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1 Introduction

We fix an interval I C R and consider subintervals I of I and denote by |I| the Lebesgue
measure of I. A weight w is nonnegative locally integrable function. In the literature a
nonnegative measurable weight function w defined on a bounded fixed interval I is called
an A?(C)-Muckenhoupt weight for 1 < p < oo if there exists a constant C < 0o such that

1 1 L p-l
(mflw(t)dt> (m flw Iz (t)dt) <C (1)

for every subinterval I C II. For a given exponent p > 1, we define the A?-norm of the
function w by the following quantity:

oy e sup( L )(1 . )
AP (w): S11£(|1| /Iw(t)dt i ‘/I‘w (t)dt , 2)

where the supremum is taken over all intervals I C I. For a given fixed constant C > 1, if
the weight w belongs to A”(C), then A?(w) < C. A weight w satisfying the condition

1
m / w(x)dx <Cw(x) foreveryxel (3)
1
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is called an A'(C)-Muckenhoupt weight where C > 1. In [25] Muckenhoupt proved the
following result.

Lemma 1.1 If w is a nonincreasing weight satisfying condition (3), then there exists p €
[1,C/(C - 1)] such that

1 C 1 p
m‘/lw"(x)dxf7C_p(c_l)<m/1w(x)dx) . (4)

Bojarski, Sbordone, and Wik [3] improved the Muckenhoupt result by excluding the
monotonicity condition on the weight w by using the rearrangement w* of the function w
over the interval I and established the best constant. In particular, they proved the follow-
ing lemma.

Lemma 1.2 Ifw is a nonincreasing weight and satisfies condition (3) with C > 1, then there
exists p € [1,C/(C - 1)] such that

1 ctr 1 ?
m/}w”(t)dtf7C_p(c_l)(m/1w(s)ds) . (5)

In [25] Muckenhoupt also proved the following result.

Lemma 1.3 If1 < p < co and w satisfies the AP -condition (1) on the interval I, with constant
C, then there exist constants q and C, depending on p and C such that 1 < q < p and w
satisfies the A1-condition

1 1 . q-1
(mflw(t)dt) (m /IW 7 (t)dt) <( (6)

for every subinterval I C 1.

In other words, Muckenhoupt’s result (see also Coifman and Fefferman [9]) for self-
improving property states that: if w € A?(C) then there exist a constant € > 0 and a positive
constant C; such that w € A?~¢(C;), and then

AP(C) C AP (Cy). 7)
Muckenhoupt [25] also proved the following result.

Lemma 1.4 If1 < p <ocoandw € AP(C) on the interval l with a constant C, then there exist
constants r and C; depending only on p and C such that 1 <r and w" € AP (Cy).

Gehring [12, 13] introduced a new class of weights satisfying reverse Holder’s inequali-
ties in connection with the integrability properties of the gradient of quasiconformal map-
pings. The function w is said to belong to the Gehring class G?(KC) for g > 1 with a constant
K <ooif

"
(% /qu(x) dx> ! < IC(% /Iw(x)dx> forallI CI. (8)
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For a given exponent p > 1, we define the G?(w)-norm of the weight w by the following

quantity:
q

) i (1 ales
G%”*?Lw@ﬂ(m[“@ﬁ)]’

where the supremum is taken over all I C I. For a given fixed constant K > 1, if the weight
w belongs to G?(K), then G?(w) < K.

Remark 1.1 Lemma 1.2 proves that if the weight w belongs to the Muckenhoupt class
AY(C), then w belongs to the Gehring class G?(K) with K = [C'?/(C - p(C - 1))]'/P~! for
pe(1,C/(C-1)].

For power-low functions Malaksiano in [18, Lemma 2.2] proved that if / = (0,1), p > 1,

and « > —1/p, then

an@-Dp 1+
(Gp(y )) - (1 +p0[)l/p' (9)

Moreover, if 0 < @ < 8 and p > 1, then G?(y*; (0, 1)) < G?(¥%;(0,1)). Also in [19, Lemma 2.2]
Malaksiano proved thatif / = (0,1), ¢ > 1, and @ € (-1, — 1), then

(q-1
T @+ Dg-l-a)

A(y") (10)
Moreover, if 0 < < 8 <q—1and g > 1, then A9(y~*;(0,1)) < A1(y#; (0, 1)).

