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Abstract

In this paper, first we present some interesting identities associated with Green’s
functions and Fink’s identity, and further we present some interesting inequalities for
r-convex functions. We also present refinements of some Hardy-Littlewood—-Pdlya
type inequalities and give an application to the Shannon entropy. Furthermore, we
use the Cebysev functional and Griss type inequalities and present the bounds for
the remainder in the obtained identities. Finally, we use the obtained identities
together with Holder's inequality for integrals and present Ostrowski type inequalities.
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1 Introduction and preliminaries
The following inequality is given in the well-known book by Hardy, Littlewood, and Pélya
[6, Theorem 134]:

Theorem 1.1 If¥ is a convex and continuous function defined on [0,00) and a;, i € N, are

nonnegative and nonincreasing, then

i=1

9D ai | -20)- ) [9a;) - (G~ Dai)] = 0. (1.1)
i=1

If V' is a strictly increasing function, there is an equality only when a; are equal up to a

certain point and then zero.

A weighted case of inequality (1.1) was proved by Bennett [1] for power functions 9 (x) =

x? in the following way: if a; € [0,00) and a; (1 < i < m) are nonincreasing and g; € [0, c0)
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foralli e {1,...,m} such that Q; = 22:1 qx (1 <i < m), then for p € (1, 00) the inequality

m p m
(thﬂi) —(qlal)"—zaf[Qf—Qf_l] >0 (1.2)
i=1 i=2

holds. If p € (0, 1), then (1.2) holds in the reversed direction (see [1]).
In our work we use nonincreasing () sequence in weighted mean (WM) and nonde-
creasing (') sequence in WM (see [11]) defined as follows.

Definition 1.2 A sequence {a;};ey C R is N\ in WM if

m+1

Ql IZq,al_Q qual, meN, (1.3)

i=1

where a;, g; € R (i € N) such that g, >0 (1 <k <i)and Q; := 22:1 qr (i eN).
If (1.3) holds in the reversed direction, then the sequence {a;};,cy C Ris called /' in WM.

A generalization of inequality (1.2) is presented in [11].

Theorem 1.3 Let a;, q; € R (1 <i < m) such that a; > 0 and q; > 0. Let q1a;, Zlmﬂ qia;,
Qia;, Qi1a; € [s,t] foralli € {2,...,m}, and let ¥ : [s,t] — R be a convex function.
(@) Iffa:i}y is \ in WM, then

m

4 (Z qiai) - qa1) - Z[l?(Qzﬂi) - 9(Qi1a:)] > 0. (1.4)
i-1

i=2
(i) If{a}, is /' in WM, then

m

19(2%'611') - ¥qra1) Z [9(Qia;) — 9(Qimra)] < 0. (1.5)
i-1

i=2

If ¥ is concave, then (1.4) and (1.5) hold in the reversed direction.

Definition 1.4 Let q = (¢1,...,qm) be a positive probability distribution. Then the Shan-
non entropy (see [8, 9], and [22]) of q is defined by S(q) := Y " g;log (%)

Khalid, Pecari¢, and Pecari¢ presented the following interesting result associated with
the Shannon entropy in [8].

Theorem 1.5 Let q; € R such that q; >0 (1 <i < m), and let ¥ : [s,t] — R be a convex
Sfunction.

(a) Let0<q; <1 (1 <i<m),and let S(q), q1 log (q%), Q;log (ql ) Qi 110g( ) € [s,t]
forallie{2,...,m}.

(1) If{q:}i, is ., then

o o{a( 1)
B3 SO RO R



Khalid and Pecari¢ Journal of Inequalities and Applications (2020) 2020:260 Page 3 of 15

(ii) If{q:}f, is /', then

oo 2)
—§[0<Qi10g(%)> —ﬂ(Qi_l log(%>):| > 0. (1.7)

(b) Letq; =1 (1 <i<m)and let -5(q), q1log 1, Q;1ogq;, Qi-110gg; € [s,t] for all
ie{2,...,m}.
() If g}y is o, then

m

9 (=S(qQ) - (g1 logq1) - »_[#(Qilogq;) — ¥(Qi-1 log ;)] = 0. (1.8)
i=2
(ii) If{qi}f, is /', then
9(=S(q) - ?(q1 logq1) - _[#(Qilogq;) — ¥(Qi1 log ;)] <. (1.9)
i=2

If ¥ is concave, then (1.6)—(1.9) hold in the reversed direction.

