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1 Introduction

The study of semi-Riemannian manifolds plays an important role in differential geom-
etry and physics, especially in the theory of relativity. In a semi-Riemannian manifold,
the induced metric on a lightlike submanifold is degenerate. In general relativity, lightlike
submanifolds usually appear to be some smooth parts of the achronal boundaries, for ex-
ample, event horizon of Kruskal and Kerr black holes and the compact Cauchy horizons
in Taub-NUT spacetime [5, 14]. One of the simplest examples of lightlike submanifolds is
the lightlike cone Q7 in Minkowski space Ry.

In differential geometry, one of the most important and applicable tools to analyse
a curve is orthonormal frame. For a regular curve in Euclidean space R”, we can use
1st,2nd, ..., nth derivative vectors to construct Frenet frame [8]. Abazari, Bohner, Sager,
and Yayli [2] studied the relationship between Frenet elements of the stationary accel-
eration curve in four-dimensional Euclidean space. Also, by Frenet elements, they have
provided a necessary and sufficient condition for a curve on a timelike surface that is an
acceleration curve.

Bonnor [4] introduced Cartan frame as the most useful frame, and he used this frame
to study null curves. Bejancu [3] gave a method for consideration of a null curve in semi-
Riemannian manifold. Ferrandez, Giménez and Lucas [7] generalized the Cartan frame
to Lorentzian space form. Abazari, Bohner, Sager, and Sedaghatdoost [1] studied some
properties for spacelike curves in lightlike cones of index 1. Liu [12] studied curves in the
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lightlike cone and gave an asymptotic frame field along the curve and defined cone cur-
vature functions for this frame field. To study the behavior of a curve in two- and three-
dimensional lightlike cone, Liu and Meng [13] defined structure functions for a spacelike
curve, and by these structure functions, they obtained representation formulas of space-
like curves in the lightlike cones Q? and Q3 of Lorentzian space R} and R}, respectively.
Also, Kilahci, Bektas and Ergiit [11] considered AW (k)-type curves in the 3-dimensional
lightlike cone, and recently Kiilahci [10] considered spacelike normal curves on the light-
like cones Q?% and Q3. Since for a null curve that lies on the lightlike cone, any order deriva-
tive vectors are null vectors [15], for a null curve x on the lightlike cone Q3, there exists a
natural Frenet frame {x,«’, N, W} [6, 15]. Sun and Pei [15] considered null curves on the
lightlike cone and unit semi-Euclidean 3-sphere of Minkowski space R5, and they obtained
some results on AW(k)-type curves and null Bertrand curves on the lightlike cone Q3.

In this paper, we obtain representation formulas for any curve on the lightlike cone Q3 by
structure functions, and by this representation, we classify all null curves on the lightlike
cone. Furthermore, for a null curve on the lightlike cone, we construct a natural Frenet
frame and calculate its curvature functions. Also, we show that the structure functions and
the curvature functions of a null curve on the lightlike cone Q3 satisfy a special second-
order differential equation, and by this natural Frenet frame, we conclude that any null
curve on the lightlike cone is a helix.

2 Preliminaries
Let R” be n-dimensional Euclidean space. For two vectors v = (vq,...,v,), w = (w1,..., W)
and g € NN [1, n], we define the bilinear form

q n
(v, w)g:= —Zviwi + Z Vi,

i=1 i=q+1

which is a semi-Riemannian manifold. The resulting semi-Riemannian space is called
Minkowski n-space of index g. If n = 4, then this is the simplest example of a relativistic
spacetime [14]. In Minkowski space R}, we say that a nonzero vector v € R7 is spacelike,
null, or timelike if (v,v), is positive, zero, or negative, respectively. Also, the vector 0 is
spacelike. The norm of v € R is defined by ||v|| := /[(v,}[. In Minkowski space R, there
exist three types of hypersurfaces, called (n — 1)-pseudo-sphere or de Sitter (n — 1)-space
for

SZ‘I ={ve Ry (v,v)q = 1},

anti-de Sitter (1 — 1)-space for

HZ’I = {V € RZ g = —1},

and lightlike cone for
QZ‘I = {V 1S RZ ) = 0}.