In recent years the study of the discrete analogues in harmonic analysis has become an
active field of research. For example, the study of regularity and boundedness of discrete
operators on /” analogues for L”-regularity and higher summability of sequences has been
considered by some authors, see for example [2, 15-17, 26, 27] and the references they have
cited. Whereas some results from Euclidean harmonic analysis admit an obvious variant
in the discrete setting, others do not. The main challenge in such studies is that there
are no general methods to study these questions, see for example [5-8, 26, 27, 30-32]
and the references cited therein. We confine ourselves to proving the discrete analogue
of Muckenhoupt results (Lemmas 1.1 and 1.3) and establish some inclusion properties
between the discrete Muckenhoupt class and the discrete Gehring class. For structure
and relations between classical Muckenhoupt and Gehring classes (in the integral forms)
and their applications, we refer the reader to the papers [1, 3, 10-14, 18, 20-25, 28] and
the references cited therein.

Throughout the paper, we assume that 1 < p < co and [ is a fixed finite interval from Z, .
A discrete weight u defined on Z, = {1,2,...} is a sequence u = {u(n)}°; of nonnegative

real numbers. We consider the norm on /?(Z,) of the form

00 1/p
lullwe,) = (Z!u(n)|p> < 00.

n=1
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A discrete nonnegative weight u belongs to the discrete Muckenhoupt class A'(A) on the
fixed interval I C Z, for p > 1 and A > 1 if the inequality

u(k) < Au(k) (11)

1
|]| keJ

holds for every subinterval J C I and |/| is the cardinality of the set J. A discrete nonnega-
tive weight u belongs to the discrete Muckenhoupt class A”(A) on the interval I C Z, for
p>1and A > 1 if the inequality

1 1 o\
(— Zu(k)) (— Zu!“(k)) <A (12)
14 1

keJ

holds for every subinterval J C 1. For a given exponent p > 1, we define the A”-norm of

the discrete weight u by the following quantity:

_1 pr-1
AP () 1= sup(% > u(k)) (% > uﬁ(k)) : (13)
ke]

jcl keJ

where the supremum is taken over all intervals J C I. Note that by Holder’s inequality

AP (1) > 1 for all 1 < p < 00, and the following inclusion is true:
if 1 <p <q<oo,then A' ¢ A C A7 and A% (u) < AP (u).

For a given exponent g > 1 and a constant K > 1, a discrete nonnegative weight ux belongs
to the discrete Gehring class G4(KC) (or satisfies a reverse Holder inequality) on the interval
I if, for every subinterval ] C I, we have

1 Vq 1
(mZuq(k)> < K(m Z u(k)). (14)

keJ ke]

For a given exponent g > 1, we define the G7-norm of u as follows:

4
-1

-1 ?11 q
gq(u)zzsup[(%kzu(k)) (%Zu%k)” , (15)
€/

jcl keJ

where the supremum is taken over all intervals / C I and represents the best constant
for which the G7-condition holds true independently on the interval J C I. Note that by
Holder’s inequality G7(u) > 1 for all 1 < g < 0o, and that the following inclusion is true:

ifl<p<g<oo,thenG?C G’ and 1 < GP(u) < G¥(us). (16)

Our aim in this paper, in the next section, is to prove the discrete analogy of the Mucken-
houpt results which include the self-improving property of the Muckenhoupt class and we
also prove the transition property due to Bojarski, Sbordone, and Wik [3] with a sharp con-
stant. In particular, we prove that if u € A?(C) then there exists g < p such that u € A%(C;)
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and if u € A? then u? € A? for some g > 1. For the relation between the discrete Muck-
enhoupt class and the discrete Gehring class, we prove that if u € A'(C) then u € G4(K)
with exact values of the exponent g and the constant K. In addition, for illustration, we
establish the exact values of the Muckenhoupt norm A%(n*) and the Gehring norm G?(n®)
for power-low sequences {n*}.