In the second section, we generalize inequalities (1.4), (1.7), and (1.8) for r-convex func-
tions, and we also present refinements of these inequalities.

Consider the Green’s functions G; : [s,t] x [s,£] — R (8 € {1,...,5}) defined as follows
(see [4, 7, 13, 14], and [16-19]):

Gl <y, o
» 1.10
e, scas
s—u, s<u<zx,
Ga(x, 1) = (1.11)
s—%, Xx<u<t,
x—t s<u<x, (112)
u—t, x<u<t, ‘
x—-5 s<u<zx,
Galx, i) = (1.13)
u-s, x<u<t,
and
- t—iu, s<u=<x
Gs(x, i) = (1.14)
—x, x<u<t
Remark 1.6

(i) Itis easy to see that the functions Gs(x, %) (8 € {1,...,5}) defined in (1.10)—(1.14) are
continuous, symmetric, and convex with respect to both the variables x and #.
(ii) Throughout this paper, for G;, we consider § € {1,...,5}.
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For Gs(x, i) defined in (1.10)—(1.14) and for a twice differentiable function ¥ defined on

[s, t], we can consider the following expression:
t x t
/ Gs(x, )0 () dir = / Gs(x, )0 () din + / Gs(x, )0 () dis.

Now if we use the values of Gs(x, ) over the intervals [s,x] and [x, £], then the following
result is valid (see [4] and [13]).

Lemma 1.7 Let ¢ : [s,t] — R be a function such that © € C*([s,t]), and let Gs be the
Green’s functions defined in (1.10)—(1.14). Then

D) = X9+ X500 + /tGl(x, 1)9" (i) dit, (1.15)
t—s t—s s
F(x) = 9(s) + (x — s)'(8) + /t Gy(x, )" () dix, (1.16)
P(x) = 9 (t) — (t — %) (s) + /t Gs(x, )" () dit, (1.17)
B(x) = 0(t) = (£ =)' (£) + (x — 8)'(s) + /t Galx, )" (1) dus, (1.18)
and
B (x) = 9(s) + (t =)' (s) — (£ —x)0'(¢) + /t Gs(x, n)0" () dit. (1.19)

In the second section, we prove some interesting identities and inequalities for r-convex

functions by using Lemma 1.7 and the following Fink’s identity (see [5, 10], and [12]).

Theorem 1.8 Lets,t € R, ¥ :[s,t] — R, r > 1 and 9"V be absolutely continuous on [s, t].
Then

[ 1 e ”
ﬁ(x)—t /sﬁ(u)du+(r_1)!(t_s)/s(x u) " k(u,x)0"" (u) du

r—

1 ~r-n g (n-1) g (n-1)
- :21: " [(x =507 P(s) - (x— )"0 " V(9)], (1.20)

n=

where
k(u, %) = - (1.21)

Let ¥ be a real-valued function defined on [s,¢]. A criterion to check the r-convexity

(r > 0) of a function ¥ is the following:

Theorem 1.9 Ifﬁ(’) exists, then ¥ is r-convex if and only ifﬁ(’) > 0.
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In the third section, we present some interesting results by using the following Cebysev
functional and Griiss type inequalities (see [2] and [3]):

Let L,[s,£] (1 < p < o00) and Lu[s, t] denote the space of p-power integrable functions
and the space of essentially bounded functions defined on [s, ¢] respectively together with
the norms

t b
||;||,,=(/ |¢(u>\”du) and [1Z]loe = ess sup |¢(u)

u€el(s,t]

respectively.
Suppose that ¢, ¢, : [s,£] — R are two Lebesgue integrable functions. The Cebysev func-
tional is defined by
1 t 1 t 1 t
Ao [ awawdi- - [awde 2 [ awds a2
t—sJg t—sJs t—sJs

Cerone and Dragomir proved the next two results related to Griss type inequalities in [2].

