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1 Introduction and preliminaries
A function f : I C R — R is said to be convex, if

f((l —bx+ ty) <(Q-t)f(x)+tf(y), Vx,yeltel0,1].

In recent years the classical concepts of convex functions have been extended and gen-
eralized in different directions using innovative and novel ideas. Iscan [1] introduced the
class of harmonic convex functions.

A function f: I C (0,00) — R is said to be harmonically convex if

xy
— | <Hx)+(1 -t , VYx,yel,te|0,1].
(G2 ) <o a0/, Vayericn)
Noor etal. [2] generalized the notion of harmonic convex functions and gave the definition
of harmonically /z-convex functions. This class contains several other classes of harmonic
convex functions as well. In [3], the authors introduced the definition of p-harmonic con-
vex function.

A function f : I C (0,00) — R is said to be p-harmonically convex if

xPyP p
f(m) <tf(x)+(1-t)f(), Vxyeltel0,1]

holds, where I is a p-harmonic convex set.
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Noor et al. [4] also extended the class of harmonic convex functions on coordinates and
introduced the class of coordinated harmonic convex functions.

Consider the rectangle Q = [a, b] x [c,d] C (0,00) x (0,00). A function f : 2 — R is said
to be two-dimensional harmonically convex function on € if

xy uw
f(tx +(1-t)y ru+(1- r)w)

<tuf@y,w) +t(1-r)f(y,u) + (1 -Orflx,w) + (1 - )1 - r)f(x,u),

whenever x,y € [a,b],u,w € [¢,d], and ¢,7 € [0, 1]. Recently, Awan et al. [5] gave the def-
inition of approximately harmonic /%-convex functions depending on a metric function
d: X x X — R where (X, || - ||) is a real normed space. Let /2 : (0,1) — R and ® be a har-
monic convex subset of X. A function f : ® — R is an approximately harmonic /-convex

function if

f(ﬁ) <h@)f @)+ h(1-0f () +d(x,y), Vxye®,t€(0,1].

For more and recent details on convexity and its generalizations, see [6—18].

Theory of convexity also played a significant role in the development of theory of in-
equalities. Many famously known results in inequalities theory can be obtained using
the convexity property of the functions. Hermite—Hadamard double inequality is one of
the most intensively studied results involving convex functions. This result provides us a
necessary and sufficient condition for a function to be convex. For interesting details on
Hermite—Hadamard inequality and its generalizations, see [15, 19].

The main motive of this article is to extend the notion of approximately harmonic
h-convex functions on two dimensions and derive some new corresponding Hermite—

Hadamard like inequalities.

2 New notions
In this section, we define the class of two-dimensional approximately harmonic (p1, /11)-
(p2, h2)-convex functions. We also discuss that for suitable choices we get several other

new classes of harmonic convexity.

Definition 1 Consider the rectangle Q2 = [a,b] x [c,d] C (0,00) x (0,00). A function f :
Q2 — R is said to be a two-dimensional approximately harmonic (p1, #1)-(p2, h2)-convex
function if

aPLyP1 . uP2yb? s
f([txpl + (1 -ty ] ’ |:ml’2 +(1- r)wP2:| )

< i (@Oha(r)f (i, w) + hi(Oha(1 = 1)f (v, u)
+ (1 = Oha(r)f (x, w) + hi(1 = O)ha(1 = r)f (x, 1) + A, y) + A(u, w),

whenever x,y € [a,b],u,w € [¢,d], and t,r € [0, 1].

We now discuss some special cases of Definition 1.
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L If we take A(x,y) = €(]|xP1 — y”1|)” and A(u,w) = €(||u’? — wP2||)¥ for some € € R and
y > 1 in Definition 1, we have a new definition of y -paraharmonic (p1, 1)-(p2, /i2)-convex
function of higher order.

Definition 2 Consider the rectangle Q = [a,b] X [¢,d] C (0,00) X (0,00). A function f :
Q — R is said to be a two-dimensional y -paraharmonic (p1, /11)-(p2, i2)-convex function
of higher order if

R T S
(oraa) Lorame]) )

< @Oha(r)f (o, w) + i (E)ha(1 = 1)f (v, u)

+ (1= Oha(r)f (6 w) + (1= Oha(1 = r)f (6, ) + € (|22 — 921 )"
re(furz —w2 )",

whenever x,y € [a,b],u,w € [¢,d], and t,r € [0, 1].

II. If we take A(x,y) = ([l — yP1||) and A(u, w) = €(||u?2 — w”2||) for some € € R and in

Definition 1, we have a new definition of €-paraharmonic (p1, /11 )-(p2, h2)-convex function.

Definition 3 Consider the rectangle Q2 = [a,b] x [c,d] C (0,00) x (0,00). A function f :
Q — R is said to be a two-dimensional e-paraharmonic (p1, /11)-(p2, h3)-convex function

if
1 1
K1y 7 uP2wh? P2
N —— |
txP1 + (1 — t)yP1 ruP? + (1 — r)wP2

< i (©Oha(n)f iy, w) + () (1 = 7)f (y, u)
+ (1= Oha(r)f(x, w) + (1 — ha(1 - r)f (x, 1)

)

whenever x,y € [a, D], u,w € [¢,d], and ¢, r € [0,1].

e = ) el

II1. If we take A(x,y) = —u(t” (1 —t) + t(1 — t)”)(||y,+1 - 71)” and
Alu,w) == (A =r)+r(1=r)°)(]| w%z - u’% IN? for some & > 0and o > 0 in Definition 1,
we have a new definition of two-dimensional harmonically strong (p1, #11)-(p2, hy)-convex

function of higher order.

Definition 4 Consider the rectangle Q = [a,b] x [¢,d] C (0,00) x (0,00). A function
f: 2 — R is said to be a two-dimensional harmonically strong (p1, /11)-(p2, h2)-convex
function of higher order if

aP1yP1 ,% uP2 2 pl_z
f([tam +(1 —t)yl’l] ’[mvz +(1 —r)wPZ] )

< hi(Oha(r)f (y, w) + hi(Oha(1 - 1)f (v, u)
+ (1= ha(r)f (x, w) + (1 = O)ha(1 - r)f (x, 1)

Page 3 of 34
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—u(1 -0+ —t)”)( ;

_M(r"(l—r)+r(1—r)‘7)(‘ ﬁ—% ) ,

whenever x,y € [a, D), u,w € [¢,d],0 >0, and t,r € [0, 1].

IV.If we take o = 2 in Definition 4, then A(x,y) = —ut(1 - t)(||y,,%1 — x,% N? and A(u, w) =

—ur(1 =) 25 — =7 ) for some 11 > 0 in Definition 1, then

Definition 5 Consider the rectangle Q = [a,b] x [c,d] C (0,00) x (0,00). A function
f: Q2 — R is said to be a two-dimensional harmonically strong (p1, 41)-(p2, hy)-convex

function if

APLyP1 o uP2 P2 By
f([txpl + (1 =)y ] ’ |:ml’2 +(1- r)wP2:| )

< i (Oha(n)f (i, w) + hi(Oha(1 = 1)f (v, u)
+ (1= Oha(r)f (x, w) + i (1 — O)ha(1 - r)f (x, 1)

2 ) 11
—ur(l-r) o

whenever x,y € [a,b],u,w € [¢,d], and t,r € [0, 1].

1

_Mt(l_t)< Iz

).

V. If we take A(x,y) = ut(1 — t)(y,,#1 - o)* and A(u, w) = ur(1 - r)(o7 — 3)* for some
i >0 in Definition 1, then

Definition 6 Consider the rectangle Q = [a,b] x [¢,d] C (0,00) x (0,00). A function
f:Q — Ris said to be a two-dimensional harmonically relaxed (p1, /11)-(p2, h2)-convex
function if

aP1yP1 p_ll uP2 w2 171_2
f([txm +(1 —t)ym] ’|:ru1’2 +(1 —r)wPZ] )

< i (@Oha(r)f (i, w) + i (©)ha(1 = 1)f (y,u) + 1 (1 = ha(r)f (x, w)
+ (1= t)hy(1 - r)f(x,u)

whenever x,y € [a,b),u,w € [¢,d], and t,r € [0, 1].

VI If we take A(x, y) = —t(1—£)( PN and A, w) = —r(1—r) (22 V2 in Definition 1,

xP1—yP1 uP2 _ P2
we have a new definition of two-dimensional strongly F harmonic (p1, /11)-(p2, h2)-convex

function.

Definition 7 Consider the rectangle Q = [a,b] x [¢,d] C (0,00) x (0,00). A function
f: Q2 — R is said to be a two-dimensional strongly F harmonic (p1, /11)-(p2, h2)-convex

Page 4 of 34
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function if

XLy o e By
f([txpl + (1 -ty ] ’ |:ml’2 +(1- r)wP2:| )

< (O)ha(r)f (v, w) + h () ha(1 - r)f (v, u)
+ (1= Oha(r)f (e, w) + 11 (1 = DBy (1 = r)f (%, u)

xPLyPL w2\ 2
—t(l—t)( _ypl) —r(l—r)(m) ,

whenever x,y € [a, D], u,w € [¢,d], and ¢,r € [0, 1].