2 Main results

Throughout this section, we assume that the sequences in the statements of theorems are
nonnegative and assume for the sake of conventions that 0- co =0, 0/0 =0, Zf:a y(s) =0,
whenever a > b, and

k-1 k-1
A (Zy(s)) =yk), D Ay(s) = y(k) - y(@).

We fix an interval I C Z, and consider I of the form {1,2,...,k,...,N} (or [1,N] C Z,). For
any weight u# : I — R* which is nonnegative, we define the operator Hu : 1 — R* by

k
Hu(k) = % > us), forallkel. (17)

s=1

The following lemma gives some properties of the operator Hu that will be needed later.

Lemma 2.1 Let Hu be defined as in (17). Then we have the following properties:
(1). Ifu is nonincreasing, then so is Hu(k) and Hu(k) > u(k).
(2). If u is nondecreasing, then so is Hu(k) and Hu(k) < u(k).

Proof (1). From the definition of H, we see that: If u is nonincreasing, then

k k

Hu(k) = % Z u(s) > % Z u(k) = u(k).

s=1 s=1

Hence, we have by using the above inequality that

ku(k) - Zf:l u(s) < Zf:l u(s) — Zf:l u(s)

A(Hulh) = kk+l) - Kk +1)

=0,

thus Hu(k) is nonincreasing. This completes the proof of the first case.
(2). If u is nondecreasing, then

1 k k

Hull) = 3 uls) < % > u(k) = u(k).

s=1 s=1

Also, we have by using the above inequality that

kulk) =Y uls) Y uls) - Y uls)
AMuR) = =05 2 Kk + 1) =0

thus Hu(k) is nondecreasing. This completes the proof of the second case. The proof is
complete. O
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Remark 2.1 As a consequence of Lemma 2.1, we notice that if ¢ > 1 and u is nonnegative,
nonincreasing, then Hu? is also nonnegative and nonincreasing and Hu? > u4. We also
notice from Lemma 2.1 that if g > 1 and u is nonnegative and nondecreasing, then Hu? is
also nonnegative and nondecreasing and Hu? < uf.

In the proof of the next lemma, we shall use the notion of the characteristic function x;
defined on a set J by

1 for all elements k on J,
xy (k) = . (18)
0, otherwise.

Lemma2.2 Let 1< q<oo,andletu e AL(C) for C > 1. Then, for any subset ] = {1,2,...,k},
we have that

- Z u(s) <C sup u(k). (19)
s=1

Proof For any nonnegative sequence A(k) defined on I, we see for any subset J =
{1,2,...,k} C I that

k
Z A(s)uM(s)u4(s)

s=1

k g ; k 1/q
(Z ;ﬂ(s)u(s)) (Z u-q’/q(s)) :
s=1 s=1

By using ¢’ = q/(q — 1), we get that

k
> As)
s=1

IA

1/q k %
ZA(s)<<Z)ﬂ(s)u(s)) (Zl T ) )

s=1
That is,
k q k k . q-1
(ZA@)) < (Z,\q(s)u(s)) (Zu‘ql(s)) :
s=1 s=1 s=1

Multiplying both sides by (1/(k)?) Zle u(s), we get that
k
(Z <s>) Z u(s)
k 1Kk 1K ) q-1
1 - - =
< <ZA (S)u(S)> (k ; ) (k D u (S)) : (20)

s=1

Now, since u € A?(C), for C > 1, we see that

1K koo -1
( Zu(s))( Zuql(s)> <cC. (21)

s=1 s=1
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By using (21) in (20), we get that

1 k 1 k k
w7 (Z ,\(s)> > uls) < c( ,vf(s)u(s))
1 s=1

s= s=1

k
< Csupu(s) (Z )ﬂ(s)).

se/ s=1

For A(s) = xy(s), we see that Zle u(s) < Cksup,; u(s). That is,

k
1

— E u(s) < Csup u(k),
k s=1 ke?

which is the desired inequality (19). The proof is complete. 0

Remark 2.2 The above lemma can be written as: if u € A9(C) for some C > 1, then Hu(k) <

C supyy u(k).
Lemma 2.3 Let 1 < q < 0o and u be a nonincreasing weight. If u € A4(C), then u € AY(C).

