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1 Introduction
Let H; and H, be two real Hilbert spaces with inner product (,-) and norm | - ||. Let C
and D be two nonempty closed and convex subsets of H; and H,, respectively. A nonself-
mapping T : C — H; is said to be k-strictly pseudocontractive if there exists a constant
k € [0,1) such that

2

1T - Tyll* < llx =yl + k| = T)x = (I - T)y| Vx,y € Hj.

If k = 0, then T is a nonexpansive nonself-mapping.

For a mapping 7' : C +— Hj, the fixed point problem is to find x € C such that x = Tx. The
set of all fixed points of T is denoted by Fix(T).

Moudafi and Mainge [24] considered the following hierarchical fixed point problem (in

short, HFPP) for a nonexpansive self-mapping 7" with respect to another nonexpansive
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self-mapping S on C in the following way: Find x* € Fix(T') such that
(x* - Sx*, x* - x> <0, VxeFix(T). (1.1)

Let us denote the solution set of the HFPP (1.1) as S = {x* € Fix(T) : (x* — Sx*,x* —x) <
0,Vx € Fix(T)}.

We can check that x* is a solution of the HFPP (1.1) if and only if x* = Pgix(1) 0 Sx*, where
Prix(r) is the metric projection of H; onto Fix(T).

By using the definition of the normal cone to Fix(T), i.e.,

N {ueHy: (y—xu) <0,Vy e Fix(T)}, ifxeFix(T), 12)
Fix(T) = .
@, otherwise,

we can easily prove that HFPP (1.1) is equivalent to the variational inclusion
0 € (I —S)a™ + Npix(x™

We note that based on the relation x* = Priy() 0 Sx*, HFPP (1.1) has an iterative algorithm
%Xns1 = Prix(r) © Sx,,. This iterative method converges if the mapping Prix(r) o S has a fixed
point and S is averaged not just nonexpansive. Disadvantage of this method is that the
calculation of Prixr) 0 S is usually not easy. To overcome this, Moudafi [22] introduced
an algorithm which uses T itself, rather than Prix(r) o S. Moudafi introduced the iterative
method in the following way: For starting point x, € C, define {x,} by

Xpe1 = (1 — o)z, + @y (o,,Sx,, +(1- a,,)Txn), (1.3)

where {@,} and {0, } are two real sequences in (0, 1).

Problems (1.1) are often used in the area of optimization and related fields, such as sig-
nal processing and image reconstruction (see [4, 6, 11, 14-20, 25, 27-30, 32-36] and the
references therein).

On the other hand, for a bifunction F: C x C — R, an equilibrium problem is defined
by

find x € C such that F(x,y) >0, forallyeC.

The solution set of this problem is denoted as EP(F, C). Equilibrium problem includes vari-
ational inequality problem, optimization problem, the Nash equilibrium problem, saddle
point problem, complementarity problem, convex differential optimization etc. as special
cases (see Blum and Oettli [1]).

In 2009, Marino et al. [21] introduced an iterative method to find common solutions of
the following system of equilibrium problem and hierarchical fixed point problem:

find x* € C such that F(x*,y) >0, VyeC; and
x* € Fix(T) such that (x* — f(x*),x* —y) <0, Vy e Fix(T),

(1.4)

where F is a bifunction, f is a p-contraction and T is a nonexpansive self-mapping.
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In 2011, Moudafi [23] introduced and studied the following split equilibrium problem
S,EP: Suppose F;: C x C— Rand F, : D x D — R are two bifunctions and A : H; — H,
is a bounded linear operator. Then the split equilibrium problem is to find x* € C such
that

F; (x*,x) >0, VxeC. (1.5)
and y* = Ax* € D solves
E(y*y) >0, VyeD. (1.6)

In 2012, Censor et al. [7] introduced and studied the following split variational inequality
problem S,VIP: Find x* € C such that

[@(="),y-2")=0, VxeC, (1.7)
and y* = Ax™* € Q solves

(@("),y-2")=0, VyeD, (1.8)
where g1 : C — H; and g, : D — H, are two nonlinear mappings, and A : H; — H, is a
bounded linear operator.

