—z|2, |y_Z|2}
for all %, y,z € X. Define s : X x X x X — R{ by

4max{e*?,e¥%, 7%}, x>y>z,
as(x,y,2) =
4max{e’ ™", e, e}, x<y<z

So (S,dp,s) is an a;-complete tripled b-metric with s = 2. Define the mappings f, g, &, S1,
Sy, and S3: X — X for all x € X by

fx) :ln(l + ;—C),

glx) = ]n<1 + 9_6c>’
h(x):ln(1+ %‘)

S1(x) = % — 1, Sy(x) = € — 1, and S3(x) = % — 1. Clearly, f, g, 4, S1, S, and S3 are ay-
continuous self-mappings complying with f(X) = g(X) = h(X) = $1(X) = S2(X) = S3(X). We
note that the pair (f,S;) is a;-compatible. Indeed, let {x,} be a sequence in X satisfying
05 (%> X415 %p42) > 8% and

lim f(x,) = lim ln(l N %) — 1im Sy (x,) = ¢
n— 00 n— 00 Hn— 00

for some ¢ € X. Then lim,,_, o |[f(x,) — £ = lim,,_ o |S1(x,) — £? = 0, equivalently

2
lim ln<1 + x—”) —t| = lim |e6x” -1 —t‘2 =0
n—00 5 n—00
implies
lim |x - (Set—5)|2 = lim |x, — In(t + 1)/ =0
ool " e 6 e
Uniqueness of limit gives that 5¢’ - 5 = @, thus ¢ = 0 is only possible solution. Due to

alphas-continuity of f and Sy, for £ = 0 € X, we have

nlingo db(ﬁgl(xn): Slf(xn)if(xn))
= max{nliglowl(xn) = Sif (xn)
%, lim |50 - £ )|}

MOEAIGES!

2
)

Tim [S1f (x,) =/ ()
= max{[f(t) - $ ()",
=0.
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Similarly, the pair (g, S;) and (%, S3) is o;-compatible. To prove that (f, g, 4) is a partially
weakly a;-admissible triple of mappings with respect to S, let x € X and y € S7*(¢(f(x))),
that is, S1(y) = g(f(x)) and

1 =g<ln<1 " f)) :ln(l , it + 9).
5 6

ln(1+%‘)

Thus y = %ln(l +1In(1+ —>-)). We have

~ X - ~ A 1 ln(1+§)
f(x)—ln<1+§> _g(y)—ln<1+g> —ln<1+%ln(1+ln<1+ ) )))

We have z € S7* (hg(f (x))), that is, S1(2) = hg(f (%)), S1(2) = h(S1(9)), & — 1 =In(1 + SIT@))’

In(1+%
e -1=In 1+lln 1+M ,
7 6

and

z= lln(l + ln<1 + lln(ln(1 i ch))>)
6 7 5

We conclude that

gy = 1H<1 + %) = 1n<1 + 4—12 1n<1 +ln<1 + ln(16+ 9)))
z
> h(z) = ln<1 + ;)
1 1 In(1+ %)
= ln(l + — 1n<1 + ln<1 + = ln(l + —)>>)
42 7 6

Thus a,(f(x),g(y), h(z)) = 4max{e*?,e* %, &%} > s%. In this process, we can prove that
(g.f, h) is a partially weakly o -admissible triple of mappings with respect to S, and (4, g, f)

is a partially weakly os-admissible triple of mappings with respect S;. Now, for each x,y,z €

X, consider

f(x) - h2)[*},

) - h@)|,

2

dy (f (%), 8(9), h(2)) = max{[f(x) - g)|*,

ln<1 + E) —ln(l + Z)
5 6

If(x) - g0)|” =

Page 17 of 28
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2
|g(y) —h(z)|2 = ln<1 + %) —1n<1 + ;)

y z\’
< | Z_Z
—\6 7

1
= ——(7y-62)?