Proof To prove the lemma, we need to prove that: if

1< 1& o\
<%Zu(s)><EZuq-_1(s)) <C forallkel, (22)
s=1

s=1

for some C > 1 independent of k, then

k
% > uls) < Cus) (23)
s=1

for all 1 <s <k, and k € I. By using (22) and employing Lemma 3.1 in [29], we get that

k k
% > u(s) <Cexp (% > log u(s)). (24)
s=1 s=1

Now, by applying property (2) in Lemma 2.1 for the nondecreasing weight logu(s), we
obtain that

k k
% Z u(s) <C exp(% Z log u(s)) <C exp(log u(k))

s=1 s=1

= Cu(k) < Cu(s)
for all 1 <s < k. The proof is complete. O

Lemma 2.4 Let 1 < p < 00 and u be a nonnegative weight. Then u € AP if and only if
u™? e AP, with AY (u?') = [AP (u))?' Y, where p/ is the conjugate of p.
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Proof From the definition of the class A?, and since 1 —p’ = 1/(1 — p) < 0, we have for A > 1
and all k € I that

ue A < lXk:u(s)<A 1zk:uﬁ(s) -
k - \k

s=1 s=1
1 1< L\
i 1p 41| 2 1-p'\ 17
o pyreat(pu )
s u e,
with A7 (' ") = [ AP(u)]?' 1. The proof is complete. O

The following lemma will play an important role in proving one of our main results.

Lemma 2.5 Assume that u is a nonincreasing weight, and let A(k) = Zle u(s). If p > 1,

then
Lo | APYs) p—1(AE)P] 1 (AK)Y
forallk el

Proof Since u is nonincreasing, then so is w(s) = A(s)/s, thus we have
u(s)w?1(s) - I%la)p(s)
< u(s)? (s 1) - I%lw”(s)
_ p-1

=[A(s) - A(s - D] (s - 1) - Twp(s)

= [sw(s) — (s - Doo(s — 1)](0”‘1(5 -1)- ‘I%Iw”(s)

= s0(s)” (s = 1) - (s — DeoP(s— 1) — 1%1601’(3). (26)
By applying Young’s inequality

a? b1
ab<—+—, ab>0and—+-=1,
9 q

with g = 1%’ a = w(s) and b = w?~(s), we obtain that

o) 15— 1) < 20P(s) + Pt or (s 1). 27)
p p

Page 8 of 18
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By substituting (27) into (26), we obtain
W) 1) - 2L o (s)
p
[ W)+ Pt op s - 1)} - D’ 1) - 2L or(s)
p p

[(p—1)sw"(s—1)—p(s—1)w”(s—1)—(p—1)w1’(s)+(s—1)wp(s—1)]

=

+ l%[sa)p(s) —(s-1DP(s- 1)]

=—;1Aw"(s—l)+lA(s—l)w"(S—l)- (28)
p V4

Using (28) and since lp%p < 0, then we have

| =

k
Z[u(s)wp (-2 L aris )}
s=1 p

(VS a1 LS A D1
_(7)%21 61+ 3 D a6 erls-

- (1;p>1wp(k) Lo < Lo b,
p )k p p

Rewriting the last inequality and using w = A(k)/k, we obtain that

AP~ 1(s p—lAp(s) 1 AP(k)
kZ[ () 2 e ]E;—kp ’

which is the required inequality (25). The proof is complete. g

As a consequence of the above lemma and by the definition of , and the fact that
(Hu)(k) = A(k)/k, we obtain the following lemma.