Very recently, Kazmi et al. [13] have introduced and analyzed a Krasnoselski—-Mann it-
eration method for finding a common solution of HFPP (1.1) and the following split mixed
equilibrium problem S,MEP: Find x* € C such that

Fi(x%%) + (g1 (x*),y —x*) >0, VxeC, (1.9)
and y* = Ax™* € Q solves

E(y"y) +<g2(x*),y—x*> >0, VyeD. (1.10)
The solution set of S,MEP is denoted by I" = {p € MEP(F},g1) : Ap € MEP(F,,g>)}. To

solve the S,MEP (1.9)—(1.10) and HFPP (1.1), Kazmi et al. [13] introduced the following
algorithm: For the starting point x € C, define {x,} by

U, = (1 —o,)x, + a,(0,8%x, + (1 —0)Tx,),

Xp+l = U(un + )/A*(V_I)Aun)r n>1,

(1.11)

where S, T are nonexpansive self-mappings on C and the step size y € (0, %), L is the
spectral radius of the operator A*A and A* is the adjoint of the bounded linear operator A.

Motivated by the above results, we revisit the problem considered by Kazmi et al. [13].
We introduce and analyze a modified Krasnoselski-Mann type iterative method with the
help of averaged mappings for finding a common solution of the HFPP (1.1) of a finite col-
lection of k-strictly pseudocontractive non-self-mappings and S,MEP (1.9)—(1.10). Our
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work can be seen as an extension of HFPP (1.1) [13, 22] from single nonexpansive self-
mapping to a finite collection of k-strictly pseudocontractive nonself-mappings. The au-
thors in [10, 13] have selected the step size y in the interval (0, %), where L is the spectral
radius of the operator A*A and A* is the adjoint of the bounded linear operator A.

It is well known that the computation or an estimate of the spectral radius of a given op-
erator is very difficult at times. This makes the implementation of the proposed algorithm
very difficult. In our iterative method, we give an explicit formula to choose the step size,
which does not require any prior knowledge of operator norm. We also establish strong
convergence results for a certain class of hierarchical fixed point and split equilibrium
problem.

We organize the paper in the following way. Some basic definitions and lemmas are
given in Sect. 2. In Sect. 3, we present our modified iterative methods for a split mixed
equilibrium problem and hierarchical fixed point problem. Finally, we make some remarks
to highlight the main contribution of this paper.

2 Preliminaries

In order to prove our main results, we recall some basic definitions and lemmas, which will
be needed in the sequel. Let H; be a real Hilbert space and C be a nonempty closed convex
subset of H;. Let the symbols “—” and “—” denote the weak and strong convergence,
respectively. We know that in a Hilbert space Hj, the following properties hold:

e = y11> < Ilx1? = Iy1* - 2(x = 3,9),  Vx,y€H (2.1)

and
2(x,y) = lxl® + Iy = llx = y1* = e + y1> = lx1* = IlylI?, Vx5 € H). (22)
It is well known that every nonexpansive mapping 7 : H; — H; satisfies the inequality:
27

(6= Tx) = (y—Ty), Ty - Tx) < = | (Tx — %) — (Ty - y)

V(x,y) (S H1 X Hl.

N | =

Therefore for all (x,y) € H; x Fix(T), we get

(x—Tx,y — Tx) < %H(Tx—x)”2

A mapping T : H; — H; is said to be monotone if
(Ix—Ty,x—y) >0, Vx,yeH.

T is said to be a-inverse strongly monotone if there exists a o > 0 such that
(Tx — Ty, x —y) > || Tx — Ty||>, Vx,y € Hy.

T is said to be firmly nonexpansive if

(Tx — Ty,x—y) > | Tx — TY||%, Vax,y € Hy.
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A mapping Pc¢ is said to be metric projection from H; onto C if for every x € Hj, there
exists a unique nearest point in C denoted by P¢(x) such that

| =Pc@)| <llx-yl, VyeC. (2.4)

It is well known that P¢ is nonexpansive and firmly nonexpansive. Moreover, P¢ is char-
acterized by the following property:

(x—Pc(x),y—Pc(x)) <0, VxeH;yeC. (2.5)
A multivalued mapping M : H; — 2/ is called monotone if for any x,y € H;
(u—v,x—y) >0, VYueMx,veMy.