Theorem 1.10 Suppose that ¢y : [s,t] — R is a Lebesgue integrable function and ¢, :
[s,£] — R is an absolutely continuous function such that (- — s)(t —-)(¢})* € L1 [s, t]. Then

]A(§1»§2)‘§\/2§§1’€:) \/f u—s)(t - u) (25 (w)) du. (1.23)

Theorem 1.11 Suppose that ¢ : [s,t] — R is absolutely continuous such that {{ € Loo[s, t]

and & : [s,t] — R is monotonically /1. Then

IA(z;l,;z)\_z(t SllclH / u =)t —u) dto(u). (1.24)

The constants —= and are the best possible in (1.23) and (1.24) respectively.

The organization of this paper is as follows: in the second section, we obtain some in-
teresting identities related to Green’s functions and Fink’s result. Further, we use these
identities and generalize inequalities of kind (1.4), (1.7), and (1.8) for r-convex functions.
In addition, we also present refinements of these inequalities and give an application to
the Shannon entropy. In the third section, we use the Cebysev functional and Griiss type
inequalities and find the new bounds for the remainder in the obtained identities. In the
fourth section, we use the identities from section two together with Holder’s inequality
for integrals and obtain Ostrowski type inequalities (see [20] and [21]).

2 Refinements of some Hardy-Littlewood-Pdlya type inequalities and an
application to the Shannon entropy

The first main theorem is related to the following identity which will play an important

role in our paper.

Theorem 2.1 Let ¥ : [s,t] — R and 9"~V be absolutely continuous for r > 3. Let a;, q; € R
(1 <i<m),and let q1a;, Zf’:l qiai, Qia;, Qi1a; € [s,t) forall i € {2,...,m}. Let Gs(x, u)
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and k(u,x) be defined in (1.10)—(1.14) and (1.21) respectively. Then

i (Z qiai) - 19(q1ﬂ1) - Z[ﬁ(Qlal) - ﬁ(Ql’flﬂl')]
i=1 i=2
1 Z2ron-
Ti—s s : Z! / {G“ (Z qii, U ) Gs(qra1, it)

- Z [Gs(Qiai, it) - Gs(Qicrais 51)]:|
=2

5

x [(@ - "9 "D () — (i1 - 5)" 0" (s)] dit

1 t . t m y )
+ m ‘/S ﬁ( )(bl) [_[ |:G5 (;qiﬂi, I/l) - Ga(qlal,],{)

m

- [Gs(Quai, it) - Gs(Qiras, a)]} (it — u) > k(u, i) dﬁ} du. (2.1)

i=2

Proof Let é = 1. Using (1.15) in the L.H.S of (1.4), we have

4 (Z %’%’) - Hqrar) - Y _[(Qua) - P(Qinray)]
i1

i=2

(t) ﬂ(s) [

quﬂl qlﬂl_Z[Qtﬂl Qi- lﬂ]:|

i=2

+ / Gy Z qiai i | — Gi(qrar, %)
$ i=1

- Z [G1(Qias, i) — G1(Qicrais ﬁ)]j| 0" (@) dit,
=2

L

equivalent to

s (Z q,ﬂi) qlﬂl Z Ql lal)]
i=1 i=2
= / |:G1 <Z qia;, il) — Gl(qldl, l:i)
$ i=1
- Z [G1(Qiai, it) - G1(Qirais ﬁ)]j| 0" (it) dit. (2.2)
i=2

By taking Fink’s identity (1.20), it is obvious that

” 1 o -n-2 n.q(n+ n.q(n+
9'(x) = — ZO:’ :! [6 - £y D(8) - (x — 5)"0 D) (s)]
r-3 (r)
7(15 903 f (x — ) k(u,x)0"" (u) du. (2.3)