17627 62
< ! (e7y—e6z)2,
1764
and
2
F) — ha)|? = ln(l . g) —ln<1 ; ;)

x z\’
< | - _=
<(5-3)

1
= ——(7x-52)°

1225

1 7x 52\2
< _
- 1225( )

Thus

dh(f(x),g()/),h(Z)) < 90% max{(eG" - e5y)2, (ezV - 662)2, (67" - 652)2}

_ %@ (S1(x), S20), S3(2)-

Define the function F : R* — R by F(x) = Inx for all x € R*. Hence, for all x, ¥,z € X such
that dp,(f (x), g(¥), h(z)) > 0, r = In(900), we obtain

F+F(db(f(x),g()’),h(z))) < F(M(x’y’z))'

Thus the contractive condition (2.3) is satisfied for all x, 7,z € X. Hence, all the hypothe-
ses of Theorem 2.18 are satisfied. Note that f, g, /1, S1, Sz, and S3 have a unique common

fixed point x = 0.
We have obtained some results from Theorem 2.18, which we express in order.

Corollary 2.21 Let X be a nonempty set and o : X x X x X — R§ be a function. Let
(X, dp, s) be an as-complete tripled metric space and f, g, h, S1, S, and Ss be a-continuous

self-mappings on (X, dy, s) such that for all (x,y,2) € Ar g, the inequality
sdy(f (x),g(y), h(z)) < kM(x,,2) (2.11)

holds. Assume that the pairs (f,S1), (g,S2), and (h, S3) are as-compatible and the triples of
mappings (f,g,h), (g.f,h), and (h,g,f) are triangular partially weakly os-admissible with
respect to Sy, Sy, and Ss, respectively. Then the pairs (f,S1), (g,S2), and (h,S3) have the
coincidence point v in X. Moreover, if as(S1v, Sav, S3v) > s2, then v is a common fixed point
off,g h, S1, Sz, and Ss.
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Proof For all (x,7,2) € Argna,» we have sdy(f(x),g(y), h(z)) < kM(x,y,z). It follows that r +
In(dy(f (x),g(y), h(2))) < In(M(x,y,2)), where r = In(3) > 0. Then the contraction condition
(2.11) reduces to (2.3) with F(x) = Inx, and the application of Theorem 2.18 ensures the
existence of a fixed point. O

If weset S =S; =S, = S3 in Theorem 2.18, we obtain the following corollaries.

Corollary 2.22 Letf,g, h, and S be self-mappings defined on an as-complete tripled metric
space (X, dy, s) such that f(X) Ug(X) Uh(X) C S(X) with os-continuous. Suppose that, for all
x,9,z € X with as(Tx, Ty, Tz) > s%, there exist F € F, and r > 0 such that dy,(f (x),g(y), h(2)) >
0, then

r+F(Sdb(f(x)’g(y)’h(Z))) = F(M(xryrz));

where

M(x,y,z) = max{db (S(x), SW), S(z)), dp (f(x), S(x), S(x)),
dy(20), S0), S0)), do((2), S(2),52)),
%[db (S, g0, h(2)) + dy (), SO), 1)

+ db(S(z),g()’)’f(x))] }

Assume that either the pair (f,S) is as-compatible and f is og-continuous or (g,S) is
as-compatible and g is as-continuous, or (h,S) is as-compatible and h is as-continuous.
Then the pairs (f,S), (g,S), and (h,S) have the coincidence point v in X provided that the
triple of mappings (f,g, h) is triangular weakly os-admissible with respect to S. Moreover,
if as(Sv, Sv, Sv) > s2, then v is a common fixed point of f, g, h, and S.

If we set S; = Sy = S3 and f = g = /1 in Theorem 2.18, we obtain the following corollary.

Corollary 2.23 Let f and S be ay-continuous self-mappings defined on an og-complete
tripled metric space (X, dp,s) such that f(X) C S(X). Suppose that, for all x,y,z € X with
ay(Sx, Sy, Sz) > s%, there exist F € F, and r > 0 such that dy(f (x),f(y),f(2)) > 0, then

r+ F(sdp(f (x),f (0).f (2))) < F(M(x,y,2)),
where
M(x,y,z) = max{d;, (S(x), $(), S(2)), di (f (%), S(x), S(x)),

dp (f()/)! S®), S(Y)): dp (f(z): S(2), S(Z)),
= [D(S.F0).£2) + (. S0)./2)

+dp(S(2), f ). f (x))]}~
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Assume that the pair (f,S) is as-compatible. Then the mappings f and S have the coinci-
dence fixed point in X provided that g is a triangular weakly os-admissible mapping with
respect to S. Moreover, if a(Sv, Sv,Sv) > s%, then f, S has a common point v.