For a multivalued mapping M, graph(M) is defined by graph(M) := {(x,u) e H1 x Hy : u €
Mzx}. A multivalued monotone mapping M : H; — 2/ is said to be maximal monotone if
graph(M) is not properly contained in the graph of any other monotone mapping. It is well
known that a multivalued monotone mapping is maximal monotone if for (x, u) € H; x Hj,
(x —y,u —v) > 0 for every (y,v) € graph(M) implies that u € Mx. Let M : H; — 21 be
a multivalued maximal monotone operator. Then the resolvent mapping /M : H; — H,;
associated with M is defined by

JM(x):= ([ + AM)(x), VxeH,

for some X > 0, where [ is the identity operator on H;. It is well known that for all A > 0
the resolvent operator is single-valued, nonexpansive and firmly nonexpansive. Also, we
know that Fix(/}) = M~1(0).

Definition 2.1 A mapping T : H; — H; is said to be an averaged mapping if there ex-
ists some number « € (0,1) such that T = (1 — o) + oS, where I : H; — H, is the identity
mapping and S : H; — H; is a nonexpansive mapping. An averaged mapping is also non-
expansive and Fix(S) = Fix(T).

Lemma 2.2 ([3, 4]) If the mappings {Ti}fi | are averaged and have a common fixed point,
then

N
(\Fix(T:) = Fix(T1 Ty -+ T).
i=1

In particular, for N = 2, Fix(T1) N Fix(T2) = Fix(T1T>) = Fix(T>Th).

Lemma 2.3 ([37]) Assume thatS: C — H; is a k-strictly pseudocontractive mapping. De-
fine a mapping T by Tx = ax + (1 — «)Sx for all x € Hy, where o € [k,1). Then T is a non-
expansive mapping with Fix(T) = Fix(S).

Lemma 2.4 ([37]) Let T : C — H; be a k-strictly pseudocontractive mapping with Fix(T) #
@. Then Fix(PcT) = Fix(T).



Kim and Majee Journal of Inequalities and Applications (2020) 2020:227

Lemma 2.5 (Demiclosedness principle [12]) Let C be a nonempty closed convex subset of a
real Hilbert space Hy andlet T : C — C be a nonexpansive mapping. If {x,,} is a sequence in
C weakly converging to x € C and {(I — T)x,} converges strongly toy € C, then (I - T)x = y.
In particular, if y = 0, then x € Fix(T).

Assumption A ([1]) Let F: C x C — R be a bifunction which satisfies the following as-
sumptions:

(i) F(x,x)>0,Vx e C;

(ii) F is monotone, ie., F(x,y) + F(y,x) <0, Vx,y € C;

(ili) F is upper hemicontinuous, i.e., for each x,y,z € C,

limsup F(tz + (1 - t)x,y) < F(x,9); (2.6)

t—0

(iv) For each x € C fixed, the function y — F(x,y) is convex and lower semicontinuous.

Lemma 2.6 ([9]) Assume that the bifunction F : C x C — R satisfies Assumption A. For
r >0 and x € Hy, define a mapping TF : Hy — C as follows:

TF(x) := {zeC:F(z,y)+%(y—z,z—x)zO,VyeC}. (2.7)

Then the following properties hold:
(i) TF is nonempty and single-valued.
(i) TF is firmly nonexpansive, i.e., | TEx — TEy||* < (Tfx - Ty,x - y), Vx,y € H;.
(iti) Fix(TF) = EP(F,C).
(iv) EP(F, C) is closed and convex.

Furthermore, assume that F, : D x D — R satisfy the conditions in Assumption A. For

s> 0 and for all w € H>, define a mapping TSF2 : Hy — D as follows:
1
TR (w) := [d eD:F(d,e)+ —(e—d,d—w) > 0,Ve eD}. (2.8)
s

Then we easily observe that TR s nonempty, single-valued and firmly nonexpansive. Also,
EP(F,, D) is closed and convex, and Fix(TsF %) = EP(F,, D), where EP(F,, D) is the solution
of the following equilibrium problem: Find y* € D such that

F(y*,y) =0, VyeD.

Lemma 2.7 ([8]) Let {3,} and {y,} be non-negative sequences satisfying y -, 8, < +00 and

Vel < Yn + 8y for all n € N. Then {y,} is a convergent sequence.

Definition 2.8 ([2, 24]) A sequence {M,} of maximal monotone mappings defined on H;
is said to be graph convergent to a multivalued mapping M if {graph(M,,)} converges to

Page 6 of 25
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graph(M) in the Kuratowski—Painlevé sense, that is,

lim sup graph(M,,) C graph(M) C liminf graph(M,,).
100 n—00
Lemma 2.9 ([9]) We have the following statements:

() Let M be a maximal monotone mapping on H,. Then {t," M} is graph convergent to
Ny-19 as t, — 0 provided that M0 # .