3 Main results

In this section, we discuss our main results.

Theorem 1 Let f : Q — R be an integrable function. If [ is an approximately two-
dimensional harmonically (p1, h1)-(p2, hy)-convex function, then

1 2aP1 b1 1%1 2cP2 P2 pLz
monal (e [oa] )

_hahn / LA (@) )T - @)

br1 — xl+p1
pa?d [ A, (@) + @) - @) )
B arz — ul+r2 u

al1bP1 P2 P2 b prd o, u)
Eplpz(bm_apl)(dm_cm)/u c xl+p1y1+p2 dudx
1 1
< [f(a, ¢) +f(a,d)+f(b,c) +f(b, d)] / / h(Ohy(r)dedr + Aa, b) + Alc, d).
0 0

Proof Since f is an approximately two-dimensional harmonic (p1,/1)-(p2, h2)-convex

function, we have
2aP1 b1 o 9P dP2 s
f art + by | | P2+ dr2 )
1 1
<h|=|h!=
- 1<2) 2<2)

al1pP1 ;% P2 dp2
x| f
|: ([mm +(1-¢ bl’l] |:rcP2 + (1 —r)dr2
i

1

72 )
abll pP1

| tarr + (1 —t)brr | | rdP2 + (1 —r)c?2 | )

]
Sk —

P2gr2

aP1pP1 [ P2 qpP2 2

+f<_tb1’1+(1—t)a1’1_ e + (1= r)de: |

aP1pP1 [ P2 qpP2 2
| thr + (1= t)arr | | rdr2 + (1 - r)c2 |

| I
N——
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1 1

A aplbpl p1 aplbpl Pl
¥ ([ta!’l (- t)bpl] ’ [tbm (- t)aP1:| )
P2 P2 s cPrdp? 7
+ A , ].
reP? + (1 —r)dP2 rd?2 + (1 —r)cP?

Integrating the above inequality with respect to (,7) on [0,1] x [0, 1], we have

1 2aP1pP1 !%1 2cP2 P2 pl?
4mw£&quJ’bum])

_pnab /b Al (@) + G @)™

bpr1 — gn1 sl
pad 4 A (@) + @7 @)
- ar2 — ul+pz U

al1pP P2 qr2 bord flx,u)
Splpz(bpl_ﬂm)(dm_cpz)fa j mdudx
Also

aplbpl p_ll CPZdPZ plz
f([mpl +(1 —t)bpl] ’[rcpz +(1 —r)dPZ] )

< m(©ha(r)f (b, d) + h1(6)h2(1 = 1r)f (b, ¢) + (1 - t)ha(r)f (a, d)
+ (1 - t)hy(1 -r)f(a,c) + Ala,b) + Alc, d).

Integrating both sides of the above inequality with respect to (¢,7) on [0,1] x [0,1], we

have
all 1 P2 42 f X, U
bip2 <bp1 —_ab1 > ( ) / x1+p1 u1+p2 udx
<(fa, +fla,d) +f(b,c) +f(b,d) / / r)dedr + A(a, b) + A(c,d).
This completes the proof. O

We now discuss some special cases of Theorem 1.
L If h1(¢) = t and /5(r) = r in Theorem 1, then

Corollary 1 Under the assumptions of Theorem 1, if f is an approximately two-

dimensional harmonic (p1, p2)-convex function, then

2aP1 bpl le 2CP2dP2 ;;_12
Y aPt +ber | 7| P2 + dp2

mﬂM/MwwquW4wﬂﬁm

B br1 — xl+p1

_ pcd? /d A, ()7 + (dP2)™ = (u2)™))

ar2 — ul+r2

du
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- aPlpP1 cpz ar: f X, 1) dud
=pPip2 br1 — gp1 x1+191u1+192 *

- f(a,c) +f(a,d) +f(b,c) +f(b,d) s
- 4

A(a, b) + Alc,d).
1L If h1(¢) = £t and h(r) = r*2 in Theorem 1, then

Corollary 2 Under the assumptions of Theorem 1, if f is a Breckner type approximately
two-dimensional harmonic (p1,s1)-(p2, $2)-convex function, then

051+52 2aP1 b1 pl 2cP2 qP2 é
e e

_pnan / P Al (@) + ) @)

b — xl+p1
pacd? [ A, (@) + @) - @)
- dar2 — ul+p2 U

all P cP2qp2 brd flx,u)
Splpz(bl”—a!’l)(d,@-clh)/; ] mdud&c
_[@0) +f(a,d) +f(b,0) +f(b.d)
+
- (s1+1)(s2+1)

Ala,b) + A(c,d).
111 If 1 (¢) = t751 and hy(r) = r~*2 in Theorem 1, then

Corollary 3 Under the assumptions of Theorem 1, if f is a Godunova—Levin type approx-
imately two-dimensional harmonic (p1,s1)-(p2, s2)-convex function, then

1 2aP1 bP1 1%1 2cP2 P2 1017
4.951+52 f arr + b1 || o2+ de

P[4 2@

T — xl+p1
P[4 A (@) + @) - @) )
B dr2 — ¢ ul+r2 u

al1pP1 P2 qp2 bord flx,u)
Eplpz(bpl_ﬂm)(dpz_cpz)L c xl+p1yl+p2 dudx
_f@9)+f@d) +f(b,0) +f(b,d)
- (1-s1)(1 -52)

+ Ala,b) + Alc,d).
IV. If h1(¢) = 1 and /»(r) = 1 in Theorem 1, then

Corollary 4 Under the assumptions of Theorem 1, if f is an approximately two-
dimensional harmonic (p1, P)-(p,, P)-convex function, then

1 2aP1 b1 % 2cP2 dr2 ;%
2|/ ar + b | | o+ dre
pra?t bt (P A, (@) + ()7 - (1))
— bPl e / x1+p1

dx

Page 7 of 34
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_mWW/“mmwnuwml4wwwuﬁ

darz — ul+p2

aPl pP1 P2 dqr2 f X, U
fplpz(bm _¢p1)<¢v2_dﬂ2>/ x1+p1u1+1ﬂ2 dudx

<[f(a,0) +f(a,d) +f(b,c) +f(b,d)] + Ala, b) + Alc,d).

Now we introduce a generalized identity that will play a significant role in the develop-
ment of our next results.

Lemmal Letf: Q2 — R bea partial dlﬁerentmlfunction on Q =[a,b] x [¢,d] C (0,00) x

(0,00) with a? < b and & < d?2. If L € 1,(R), then

E(a, b, 2, d”,x,y : Q)
_ (B —ar) - o) //(u 2[ a? b ]“p‘l)
4dp praPr bP1 P2 dr2 (tbPr + (1 — t)aPr)
o2 g 14k
(02 gamsime) )

1 1
92 f aPlpPr 71 P2 d4pr2 72
, drdt,
x arat<[tbm+(1—t)apl] [rdm+(1—r)doz} ) '

where

E(a, b, 2, d,x,y : Q)
:f(a,c) +f(b,c) +f(a,d) +f(b,d) l[plaplbpl |: b f(x,c) d b fx,d) dx:|

4 2| b1 — xl+p1 L xlt
b2 P2 4 f(a, 4£(p,
el e, / i)
ar: —c2 | J, ulr2 . ultr
Prp2aP P P2 P2 4 f(x,u) W
b —ary(@r—om) |, |, xtm e, dudx.

Proof 1t suffices to note that we can write

E(a”l,b"l,c“,dm,x,y:Q)
(bPr — @) (dP2 — c2) (1 aPl b1 Lipr
= 1-28)| ——————
4p 1 praPr bP1 P2 dpr2 _/0 <( )[(tbpl + (l—t)apl)] )
1 2 dp? Ligs
/ (I=2r)|
o (rd> + (1-r)on)
1 1
32f abP1pP1 1 P2 d4pr2 )
, dr | dt.
x 8r8t([tbl’l+(l—t)apl] |:rdP2+(1—r)cP2i| ) r:|

Now, integrating by parts, we have

1 P2 dp2 gy
11:/0 <(1_2r)[(r¢nz+(1—r)dfz)] )
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y azf (|: aP1ppP1 j|p_11 |: P2 qpP2 i|pl_2> dr
arat\| bt + 1 —tarr | | rdr2 + (1 - r)e2
_ pchzdpz %( allppP1 ]I’Ll’c) . pQszdpz %( al1pP1 ]17_11,61)
(dr: —cr2) 3t \ o1 + (1 — t)ar (d2 —cr2) 3t \ 11 + (1 - t)ar

2pycP2 dP? 1 of aP1pP1 p% P2 qp2 p% d
"(dm—cpz)/o §<[tbm+(1—t)am] ’|:rdP2+(1—r)cP2i| ) "

! a’ b1 L\ of P P N
]2:/0 ((I—Zt)[m] >§(m]m’c)dt

I AGLANNSNICY)
B (bPr —ar1)? |, xltn1

_ Plﬂlfbf
(bPr — a1)

1 aP1bP1 Lepr of aP1 pP1 1
1"’:/0 ((1_2”[(tbm+(1—t)am>] )&(wm(l_t)am] 1’”1) “

2@ [P fnd)
(bPr —gPr)2 |, xltp1

’

{f(@.c)+f(b,0)}

’

974
- (l;”;’%apfl) {f(a,d)+f(b,d))

1 1 2P 1+1}71
14:/0 {/o (“‘m[(rbm(l—r)am)] >

1 1

8f aPl pp1 Pl cP2 P2 P2
v ) detd
x ot <[tbl’1 +(1—t)ap1] |:rd}”2 +(1—r)d92:| ) } g

_Af(a, ) +f(b,c) + f(a,d) + f(b,d)} 1|: pai vy { b fx,c) dx+/bf(x,d) dx}

- 4 B 2| brr — g1 xl+p1 x1+p1
P2 P2 d d
+pgc d { f(a,u)cl f(b,u) du”

u
dar2 — cp2 ul+p2 ¢ ul+p2

dxdu.

pipa(ai b b)) f" 4 fla,u)
(bP1 — gpPr)(dP2 — cP2) a Je x1+p1y1+p2

Summing up integrals I; to I, and using the change of variable technique will give the

required result. O
Remark 1 Letting p; = 1 = p; in the above lemma, we get the lemma proved in [4].