The curve x : I — R7 is called a spacelike curve (null curve or timelike curve) if for any

dx

top € I, the velocity vector
dt |¢=¢

of the curve is spacelike (null or timelike). Thus, a space-
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like or timelike curve can be parameterized by arc length in the sense that I(%, %),ﬂ =1

Therefore, the arc length parameter of x : / — R7 is denoted by s, and we have

dx dx .
ds’ ds q_ ’

with e = +1 for a spacelike curve and ¢ = —1 for a timelike curve. For a null curve with any
parameter ¢, we have ¢ = 0 [8]. For a null curve x : I — Q3 C R, there is a natural Frenet
frame {x(t),&(t), N(t), W(¢)} satisfying

(e

R

x(2)) = (x(2), £ (1)) = (x(2), N(2)) = O,
(E(t ) = (£@), W(1) =0,
(N(®),N(@®) = (W (), W) = (N@®), W(®)) =0,
(E@,N(@)) = (x@), W (1)) =

1

where £(¢) is the tangent vector, N(¢) is the unique transversal vector to &(¢), W(t) is the
unique transversal vector to x(£) [15, (2.1)]. The vectors in this natural Frenet frame satisfy

the equations

x'() =&(2),

&"(8) = h()E(8) + k1 ()x(2),

N'(t) = —h(E)N(2) + ka2 (£)x(£) — W (2),
W'(t) = —ka ()6 (£) — k1 ()N (),

which we call the natural Frenet equations of the null curve x on the lightlike cone Q3,

where

W) = ("0, N®), k() ="@6),WE), k) =N W) 3)

and the functions /4, «1, k; are called the curvature functions of x [6]. Duggal and Jin [6,
Proposition 4.1 b] showed that x has a parameter such that the curvature function 2 =0

for the null curve in R/, and, in addition, Sun and Pei [15] proved the following.

Proposition 2.1 (See [15, Proposition 2.1]) Let x be a curve on the lightlike cone Q3. Then
the type of the natural Frenet equations is invariant with respect to transformations of the
coordinate neighborhood and the screen vector bundle of x. Moreover, it is possible to find
a new parameter for x such that the curvature function h = 0 in the Frenet equation (2) of

all possible types, using the same screen bundle.
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Hence, we can get the natural Frenet equations of a null curve on the lightlike cone Q3
as

®'() =&(0),

x"(8) = k1 (£)x(t),

(4)
N'(t) = k2 ()x(£) = W(2),
W'(t) = —ko ()& (2) — k1 (E)N(2).

In this paper, the semi-Riemannian manifold is Minkowski space R}, and especially, we
consider its lightlike cone Q3.

3 Representation formulas of cone curves in R
H. Liu [13] has obtained representation formulas of the spacelike curves in the lightlike
cones Q2 and Q3 and proved the following two theorems.

Theorem 3.1 (See [13]) Let x:1 — Q? C R? be a spacelike curve in Q? parameterized by
arc length. Then x can be written as

x = (%1, %0,%3) = %f/_l(fz - 1L,2f,f*+1)

for some nonconstant function f, which is called the structure function of x. The structure
function f and the cone curvature function k of x satisfy

= 2(toes) T~ [(ox ) T
where f' = %.

Theorem 3.2 (See [13]) Let x:1 — Q3 C R} be a spacelike curve in Q3 parameterized by
arc length. Then x can be written as

x = (%1,%0,%3,%4) = p(2f, 28,1 - > - g% 1+ f* + &°)
for some functions f and g, which are called structure functions of x. Here, p satisfies
4p*(f* +¢%) = 1.

The structure functions f, g, the cone curvature function «, and the cone torsion function T
of x satisfy

1 1
€ = 5[00g )"+ log/)" = 567 v =£(¢'(logp) +"),

where

() G
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First, in the following lemma, we give a result for spacelike and timelike curves in the
lightlike cone Q3. By this virtue, we will be able to give a representation formula for such
curves.