(i) Let {M,} be a sequence of maximal monotone mappings on Hy which is graph
convergent to a mapping M defined on H. If B is a Lipschitz maximal monotone
mapping on Hy, then {B + M,} is graph convergent to B+ M and B + M is maximal

monotone.

3 Main results
In this section, we state and prove our main results of the paper. First we will study the

weak convergence theorem.

Theorem 3.1 Let H; and H, be two Hilbert spaces. Let C and D be nonempty closed and
convex subset of Hy and H,, respectively. Let A : Hy — H, be a bounded linear operator.
Suppose F1 : C x C — R and F, : D x D — R are two bifunctions which satisfy Assump-
tion A and F, is upper semicontinuous. Let g1 : C — Hy and g, : D — H, be n1- and n;-
inverse strongly monotone mappings, respectively. Let S : C — C be a nonexpansive self-
mapping and {T;}Y, : C — Hi be k;-strictly pseudocontractive nonself-mappings. Assume
that

F=I'NS#P.
Define a sequence {x,} as follows:

X0 € C,
ty = (1= ) + (1,85, + (L= 7, ) TR TR, - Tl'xy), (3.1)

X1 = U, + VnA*(V_I)Aun): n>1,

where U = TH (I =r,g1), V = Tp> (L = rug), TV = (1= 81) + 8L Pc(Bid + (1 - B)T;), 0 < k; <
Bi<1,8 €(0,1) fori=1,2,...,N and

(TEA(T = rug0) — DAX,
< oI U= rg) =DAxl o
|A*(T},2 (I = rug2) — DA%,

Let {a,}, {t,} be two real sequences in (0,1) and {r,} C (0,«), where @ = 2min{n;, n,}. Sup-
pose the following conditions are satisfied:

(i) Y opogTn < 00;

ORI Xy— ik
(11) hmnaoo I o}:nr:” =0;

(iii) liminf,_ o 7, > 0;
(iv) lim,— o0 |82, —8i| =0 fori=1,2,...,N.

n+l

Then the sequence {x,} converges weakly to x* € F
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Proof Since our method easily deduce the general case, we only prove the theorem for
N = 2. Since gy : Hy — H; is n;-strongly monotone mapping, for any x,y € H;, we get

2 2
(I = rugi)x = (L= raga)y||” = | (= 3) = ru(@rx - 219)
< e =y = ru(@m = r)l@1x - g1yII>
< llx-yl*.
This means that (I — r,,g1) is nonexpansive. Similarly, we can show that (I — r,,g>) is a non-

expansive mapping. Thus, U and V are also nonexpansive mappings. Let x* € F. From
Lemma 2.2, Lemma 2.3 and Lemma 2.4, we get x* = T3 T7x*. Hence, we have

||un —x* || = ||(1 — )Xy + Oy (rnan +(1-7,)7Ty fon) —x* ||
<Q —ozn)||xn —x* H + Oln[l'y, ||an —x* || +(1- t,,)” Ty T %, —x* ||]
<(1 —a,,)Hx,, —x* H + an[t,, ||x,, —x* || +(1- ry,)”x,, —x* H]
+ 0, T, ||Sx* —x* ”
= Hxn —x* H + o, Ty, ||Sx* —x* ” (3.2)
Also, since x* € F, we have Ux* = x* and VAx* = Ax™.
Letv, = u, + yA*(V —I)Au,. Then we have
||v,, —-x* HZ = ||u,, + Y ANV = DAu, — x* HZ
= [l = |+ 2 A%V = DAw, |

+ 2yn<u,, —x*A*(V - I)Au,,). (3.3)
Since VAx* = Ax*, we get

(s — 2", A*(V = DAu,)
= (Au, - Ax*, (V - DAu,)
= (Auy ~ Ax* + (V = DAty ~ (V ~ DA, (V - )Auy)

= (VAu, - Ax*,(V = DAw,) - | (V - DAw, ||

1
= S [IVAw, - 42" + | (V - DAw, |* ~ | Ay - Ax"]

- [v - DAw,|*
1
< 5[l - ax "~ 4w, - Ax"] - H (v = DAw, |
:—§||(V—I)Aun I”. (3.4)