Lemma 2.6 Assume that u is a nonincreasing weight, and let Hu be defined as in (17). If
p>1,then

k
Z[u(s) (Hu(s))"” (p; =, (Hu(s))” ] ;(Hu(k))
s=1

s

forallk el

Theorem 2.1 Let u:1— R* be a nonnegative and nonincreasing weight. If
Hu(k) < Cu(k) forsomeC >1andallk €], (29)
then, for r € [1,C/(C - 1)), we have that

H(uk) < A[Huk)]" forallkel, (30)
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where A is given by

Cl—r
= 31
r—@r-1)C 3D
Proof From the definition of Hu(k) and Lemma 2.5 with p = r > 1, we see that
-1 =1 1
Z |:u(s) (Hu(s)) — (Hu(s)) ] —(Hu(®)". (32)
-1
Define the function
r—1 r—1 r
D) =yn" - n" foreveryy >0andn>y. (33)
r

By noting that, for n > y, we have

®'(m) =yr-n>=(r-n" " (p-n)

<@r-1yt-(-n" <o,
That is, () is decreasing for n > y. From Lemma 2.1, we see that
Hu(s) > u(s).

Now, by taking that y = u(s), 8 = Hu(s) and 6 = Cu(k), we see that y < 8 <6, and then we
have

®(y) = () = @(0) fory <p=<6.
This implies, by using (33), that
) (Mu9) ™ = ()

> u(s)(Culs)) ™ - %(Cu(s))r

=C" M (u(s)" - (u(s)) =C [1 - r; 1C:| (u(s))". (34)
By combining (32) and (34), we get that
a[r=r=DCT1 5, ] ,
c 1[%} : Szzl(u(s)) < (Hulh)"
This implies that
1 k Cl—r ,

The proof is complete. O

Page 10 of 18
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Remark 2.3 Theorem 2.1 is a discrete version of Lemma 1.2 and proves that if z € A!(C)
then u € G"(A) for r € [1,C/(C — 1)) and a constant A given by (31).

Theorem 2.2 Let u be a nondecreasing weight. If 1 < p < 0o and u € AP (C), then there exist
constants q and C, depending on p and C such that 1 < g < p and u € A1(Cy).

Proof Since u € A?(C), then it satisfies the condition

1 1 o\
(7(Zu(s)><%2um(s)> <cC. (35)

s=1 s=1

From Lemma 2.4, we see also that #!7 satisfies the .47 ~!-condition

18 1& BT U
(50) () o

s=1

1, . .
Since 1-p’ = -1/(p — 1) and u is nondecreasing, we see that #” 7! is nonincreasing. Now,

applying Lemmas 2.2 and 2.1, we see that

1& . 18 o ’
(% D (ule) P ) <A [% D ourt (S))} (36)
s=1

s=1

for r € (1, rp), with a constant A. Combining (35) and (36), we have that

This shows that u satisfies the .A7-condition, where g = 1 + (p — 1)r and C; = A?~V/"C. It is
immediate that g and C; depend only on C and p. The proof is complete. O

Theorem 2.3 Let u be a nondecreasing weight on L with |I| =2" forr € Z,. If 1 <p < 00
and u satisfies the AP-condition (35) with constant C, then there exist constants q and C;

depending on p and C such that 1 < q and u? satisfies the AP-condition with constant C;.

Proof In [4] Bottcher and Seybold proved that if u satisfies the A”-condition (35) with

constant C, then there exists a constant m > 1 and C; < co depending only on p such that

1¢ 1¢ "
£ 216 = (z > u<s>) (37)
s=1

s=1
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for all m > 1 and all even natural numbers k. Now, by combining (36) and (37), we see that

(p-1)/r

1 k 1/m 1 k L
(2] (i)
1g 1¢ b
< Cl”’"A("‘IV’C(% > u(s)) <% SZ; u(S)) :

s=1
That is,
1 k 1/m 1 k (p-1)Ir
(E > um(s)) (% > uwrt (s)) <cymabvre. (38)
s=1 s=1

No, let g = min{r, m}, then Holder’s inequality implies that

1
q

1< T
|:%Z|u"(s)] < [%Zluq(s):| forl<p<gq,
s=1 s=1
and then (38) shows that

1 k 1/q k (p-1)/q
<% Z uq(S)) < Z uVﬂl(S)) <L,
s=1 s=1

where £ = C}/"A¥-V/"C. Taking the ¢ power, we get the desired result for p > 1. The
proof is complete. 0

o

One of the basic special formulas in the differential calculus is the power rule (d/dt)t* =
kt*~1. Unfortunately, the difference of a power is complicated and not very useful since

n-1
At =(t+1)"—t"=) (Z) £k,

k=0

In the following, we show how we can use the difference calculus to prove the property of
the parameter of Muckenhoupt and Gehring classes for power-low sequences.