Page 6 of 15
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Using (2.3) in (2.2), we have

v (Z %%‘) - Hqra1) - Z[ﬁ(Qiﬂi) - 9(Qim1as)]
i=1 i=2

1 [t “
= G i ir~ -G ’~
i=s ). |: 1(%261“ M) 1(qra1, )

- Z[Gl(Qiﬂi; ) = G1(Qimai, ﬁ)]]

i=2
r-3

r-n-2. n.q (n+ ~ nq (n+ ~
x Y - ) - (- 99 (9)) i
n=0

1 t m } i
T e-90-3) /; |:G1 (; 1idir ”) - Gilqra1, i)

- Z[Gl(Qiﬂi: u) - G1(Qi-1ai, ﬁ)]:|

i=2

X [ / t(zz —u) 3 k(u, )0 (1) du} dii.

Now interchange the integral and summation in the first term and apply Fubini’s theo-
rem in the second term, identity (2.1) is immediate for § = 1.

Furthermore, using identities (1.16)—(1.19) in the LHS of inequality (1.4) and following
the proof as given for the case § = 1, we obtain identity (2.1) for § € {2,...,5}. a

We present inequality (1.4) for 7-convex functions as follows.

Theorem 2.2 Let all the assumptions of Theorem 2.1 be satisfied, and let for r > 3, ¥ be

r-convex. If
/ t |:G5 (i‘ i u) — Gy(qras, i) - i[Ga(Q,-a,-,ﬁ) — Gs(Qurai, ﬁ)]:|
s P =
x (5 — 1) 3 k(u, 1) dit > 0 (2.4)
holds, then
o (i q,a,-) - ¥qra1) - i[ﬁ(Qiai) - 9(Qi1ai)]
i1 =
> i i:: i _Z!_ 2 /St |:G3 (éqiai’ﬁ> — Gs(quan, it

- [Gs(Quas, i) - G5(Qiraiy 17!)]:|

i=2

x [(@ — )"0 "D (@) — (i — )"0 " (s)] di. (2.5)

If the reversed inequality holds in (2.4), then (2.5) holds in the reversed direction.

Page 7 of 15



Khalid and Pecari¢ Journal of Inequalities and Applications (2020) 2020:260 Page 8 of 15

Proof The absolute continuity of "~V defined on [s, ] implies the existence of ") almost
everywhere. We use the r-convexity of ¥, and from Theorem 1.9 we have #)(x) > 0 for
all x € [s, ¢]. Use the nonnegativity of #") together with inequality (2.4) in (2.1), inequality
(2.5) is immediate. a

Theorem 2.3 Let ¥ : [s,t] — R be continuous and convex, and let G5 be the Green’s func-
tions defined in (1.10)—(1.14). Let a;, q; € R (1 < i < m), and let qra1, Y .y qiai» Qidi,
Qi_1a; € [s,t] foralli € {2,...,m}. Then the following statements are equivalent:

(i) For every continuous convex function ¥, inequality (1.4) holds.

(i) For the Green’s functions Gs and for all u € [s, t], we have

m

Gs (Z qgidi, ﬁ) - Gs(qrar, 1) - Z[Gé(Qiﬂi: i) - Gs(Qi—1a;, )] = 0. (2.6)
i1

i=2

Ifthe reversed inequalities hold in (1.4) and (2.6), then statements (i) and (ii) are also equiv-

alent.

Proof The idea of the proof is the same as given in [15].

Let statement (i) be satisfied. As the functions Gs(-, z) are continuous and convex for all
8 €{1,...,5} such that i € [s, t], inequality (1.4) also holds for these functions Gs(-, ) for
every fixed § and inequality (2.6) is immediate.