Corollary 2.24 Let f,g,h, and S be self-mappings defined on an os-regular and o-
complete tripled metric space (X,dy,s) such that f(X),g(X),h(X) C S(X), and S(X) is a
closed subset of X. Suppose that, for all x,y,z € X with as(Sx, Sy, Sz) > s?, there exist F € J,
and r > 0 such that dy(f (x),g(y), h(z)) > 0, then r + F(sdp(f (x),g(9), h(2))) < F(M(x,y,z)),
where

M(x,y,z) = maX{db (S@), $(), S(2)), dy (f (x), S(x), S(x)),

(20, 50), ), dy (h(2), 5(2),5(2)),
= [ds(S,80),h(2)) + (@), 50),h(2)

+ dy(S(2),80).f )] }

Assume that the pairs (f,S), (g,S), and (h,S) are weakly compatible and the triple of
mappings (f,g, h) is triangular weakly os-admissible with respect to S. Then the pairs (f, S),
(g,5), and (h,S) have the coincidence point v in X. Moreover, if as(Sv, Sv,Sv) > s%, then v is
a coincidence point of f, g, h, and S.

Corollary 2.25 Let f and S be self-mappings defined on an as-regular and og-complete
tripled metric space (X, dy, s) such that f(X) C S(X), and S(X) is a closed subset of X. Sup-
pose that, for all x,y,z € X with ay(Sx, Sy, Sz) > s*, there exist F € F; and r > 0 such that

dy(f (). 0).f (@) > O, then r + F(sdy(f (x),f )./ 2))) < F(M(x,,2)), where

M(x,y,z) = max{db (S(x),S(y),S(z)), dp (f(x),S(x), S(x)),
db(f(y),S(y),sm),db(ﬂz),S(z),S(z)),
[db(soc SO)L(@) +dp(f (%), 50).1(2)
+dy(S2),f).f )] }

Assume that the pair (f,S) is weakly compatible and f is a triangular weakly o-
admissible mapping with respect to S. Then the pair (f,S) has the coincidence point v in
X.

Corollary 2.26 Letf,g, and h be self-mappings defined on a complete tripled metric space
(X, dp,s). Suppose that, for all x,y,z € X with a(x,y,z) > s%, there exist F € F; and r >0
such that dy(f (x),g(y), h(2)) > 0, then r + F(sdp(f (x), g(¥), h(2))) < F(M(x,y,z)), where

M(x,9,2) = max{db(x,y, 2),dp(f (%), %,%),

dy(g1),3,9), dp(h(2), 2,2),
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%[db (2,80, 1(2)) + dy (F (), 3, ()

+ dy(50),f )] }

Assume that the triple of mappings (f, g, h) is triangular weakly os-admissible. Then f, g,
and h have a common fixed point v in X provided that either f or g or h is as-continuous,

or X is as-regular.

Theorem 2.27 Letf, g, h, S1, Sz, and Ss be as-continuous self-mappings defined on an o-
complete tripled b-metric space (X, dy, s) such that f(X) C S$1(X), g(X) C S»(X), and h(X) C
S3(X). Suppose that, for all (x,y,2) € Afgna, there exist F € F; and r >0 such that

r+ F(sdb (f(x),g(y), h(z))) < F(M,'(x,y, Z)) (2.12)
holds for one of i = 1,2,3,4,5, where

Mi(%,9,2) = a1dp(S1(x), S2(9), S3(2)) + ardy (f (), Sa(x), S (x))
+ asdy(g(), $1(9), S3()) + aady (h(z), S1(2), S2(2))
+ as[dy(S1(%),2), h(2)) + dy (f (x), S2(9), h(2))
+dy(S3(2),20).f )]

witha; >0,i=1,2,3,4,5, such that a, + a + as + 3as = s,

My(x,,2) = ardy(S1(x), S2(9), S3(2)) + ardy (f (%), Sa(x), S3(x))
+ asdy(g(9), $19), S3()) + aady (h(2), $1(2), $2(2))

witha, +a> +az =S5,

Ms(x,y,2) = kmax{dj (f (x), S2(x), S3(x)), dp (g(¥), S1 (%), S3(9)),
dp(h(2), $1(2),52(2)) }

with k € [0,1),

My(x,9,2) = ar(x,9,2)dp(S1(x), S2(9), S3(2))
+ ay(x,y, 2)dy (£ (x), Sy(x), S3(x))
+ a3(x,9,2)d (€1, $10), S3(9))
+ aydy(h(z), $1(2), 52(2))
+ as(x,9,2)[d(S1(x),8(9), h(2))
+dp (f (%), S2(9), h(2))
+dy($3(2,80).f )]