In order to obtain next results, we need gamma, beta, and hypergeometric functions.

Gamma I'(-) and beta function B(-, -) are defined respectively as follows:

F(x):/ el dg,
0

_ F)I(y) _ ! x—1 -1
B(x,y) = F(T-I—y) —‘/0 t (1 - t)y de.

The integral form of the hypergeometric function is

1 1
Fi(x,9;¢62) = 7/. P -0) 7 1 —zt)F de
i Y B(yyC—J’) 0

for |z| < 1,¢ >y > 0. Now, using Lemma 1, we prove the next results of the article.
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Theorem 2 Let f : @ — R be a partial diﬁerentiable function on Q = [a,b] x [¢,d] C

(0, 00) x (0,00) with a’' < b’ and > < dP* and d"t{r € Li1(R2). If | 33:§t| is an approximately

two-dimensional harmonic (p1, h1)-(p2, hy)-convex function, then

|E(ap1,bp1,cp2,d1"2,x,y: Q)|

B (bP1 — aPt)(dP? — cP2)
4p1pral1 bP1 P2 dpr2

82f
191(a"%b’”l,cl”z,alp2 : Q) 5 3t(a,c)
r

+ U3 (apl, bPL, P2 gr2 Q)

Bzf
+l92(ap1,bp1,cpz,dp2:§2) 3 8t(b,c) oy Bt
r

d)‘

52
+ 194(ap1,bp1,cp2,dp2 : Q)' J (b,d)| + 195(ap1,b”1,cp2,dp2 : Q)

orot

+ 06(a”1,bp1,cp2,dp2 : Q)],
where

ﬁl(apl,b”l,cpz,dm :SZ)

101 1+p—1
//[u 2y t)|: by } ]
(b + (1— Dar)

P2 dp2 gy
X |:|1—2V|h2(7)|:mi| j|dtdr,

¥y (am, P, P2, dr2 Q)

1hP1 1+1%
A i
(tbP1 + (1 - t)aPr)

P2 gr2 Ligs
X |:|1—27|h2(r)|:m:| :|dtdr,

s (dpl, HP1 , sz’ 4r? - Q)

1 hP1 1+1%1
A =i
(@ + (1 - t)ar)

., 2 P2 L did
1-2 1- —_ tdr,
<[ n| g | e
194(ﬂp1,bp1,cp2,dpz :Q)

aplbpl 1+1%
[ [ [ ] ]

P2 dp2 gy
X|:|1—2V|h2(1—7)|:mi| ]dtdr,

Vs (am, bPL, P2, dr2 Q)

aPL b1 Yar
—A(a,b)//[“ [(tbm+(1—t)aﬂl)] }

Page 10 of 34
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P2 P2 Ligs d
1— -
x [' 2r||:(rd”2 Ta —r)c}’2)j| ]dt d

1
= Ala, b)[(bpl)“mza<1+ 1 ,2,3,1— b )
P

aP1

+ L b
- () P12F1(1+—121 ﬂpl)
p

1
o1 1+p—1 1
N

2(-5)
, 1,3, -(1-—
1 2 abll

1 ar2
—,2,3,1- —)
cP2

P2

2
X [(dp2)1+1}22F1 (1 +
- (dp2)1+p_122F1 <1 + —
b2

(bp1)1+1T11
+ —

and

6 (am’ bPr, P2, drr Q)

o [ [

1
2F1(1 +—,
2 b2

cP2

1 ar2
,3,-({1-— s
(-5))]

drz
121——)

aPlpP1 1+%
(thPr + (1 - L‘)apl)i| :|

P2 P2 Lt dd
1-2r|| ——— t
x |:| r'[(rdp2+(1—r)cp2)i| ] g

+L 1 b + L 1
- A(c,d)[(bm)1 o 2F1<1 +—,2,3,1- —) — (b)) 2F1( F=,1,21-
121 art P

1
2 1 1/ » 1 1
+ L2F1<1 +—,1,3, —(1 - —))] [(dM)“ﬂz 2F1<1 +—,2,3,1-
2 p1 2 aPl ) )

1 dar2
—,1,2,1- —)
cP2

_Qfa“éza<1+

b2

2

(bpl)h.f%l 1
+—L R 1+ —,

1 ar?
L&_<1___>)}
) 2 P2

Proof Using Lemma 1 and the fact that | P

monic (p1, h1)-(p2, hy)-convex function, then

|2(a”, 07,72, d", %,y : Q)|

B (bpl_apl)(dPZ_CPZ)// 120
| 4pipraribPicrrdp:

P2 qr2 )
x ((1_2r)|:(rd172 +(1—r)cpz)] )

1

aPlpP1
(tb + (1 - t)arr)

92 f allpP1 ﬁ P2 42 2
o\ s (—pa | | @A -re

bP1
abl1

dr2

)

)

| is an approximately two-dimensional har-
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- (P — alr)(dP? - sz)/ / s Py Lt
T Apiprat b P2 -2 (tb?r + (1 - t)arr)
P2 dr2 1+E
1-27f -
% [' r'[(rdm +(1—r)cp2):| ]

o%f al1 P! i P2 gr? By
* 373t(|:fbp1+(1—f)tl”1} ’[rdp2+(1—r)cpz:| )
- (bPY — aPr)(dP2 — ¢P2) Yy AP b L e
T Apiprati b o2 dp2 / / | | (th?r + (1 - t)arr)

P2 2 Lo
X|:|1_2r|[(rd1’2+(1—r)cl’2):| ]

2

d
x |:h1(t)h2(r) Brgt

drdt

(@, c)| + (1 —t)hz(r)

(b )‘

+ hl(t)hz(l - r) 3

f

2f

+h(1-8)h(1- ) (b d)

+ Ala, b) + A(c, d)} drdt.

This completes the proof. O

Corollary 5 Under the assumptions of Theorem 2, if | %| <M is a bounded function for
M >0 on 2, then

’E(apl,bpl,cpz,dm,x,y: Q)|

_ M(BPY — aPr)(dr? — cP2)
4p praPr b1 cP2dre

[ﬁl(apl,bpl,cpz,dm :Q)
+95(a, b7, P, dP? : Q) + V3 (a”, B, P2, dP 1 Q)
+ 194(ap1,b”1,cp2,dp2 : Q) + ]iwﬂ5(ap1,b”1,cp2,dp2 :Q)
+ Ai/[ﬁé(apl,bpl,cm,dm : Q)i|,
where U1 (aPt, b, cP2,dP? : Q) to O¢(alt, bPL, cP2,dP? : Q) are given in Theorem 2.

We now discuss some special cases of Theorem 2.
I If we take /1, (¢) = t and s15(r) = r in Theorem 2, then

Corollary 6 Under the assumptions of Theorem 2, if | s

53zl is an approximately two-

dimensional harmonic (p, p2)-convex function, then

’E(apl,bpl,cpz,dm,x,y: Q)|

- (bPY — aPr)(dr? — c?)
4p1p2ap1bplcp2dp2

* 9°f
o (a0, ¢, dP : Q) Brat(a’c)

* %f
+ 95 (a, 0", P, dP : Q) 8r8t(b’ c)

« 9°f
+ 0 (611’1,19”1,61”2,d”2 : Q) m(ﬂ,d)
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f

»d)

+ 9 (a0, P, dP Q) P

+96(a, 0", P, dP Q)],
where

O (apl,bm,cpz,dpz . Q)

[ [ -] ]
-

l+p—2
—_— dtd
rdr? + (1 — r)cm)] ] "
(bpl)“!%l
s

1 1
g (1-20))

12 1 2
(bpl)“pil (dpz)ler—2
—42F1<1+ —,2,3, 1——)][7

2 p1 aP1

>_

1+171

aP1pp1
(b + (1 - t)ar))

2(bp1)1+1%
3

b
art

2F; (1
2F1 <1 +
2F1 (1 +

1

drz
cP2

2d) '
+ —_—
3

(dPZ)HI’l_z

1
F<1+ ,3,4,1 -
P2 2

19; (dpl’bpl,cpz’dpz . Q)

L[]
o]

rdP2 + (1 —r)cP?)
(bpl)lJ'pil
o,

(bpl)h'pil
12

aPl Pl Lo
(o + (1 - t)apl)] :|

i|l+p—2

1 1< bpl))

— L3, -(1-—

1 2 all

(-5))

1o —
abl

) (™)

1+p—11
- —2F1(1
1 ar2
>

=)

) B (dpz)“p%

2
lerL1
@i |
lerL2
):| ]dtdr

(rdp2 + (1 —r)cP2

P2 4p2

] dedr

1

F{l+—,2,4,-
21( 7 5

2F (1

dr2 1+p2
[( ) 2F1<

(
[

bhP1
—,2,4,1 - —
7/2!