Let statement (ii) be satisfied, and let ¥ be a twice differentiable convex function. As
from Lemma 1.7 the function ¢ can be represented in the forms (1.15)—(1.19), it is easy to
see that

m

4 (Z %ﬂz) - Hqar) - Y _[9(Qua) - (Qiray)]
i1

i=2

= / |:Ga (Z qictiy ﬁ) — Gs(quar, i) - Y _[Gs(Qias, it) - G5(Qimrat ﬁ)]]
S i=1

i=2

x O (i) dit. (2.7)

Now use inequality (2.6) together with ¢” (&) > 0 for all & € [s,£] in (2.7), inequality (1.4)
is immediate.
The differentiability condition can be eliminated here as it is possible to approximate

uniformly a continuous convex function by convex polynomials (see [23, p. 172]). O
We present refinement of inequality (1.4) as follows.

Theorem 2.4 Let all the assumptions of Theorem 2.1 be satisfied, and let r be even such
thatr>3.Let a;, q; € R (1 <i < m) such that a; > 0 and q; > 0, and let the sequence {a;}!",
be \ in WM.

(i) If O :[s,t] = R is r-convex, then (2.5) holds.
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(i) Let (2.5) be satisfied, and let T : [s,t] — R be a function defined by

r-3
r-n-2

) = — / G (1)

t—s n!

n=0
x [(i - )"0 "D () - (i - s)"9 " (s)] dia
IfT is convex, then the RHS of (2.5) is nonnegative and we have
m m
4 (Z %'ﬂi) - ?qra1) > Z[ﬂ(Qzﬂi) - 9(Qima)]- (2.8)
i=1 i=2
Proof Using the convex functions G; in (1.4), we have
m

Gs (Z qiai, ) Gs(qrar,u) - Z[Gé(Qi“i: it) - Gs(Qi-1a;, )] = 0.

i=2

For s < u < u, the inequalities

/[ (Z%%) Gs(qrar, i) - Z[Gﬁ(Qi“hﬁ)—GS(Qi—lﬂi,ﬁ)]i|

i=2 (2.9)
x (5 — u) 3k(u, ) diz >0
and
u m m
/ |:G(3 (Z qiﬂi; ﬁ) G(S qlﬂl: Z G5 Qlﬂu G&(Qi—lai! Zt)]:|
s i=1 i=2
x (i —u)2k(u, ) dit < 0
hold for even r such that r > 3 and for odd r such that » > 3 respectively. For u < & <t, the
inequality
t m m
/ Gs quﬂi,ﬁ - Gs(qrar, u) - Z[GB(Q%’, it) - Gs(Qi-1a;, )|
" — P (2.10)

x (5 — u) 2k(u, ) diz > 0

holds for r > 3.

(i) Inequality (2.9) together with inequality (2.10) yields inequality (2.4) for even r such
that r > 3. As ¢ is r-convex for even r such that r > 3, applying Theorem 2.2, we
obtain (2.5).

(ii) Clearly, inequality (2.5) can be written as

4 (Z %%’) - ) - Y _[9(Quar) - P(Qinaay)]
i=1 i=2

m

> F(Z q;m) -T(qia1) - Z I'(Qim1a:)]- (2.11)
i-1

i=2

Page 9 of 15
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As the sequence {a;}}; is "\ in WM, replace ¢ by I" in Theorem 1.3 (i), the

nonnegativity of the RHS of (2.11) is immediate, and we obtain (2.8). O

An application to the Shannon entropy is the following:

Corollary 2.5 Let all the assumptions of Theorem 2.1 be satisfied, and let q = (q1,...,qm)
be a positive probability distribution. Let r be even such that r > 3, and let ¥ : [s,t] — R be

r-convex.
(i) Let S(q), q1log (q%), Q;log (;) Qi 110g( ) € [s,t] forallie€{2,...,m}, where
0<qgi<1(1<i<m). Then

soor-(one(2)
S(am)-(om))

i=2
r-3
> tL r- ”'_ 2 /t|:G5 (S(q), &) - G; <q1 1og<i),ﬁ)
-st= n s el
Slofonl3)9)-o(o 0]
i=2 qi qi

x [(@ - )"0 " V() - (i - s)"9 " ()] di. (2.12)

(ii) Let -S(q), q1logqi, Qilogqi, Qi1logq; € [s,t] forall i € {2,...,m}, where q; > 1