Page 21 of 28
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with a;(x,y,2), i = 1,2,3,4,5, are nonnegative functions such that

sup [al(x,y, z) + ax(x,,2) + as(x,y,2) + 3as(x,y, z)] =s.
x,y,z€X

Suppose that the pairs (f,51), (g,S2), and (h, S3) are as-compatible and the triples of map-
pings (f,g, h), (g.f, h), and (h,g,f) are triangular partially triple weakly as-admissible with
respect to S1, Sy, and Ss, respectively. Then the pairs (f, S1), (g, S2), and (h, S3) have the coin-
cidence point v in X. Moreover, if as(S1(v), So(v), S3(v)) > s2, then v is a common fixed point
off, g h, S1, Sy, and Ss.

Proof In line with the beginning part of Theorem 2.18, for all (x,y,2) € Af,ga, for some
F € Fsand r > 0, from contractive condition (2.12) we get

F(Sdb(]2m]2n+lr]2n+2)) = F(Sdb (f(x2n)!g(x2n+l)r h(x2n+2)))
< F(M1 (20, %2041, %2m12)) = 7 (2.13)

for all n € N, where

M (%o X1, Koms2) = @16 (S1(%20), Sa(K2ne1)s S3(2ms2))

+ ardy (f (%21), S2(%2n), S3(%20))
+ asdy (g(%an1), St (X2ns1)> S3(¥2n41))
+ aadp(h(X242), S1(¥2142), S2 (X2142))
+ as[dp(S1(%21), §(2041), H(2042))
+dp (f (%2n), S2(X2me1), H(%2n12) )
+ dp (S3 (%2142 X2 e1) f (24)) |

= a1dp(Jan Jans1: Jone1) + @2 (ons1, Jons Jon-1)
+ a3dp(Jons2r Jone1, Jon) + aadp(ons2) Jonas Jans2)
+ as|dpUons Jans2s Jans2) + Ap(ani1s Jane1s Jonsz)
+ dyons1s Joneas Jane1) |

< a1dp(on, Jans1, Jone1) + @2dpani1, Jons Jan-1)
+asdp(Jans2, Jons1,Jan)
+ as[3dy(Jans Jons1, Jans2) |

= (a1 + a3 + 3as)dy(Jan, Jans1, J2ns2)

+ aodp(Jons1, Jons Jon-1)-

Now from (2.13) we have

F(sdyp(Jans Jane1,J2ns2)) = F((a1 + as + 3as)dy(ans Jans1 Jans2)

+ agdy(Fans1s Joms Jon-1)) = T (2.14)
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Since F is strictly increasing, (2.14) implies

$ApJons Jans1,Jons2) < (a1 + az + 3as)dp(Jons Jone1, Jans2)

+ aadp(Jons1, Jons Jon-1)-

So

(s — a1 —as — 3as)dy(on, Jons1, Jons2) < aodp(ons1s Jons Jon-1)-

Hence

ap

dbUZn,]2n+1’]2n+2) =< 4 db(]Zn—l:]Zn:]ZnJrl)-
5

S—ay—as—3

Since a1 + a3 + a3 + 3as = s, therefore dy,(Joy, Jons1, Jans2) < dpU2n-1,J21 Jons1)- Thus from
(2.14) we obtain

F(sdpUonsJans1,Jans2)) < F(dpUan-1,Jom Jans1)) = 1 (2.15)

for all » € N. Similarly,

F(Sdb(]2n—lr]2n:]2n+l)) = F(dbUZn—2;]2n—1;]2n)) -r (216)

for all # € N. Hence, from (2.15) and (2.16), we have

F(Sdb(]nr]n+1;]n+2)) = F(db(]n—b]n,]wrl)) —r. (217)

Inequality (2.17) leads to remark that {x,} is a Cauchy sequence, and the remaining part
of the proof can easily be followed from the finishing part of the proof of Theorem 2.18.
For M5 (x,y, ), in line with the beginning part of the proof of Theorem 2.18, for all (x,y,2) €