Lemma 3.3 Let x = (x1,%0,%3,%4) : I — @g C R‘j be a spacelike or timelike curve param-
eterized by arclength in the lightlike cone Q3. Then the functions x| — x3, X1 + X3, X4 — X3,
X4 + X are not zero.
Proof Since (x,x), =0, we get

2 —xi+as v a2 =0, (5)

and from x? — x3 = x2 — x3, we have

(01 —x3) (%1 +x3) = (%2 — %) (x4 + %2). (6)
If one of the functions x — x3, X1 + X3, X4 — X3, X4 + Xy is zero, then
X3 = X1, X4 = AXo,
where u, A € {-1,1}. Thus
x = (%1, %, UX1, Ax2),
and hence,
& = (x5, uxl, Axh).
Since u, A € {-1, 1}, we obtain
I¢.1)

o= =+ () + ()" = 0,

which is a contradiction. O

Theorem 3.4 Let x = (x1,%2,%3,%4) : [ — Qg C ]Rg be a spacelike or timelike curve param-

eterized by arclength in the lightlike cone Q3. Then we can write x as
x=(f+0gg-pf.f - pgg+rf)

for some functions f and g. Here, p satisfies
4(fg' - f'g)p’ = ¢,

where ¢ = +1 for spacelike curves and ¢ = -1 for timelike curves.



Abazari et al. Journal of Inequalities and Applications (2020) 2020:235 Page 6 of 18

Proof Since (x,x); = 0, we get (5). Because the curve x is spacelike or timelike, from
Lemma 3.3, we can define the nonzero smooth functions

- X1 — X3 _x4—x2 L X1 + X3 o X2 + X4
kgt xy x5 o2 o2
where
x1=f+pg  x=g-pf, x3=f-pg  xm=g+pf. 7)

Let (x',x'), = &, where ¢ = +1 for spacelike curves and ¢ = —1 for timelike curves. Then
—F—al xf v x =,

so that
AP+ af =af + e,

and by (5), we have
(] +23) (&7 +25) = (25 +5) (x5 +47) —&(x3 +x3),

and thus

(xlx/l)2 + (xlx/z)2 + (xzx/l)2 + (xzx’z)2

= (w3x3)” + (sa)” + (waxs)” + (ma)” = £(43 + 7). ®)

From (x,x), = 0, we have

X1 + oK)y = X3l + K4},
and hence

(1) + 205 = (x5 + x4,
so that

(02} + (2" + 2120y = (x35)” + (3acy)” + 23052, )
From (8) and (9), we conclude

(1) — 22))” = (s, — xay)” — £ (42 + 22). (10)
By replacing (7) in (10), we have

((F + p2) @ = pf) — (@ = pN)(f + 0g))" = ((f = p) (& + pf) — (g + pN)(f — pg)')°
—e((f - pg)” + g+ pf)),
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ie.,
(fe' + pgd - off - P'f* - 0*f'g = pp'fg —f'g + pff — pgg - 0’8 + e’ + po'fe)’
= (fe' - pgd + pff + P'f* = 0*f'g - pp'fe —f'g - off + pgg + 0’8 + e’ + po'fe)’
—e(f*=2pfe+ p°g + & + 202 + ),
ie.,
(- plf*=pf'g—fg-p'e+ ™) = (f + 0f* - p*fg~fg+p'g + p*fe)"
_ g(fz P p2f2),
ie.,
(17 ~1'g) (1+0%) = (2 +8%)0)" = ((fg' ~'8) (1+p2) + (2 +8%) ) ~&(F2 +g%) (1+07),
ie.,

U =) (1+p7)(7" + &) =e(1+0°) (" + 7).
Since f and g are not zero, the proof is complete. O

Unlike in Theorem 3.4, for a null curve in the lightlike cone, some of the functions x; —xs3,
X1 + X3, X4 — X2, X4 + % may be zero. Thus, in the following, we state these cases separately.

Proposition 3.5 Let x:1 — Q3 C R} be a null curve in the lightlike cone Q3.
i. If only one of the functions x; — X3, X1 + X3, X4 — X3, X4 + X9 IS nOt zero, then x is a null
straight line.
il. 1t is impossible that only one of the functions x1 — x3, X1 + X3, X4 — X2, X4 + X2 IS z€ro
and the others are not zero.

Proof First, we prove i. Without loss of generality, we suppose
x1+x3=0, x1—x3=0, X4+ %9 =0, x4 — %9 # 0.