From (3.3) and (3.4), we obtain

v =17 = =" = v ([ = DA = 4"V = D, ). 65

Page 8 of 25
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Now
||x,,+1 —x* ||2 = ||L1(u,, + 1, A*(V —I)Au,,) —x* ||2
< ||un + Y A*(V - DAu, — x* ||2
= ”u,, —x* ||2 - )/,,(”(V—I)Aun H2 — VY ”A*(V - DAu, ”2) (3.6)

From (3.2), (3.3) and (3.4), we get

Jaenss =2 < (o =2 + @ S3° =7 )

—vu(|(V = DA, |* = v | A*(V = DAw,|?). (3.7)
Now, using the definition of y,, we get
”x,,+1 —x* || < ||x,, —x* || +a,T, HSx* —x* || (3.8)

Since Y - T, < 00, we have Y 0 &, T, < 00. Thus, by using Lemma 2.7 to (3.8), we con-
clude that lim,,_, o, ||, — x*|| exists and the value is finite. Hence, {x,} is bounded and so
are {u,} and {v,}.
Now, from (3.7), we get
vul([(V = DAw, |* = yu A*(V = DAw,|*)
< (fon =] + w27 = 7)) = s =7
= Jn =" = Joewnr =2[* + cpp 2 -7

+ 20, T, Hxn —-x* H ||Sx* —x* ||
Since lim,_, » T, = 0, we get
vu([|(V = DA, H2 — V|| A*(V = DAu, ||2) —0 asun— oo,

which by definition of y,, implies that

Gn(l - an)”(v - I)Aun”4
A*(V — DAu, |1

— 0 asun— oo.

Since 0 <a < 0, < b <1and ||A*(V — I)Auy| is bounded, we get

[(V-DAu,| -0 asn— oc.
Now

|A*(V = DAu, | = |[A*||(V = DAu,|| > 0 asn— oc. (3.9)
So,

4 = vl = |A*(V = DAu,|| > 0 asn— oc. (3.10)
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Now, we estimate

%641 — x| = ”xn+1 —x* — (xn _x*) ”
P L LT LT
Pt = = [P 2t =~
+2(xn — P& — &%),
where p is a weak limit point of {x,}. Since lim,,_, » ||x,, — x*| exists, we get
[%y41 — %4l = 0 asn— oo. (3.11)
Since liminf,_, » 7, > 0, there exists a number r > 0 such that r, > r. Hence, we get
[ner ="[* = | ttv - x|
= Tril (I —7rug1)Vn — Tril (I - rpg1)x* ||2
< | = rag)vn = (T = rag)x* |
<|vu=a*|* = @1 = )| g1ve - @1%° |
< [vn =] = r2m - @) @1ve - @1x* ||,
that is,
r2n1 - )| guvn — g < [[vn o))~ s — |
o P P
O P R Lo &
+ 200, Ty 0, — 2| || S2* — ¥
= “xn _xn+1”(Hxn —x* H + ||xn+l -x* ”)
+ oeﬁt,f ||Sx* —x* ||2 + 200, T, ||xn —x* || ||Sx* —x* ||
Since lim,,, » 7, = 0, ||, — x*|| is bounded and r(2n; — ) > 0, we get
lim | g1vs — g1x*| = 0. (3.12)
n— o0

Now, from the firmly nonexpansivity of Tﬁ} , we get

”xnﬂ —x* ||2 < ((I — rngl)Vn — ([ _ rngl)x*,xml _x*>
1
B E[H (I = rug)vn = (I = rpg1)x ”2 + ”xml —-x" “2
= [[vn = 21 = a(rvn — 215 ]

1
= E[an _x*HZ + Hxn+1 _x*HZ - ”Vn _xn+1||2
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285V = X1, @1V — 012°) = 2| 1w — 212 7]

1
= e R R R R &

]

+ 275V = Zpar ||| @1V — 14"
this implies that
ot =5 < v =2 | = 1V = 1 12 + 20001V = 2 | 10 — 12
That is,
1V = 2ot 12 < [ =2 |* = 01 =% | + 271V = %l @1V — 1" .

Hence, we have

N e P P R A L &

+ 200, Ty ”xn - ” ”Sx* —-x* H + 21|V — X |l ||g1Vn _glx* ”
2

<t =l =] + 1 = ]) #0222 55" — ']

+ 20T [y = % | [ Sa* = ¥ || + 27l = il @1ve — 1" .