Af.ghas for some F € Fg, and r > 0, from contractive condition (2.11), we get

F(Sdb(]2n:]2n+1)]2n+2)) = F(Sdb (f(x2r1)¢g(x2n+1): h(x2n+2)))
< F(My (2, %2041, %2m12)) = 7 (2.18)

for all # € N U {0}, where

Mo (X2, %2011, %2n42) = @18y o Jons1, Jani1) + @2dpUani1,Jons Jon-1)
+ azdp(Jons2) Jani1r J2n)
+ aqdp(Jons2, Janv2s Jans2)
< a1dp(ans Jans1, Jons2) + @2dp(J2ns1, Jons Jan-1)
+ azdy(Jan, Jons1,Jons2)
= (a1 + a3)dy(an, Jans1,Jans2)

+ asdp(Jons1, Jons Jon-1)-
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From (2.18), we have

F(sdp(am Jons1,Jans2)) < F((ar + a3)dp(ons Jans1s Jons2))

+ aydy(ons1, Jons Jon1) — 1. (2.19)

Since F is strictly increasing, (2.19) implies

Sdb(]2n:]2n+lr]2n+2) = (ﬂl + aZ)db(]2n’]2n+lr]2n+2)

+ aody(on+1, Jons Jon-1)s
50 (s — a1 — az)dp(ons Jons1, Jons2) < @2dp(Jan-1,J2ns J2ns1). Hence

az

dbUZn;]2n+1:]2n+2) = 7db(]2n—1:]2m]2n+1)'
S—ay;—das

Thus, from (2.19), we obtain

F(SdbUZn;]2n+ly]2n+2)) . F(dbUZn—l»IZm]ZnJrl)) -r (2.20)

for all » € N. Similarly,

F(SdbUZH—lr]Zn’]ZnJrl)) = F(db(]2n—2,]2n—lr]2n)) -r (2.21)

for all n € N. Hence, from (2.20) and (2.21), we have

F(Sdb(]n)]n+1’]n+2)) < F(db(]n—lr]n:]n+1)) —-r. (222)

Inequality (2.22) leads to remark that {J,} is a Cauchy sequence, and the remaining part
of the proof can easily be followed from the finishing part of the proof of Theorem 2.18.
For M3(x,y,z), in line with the beginning part of the proof of Theorem 2.18, for all (x,y,2) €
Af.gas, for some F € Fg, and r > 0, from contractive condition (2.12), we get

F(Sdb(]2n:]2n+1)]2n+2)) = F(Sdb (f(x2n)¢g(x2n+l): h(x2n+2)))
< F(M3(x2 %2041, %2m12)) — 7 (2.23)

for all # € NU {0}, where

M3(x2m x2n+1,x2n+2) = kmax{dbUZn—l;]2n712n+1)r db(]2n+2,]2n+lr]2n)¢ O}

= kmax{db(]2n—1;]2m]2n+1)r dbU2n+27]2n+1y]2n)}'
If
max{dbUZM—lr]2n;]2n+l): db(]2n+2r]2n+l:]2n)} = dbU2n+2;]2n+1:]2n)y

then from (223) we have F(Sdb(]2n:]2n+lr]2n+2)) = F(kdb(]2n;]2n+lr]2n+2)) —r. Since F is
strictly increasing, we have sdp,(Jou, Jans1,J2n+2) < kdp(Jon, Jons1,Jons2). It is @ contradiction.
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Thus we have

F(SdbUZn’]2n+lr]2n+2)) = F(kdbUZn—lrJZn’]Z;Hl)) =r

and Sdh(]2m]2n+l;]2n+2) < /<db(]2n—lx]2n:]2n+l)' So

k
dpans Jone1 Jans2) < ;db(]2n—1:]2n:]2n+l)'

The emaining part of the proof can easily be followed from the proof of Theorem 2.18.

Similar arguments hold from My(x,y, z). 0
Theorem 2.28 Let f, g, h, S1, Sy, and Ss be self-mappings defined on a complete tripled

b-metric space (X,dp,s) such that f(X) C $1(X), g(X) C S2(X), and h(X) C S3(X). If there
exist F € F; and r > 0 such that dy(f (x),g(y), h(2)) > 0, then

r+ F(sdp(f (), g(9), h(2)) < F(M(x,y,2))

forallx,y,z € X. Thenf,g, h, S1,S2, and Ss have a unique common fixed point in X provided
that Sy, Sy, and Ss are continuous and pairs (f,S1), (g, S2), and (h, S3) are compatible.