From x; +x3 = 27 —x3 = 0, we have x; = x3 =0, and x4 + x, = 0 implies x4 = —xy. Hence
x = (0,%2,0,—x5) = (0,1,0,—1)x>,

which is a null straight line. Next, we prove ii. Let x be a null curve in the lightlike cone
Q3. Without loss of generality, we suppose

X1 +x3 #0, x1—x3#0, X4+ %7 #0, X4 — %y = 0.
Thus x? —x3 #0, and 43 — x5 = 0, and this contradicts (x,x), = 0. O

In the following theorem, we classify all null curves in the lightlike cone Q3, which are
not a straight line.
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Theorem 3.6 Let x: I — Q5 C R} be a null curve in the lightlike cone Q3 such that it is
not a straight line. Then x = (x1,%,,x3,%4) can be written as one of the following types.
Type 1. x1 +x3 = 0 or x5 + x4 = 0. In this case, we have three types of curves:
Type 1.1. Ifx; + %3 =0and x; + x4 =0, then x = (f,g,—f, —g).
Type 1.2. Ifx1 +x3 =0 and xy + x4 #0, then x = (f,g,—f, ).
Type 1.3. Ifx1 +x3 #0 and x + x4 = 0, then x = (f, g,f, —2)-
Here, the functions f and g are linearly independent.

Type 2. If the functions x; + x3 and x; + x4 are not zero, then

x=(f+pgg-pnf.f —rgg+pf)

where the smooth functions p, f, and g are

X1 — X3 X4 — X2 X1 + X3 X2 + X4
— — - = - g=—

S 2’ 2

’

p= = ,
X4+ Xy X1 +X3

and satisfy (fg' — f'g)p’ = 0. In this case, we have two types of curves:
Type 2.1. If the functions f and g are linearly independent, then

x=(f+Argg - M .f —2g g +1f),

where X is a real constant.
Type 2.2. If the functions f and g are colinear, then

x=A+p,1-Ap,A—p,1+1p)g,
where A is a real constant.

Proof Type 1.1. If 1 + x3 = x4 + x5 = 0, then, by Proposition 3.5 i., x1 — x3 and x4 — x; are

not zero. Putting f := x; = —x3 and g := xy = —x4, we get

x=(f,g~f -8

Type 1.2. If x; + x3 = 0 and x4 + x # 0, then, from (6), we have x4 — x, = 0. Since x is not

a straight line, by Proposition 3.5, x; — x3 # 0. Setting f := 1 = —x3 and g := x5 = x4, we get

x=(f.g,~.9)-
Type 1.3. If x; + x3 # 0 and x4 + x, = 0, then, from (6), we have x; — x3 = 0. Since x is not

a straight line, by Proposition 3.5 i., x4 — %y # 0. Putting f := x; = x3 and g := xp = —x4, wWe
obtain

x=(f,8f,-8).

Types 1.1-1.3. In all Type 1 cases, if f and g are linearly dependent, then x is a straight

line. Thus, the smooth functions f and g are linearly independent.
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Type 2. In the proof of Theorem 3.4, from %1 + x3 # 0, x4 + x, # 0, and (x,x); = &, we
conclude

x=(f+pgg-of f-pgg+of),  4(fF-fg)r =¢

In a similar way, if we set ¢ = 0, then we can prove

x=(f+pgg-nf.f ~reg+rf), (& -fgp =0 (11)
Thus p’ =0orfg’' —f'g=0.

Type 2.1.1If p" =0 and fg’' — f'g # 0, then p = A is a real constant and the functions f and
g in the first equation of (11) are linearly independent, and hence

x=(f+pgg—pff—0gg+pf)

Type 2.2.If p’ #0 and fg' — f'g = 0, then the functions f and g in the first equation of (11)
are linearly dependent. Thus f = Ag, where A is a real constant, and hence

x=(A+p,1=20,A=p,1+Ap)g.
If o’ =0and fg’' —f'g = 0, then «x is a straight line, contradicting the assumption. O
In Table 1, we summarize all cases on the basis of (6).

Definition 3.7 For Types 1.1-1.3 and Type 2.1, the functions f and g in Theorem 3.6 are
called the structure functions of the cone curve x: I — Q3 C R3. A null curve of Type 2.2
by structure functions p and g writesasx = (L + p,1 - Ap,A —p,1 + Ap)g.

For a Frenet null curve in the lightlike cone Q3, there exists a nonunique natural Frenet
frame {x, &, N, W} that satisfies (1) [15]. In the following, we construct the vector fields N
and W for one of the natural Frenet frames. Now we define the natural orthogonal vector
field to a null vector field in R} and prove some of its properties.