Using (3.11) and (3.12), we get

lim [|v, — %1 ]| = O. (3.13)
n—00

Now
”xn - Vn” = ”xn _xn+1|| + ||xn+1 - Vn” — 0 asn— oo. (314')

Again, by using (3.10) and (3.14), we get
o6 = tull < 1120 = vall + |V — 28|l > O as n— oo. (3.15)

Now, we show that p € F. Since T3 T7' is an averaged mapping, it is nonexpansive. Using
the boundedness of {x,} and nonexpansivity of S, there exists a K > 0 such that ||Sx, —
T3 Tix,] <K for all n > 0. Now, we know that
”un - TYT %, H = || (1 —ay)x, + oz,,(r,,Sx,, +(1-1,)7Ty Tf’x,,) - Ty T %, ||
<(1-ay,) ”x,, - Ty T %, H + 0, Ty ”an - TYT %, H

= (1 _an)”xn _un” + (1 _an)”un - TznT{lxn”

’

+ 0Ty, HSx,, - TYT!x,
this implies that

oy ”un - Tg Tlnxn || = (1 - an)”xn - un” + Ol,,‘[,,[(

< [lxn = tt |l + €T, K.
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Hence, we have

ety — T2 T, | < ”’6;4”” + K. (3.16)
n

It follows from the conditions (i)—(ii) that

[l — wnll _ (196, = 24, _

lim lim 7,— =0.
n—00 oy, n—00 T,0p
Hence from (3.16), we get
nlggo”u,, ~ T3 T{ x| = 0.
Now, by using (3.15), we get
||xn - TyT %, || < %y — |l + ||u,, - TiT %, H —0 asu— oo. (3.17)

Since {x,} is bounded, there exists a subsequence {%n;} of {x,,} such that Xy = pasj— oo.
Noticing that {§?} is bounded for i = 1,2, we can assume that 8;}_ — 8¢ asj— oo, where
0<8, <1fori=1,2. Define, fori=1,2,

T = (1= 85 ) + 85 Pc(Bid + (1 - B)T).
Now, by Lemma 2.3 and Lemma 2.4, Fix(Pc(B:{ + (1 — B,)T;)) = Fix(T;). Again, since
Pc(Bid + (1 — B;)T;) is a nonexpansive mapping, T7° is averaged and Fix(77°) = Fix(T})
fori=1,2.
Furthermore, since
Fix(T7°) NFix(T5°) = Fix(T1) N Fix(T3) = Fix(S) # 9,
by Lemma 2.2, we get
Fix(T5°T7°) = Fix(T7°) NFix(T5°) = Fix(S).
Note that
|77 = 73] < 163, = 8L (el + [ Pe(Bit + (1= BITi(®) ).

Hence, we get

lim sup| T}t — T7°¢| = 0, (3.18)

J=00 teB
where B is an arbitrary bounded subset of H;. Also, we have

o~ T T2 | = [y~ T2 T |+ |73 T~ T |

TR 8~ T T |

Page 12 of 25
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= ”x,,/, - T;j Tlnjx"j H + ” T;j Tlnjxn; -1’ Tlnjxnj ”
Ty - T

= oy = T2 | 4 sup| 75t - 75|
€b]

+ sup | Tt - Tt (3.19)
teBy

where By is a bounded subset including {7}’ %y} and Bj is a bounded subset including
{wn ). It follows from (3.17), (3.18) and (3.19) that

lim || x,, — T5° 7%, || = 0.
j—00

Hence, from Lemma 2.5, we get p € Fix(T5°T7°) = Fix(T1) N Fix(T3).
Now, we show that x* € S. It follows from (3.1) that

= % = (T (S0 — %) + (1= T ) (TH T7 %0 — %)),

and hence,

1 (%, — ) = ((1 - S, + (1 — > (I -T7 T{’)x,,). (3.20)

AyTy Tn

By using Lemma 2.9(i), it follows that the operator sequence {( Loy - T7T7)} is graph

Tn
convergent to NFrix(r;)nFix(Ty), and hence, from Lemma 2.9(ii), it follows that the opera-

1-14
Tn

tor sequence {(I — S) + (=2)( — TYT})} is graph convergent to (I — S) + NFix(T,)Fix(Ty)-

Now, by replacing # by n; and letting the limit in (3.20) and considering the fact that
lim,,_ ﬁ I, — 24, || = 0 and the graph of (I —S) + NFix(r,)nFix(1y) is weakly—strongly closed,

we get

0 € (I - S)p + Nrix(1))nFix(To) P>

thatis,pe S.
We now show that p € T'. Since u,, = U(v,) = Ti} (I = rng1)(vy), we have