Proof The arguments follow the same lines as in the proof of Theorem 2.18. d

3 Application to a system of integral equations
Let X = C([0, 1], R) be the space of all continuous real-valued functions defined on [0, 1].
Letd), : X x X x X — R{ be defined

2
’

dy (4, v, W) = max{ sup [u(t) - v(®)

sup |u(t) —w(t)
te[0,1] te[0,1]

%, sup [v(©)-w(o)’]
te[0,1]

for all u,v,w € C([0,1],R), and define o : X x X x X — R} by as(u,v,w) = s* for all
u,v,w € X. Obviously, (X,d,s) is an as-complete tripled b-metric space. We will apply
Theorem 2.18 to show the existence of a common solution of the system of Volterra-type

integral equations given by

u(t) = p(t) + /OtK(t, r,S1(u(t)))dr,
v(t) = p(e) + /0 t J(t:7,S2(v(8)))dr, (3.1)
W =plo)+ [ L, Ss(w0)dr

for all ¢ € [0,1], where p: [0,1] — R is a continuous function and K/, : [0,1] x [0,1] x

X — R are lower semi-continuous operators. Now, we prove the following theorem to

ensure the existence of solution for the system of integral equations.
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Theorem 3.1 Let X = C([0, 1], R) and define the mappings f,g,h: X — X by

F(l®) = ple) + /0 K(t,r,$: (ul0)))dr,
e0) =p(01+ [ (0n52(v00)ar,
h(w(t)) =p(t)+/0 I(t,r,Sg(w(t)))dr

forallt € [0,1]. Assume that the following conditions are satisfied.
+ There exists a continuous function ¢; : X — R, i =1,2,3, such that

|K(t» v, Sl) _](t» v, SZ)| S ¢1(r)|S1 (u(t)) - SZ(V(t)) )
|K(t¢ r, Sl) - I(t¢ r, S3)| 5 ¢2(r)|51 (u(t)) - 53 (W(t)) ’
(&7, 82) = 1(2,7,S3)| < p3(r)|S2(v(2)) — S3(w(2))]

foreach t,r € (0,1] and S, S, and S; € X;
o There exists T > 0 such that

/Otébl(r)dr,/:%(r)dr,/otqss(r)d,5 \/?.

Then the system of integral Eqgs. (3.1) has a solution.

Proof By assumptions (i) and (ii), we have

2

’

dy ( ((2)), g (v(0), (w(t))) = max{ sup |f (u(®)) - g(v(0))

te(0,1]
sup |g(v(®)) - h(w(?)) 2
tel0,1]
sup V(u(t)) - h(w(t)) |2],
te[0,1]

where

sup |f(u(t)) - (v(t)) (sup / |K(t,7, 81 (u(®)) - T (&, r,Sg(v(t)))|dr)2

tel0,1] te[0,1]

2
- ( sup / 01(9]$1 (u(0) -sz(v<t>)|dr)
te[0,1] JO

= ([ o) =ssbeel [ o)

= sup |sl(u(t))-sz(v(t))yz< fo ¢1(r)dr> ,

te(0,1]

t 2
sup |g(v(£)) = h(w(®)|* < sup [S2((2)) - S5 (w(t))F( /0 ¢2(r)dr> ,

tel0,1] te(0,1]
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t 2
sup V(u(t)) - h(w(t))|2 < sup |51 (u(t)) -5 (w(t))|2</(; ¢3(r)dr> .

te0,1] te[0,1]
Consequently, we have

e max{ sup |Sl (u(t)) -8 (v(t))
s te[0,1]

2

)

dy (f (u(2)), g (v(2)), h(w(2)))

sup [5,(v(0)) = S3(w(®)) *, sup [y (u(0) - S3(w(e))|*}

te[0,1] t€[0,1]

iidb(sl (1(0)), S (), S5 (w(D)))

—T

%M(u(t), v(t), Sw(t)).

IA

Thus, we obtain

sdp (f (u(2)), g (v(©)), h(w(2))) < e M (u(t), v(2), w()),

which implies that

T+ ln(sdb (f(u(t)),g(v(t)), h(w(t)))) < ln(M(u(t), v(t), w(t))).

For F(r) = Inr, all the hypotheses of Theorem 2.28 are satisfied. Hence the system of
integral equations has a unique common solution. d
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