Lemma 2.7
(). Ifp>1and -1 <X <p—1, then the norm A?(n*) = ®(p, 1), where

2% o p-1 \p-1
-1 y 1 A< 0,

R v
T Gaa)r s ifa>o.

(ii). If0 <A < B, then AP (n™*) < AP (n7P).

Proof Consider the interval J = [a, N] C I. From the definition of the norm of A?(u), we
see that

! = p-1
AP(n*) = sup <N_d2n’\)(N_aZn1p> )

la,N]CI n—a
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Now, we determine the summations in the right-hand side. We start by the summation
22[:;1 n*. Noting that —1 < A <p — 1 and since p > 1, we see that 0 < 1 + A < p and

p
<

O0<1+ .
l1-p p-1

We consider different cases:

(1). The case when A < 0. In this case we have that 1 + A < 1, and we see that Ap'** =

(n + 1)1** — n1**, By using the inequality
PP y—2) <y -2 <p'y-z) fory>z>0and0<p<1, (40)
we see that

A+ <1+ A)m+ 1) < At

=+ D™ - <@+ M)t
So that

N-1
1 L1 1

n- < —_—
N—a; “N-a2*1+A)

(NIM _a1+)\‘)' (41)

e
Now, we determine the summation (Z]::_al n1-7)?71, Since A < 0, we see that 1 + ﬁ >1

and then by using the inequality
vZ' Ny—z) <y’ —2" <yy"'(y-2) fory>z>0,y >1lory<0, (42)

we see that

(1 +1 * )nl)\!? < An'*P* = (n + 1)l+ﬁ e
—-p

and hence we obtain

. T (oYt —at ey (43)
N-a “\p-r-1 (N —a)p-1 ’

By combining (41) and (43), we see that

M 1 p-1 !
A(r') = 2*(1+,\)(p—x—1>

1+1 1+x
(NY* —a'*) . p-1
X sup

aNjc1 (N —a)P

(44)
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(2). The case when A > 0. In this case, we have that A + 1 > 1, and then we apply inequality
(42) to get that

A+ < Ant™ = (m+ D —nt** <1+ 1)1 + n).

This implies that
N-1
1 s 1 1 Lo _1+a
< N —a ™). 45
N—azn _N—a(1+k)( . ) (45)

>~

=a

Since A >0, we see that 1 + ﬁ < 1, then by applying inequality (40), we get that

A A . A 2 b
2T» (1+ 1 )nlﬂ §<1+1—)(n+1)1p < An"tT,
-p -p

and so we get that

N-1 r-1 -1
1 2 2+ -1\ 2 BN
<N—azn1p> = W_ap <p1—ax—1> (N7 ), (46)

k=a

By combining (45) and (46), we have that

2* p-1 r-1
#0155 (550)

1+4 _ 1+A A
X sup 4(N(N a)p ) L —a“rP)IH. 47)
[a,N)CI —a
From (44) and (47), we see that
1+h _ 14
Ap(nl) = d(p,A) sup M(N“ﬁ _a“ﬁ)p_l'

N (N —a)
Denote t = N/a > 1, we see that
(N = ") (N = ) P (N7 — gl 17 )
= (8 -1)@ - 1)‘1’(::1*% ~1)P

We define

£(t,p,2) = (7 = 1)t - 12 (£ — 1)
for t>1, p>1,and -1 < A < p — 1. Now, by using Lemma 2.2 in [19], we see that
sup,.; £ (¢, p,A) = 1 forall fixed p > 1 and -1 < A < p — 1. This gives us that A?(n*) = ®(p, 1),
which proves statement (i).