Table 1 All types of null curves in the lightlike cone Q%

Cases  x1-X3 X1 +Xx3 Xa—-X2 X4s+x» Thetype of the curve

1 0 0 0 0 Impossible
2 0 0 0 #0 Straight line
3 0 0 #0 0 Straight line
4 0 0 #0 #0 Impossible
5 0 #0 0 0 Straight line
6 0 40 0 40 Type 2
7 0 #0 #0 0 Type 1.3
8 0 #0 #0 #0 Impossible
9 #0 0 0 0 Straight line
10 0 0 0 0 Type 1.2
M #0 0 #0 0 Type 1.1
12 #0 0 #0 #0 Impossible
13 #0 #0 0 0 Impossible
14 #0 #0 0 #0 Impossible
15 #0 #0 #0 0 Impossible
16 0 0 0 0 Type 2
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Definition 3.8 Let V = (v, v,,v3,v4) be a null vector in Minkowski space R5. Then the
vectors Vfé := (v, —V1, V4, —V3) and Vﬁ := (v, —V1, —V4, v3) also are null vectors such that
(V,Vi)2 =0, i =3,4. We call such null vectors natural orthogonal null vectors to V. If

there is no confusion, instead of Vj}, i = 3,4, we write V.
The following lemma is a direct consequence of Definition 3.8.

Lemma 3.9 Let U, V be null vectors in Minkowski space R3. Then we have the following:
L (U, V)= (Uf, Vi), i =3,4.
i, (U, Vi)s = (U5, V)a, i = 3,4

Theorem 3.10 Let x = (x1,%),%3,%4) : [ — Q3 C R4 be a null curve in the lightlike cone Q3.
Then the vector fields N and W of the natural Frenet frame {x,&,N, W} for curves of the
various types are as follows:

Type 1.1. Ifx=(f,g,—f,—g) and © =fg' — f'g, then

(gfg»f) O14r

(¢~ f) =

T 20 20 %

Type 1.2. Ifx=(f,g,—f,g) and © =fg’ - f'g, then

(g .&f) = xlB’

®(g,—f,g,f)=20

Type 1.3. Ifx=(f,g,f,—g) and © =fg’ - f'g, then
(g f g’ f) x13;
(g S8 ) = 557

Type 2.1. Ifx=(f + Ag,g — Af,f —Ag, g + Af), then

o VO S
S asme 8 M T TR =) = S s

— -1 L
= T8 A2)®(g Mo~f =g, -g =M f —rg) = e w

where © = fg' — f'g.
Type 2.2. Ifx = Ag, where

A:=A+p,1=-20,1—p,1+Ap),

then

-1 -1
= (1=2p,=A=p, L4+ Ap, A+ p) = —————— 7,
W aDpg AT = S

Page 10 of 18
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1
S 2(1+A2)p'g?

1
/4L ’ _ rL
(gA13 +gp (_)"!_11)‘4 1)) - 2(1 + A2)p’g2x 13°
Proof Since the vector fields N and W are defined by natural orthogonal vectors to x and
x', we have
-1

(x,x"), =0, (', W), = %(x/,x/L)2 =0.

Moreover, since (x,x"); = 0, by Lemma 3.9 i, for any type of null curves, we have
{x,&)2 = (N, W)y =0.

In order to obtain the vector fields N and W, it is thus sufficient to calculate (x*,x’), in all
types of null curves.
For a null curve of Type 1.1, we have

(ax), = (@ .8 (.8 =€),
=—f'g+fe -fg+fd
= Z(fg’ —f’g) =20.

From Theorem 3.6, f and g are not proportional, so ® # 0, and by Lemma 3.9 ii., we have

-1,

-1 / ’ N o
W:%(g’—f»g’—f)— 2®x14.

Similarly, the calculations for null curves of Type 1.2 and Type 1.3 are valid.
For a curve of Type 2.1, by direct calculations, we have

(ria ), = (@ =M —~f —Ag—g =M .f =2, (f + 28,8 = f = 1&g + }f))
=(0f =g +2g) + (f +2g)(¢' — Af)
@+ M -2g) +(f = 2)(g +2f)
=M+ 227 ~f'g - rgd +fg - M+ g -3 f'g
~f'g+2gd =M + 32 +feg + M - hggd - 2f'g
=2(1+2%)(ff' -f'g) =2(1+2%)0.