(b1,11)1+1%1
+ —
3

2(dl’2)1+172 dn
+

CPZ

193 (apl bPL, P2, db2

L[l
X [Il -2r|(1 —r)[

aPl pp1
(tbrr + (1 — t)ar

cP2dp2

§2)

1
—,2,3,1—-
2

1
2F1 (1 +—,
P2
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+95(a”, b7, ¢, dP : Q)

1
+—,3,4,1 -
P1

bhP1
)
1 /2
2,4, =(1- —
%))
dp2>:|

cP2

bP1
—,1,3,1- —

)

ar2
2,3,1- —
P2

)}
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1 1
()i 11/ b\ 20t 1 b1
=|——h(1+—,2,4,-(1- — + ————F ,3,4,1 — —
12 P 2 ar! 3 "o ar!
() hr 1 b1
- FR(1+—,231-—
2 p1 all
(dpz)“_ 1 1 dr2
X|———h{1l+—,,3,-(1-—
2 P2 2 2
(@) p 1 1 dar2
-2 oR(1+—=24-(1-=—
12 7> 2 o
(dpz)l+p—12 1 a2 (dl’z)“é 1 g
P 1+ —241-— |- ———F(1+ —,1,31-— ||,
3 §2) cP2 2 §2) cP2

ﬁi(apl’bm’cpz,dpz . Q)

aP1pp1 1*;%1
1-2)(
f/[' a ’[(tbmu—t)am)] ]
P2 g2 Lo ded
l—or(l-r)| — 2 t
X[' "Il r)|:(rdp2+(1—r)cl’2):| ] d
[(bm)“pl—l 1 1/
= 72F1 1+_;113y_ 1-—
sn( s (- 5)
(B21)or 1 1/
- A1+ =24 (1-—
in (e (1-50)

(1) hr 1 by ()t 1 b
e h(1+—241-— ) - "R (1+—,1,31- —
3 p1 all 2 a?

(dpz)“ 1 1 ar:

2F1 1+_)1)3;_ 1-—

2 D2 2 2
(dpz)“ 1 1 dan
71-"1 1+—,2,4,-{1-—
12 P2 2 cP2

(dpz)“é 1 4 (dm)l*p% 1 4
+ —Fh(1+—,2,4,1- — |- —F(1+—,1,3,1-— ] |,
3 §2) cP2 §2) cP2

Us(aft, b1, cP2,dP? : Q) and Oe(a?t, bPt, c2,dP? . Q) are given in Theorem 2.
II. If we take 41 (¢) = £°! and /15(r) = r*2 in Theorem 2, then

2
Corollary 7 Under the assumptions of Theorem 2, if |38r—£t| is a Breckner type approxi-
mately two-dimensional harmonic (p1,51)-(p2, s2)-convex function, then

’E(apl,bpl,cpz,dm,x,y: Q)|

- (bPY — aPr)(dr? — c?)
4p1p2ap1bplcp2dp2

sk 82f
91 (@, b7, 2, dP Q) arat(a,c)

*% 32f
+ 9% (a”, b7, ¢, dP 1 Q) PRER

ok aZf
+ 03 (a”%b"’kc"”,d”2 :Q) m(a,d)
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3*f

or ot

+ﬂz*(ap1,bp1,cp2,dp2 :Q) (b,d)

+95(a”, b, ¢, dP 1 Q)

+96(a, 0", &, dP Q)],
where

l}iﬂ* (apl’ P, P2, dr2 Q)

101 1+p%
AT
(th?1 + (1 - t)ar)
) cP2(p2 Lo
X[”‘W[m] }‘“‘“

1
VDN 1 1/ b
=|————— o F|1+—,s1+1,51+3,-(1- —
251 (s + 1)(sy +2) P1 2 arl
2(bP1)" 1 b
+————F 1+ —,51+2,81+3,1— —
(s1+2) p1 art

(o)t 1 o
-—F(1+—,51+1,51+2,1 - —
(s1+1) P art

(dr)"* 72 1 1/
x|—— "t " F(1+—,s+Ls+3-(1-"—
252(sy + 1)(sy +2) P2 2 1

2dr2) 7 1 e
+—— HF[1+—,50+2,80+3,1— —
(s2+2) P2 P2

(dr2)" 71 1 a
—721:1 1+—,Sz+1,52+2,1—— ,
(1-s51) P2 P2

19;* (apl JbPL P2 P2 Q)

101 1+1%1
//[u 2t|(1—t)‘1|: an b } ]
(" + (1 - t)ar)

% |11 = 2712 ordr i dedr
(rdr2 + (1 —r)cr2)

1+-L
4(alr) " n 1 Pl
:[&2F1<1+ —,51+2,51+3,1— d)
P1

(s1+2) bp1
1

2gP ) Pr 1 1

—&25 1+—,sl+1,sl+2,1—a—

(s1+1) )21 bp1
(apl)“m 1 1 Pl
—_— 1+ —s1+Ls1+3,=(1-—
251 (s +1)(s1 + 2) 1 2 b1

2(bm)“— (1
+@+nm+mz<

()i 1 b1
— 72[’1(1 +—,1,1+2,1- —)]
(s1+1) P1 all

1 b1
+—,2,51+3,1- —
1 apl
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2(dpz)1+
* (s2 +2)

(s2
19;* (ﬂpl’ bPr, P2, drr Q)
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Fi(1 L 1 31 1 a
+ —,8 + 1,8 +05, = - —
2471 7 2 2 9 o2
P2 1
2F1(1+—
P2

(dpz) 1 /2
S R(1+ S Lsne21-2) ],
1) p2 cP2

ar?
) +2,52 +3,1 — E)

1pP1 1+;T1
L e [ ]
(thP1 + (1 — t)arL)

B (bpl)l+p—11
B [231 (51 +1)(s1 +2)

2(bp1)1+1%1
(s1+2)
BCoN
(1-51)

4(sz)lJr
X[(@+m

Z(sz)
(52

(sz )1+

T (s 1 (524 2)

2(dp2)1+

W@Hmﬂmf<l

F(1+
b2

(dp2)1+172
(s2+1)

(a7, b7, P, a7 - Q)

1
2F1 1+—
b

1
—F <1+—,52+1,Sz+2,1—
1) )23

, cP2qp2 I+p, dd
1-2r|Q -2 ——m——— t
o e R
1 1 bP1
Fill1+—,s1+1,51+3,=(1-—
P 2 abll

1 b
Fi 1+ —,81+2,81+3,1——
b1 ar

bP1
,$1+ 1,81 +2,1— —):|
abl

sz 1 ! 2 3,1 o
+—,82+2,50+3,1—- —
2f1 e 2 >

CPZ
#)

Fil1 ! 1 31 1 i
+—,82+L,s5+3,-(1-—
P T2 ae

1 P2
+—,2,8+3,1- —>
2 2

/2
, 1,80 +2,1— —)i|,
P2

1 Lol 1+p—1
L oo [ ) ]
(b + (1 - t)am)

11— 27((1 = 7) odn e dtd
X — 4r —-r _——— r
(rdpP2 + (1 —r)cP2)

[a(ar)
- |: (s1+2)

2ar) "7
s+

1
2F1(1 +—,81+2,51+3,1—
P

1
2F1 <1 + —,81 + 1,81 +2,1—
P

apl
)
apl
)
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(apl)“m 1 1 a?
) o A(1+—si+Lsi+3-(1-2
251 (Sl + 1)(51 + 2) p1 2 b1

260)" 1 .
e )G +2) <

() hr 1 b1
-2 o A(1+=1,5+21-—
(Sl+1) P1 abl
1 CPZ
——F(1+—, 2, 3,1- —
(52+2) 2 1( +p2 Sy + 24,8 + dpz)

2Aen)" Fl1s L s stm121- 2
- +—, s+ 1,5 +2,1 - —
I 241 7 2 2 dpz

@) A1+ Lsiine3i(1-2
— +—,5+1,8+ -—
252(sy + 1)(s2 + 2)2 1< P2 2 2 2 ( arz ))

1

2(dr2) p2 1 a2
— LF(1+—,2, 3,1-—
TS ) hak ™

(dpz)“p% 1 a2
-2 R(1+—Ls+2,1-— ],
P2 P2

1 b1
+—,2,51+3,1—-—
1 arl

(s2+1)

O5(aPl, bP1, P2, dP? : Q) and Og(aPt, bP1, P2, dP? : Q) are given in Theorem 2.