(1<i<m). Then

m

9 (=S(q@) - ?(q1 logq1) - > _[#(Qilogq;) — ¥(Qi-1 log q;)]

i=2

1 Sr-n-2 [t
z / |: Gs(-S(q), it) — Gs(q11log q1, %)
n=0 S

Z [Gs(Qilogg;, ) - Gﬁ(Qi—IIOgQi:ﬂ)]i|
i=2

x [(@ - )"0 " V() - (i - 5)"9 " ()] di. (2.13)

Proof
(i) Take a; =log ( ) and use Theorem 2.4(i), (2.12) is immediate.

(i) Takinga; =—log ( ) and following the proof of (i), we obtain (2.13). O

Remark 2.6 Special cases when Y " gia; = Y ' q;log (%) =5(q), 0 <gq <1, and
Yl diai ==Y qilog (qi) = -5(q), ¢ > 1, also hold.

Page 10 of 15
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3 Griiss type inequality—upper bounds for the remainder in the obtained
identity

In this section we present some new bounds for the remainder in the obtained identity.

We denote

= / |:Ga (Z qictiy ft) - Gs(quar, i) - Y Gs(Qia, i)
s i=1
2
-

i=2

GB(Qi—lai! ﬁ)i| (12 - u)r—Sk(u’ ﬁ) dﬁr (31)

where qia1, Y ) qiai, Qiai, Qima; € [s,¢8] for all i € {2,...,m}. In addition G;(-,#) and
k(u,u), appearing in (3.1), are defined in (1.10)—(1.14) and (1.21) respectively.

Theorem 3.1 Let ¥ : [s,t] — R, 9 be absolutely continuous for r > 3 with (- —s) (t —-)
()2 € Ly[s,t], and let Gs and A be the same as defined in (1.10)—(1.14) and (1.22)

respectively. Let q1a,, Zlm=1 qiai, Qia;, Qi_1a; € [s,t] foralli € {2,...,m}. If ¢ is defined in
(3.1), then

- Z [Gs(Qiai, 1) — Gs(Qimrai, ﬁ)]i|
=)

14

x [ (i~ t)"z?(”“)(t) — (it - 8)"»"V(s)] dit

"l)(t) (S)
- f u)du + 2.(s,t;9), (3.2)

where the remainder B, (s, t; V) satisfies the estimation

i Alp(u), p(u))
5O < o T 262

x \/ / st u) (90 (w))” du. (3.3)

Proof Applying Theorem 1.10 for ¢; — ¢ and ¢, — 9, we have

%/ LK du——/ (u)du - %/S O (u) du
p(), p(u)) (r+
_\/ e \/f( (e -u)(90(w) (34)

’ Er(sy

Page 11 0of 15
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Divide both sides of (3.4) by (r — 3)! and in the obtained expression denote

1 t Br-D(g) — 91 (s)
B (s, t;0) = ————— 0 (u) - du, 3.5
(5,859) u—nv—mulww{ (w) )~ }u (35)
inequality (3.3) is immediate. Now, taking the value of f ()9 () du from (3.5)
and substituting in identity (2.1), we have (3.2). O

Theorem 3.2 Let 9 : [s,t] = R, 0 be absolutely continuous for r > 3, and let 20+ > 0
on [s,t]. Let B,(s,t;0) be the same as defined in (3.5). If ¢ is the same as defined in (3.1),

then we obtain (3.2) and the remainder 2, (s, t; V) satisfies

,Q“F0H<uwmmw[wﬁwg+MFWn_w“”m—ﬁWWQ] 6
[ ()Y 2 t—s ' '
Proof Applying Theorem 1.11 for ¢; — ¢ and & — 9%, we have
— / @) (u) du — — f o(u) du - — f 9 () du
< 2(t 9 ||(p Oof (=)t — u)d" V() du. (3.7)
Dividing inequality (3.7) by (r — 3)! and using the expression
t
/ (u—5)(t - )"V () du
=(t-9) (0" V) + 9V @) - 2072 () - 9 2(9)),
we have
—_ . 1 ] ”(/)/(M)”oo _ (r-1) (r-1)
’u,(s, t,z?)| < 20—y -3 [(t s)(ﬂ (s)+ 0 (t))
—2(2"2() -9 2(9)]. (3.8)