This equality for a null curve of Type 2.1, by Lemma 3.9 ii., yields

N=— (g—A,~f—Ag—g =M, f =) = —————x1,
W e -1 (g/—)»f/,—f/—kg’,—g/—)»f/,f/—)xg/) _ -1 2T
2(1 + A2)©® 2(1+22)0"

For a null curve of Type 2.2, we have x = Ag, where

A=A+p,1=2p,A—p,1+Ap).
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Moreover,
(At 4), = 2(1 +2)0'g

and by Lemma 3.9, we have

- -1
N (1=Apy=A=p, 1+ Ap,=A 4 p) = —— i,
2(1 + Az)p/g( P P P P) 2(1+22)p'g? 13
1 1 L
W=—(JAL +gp (-1, -1,1,1)) = ————— /1.
F g & A e )= S
This completes the proof. d

Theorem 3.11 Let x = (x1,%2,%3,%4) : [ — Q3 C R} be a null curve in the lightlike cone Q3
with natural Frenet frame {x,&,N, W}. Then the curvature functions of the curve x in the
natural Frenet equations (2) for a null curve of Types 1.1, 1.2, 1.3 or Type 2.1 are

1" 1 5l £
_f-f'e _S8-S¢ =0,

= ) 1= )
g -feg g -fe
and for a null curve of Type 2.2 are
2 VRN, N 2
p B T (8], g
g gp g

Proof By using (3) and direct calculations, we can obtain the curvature functions. For
example, the curvature functions for a null curve of Type 2.1 are

h= (x”,N)2

Z 1 ul
=\X , =X
21+22)0 |/,

1 /" 1
= el +27) (" -f"g)

_ fg// _f//g
g -rg

and
K1 = <x”, W>2

/ -1 L
=\X, /X
21+22)0° |,

_; 2 1" g
- 2(1+)\2)®2(1+A )W'e 1)
:f//g/ _f/g//'

fg-rg

For a null curve of Type 2.2, let x = Ag. Then

x//zB(gp//_l_zg/p/) +Ag//7
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where B := %A’, A/lsL = B30, and (B, Az)2 = —2(1 + A2). Therefore,

h= (x”,N)
B( 20'g) + A 1
pg+ pg g’2(1+)\'2)p,g 132
%
o g
and
(x”,W
B( 2 Ag,——— (dA +gAlL"t
< 0"g+ Pg +Ag" 2(1+A2)p’g2(g 13 78413 )>2
<B "g+20'g +Ag,%A1L3>
2(1+A2)p'g 2

+<B(p//g+2p/g/)+Ag”, pg Bl>
2

2(1+A2)p'g 13
:_(p//g/ N 2g/2> +gi
r'g & g

zg//p/_p//g/ _2(‘51)2
r'g g
/L an

Since (x,%')2 = (x,4'), = 0, by Lemma 3.9 i,, (x,x'"), = (x

,&'%), = 0, so for any type of
null curve, we have k, = (N’, W) = 0. a

If we use the parameter s presented in Proposition 2.1 for the natural Frenet frame ob-
tained in Theorem 3.10, together with Theorem 3.11 that gives «; = 0 for any type of null

curve, the natural Frenet equations (4) are

x'(8) =£(3),
x"(3) = k(3)x(3),
N'(3) = -W(3),

(12)
W'(8) = —k IN(3),
where k; is now denoted by «.

Lemma 3.12 Letx:1— Q3 C R} be a null curve parameterized by 3 such that its tangent
vector field has a constant angle with a constant vector B. Then the curve x is a straight line

or B is in the plane generated by Span{x(s),x'(5)}.

Proof For any straight line, the statement is true. Thus, we assume that the curvature
function «(5) # 0. Let 8 be a constant vector such that (x'(5), 8), = [ for any § € I. Thus,
(x(5), B)2 = Is + Iy and {x"(5), B)2 = 0. From (12), we conclude that «(s){x(s), 8)> = 0, and
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from «(5) #0, we get [ = [ = 0 so that

B = r1(3)x() + r2()x'(3).
Hence r1(5) = (W(s), B)2 and r3() = (N(3), B)2. O
Theorem 3.13 Any null curve on the lightlike cone Q3 is a helix.