1
Fl(xn+lry) + (gan:y_erl) + r_<y_xn+1)xn+1 - Vn) Z 0, V}/ S C

n

From the monotonicity of F;, we get

1
(glvn,y_xrul) + r_(y_xn+1:xn+1 - Vn> = Fl()/rxwrl); Vy eC.

n

Replacing # with #; in the above inequality, we get

1
(glvnj)y - xn/+1> + r_<y = X+l X+l — Vn,v) = F1()/,xn,~+1), Vy eC.
nj
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FortwithO<t<landyeC,lety,=ty+(1—¢)p.Sinceye Candp € C, we gety, € C
and hence F(y;, p) < 0. So, from the above inequality, we get

W = X1, 8190) = Ve — Xna 1, Q1Y) — (Ve — Xns1,81Ve)

1
- yt - xnj+11

1

Xn:41 — Vi,
U U
+ Fl(yt,xni+l)

1j

= (Ve = X1, 19t — 1%ne1) + Ve = X1, Q%1 — L1Ve)
1

- T yt - xnj+1,

1

Xpi+l — Vi,
R + Fl(ytvxnj+l)'

1

Since {x,}, {u,} and {v,} have the same asymptotic behavior and x, — p, there ex-
ist subsequences {u,} of {u,} and {vi;} of {v,} such that uy, — p and v,, — p. Since
limj, oo %41 =il = 0 and fj is Lipschitz continuous, we have lim;_, o, g1 %41 =1V || = 0.
Since liminf,_, o, r,, > 0, there exists a number » > 0 such that liminf,_, ., 7, = . Hence, we

have

||xn/-+1 - Vn/ ” < hm]—>oo ||xn/+1 - Vn/”

lim
Jj—00 I'n

’ liminf,_, 5 Tn,

1.
= - lim ||xnj+1 - an”
r]~>00

=0.
Furthermore, from the monotonicity of g; and lower semicontinuity of F;, we have

e —pg1ye) = FL(0p)s

as j — 00. And also, from the convexity of F;, we have

0= Fl(y:,yt)
<tFi(uy) + A=)y — p,g1ye)
<tFi(yp,y) + (L =ty — p,&1y1)-

Hence, 0 < F1(y,y) + (1 — £){y — p,g1%:). Letting ¢t — 0,, for each y € C, we have

Fip,y)+(y-p,gip) = 0.

This implies that p € Sol(MEP (1.9)).

Now, we need to show that Ap € Sol(MEP (1.10)). Since A is bounded linear operator, we
have Axn]. — Ap. Now, setting d, ;= Au,,/. - VAu,,/., we get d,,j — 0 and Aunl. - d,,]. = VAun/..
Therefore, from Lemma 2.6, we have

FZ(Auni - dn/-: Z) + (ngMn,-;Z - (Aunj - dn;))

1
+ —<z - (Au,,l, - dy,i),Au,,/ —dy, —Aun/) >0, VzeD.

Ty
1j
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Since F, is upper semicontinuous in the first argument, taking lim sup to the above in-

equality as j — oo and using liminf,_, ., 7, > 0, we get
F)(Ap,z) + (z — Ap, »Ap) >0, VzeD,

which implies that Ap € Sol(MEP (1.10)). This shows that p € I" and thus p € F. It follows
from the existence of lim,,_, » ||, — p|| and the fact that Hilbert space satisfies Opial’s con-

ditions, the sequence {x,} has only one weak limit point, and hence {x,} converges weakly
topeF. g

The following consequence is a weak convergence theorem for computing a common
solution of a mixed equilibrium problem and a hierarchical fixed point problem in a real

Hilbert space.