1I1. If we take K, (t) = ™! and /5 (r) = r—2 in Theorem 2, then

82f
dr ot
proximately two-dimensional harmonic (p1, s1)-(p2, $2)-convex function, then

Corollary 8 Under the assumptions of Theorem 2, if | =—-| is a Godunova—Levin type ap-

|E(a, b, ¢, d”, %,y Q)|

bPL _ gP1)(dP2 — P2 92
< ( @) o) 0{(apl,b”1,cp2,d"2 : Q) J (a,¢)
4p1praPr b1 P2 dr: or ot
, °f , 3*f
+ 9y (a”, b, ¢, dP Q)' Brat(b'c) + 95 (a, B, P2, dP Q)‘ arat(“’d)‘
) °f
+ 9, (a”, 07, ¢, dP 1 Q) Sra7 ——(b,d)| + 95(a”, 0", >, d" : Q)

+96(a, b7, &, dP Q)],
where

O (a?', b, 2, dP : Q)

. aPl b1 Lpr
//['1 21t [(tbl’1+(1—t)al’1):| ]

x|1z|w.__ffi__“ﬁdm
A de + (L= o) 4
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()i 1 1 b
1+ —,-s1+1,-51+3,=(1-—
|:2 51( Sl+1)( Sl+2) < p1 2( ﬂp1)>

2b1) o 1 oL
+72F1 1+—,—Sl+2,—51+3,1——
(—Sl +2) p1 ab1

(b”l) 1 bP1
= oR(1+ = -si 41,5 +2,1— —
(—Sl + 1) p1 all
1
(dr2) " pa 1 1 4
X oFi(1+—,-s5+1,-s0+43,-[1—-—
2752(—sy + 1)(=s2 + 2) )23 2 3!

2d2) s 1 dr2
+————oF |1+ —,-s5+2,-55+3,1 - —
(=52 +2) )2 2

(dpz)“pz 1 a2
——F(1+—, -5+ 1,-5,+2,1—— ) |,
(-s1+1) )2 P2

05 (a?t, b, 2, dP* : Q)

- aP1pP1 Lepr
//['1 20011 [(bm( —t)am)] }

11— 20 o "7 4o
X — Zr|r D ——— r
(rdp2 + (1 —r)cr2)

[#ary A1+ 251431
= (_Sl+2) 2 +p1, —81 + —81 + bp

Z(apl)h Fi|1 1 1, 2,1- a
— (_S1+1)2 1 +p1, —81 + —81 + bp

(aPl) m 1 1 aPl
1+ —,-s1+1,-51+3,-(1-—
2 51 (—Sl + 1)(—51 + 2) Pl 2 b}’l

2(bP1) i 1 s
- Fl1+—,2,-514+3,1- —
(=81 +1)(-s1+2) 1 all

(b)) o 1 e
— T R (14— 1,5 42,1 —
pP1 arl

(=s1+1)
(dpz)“p% 1 v
X | = JFi|1+— —sz+1—sz+3 1-—
2752(—s9 + 1)(=s9 + 2) )2 2 P2
1+-L
2(dr2)! 2 1 dav?
+ ————Fi 1+ —,-$2+2,-s+3,1 - —
(=s2+2) 12 P2
(dﬂz)“pz

1 dar2
——F 1+ —,-s2+1,-s5+2,1-— ) |,
(=524 1) ( p cp)}

193’ (am, b, P2, db? Q)

1 1p1 1+P—1
/ / ['1 2t|t—sl|: ap bp :| ]
(b1 + (1 = t)arr)
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(rdP2 + (1 —r)cP2

(br) o 1 1/ b
= 2F1 1+—,—Sl+1,—sl+3;_ 1-—
2751 (—Sl + 1)(—81 + 2) P1 2 ab1

2(b) 7 1 b
+7F1 1+ —,-s1+2,-51+3,1- —
(=1 +2) p1 ar

(b”l) 1 b1
717 1+ —,-s1+1,-51+2,1 - —
(-s1+1) P1 a1

P2 P2 L+ oo
x |:|1—2r|(1—r)_52[L):| pz]dtdr

40" F1s 2 2 31
X | — +—, =8 +2,-s5+3,1 - —
(—52+2) 2471 p2 2 2 dp2

o) 7 1 o
———F 1+ —,—s5+1,-52+2,1 - —
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2752(=sy + 1)(=s2 +2)° 1( p ) ( ar ))
2dr2) ' 7 1 e
-_ 1+—,2,-5+3,1-—
( =53+ 1)(—s3 + 2) )2 P2

(dpz)“ﬁ 1 dP2\ T
-2 A1+ =1, 42,1 - —
(—52 + 1) P2 cP2 i

194(61191, bPL, P2, dr2 Q)

1pP1 7 1+E
.
(b1 + (1 - t)arr) |

1+
w oo — 2 7 g
(rdP2 + (1 —r)cr2)

4(a1’1) 7 1 abl
=|————F(1+—,-s1+2,-51+3,1— —
p

(—s1+2) bp
2Aar) P14 1os+2,1- 2
_ mz 1 + — 7 ,—81+1,—-8 + - E

@)’ n F1+ 2 1 T P
+ +—,—s1+1,-s1+3,=(1- —
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1

2 1 1+ 1

+ & oFi 1+ —,2,-s1+3,1- b
(=81 + 1)(—s1 + 2) 1 art

(B2 or 1 b1
SO R — 1, 21—
pi arl

(=s1+1)
o) F1+2 2 31 &
X | — +—,—S2+2,-5+3,1 - —
(42 7\ Ty T ar
2(sz)1+

1 CPZ
- R(1+—, -+ 1,-s 42,1 - —
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(Cm)l% 1 1 1 3 1 1 o
+—, =S+ 1,-5+3,-{1-—
Tt (s 12)” ( . 2 2( ar )

2dr2) " 7 1 dar:
p—— o FR(1+=,2,-5+31-—
(—52 + 1)(—52 + 2) P2 2

(dpz) 1 dap2
71-" 1+ —,1,-894+2,1—— |,
(—s9+1) )2 P2

Vs5(aPr, b1, P2, dP2 : Q) and Og(aPt, b1, P2, dP? : Q) are given in Theorem 2.

IV. If we take h(¢) = 1 and h(r) = 1 in Theorem 2, then

92f
ar ot
dimensional harmonic (p1, P)-(p,, P)-convex function, then

Corollary 9 Under the assumptions of Theorem 2, if |

| is an approximately two-

’E(ﬂpl,bpl,cpz,dm,x,y: Q)’

- (bP1 — aPr)(dP? — cP?)
4p1p2dplbplcp2dp2

f

14 82f
s (a”‘,b"l,cpz,dmzﬂ) 3 at(a,c)
r

f

S
‘a—(b d)

+ A(a, b) + Alc, d):|

where

9 (apl’ bPL, P2 gr2 Q)

/ / ['1 [tbm fp(llbmtmm)]hﬂ

P2 P2 gy
ool — % ded
% [' r||:(rdp2 T -r)cm)} ] 4

1+-L b1 1+-L bP1
=[(b”1) P12F1(1+p—231 am)—(b"l) P12F1<1+p—121 m)

1
Iz 1 1/ » oL 1 d»
+ L2F1<1 + =13 —(1 - —))] [(61172)1 72 2F1<1 +—,2,31- —)
2 P1 2 aPl P2 cP2

1 1 ar?
- (dPZ)“Pz 2F1<1 +—,1,2,1- —)
p’ b2

(1) hr 1 1 ar:
+— R (1+—=,1,3,>(1-—
2 P2 2 P2

V. If we take A(a,b) = —u(t°(1—¢t) + t(1 —£)?)(]| ﬁ - ﬂ,% N and A(c,d) = —u(r°(1—r) +
r(1=r))(| ﬁ - ﬁ IN? for some > 0 in Theorem 2, then

Corollary 10 Under the assumptions of Theorem 2, if | % | is a two-dimensional harmon-
ically strong (p1, h1)-(p2, hy)-convex function with > 0 of higher order, then

’E(apl,bpl,cm,dm,x,y: Q)|
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4p praPr b1 cP2dpre ar ot
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drat arad
9°f ,
+ 194(ap1,bp1,cp2,dp2 : Q) g Bt(b’d) + 07 (&1”’1,bl”1,c”2,d"2 : Q)
r

+ 9 (a0, P, dP? Q):|,

where 91(aPl, bPL,cP?,dP? . Q), %y(aPt, b1, cP?,dP? . Q),93(a’t, bPL, P2, dP? : Q), 4 (alt, bPL,

c2,dP? . Q) are given in Theorem 2 and

19; (dpl’ bPL, P2, dre, Q)

Y aplbpl 1+1711
T P s
P2 dr? 1*1%2
x(ll—zr'[m} s

’ 72(%)“;_1 Flis Lovnorar- 2
‘_”“( ) |:(0+2)(G+3)2 1( Pl terr U%)

1 1

brr  gpP1

11
b ant

bpl 1+p1 F
(0 +3)(o +2)2 !

pr1
30+41 >
ar
bP
,o+10+31 )
all

(b!’l)1+p1 r
T+ +2)!