Proof For a straight line, the tangent vector has constant angle with any constant vector.
Let 8 be a constant vector such that (x'(s), 8)2 = [. Then, by Lemma 3.12,

B =r1(8)x(3) + ra(3)+(3). (13)
By differentiation of (13), we have
1 ()x(3) + r1(3)x' () + r5(8)' (3) + ra(5)x"(3) = 0,
and by the second equation of (12), we get
(r/1 (3) + K(E)rz(i))x(E) + (r1 (3) + r/2(§))x’(§) =0.
Since x and x’ are linearly independent, we obtain
r1(8) + k(8)r2(3) = 0, rn@s) +r,3) =0,
and thus
H6) = -1 6) = kG 6).
Again by the second equation of (12), since x;(s), i = 1,...,4, and r,(5) satisfy the same

differential equation, we can choose r,(s) = x;(5), i = 1,...,4. In this situation, for r,(5) :=

x1(8), the constant vector 8 is
! / / J J !
B = (O,x1x2 — XX, X1 X5 — X3X], %1%, — x4x1).
. 2 2 2 2 . -
The equations x}” + x5,” = x5” + &}~ and x1x] + xoxy = w3x5 + 4%y yield (¥'(5),8)2=0. O

Kula and Yayli, in [9, Proposition 6.1], proved that, if x : R — R* satisfies a second-order
linear homogeneous differential equation, then the image of x lies in a two-dimensional

subspace of R*. Thus, we can prove the following corollary.

Corollary3.14 Letx:1— Q3 C R} be a null curve in the lightlike cone Q3. Then the image

of x lies in a 2-dimensional subspace of R*.

Proof Since x satisfies the second-order linear homogeneous differential equation in (12),
by [9, Proposition 6.1], the proof is complete. d
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4 Curves with special curvature functions

In this section, we classify all curves with constant curvature functions on the lightlike
cone Q3. These curves are solutions of a second-order differential equation with constant
coefficients. From now on, we assume that the parameter s of the curve x(5) satisfies Propo-
sition 2.1, i.e., & = 0. Also, since from Theorem 3.11, «; = 0 for a null curve on the lightlike
cone Q% with respect to the natural Frenet frame obtained in Theorem 3.10, there exists
only one curvature function k. Also, by the second equation of (12), a null curve x on the
lightlike cone Q3 satisfies the second-order differential equation

x"(8) — k(3)x(5) = 0. (14)

Hence, with initial conditions x(5¢) = (a1, a2, a3,a4) € Q% and x'(59) = (b1, by, b3,b4) € Qg,
the differential equation (14) has a unique solution. Thus, we have proved the following
result.

Theorem 4.1 Let gy = (a1,as,a3,a4) € Q% C R‘ZL be a point on the lightlike cone Q%, X =
(b1, b2, b3, by) be a null tangent vector at qq, k : I — R be a nonzero smooth function, and
30 € 1. Then there is a unique null curve x : 1 — Q3 C R} parameterized by 3 with the nat-
ural Frenet frame {x(3),x'(5), N(5), W ()} such that x(S9) = qo, x'(So) = Xo, and its curvature
Sfunction is k (5).

For constant curvature functions « (5) = ko, the solutions of the differential equation (14)
are

x(5) = (a1 sinh(/k0S) + a cosh(y/koS), by sinh(/koS) + by cosh(/koS),

c1 sinh(/koS) + ¢; cosh(/k0S), d1 sinh(/kS) + dy cosh( KOE))
for ko > 0, and

x(5) = (a1 sin(y/=koS) + ay cos(\/—koS), by sin(y/—koS) + by cos(y/—kgs),
1 8in(\/=k0S) + ¢3 cos(\/—K0S), d1 sin(/—koS) + d> COS(«/—KO‘E))
for k¢ < 0, where it is possible to calculate the coefficients a;, b;, ¢;, and d;, i = 1,2, from the
initial conditions x(5g) and x'(5p).
The following example appears in [16, Example 5.1], where the authors have obtained
a natural Frenet frame and its curvature functions for the given null curve in the way of

Duggal and Bejancu [6]. In this example, we calculate our natural Frenet frame by Theorem
3.10.