By noting that the function

o 1-p \!
F) = (1+x)(x+1—p>
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is a decreasing function for x > 0, we have that F(-A) < F(—8) if 0 < A < B. This completes
the proof of (ii). The proof is complete. O

Lemma 2.8 .
(i). Ifp>1and o >-1/p, then the norm (gp(n“))”T :=W(p,a), where

27%(1+a) .
, ifa<0,
W(p,a) = { L)' 4 (48)

291 '
(1+;a;?/)p’ ifa>0.

p-l
L

(ii). If0<a < B, then (Qp(n"‘))p%1 < (GF(nP))

Proof Consider the interval I = [a,N] C J. From the definition of the norm of G%(u), we
see that

oo =, -1 =, ,%
(G7(n*)) 7 := sup (N_akZ:n“> (N_agnp“> .

[a,N]cI —u

Now, we determine the summations in the right-hand side. We start by the summation

When « < 0, we note that —1/p <« <0. Since p > 1, we see that 0 < 1 + « < 1. In this case,

we get by employing inequality (40) that
Q+a)m+1)% <At = (m+ DI -t < (1 + a)n®.

So that

(N1+o¢ _al+a). (49)

By noting that -1/p < @ < 0, we see 0 < 1 + par < 1, and then by employing inequality (40),
we see that

AP > (n+ 1)V — g > (14 pa)(m + 1P > 27%(1 + pa)nP?,

and so we obtain

;N 7 ) ) /
P lipa _ l4pa\L/p
(N—a Zn ) = 2¢(1 + pa)VP (N — a)lir (N a ) : (50)
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By combining (49) and (50), we see that

o 1%1 B l+a
(gp(n )) - 20((1 +pa)1/p

1 —
X sup (N1+pa —(llﬂm)l/p(N—a)l_;’ (N1+01 _a1+a) 1. (51)
[a,N)CI

Now, we consider the case when « > 0. In this case, we see that & + 1 > 1, and then by
applying inequality (42) we obtain

An' = (n+ D)V — g% < 2%(1 + o).

This implies that

N-1 1
Zna > 2a(1 " a) (N1+a _ﬂ1+(¥).
k=a

By combining the two cases, we have

N-1 -1
(Nl_a Zn‘*> <2%(1+a)(N —a)(N** —a!*) 7, (52)
k=a

Now, since a > 0, then 1 + pa > 1, and in this case, we see that An'*?® > (1 + pa)n’®, and
so we get that

N-1 3 1 )
pa l+pa _ l+pa 1/p
(Zn ) = Wrpa)t? N )

k=a

So we have that

;] N » ) ) /
pa l+pa _ l+po 1/p

By combining(52) and (53), we have that

el 2%(1+a)

(67 (n)) 7

Up B I FT
=————"— sup (N“p"‘ —a“p"‘) (N-a)» (N —a ) .
(1 +pa)VP (4 Ny

(54)
From (48) and (54), we see that

(gp(na))p%l — LI»’(p,Ol) sup (N1+pa _ﬂ1+pa)1/P(N_a)l—%, (N1+a _a1+a)*1'
[a,N)CI

Denote t = N/a > 1, we see that

(N1+pa _ a1+pot)1/P(N _ a)l—}, (N1+a _ a1+a)*1

=(t— 1)1—}, (t1+pa _ 1)1/P(t1+a _ 1)—1.
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We define

¢tpa)=(t- 1)1‘% (e — 1)1/p(t1+a _ 1)—1

fort>1,p>1,and o > —1/p. Now, by using Lemma 2.2 in [18], we see that

sup¢(t,p,a) =1
t>1

for all fixed p > 1 and « > —1/p. This gives us that

p-1

(G (") 7 =¥ (),
which proves statement (i). By noting that the function

2°(1 + x)

Fo) = i p e

is an increasing function for x > 0, we have that F(«) < F(8) if 0 < & < B. This completes
the proof of (ii). The proof is complete. O

3 Conclusion

In this paper, we studied the structure of the discrete cases of the well-known Mucken-
houpt class A?(C) and Gehring class G7(K). We established exact values of the norms
of the discrete Muckenhoupt and Gehring classes for power-low sequences. The relations
between the two classes have also been discussed. In fact we have proved that if the weight
w belongs to the Muckenhoupt class A'(C), then it belongs to the same Gehring classes
G1(K) for some g obtained from a solution of an algebraic equation.
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