(bP1) i 1 1 b1
+——————F|l1+—,0+1,0+3,=|1- —
20(0 +1)(o +2) P1 2 ab1
1
(b)) 7 1 1 b1
- S F|1+ —0+2,0+4,— (1 - —
20+ (g +2)(0o + 3) )21 2 al

a(a)" i 1 2
+ ————F 1+ —0+2,0+4,1- —
(0 +2)(o +3) 1 b

(a + 1)(0 + 2) <

bp1
20+3 1——)

aP1

2(ar)™ r 1 abl
- 1 , 1, 3,1-
o +1)(o+2)> 1( Tt bPl)

(@)1 1 1/ an
t—— L F(1+—0+10+3=(1-—
29(0 + 1)(o + 2) ( P1 2< b1 ))

(@' A1+ 2044 (1-%L
_——— +—,0+2,0+4,-(1-—
2741(0 +2)(0 +3)° 1( p’ e 2( b’”))]
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1 1 dar? 1 1 P2
x [(dpz)“m 2F1<1 +—,2,3,1- —) — (@) 72 ,F, (1 11,2,1- —)
P2 c’? P2 o2

(@) 11 ( a» ))
s R (1 — 13- (1-=) )|,
2 )2 2 P2

ﬁg(dpl’bpl’cpz’dpz;g)

all P 0
=—u(‘ ) /f('l 2t|[tbpl+( -t)am)} )
P2 gp2 Y py
_ o1 AT dtd
X(ll 2107 =r) 47 =) )[(rdPH(l—V)C’”Z)] ) '
1 7 R i
__ L 1)
M(‘ o > [(bp) 12F1<1+pl S “”1)
1+-L
L1 1 1 1 1 !
_(bpl)l p112F1<1+ 1 2 l—i)+M2PI(1+_;113!_<1_ﬁ>)}
” e 2 P 2 ar

2(dpz)1+p% 1 v
X|—Fi|ll+ —,0+2,0+4,1-— —
(0 +2)(o +3) )2 P2

odr2) 7 v
( ) 2F1 3 o+4,1-
(a +3)(o +2) 2

(dpz)”pz dar?
,cr +1,0+3,1- —
(a+1)(a+2) cP2

(dpz)“pz DA v
To+D)(0+2)’ < ar _E>

()" 1 1/ a»
+———t o F|1+—0+1,0+3,-|1-—
2°(0 + 1)(0 +2) P2 2 cP2

(d) P 1 1/ a»
S v — <N | U G, Yo N |
20+ (g +2)(o +3) § 2 2 2

o) El1+ L oi20441-2

VI 0 + ’ + ) -

D T i G dr2
2c)' 7

A1+ Lostoszl-
IS G R S R 7

G A1+ Loito+3i(1-2

—_— +—o0+l0+3,-(1-—

T+ U T 0 TR T e
(sz)h—é

El1+Loizorat(1-2
—— +—,0+2,0+4,-(1-— .
2"+1(c7+2)(<7+3)2 ! )2 2 dar2

VI. If we take o = 2 in Corollary 10, then

Corollary 11 Under the assumptions of Corollary 10, zf Frr | is a two-dimensional har-
monically strong (p1, h1)-(p2, ha)-convex function with (1 > 0, then

’E(apl,bpl,cm,dm,x,y: Q)|
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- (BP1 — aPr)(dP? — cP?)
4[71102@”1 b1 cp2 dp2

0%f
ﬂl(apl,b”l,cpz,dpz : Q) 3 8t(a,c)
r

0%f
+ 192(411"1,191"1,cl"2,a,’1!72 Q) 5 8t(b’c)
r

2
+93(a?t, b7, P, dP SZ) 5

82
+ﬁ4(ap1,bp1,cp2,dp2:9)} / (b,d) +19§*(a”1,b”1,cp2,dp2:§2)

orot

+ ﬁg‘*(apl,bpl,cpz,dm : Q):|,

where 4(aPl,bPl,cP2,dP? : Q), 0 (alt, bPr, P2, dP? : Q),03(alt, bPL,cP2,dP? . Q), O04(aP?,

b1, P2, dP2 : Q) are given in Theorem 2 and

19;* (apl’ bpl, sz, dpz; Q)

al1pP Lipr
) “(‘ ) // (i1 2t|(t(1 )|:(tbp1+(1—t)apl)] )

2 dp? Ligs did
1—orf| — 47 ¢
% (' r||:(rd1”2 T a —r)cP2):| ) "

bP1 apl

) ‘1 2—(bm)l%llf 1 1231 1 b
([ ) [Frn (o (-3)
11+171
(bp) 2F1 1+—341( ))
11+p1
Lo bas(-5)
ab1

A

ot 2F1< ,3,4, (1—%))
( )
)

(bm)“ﬁ 1 22
-———F(1+—,23,(1-—
2 1 1

1 1 ar? L 1 ar:
x [(dm)“pz oF1 (1 +=,2,3,1- =) - (a)""72,F, (1 +—,1,2,1- —)
cpP2 D2 cP2

2F1 +_>4';5)(1_

b2

1
ar2)*r: 1 1 ar:
+7( ) 2F1<1+—,1,3,—(1——)):|,
2 P2 2 P2

ﬂg* (ﬂm’ bm, sz, sz; Q)

allbpPr 1*;71
_‘”(‘ > //('1 [(tbm(l—t)am)] )
P2 P2 1*;%2
x(|1—2r|r(1—r)|:m] )dtdr

1[\? oL 1 -
—u(’ — = ) x [(b”‘)1 P12F1<1+—,2,3,1——>
2 P ar
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1 b1
~ (@) ",E <1+ 1,2,1- —)
(br)" 7 1 1/,
LR (1+ = 1,35 (1-—

2 P 2 all
()" 11, a»
x| ——F(1+—23-(1-=
4 P2 2

(dpz)“p% dan
Y LI P S
4 )2 2 cP2

1
v\ e 1 dr2
+ Lzﬂ 1+—,4,5-(1-—
16 P> 2 2
1 ar?
+ (@)™ 7,F, (1 +—,3,4, (1 - —)
P2 e

(dP2)" b2

(dpz)l*_ 1 dar2
-—Fh1+—,2,3,(1- — .
2 P2 cP2

Theorem 3 Let f : @ — R be a partial dzﬁerentiable function on Q = [a,b] x [c,d] C

(0,00) x (0,00) witha <band c<d and 2 ata € L1(). If | Barzgt |7 is an approximately two-

dimensional harmonic (p1, h1)-(p2, ha)-convex function, where 1% + é =1andq > 1, we have

|E(ap1,b"1,cp2,d1’2,x,y: Q)|

1 _ 4P1 P2 _ P2 ’ !
< (bPr — aP')(dP? — ) _ |:¢1(ap1,bpl,cp2,dp2:§2)‘ ik (a,c)

ApypraPrbPi c2dr2 (p + 1)7 drdt

q

0%f
orot

82
+@o(a”, b, P, dP : Q) 5 g (a,d)
r

q
+@3(a”, b, P, dP? Q)‘

%

+ @a(a, b, P2, dP Q)‘ (b d) +<p5(a”1,b”1,cp2,dp2 Q)

1

q
+@g(a”, b, c”,d"” : Q) |,
where

7 (ﬂply b1, P2, dP2, Q)

[ Tl m]

cPrdp? q(1+55)
<o) i | e

) (am’ bPL, P2, dP2, Q)

all b1 q(“p%)
//[1(1 t)[(tbpw(l—t)aw)} }
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P2 dp? q(1+55)
<ol i | e

©3 (apl, bPL, P2, dP2, Q)

al1pP Q(1+p—1)
//[1()[(tbpl+(1 t)aﬂl)} }

. P2 p? q(1+53) dd
-7 —— tdr,
% [ 2 r)|:(rdp2 +(1-r)cm)] ] ’

<p4(ap1,b”1,cp2,dp2; Q)

aP1pp1 ‘I(l’fp%)
//[1“ [tbm( —t)w)] }

., cP2dp? q(1+55) dd
x [ Z(I_r)[(rdi’2+(1—r)cp2)i| ] kdr,

@5 (ﬂpl’ b, P2, db2, Q)

aP1pp1 q(“pT)
= Ala,
(@b //H tbm(l—t)am)} }
cP2dp? 401+ 53)
X [[(rdm +(1—r)cp2):| }dtd’
= A(a,b) (bpl)q“*p_ll)F P PR
= ) 21\ g pl y Ly 4y bt
L 1 ar?
X [(dp2)q(l p2)2Fl (q(l + 19—2>, 1,2, 1- E)});

and

(p6(up1,bp1,cp2,dpz; Q)

al1 b’ a(t+pp) P2 q(l+55)
/ / —_— dtdr
(b + (1= t)arr) (rde2 + (1 - r)cP2)
+L 1 bP1
= NC:d)([(b‘”‘)q(1 w,F <q(1 ¥ p—l), 1,2,1- %)}
+-L 1 /2
X |:(dpz)q(1 p2)2F1 (q(l + p—z),l,z, 1-— E):D

a2
Proof Using Lemma 1, well-known Holder’s inequality, and the fact that |€fr—{;t |7 is an ap-

proximately two-dimensional harmonic (py, /11)-(p2, h3)-convex function, we have

’E(ﬂ"l,bpl,cm,dpz,x,y: Q)’