Example 4.2 Let x:I — Q3 be the null curve given by
x(s) = v/3(cos 6 — sinf,cos 6 + sinf, v/2cos 0, /2 sin0),

where I C R is an open set and 6 = @ Ins?. The structure functions of x(s) are

f(s) = %((1 +~/2)cosO — sin@), g(s) = %(0039 +(1++2) sin@).
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The tangent vector x'(s) is given by

x'(s) =

\/_((1 V15)cos6 — (1 ++/15)sin 6, (1 + v/15) cos 6 + (1 — +/15)sin6,

V2(cos0 — v/155in6), v/2(sin 6 + +/15 cos 9)).
Since x (s) + x3(s) # 0, x2(s) + x4(s) #0, and A := p(s) = 1 — +/2, we get p/(s) = 0, and
O(s) f(Sg( ) = f'(s)g(s)

( 1+ «/_ cos6 —s1n0)

(c059 +(1+ ﬁ)sin@) + ££( 1++/2)cosf —sin@)}

X
w|x — "
%%

(cos@+(1+«/—)sm0)
(1++/2)cos6 —sinb —iE cos6 + (1 ++/2)sin6
4f 2 s

- @«uﬁ)mw-meﬁ%cosewuﬂ)sinef

/15
= T((1 ++/2)2¢c0s%0 +sin? 0 + cos?0 + (1 + v/2)? sin0)

= ?((1+\/§)2+ 1) = §(2+«/§).

From Theorem 3.6, the curve x is a curve of Type 2.1, and by Theorem 3.10, the unique

transversal vector field to x is

N(s) = —————xl(s) =

2(1 + A2)0(s) 4:/15

since
21+23)©=2(1+(1- ﬁ)z)g(z +/2) = v/15(4 - 24/2)(2 + V/2)
= 2v/15(2 - V/2)(2 + V/2) = 44/15,

and the unique transversal vector field to ' is

1 ;1
W(s) = —mxm (s)

= ((1—«/1—5)sin9+(1+\/E)cose,(1+«/E)sin9—(l—«/ﬁ)cos9,

8«/_
—/2(sinf + /15 c0s6),v/2(cos 6 — x/ﬁsine)).

For this natural Frenet frame, we have, by Theorem 3.11, one curvature function, namely

2 ++/2)V/15
Kk1(s) = T’

5 (sin® + cosH,sinf — cos@,—ﬁsin@,ﬁcos@)

Page 16 of 18
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Projection on x;=0 Projection on x50 Projection on x50 Projection on x 70

Figure 1 x(s) = v/s(cos6 —sin@,cos @ +sinB,+/2cosB,+/2sinH), 6 = @ In s

Projection on =0 Projection on x 70 Projection on x3-0 Projection on x 0

Figure 2 x(s) = (coshs + % sinhs, 17 coshs + % sinhs, 11 coshs + % sinhs, 13 coshs + % sinh's)

and /(s) = ko(s) = 0. From Corollary 3.14, this curve lies in a 2-dimensional subspace of

R*. By direct calculations, we can represent x as

x(s) = <\/§cose - \/LliS sin@)(l, 1,+/2,0) + «/g sin@(1 — V15,1 + v/15,+/2,+/30),

where 0(s) = @ Ins?. In Fig. 1, we draw the projections of the null curve x on x; = 0,
i=1,...,4

In the following example, we give a null curve with constant curvature « = 1.

Example 4.3 Let xo = (1,17,11,13) be a point of the lightlike cone Q3 and the vector x{, =

(2,2, 2%, %) be a tangent vector at x. Then the null curve

5 35 25 25
x(s) = (coshs + 3 sinhs, 17 cosh s + 3 sinhs, 11 coshs + — sinhs, 13 coshs + — sinhs)

is a null curve of Type 2.1 that passes from x( with tangent vector x;, and its curvature
function is constant « = 1. For this curve, /1 = —% and the structure functions are

f(s) =6coshs + 5sinhs, g(s) =15coshs + 10sinhs,
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also O(s) = f(s)g'(s) — f'(s)g(s) = —15. From Corollary 3.14, this curve lies in the 2-
dimensional subspace spanned by the initial condition vectors xp, x;, as

5 35 25 25
x(s) = coshs(1,17,11,13) + sinhs{ =, —, —, — ).
3’3 3 3

In Fig. 2, we draw the projections of the null curve x onx; =0,i=1,...,4.
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