After simplification, inequality (3.8) reduces to (3.6), and by taking the value of
m fstgo(u)l?(’)(u) du from (3.5) and by inserting into (2.1), we have the representa-
tion (3.2). O

4 Ostrowski type inequality related to the obtained identity
Here we present the Ostrowski type inequality related to the identity given in the second

section.

Theorem 4.1 Let all the assumptions of Theorem 2.1 be satisfied, and let ¢ be the same
as defined in (3.1). Let p,q € [1,00] such that 1% + %1 =1, and let |9DV? : [s,t] — R be an
R integrable function for some r > 3. Let q1a;, Zlmzl qiai, Qiai, Qi1a; € [s,t] for all i €
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{2,...,m}. Then

4 (Z 511‘“;‘) ~9qa) - Y _[9(Quas) - 9 (Qirai)]
i1 i
1 Sr-n- G _Gy( )
T s L ol / ) quﬂn s(qrar, i
- [Gs(Quas, it) - G5(Qiras, 171)]:|
i

x (i - )"0 "D () — (i - 5)"9 " (s)] dit

< </t‘19(r)(u)|pdu>p(/t|¢(u)‘qdu>q, (4.1)

where ¢(u) := m The constant (f |@(u)|? du)q in (4.1) is sharp for 1 < p < oo and
best possible for p = 1.

Proof From identity (2.1), we have

4 (Z %%’) - Hqra1) - Z[ﬁ‘(Qiﬂi) - 9(Qim1as)]
i=1 i=2

r-3

1 r—
— G i, U G )
Ct- 5o /|: S<an ) ()

- [Gs(Quas, i) - G5(Qirasy 13)]:|

i=2

x [(@ - "9 "D () - (@1 - 5)"9 "D (s)] dit

/ tﬁ(’)(u)gb(u) dul.

(4.2)

On the RHS of (4.2), we apply Holder’s inequality for integrals as follows:

/Stﬂ (w)plu) due) = (/ |90 )‘pdu>é</st‘¢(u)’qdu);, (4.3)

and inequality (4.3) together with (4.2) implies (4.1).
1
For the proof of the sharpness of the constant ( fs g |@(u)|? du)?, we define

1
sen@(u).|lom)|71, 1l<p<oo,
ﬁ(r)(u): g 90( )|<P( )| p
sgn ¢ (u), p=00

such that the equality in (4.3) holds.

Page 13 0of 15
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For p = 1, we will prove that the following inequality

/t ) (w) () du

t
< max lo@w)]. / |00 (w)| du (4.4)
uels, s

is the best possible inequality.
Let |¢(u)| attain its maximum at ug € [s, £].
Case 1. When ¢(up) > 0. For small enough €, we define

0, S < U = Uo,

Ve(u) = ﬁ(u—uo)’, U <u=<uy+e,

_1

-1
(r-1)z(” —ug)™t, up+e<u<t.

Clearly,
t 1 ug+e
[ g = < [ s au @5)
s € uo
and
t 1 ug+e
/ |99 (w)| du = ” / du = 1. (4.6)
s uo

Now, using (4.5) and (4.6) in (4.4) and also using the fact that |@(«)| attains its
maximum at ug € [s, t], we have

! / " o) du < o) - 1= ¢ (uo).
6 Uy

0

As lim,_, % f;;o+e ¢ (1) du = ¢(uyp), the statement follows.

Case 2. When ¢(ug) < 0, we define

1 -1
m(u—uo—e)’ » S§= U= Uy,

V(W)= -L(u-uo—e€), wo<u<ug+e,

er!

0, up+€ <u=<t,

and the remaining part is the same as above.
Remark 4.2 Remark 2.6 is also valid for Sects. 3 and 4.
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