(bPY — aP1)(dP> — cP2) L9 all P Lpr
_‘ 4p1p2aP1 b1 P2 a2 //<( t)|:(tb”1+(1—t)ﬂpl)] )

P2 qp2 gy
% ((1_2r)|:(rd”2 +(1—r)d’2)] )
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32f all pP1 pl_l P2 qp2 pL
: drdt
X8r8t<[tbpl+(1—t)apl] |:rd}”2+(1—r)d’2:| ) 4 ‘

(bPr — aPr)(dP2 — c2) (L 1 1
S i b f/o(‘(l—Zt)(l—zr)’Pdrdt)p

al1ppP1 ‘1(“;%1) P2 qp2 q(l’fp%)
(f f [ thrr + (1 —t)apl)i| [(rdp2+(1—r)cl’2):|
1

1 1
2 P1pp1 7 P2 P2 53\ |4 7
y o°f a’ b? Pl, 2 dl P2 drds a
arot \ | th*1 + (1 — t)arr rdP2 + (1 —r)cP2

(bP' — aPr)(dP? — cP?)
T apipaaribricnde(p + 1)p

aPlpP q(1+pi1) P2 ar? q(1+pi2)
(/ f [(tbp1+(1—t)ﬂ”1)} |:(rdp2+(1—r)cl’2):|

2 2
X |:h1(t)h2(r) Bar—gt 0 f (b <)

2f

q
+hi(1 - t)hz(r)

q
(a,c)

tmOh(1-r) = (a,d
1
0*f 1
+h(1=t)hy(1-7) oD ——(b, d) + A(a,b) + Ale,d) |drde ) .
This completes the proof. d

Corollary 12 Under the assumptions of Theorem 2, if | %| < M is a bounded function
for M >0 on Q, then

|E(ap1,b"1,cp2,d1’2,x,y: Q)|

M(BPL — aP1)(dP? — P2
< ( a1t )( c )2 [wl(apl,bpl,CPZ’dPZZQ)
4ppraPrbPicP2dr2(p + 1)°

+@o(a”, B, 7, dP : Q) + g3 (a, b, 2, dP* : Q)

+ ¢4(dp1,bp1,cp2,dm :Q) + ]%(%(apl,bpl,cpz,dm . Q)

1

1 P1 1 P2 P2 ?
+W¢6(ﬂ ,bP, P2 d :Q) ,

where @q(aPl, bP1, cP2,dP? : Q) to pe(afl, bP1, P2, dP? : Q) are given in Theorem 3.

We now discuss some special cases of Theorem 3.
1. If we take h;1(¢) = ¢t and /5(r) = r in Theorem 3, then

2
Corollary 13 Under the assumptions of Theorem 3, if | :r—gt |7 is an approximately two-

dimensional harmonic (p1, p2)-convex function, where 117 + ‘—; =landq>1,then

’E(apl,bpl,cm,dm,x,y: Q)|
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bPL — gP1) (P2 — P2 92 9
< ( bl ) - [(pf(apl,bpl,cpz,dmzﬂ) 3F ——(a,c)
dppraPrbPrcr2dr2 (p + 1) drdt
3 9 !
+ @5 (a0, 2, d” Q) 5 gt +<p§‘(ap1,b”1,cp2,dp2:9)‘a g (a,d)

2
+¢Z(apl’bpl,cp2,d192:9) o gt(b d)

+ @5 (apl,bpl’cpz,dpz . Q)

-1
q

+ (06(tlp1,bp1,cp2,dp2 . Q)

’

where

‘/’f (apl JBPL, P2 P2 Q)

aP1ppi ‘1(“1%1) P2 qp2 q(l’fp%) drd
—_— t
f / thm —t)am} ][’[(rdmu—r)cw)] } ’
(o) ir) 1 b1
——F 1+—1),2,3,1-—
[ 2 21 +P1 abt
(dpz)q(“p%) 1 dr>
x| ——F|gl1+—),2,3,1-— | |,
2 P2 cP2

(,05 (apl JbPL cP2 P2 Q)

all b1 q(1+p_1)
1-
//[( [(tbl’1+(1—t)a1’1)} j|
cPrdp? q(t+57)

X |:r|:(ral”2 Y- r)d’Z)] ]dtdr
(bpl)q(“p%) 1 o1
[l ) -50))
—(dm)q(lﬁ)}f 1v ) 231-2
<[ a(a1e )25

(/Jék (apl JbPL, 2 P2 Q)

abP1ppi q(1+p—1)
[ [ Heam] ]
cPrdp? 4(1+53)
1-nNf—m——— ded
x [( r)[(rdi’2+(1—r)cl’2)i| ] '
5 21\ g +p1 » 25 O g
(dPZ)q(1+1ﬂ_12) 1 dr?
X | ——F; ql1+—),1,3,1-— | |,
2 P2 P2

(pz (apl JbPL cP2 P2 Q)

all b1 q(“p%)
//[(1 [(rbmu—t)am} }
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P2 qr2 q(1+55)
. [‘“[m} ]‘“d’

ety 1 2
2F1 q 1+_ )1}3,1__
2 p1 apt
1
(@)1 52 1 P
w2 e g1+ =) 131-2) ],
2 P2 cP2

vs(a,b,c,d; 2) and ge(a, b, c,d; 2) are given in Theorem 3.

11 If we take /1 (¢) = ! and hy(r) = r*2 in Theorem 3, then

02f
darat
imately two-dimensional harmonic (p1,s1)-(p2,s2)-convex function, where 1—1] + % =1 and

Corollary 14 Under the assumptions of Theorem 3, if | 5|1 is a Breckner type approx-

q>1, then

|2(a”, 07, 72, d", %,y : Q)|
(BPY — aPr)(dP? — c¢P2) q

a 4p1praPrbPicP2dp2 (p + 1)12’

%
dardt

(a,c)

|:§0T* (apl’ bpl, sz, 4r? - Q) ‘

azf q 32f q
+ @3 (a, b, P2, dP Q)’ Brat(b’c) + @3* (a, b, 2, dP Q)‘ 8rat(a,d)
’f
+ @y (@, B, P2, dr Q)‘ 5 Bt(b d) +@s(a?, B, P, dP? : Q)

1

q
+ @6 (a”, B, P, dP? Q)] ,
where

(piﬂ* (apl , 4! , sz’ dpz; Q)

tbPl + (1 = t)arr) (rdr2 + (1 —r)cP2)
(bm)q“* 1 b
——F|q|(1+— )si+Lsi+2,1—-—
s1+1 )21 aPl
[ o) )]
X|———Flgql1l+—),s2o+Ls5+2,1—-— ||,
s+ 1 )2 cP2

‘pik* (ﬂpl, bpl, sz, dpz; Q)

1,1 . AP b q(1+5-)
=/o /0 [(H) [(tbm(l—t)am)} ]
P2 dr2 q(1+53)
X['ﬁ [(rdp2+(1—r)c1’2):| ]dtdr

(bpl)q(“p%) 1 b1
=| ——Flql1+— ), Ls +2,1— —
s1+1 p1 ap1
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(dPZ)q(1+1ﬂ_12) 1 v
X|———Flql1+— |52 +1,5+2,1—-— ] |,
s+ 1 P2 P2

(p},k* (am’ b, P2, 4P Q)

all b1 q(1+pl_1)
/ ./ [ [(tbpl +(1- t)ﬂf’l)] i|
cPrp? q(+5;)
1-nN2|—m——— ded
x [( ) [(rdm +(1—r)cl’2):| } "
(bpl)q(“p%) 1 o
=|——Fhlql1+— )si+L,s1 +2,1 - —
s1+1 )21 aPl
(dm)q(“;?lz) 1 4
X | ————Flgql1+— ), 1L,sa+2,1-— )|,
Sy +1 )2 cP2
(pz* (aP17bP1’CP2, arz; Q)
_/1/1 1-p) a b )
- 0 0 (tbpl +(1—t)ﬂp1)
crrdp? q(1+55)
1-nN?2f— ded
x [( ") |:(rd1’2 +(1—r)cm)] } :
(bm)‘“*— 1 b1
= R(q(1+ =) Ls+2,1-—
s1+1 p1 all
|:(d1’2)‘7(“171z) < 1 an
X | ——F q(1+— ,1,s0 +2,1—— ) |,
s+ 1 P2 2

@s5(aP1, b1, P2, dP2; Q) and @e(aPt, bP1, P2, dP?; Q) are given in Theorem 3.

III. If we take h1(t) = 5! and Ky (r) = r 2 in Theorem 3, then

Corollary 15 Under the assumptions of Theorem 3, if | aa:gt |7 is a Godunova—Levin type

approximately two-dimensional harmonic (p1, s1)-(p2, s2)-convex function, where }7 + é =1

and q > 1, we have

|E(ap1,bp1,cp2,dp2,x,y: Q)|

W gP ) dPr — ) | 02 1
< ( a’)( c?) ; (pik**(apl,bm,cpz,dm;gz)’ f(a,c)
AppraPrbPicP2dr (p + 1)r L ordt
82f q a2f 1
+(p;‘**(a1’1,b”1,cp2,dp2:§2) S 2 (b,¢) +(p;‘**(ap1,bp1,cp2;dp219)‘3 Py (a,d)
r
+¢z**(ﬂp1,bp1’0pz’dp2:9) ™ g (b,d) +(p5(apl,bpl,cp2,dpz :Q)

1

q
+ @6 (a?, b7, P, dP? Q)] ,
where

(pik** (apl, bPr, P2, dre, Q)
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Pyl 40+5p) 2> a1+ ;)
2 detdr
AL e | [ e |
ROk F( R T
= 1-s 201\ g +p1 81,4 — 81, _g;u
(dpz)q(“%) F 1 1 1 2 1 ar
X 1_7&2 1l g +p_2 y L —=82,2—358, —E ’

(pik** (apl, bPr, P2, dr2, Q)

1-)™% a b q(1+1%)
/ /[( - [tbp1+( -t)am)} ]
2 dre q(1+55)
S dtd
x|:r |:(rdP2+(1—r)cP2)] i| d
1
()™ ey 1 b
=|—F 1+—),1,2-581,1——
[ 1-s 2 1\1 +P1 T
@2y Ala(1+ 1) 1-s2-51-2
X 1—45221 q +19_2 y L —82,2—58, _E ,

(,0;**( P1LpPL P2 P2, Q)

aPl Pl q(1+pL1)
//[ |:(tbl’1+(1—t)a1’1)] ]
B2y /2 q(+55)
1-N?—
* [( " [(rdf’u(l—r)w)] ]dtdr
)" 1+_) F 1 1 1 2 1 b
= 1—51 2r1\ 4 +p1 y 1 —81,4—81, _gpl
|:(dp2)q(1+p12) ( ( 1) dp2>:|
X|———Flql1l+—),1,2-5,1—— )|,
1-359 §2) cP2

‘/’Z** (apl, bm’cpz’ dm; Q)

//[ - Sl[tb‘” filbilt)ﬂ“)rhé)]

. B2y 2 q(l+55)
- [“‘” e

By ) 1 b1
721’"1 gl1+—),1,2-5;,1 - —
1- P1 abll
(dPZ)q(1+p_12) 1 v
X|———Flql1+— ),1,2-55,1—-— ) |,
1-sy P2 sz
@s(aPr, b1, cP2,dP2; Q) and e(aPt, bPr, P2, dP?; Q) are given in Theorem 3.

1V. If we take /1(t) = 1 and /,(r) = 1 in Theorem 3, then
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3%f
dar ot
dimensional harmonic (p1, P)-(p2, P)-convex function, where % + %1 =1and q> 1, then

Corollary 16 Under the assumptions of Theorem 3, if |=—=-|7 is an approximately two-

|E(a, b, ¢, d, %,y Q)|
(b1 = a?)(dP> — ) 1

" appran b od (p +1)7
>f °f
arat aorat

0%
Jar ot

[(p(apl,bpl,cm,dpz Q)]clz[ (a,¢)

o ! + Ala,b) + A(c,d):| q,

or ot

(b, C) (@, (b,d)

where

(p(apl,bpl, sz,dm; Q)

aPlpPL q(1+p_1) P2 qp2 q(l*,%)
/ / [[(tbm +<1—t>am)} ][[Wz +<1—r>cnz>] ]dtdr
_ q(1+57) 1 b
(el o2
q1+L) 1 ar
x |:(dp2) P2 2F1<q<1+p_2)'1’2,1_E .

V. If we take A(a,b) = —pu(t°(1—¢t) + £t(1 - L‘)")(||ﬁ - a%lH)" and A(e,d) = —pu(r°(1-=7r) +

r(1-=r)7)(|| ﬁ - C,% IN? for some w >0 in Theorem 3, then
Corollary 17 Under the assumptions of Theorem 3, if | | b |q is a two-dimensional har-
monically strong (p1, h1)-(p2, hy)-convex function of higher order, where 1 s+ 5 =landg>1,

then

|E(ap1,b"1,cp2,d1’2,x,y: Q)|

bP1 _ gP1)(dP2 — P2 92 4
< ( a )( c ) 2|:¢1(ap1,bp1’cpz,dpzzg)‘ f(a,c)
Ap1pral bPrcP2dr2 (p + 1)7 drdt
82f q 82f q
PP P2 P2 Q) PGP P2 P2 . ) d
+oa(a ¢ )|arat +os(a ¢ ))Brat(d )
+@a(a”, b, P, dP : Q) o gt +<pg‘(ap1,bp1,cp2,dp2 Q)

1

" q
+ g (a0, 2, dP Q)i| ,

where @1(aft, bPL, cP2,dP? : Q), py(aPl, bPt, P2, dP? . Q), p3(aft, bPL, P2, dP? : Q), pa(alt, b1,

2, dP? : Q) are given in Theorem 3, and

(p; (apl JbPL cP2 P2 Q)

- " allpP1 q(1+p]—1)
) M(‘ )(//[t(l AL t))[(tbpl+(1 t)aPl)] ]

br1 aﬁl
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P2 dp2 q(1+1%)
Vi) o)
([ Fiq(1+2 Lo+31-2
) (oo ovevss-5)
prn 1+ L) 20431-2
)
o dar2
) |:(dp2)q(l p2)2F1<q<1+pi> 1,2,1— cp2>}>'

902 (apl bR, P2 P2 Q)

al1pp1 q(1+pil)

_U(Hdh 2 > (/ / |:|: thr + 1_t)ap1)] i|

o . P2 dr2 q(1+p—2)
X |:(r 1-r)+r(l-7) )[m} ]dtdr)

+E o

M( ) ([(bpl)’f(l p1)2F1<q(1+pi1),1,2’1_E)i|

sz)qu 1 ”
X |:(a+1)(0+2)2F1(q<1+p—2>,a+1,a+3,1_£>

(@)1 1 ar
to e’ (q(l ' p_)’z’“ P ?)D

VI. If we take o = 2 in Corollary 17, then

Corollary 18 Under the assumptions of Corollary 17, if | % |7 is a two-dimensional har-

monically strong (p1, h1)-(p2, ha)-convex function, where }g + % =1land q>1, then

|E(a, b, 2, d", %,y : Q)|

1 _ 4P1 P2 _ P2 !
_ G -wn@-o 2[<p1(ap1,b”1,c”2,dp2:9)‘

4p1pzap1bplcp2dpz(p +1)r

0*f
ar ot

(ac)

q

0%f
arot

2
+<p2(zzp1,bpl,cp2,dp2:52) a8 (a,d)

q
+ @3 (a, b7, P, dP? Q)‘

%f

+¢4(dp1,bp1,cp2,dp219)‘ (b d)

+ (/);* (apl’ bpl, cpz, 4r? . Q)

1

sx (0 ot o2 g o) |
+ g (a, b, 2, d Q) |,

where @1(all, b1, cP2,dP? : Q), pa(alt, bPr, P2, dP? . Q), p3(aft, bPr, P2, dP? . Q), pa(aP?, bPt,

c2,dP? . Q) are given in Theorem 3, and

(p;* (am’ bpl,cpz, dpz; Q)

all Pl q(1+pl—1)
) “(‘ )(/ / [t(l [tbp1+(1—t)a1’1)] }

br1 aﬁl
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cP2dp? 401+ 53)
x [[(rdm T —r)a”Z):| ]dtd’)
[(bpl)qmm) Ala(1+L)241-2
Mbpl_ﬂfl 6 21q+p1’1y_apl

1 1 /2
X [(dp2)q(l+p2)2Fl<q<l+ _>y 1;2’1_ >i|>)
P2 o2

902 (apl’ b1, P2, dre, Q)

1 al1pP ‘1(1+1%)

:‘“(‘%‘% ) (f / H b+ —t)am] ]

P2 pe q(1+57)
<ol o)

B L1 N[ fpratie o) 1 b
(o)) ([ A (afre ) )12 5]
7(dp2)q(1+712) E(q(1+ 1) 241-%

[Fealelg)2e-5)))

4 Conclusion

In this paper, we defined a new interesting class of functions, two-dimensional approx-
imately harmonic (p1,%1)-(p2, h2)-convex function, and some Hermite—Hadamard type
integral inequalities are provided as well on the coordinates. As a particular cases for
P1,h1,p2, ha, we get several new classes of functions. For instance, p; =1 = p; and h; =
h = hy, we get the results of the paper [20] for approximately harmonic /-convex function.
These results can be applied in convex analysis, optimization, and different areas of pure
and applied sciences. The authors hope that these results will serve as a motivation for

future work in this fascinating area.
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