Corollary 3.2 Let Hy be a Hilbert spaces. Let C be a nonempty closed and convex subset
of Hy. Suppose F; : C x C — R is a bifunction which satisfy Assumption A. Let g, : C — H,
be n;-inverse strongly monotone mapping. Let S : C — C be a nonexpansive self-mapping
and {T}Y, : C — Hj be k;-strictly pseudocontractive nonself-mappings. Assume that F =
MEP(F;,g1) NS # 0. Define a sequence {x,} as follows:

X0 € C,
ty = (1= ) + (1,850, + (L= 7, ) TR TR, - Tlxy), (3.21)

Xn+l = T}fql - rngl)(un): n>1,

where T!' = (1= 8.)I + 8. Pc(Bd + (1 - B)T1), 0 < k; < Bi < 1,8, € (0,1) fori=1,2,...,N. Let
{an}, {Ta} be two real sequences in (0, 1) and {r,} C (0,2n1). Suppose the following conditions
(i)-(iv) of Theorem 3.1 are satisfied. Then the sequence {x,} converges weakly to x* € F

Proof Taking A =0 in Theorem 3.1, the conclusion of Corollary 3.2 is followed. 0

In the above theorem, the sequence generated by algorithm (3.1) converges weakly to
a common solution of a split mixed equilibrium problem and a hierarchical fixed point
problem.

In this section, our other aim is to prove a strong convergence theorem for a hierarchical
fixed point problem and split equilibrium problem for some special cases.

We consider the following hierarchical fixed point and split equilibrium problem: Find
x* € ' NS such that

(x = Sx*,x*—y)<0, VyeI'nSs, (3.22)

where S = ﬂf\il Fix(T;) and I is the solution set of the split equilibrium problem (1.5)—
(1.6). When S is a contraction mapping, a special case of nonexpansive mappings, we prove
a strong convergence theorem for the above problem. We need the following results for

our study.
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Lemma 3.3 ([8]) Let F; : C x C — R be a bifunction satisfying Assumption A and T/ be
defined as in Lemma 2.6. Let x,y € Hy and r1,r, > 0. Then

| Thy - Thx| < lly -0 +

|55~

r,—-n
ry

Lemma 3.4 ([26]) Let {x,} and {z,} be bounded sequences in a Banach space X. Let {$,}
be a sequence in [0, 1] which satisfies the condition 0 < liminf,,_, , B, <limsup,_, . B, < 1.
Suppose x,.1 = (1 — By)zy + Buxy for all integer n > 0 and limsup,,_, (|21 — Zull — [|Xns1 —

xull) < 0. Then lim,,_, oo % — 24l = 0.

Lemma 3.5 ([31]) Let {«,} be a sequence of non-negative real numbers such that
Uy <(1- Vn)an + 84,

where {y,} is a sequence in (0,1) and {3,,} is a sequence such that
(i) 2221 VYn = O0;
(ii) limsup,_, o f/—: <0o0rYy 2, |8, < 00.

Then lim,,_, o ct,, = 0.
Now we are in a position to state our second main result for strong convergence.

Theorem 3.6 Let H; and H, be two Hilbert spaces. Let C and D be nonempty closed and
convex subset of Hy and H,, respectively. Let A : Hy — H, be a bounded linear operator.
Let F1:C x C— Rand F, : D x D — R be two bifunctions satisfying Assumption A and
F; be upper semicontinuous. Let S : C — C be a contraction mapping with coefficient p > 0
and {T}N | : C — Hy be k;-strictly pseudocontractive nonself-mappings. Assume that the

solution set of problem (3.22) is nonempty. Define a sequence {x,} as follows:

X0 € C,
u, =Ux, +yA*(V -1)Ax,), n=>1, (3.23)

X1 = (1 — )%y + 00 (T4 Sx0 + (L= 1) TR TN_1 -+ - T1thn),

where U = T}, V = T2, T! = (1-8.)+8. Pc(Bid +(1-B)T1),0 < k; < B; < 1,and 8., € (0,1)
fori=1,2,...,N. Alsolet y € (0, %) where L is the spectral radius of the operator A*A and
A* is the adjoint operator of A. Let {a,} and {t,} be two real sequences in (0,1). Suppose
the following conditions are satisfied:
(i) liminf,_ o 7, >0 and lim,_, o |ye1 — 1] = 0;

(i) 0<a, <b<1forsomebc(0,1) and 0 < liminf,_, o, <limsup,_, o, < 1;

(ili) limy— oo Ty =0and y o2 T, = 00;

(iv) lim,— o0 |82, —8i| =0 fori=1,2,...,N.

Then the sequence {x,} converges strongly to p € I' NS, which is the unique solution of the

following variational inequality:

(p-Sp,p-y) <0, VyeI'nS. (3.24)
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Proof We will prove the theorem for N = 2. Then our method can be easily extended to
the general case. First we show that the sequence {x,} is bounded.
Let x* be a solution of problem (3.22). Then T,If}x* =x* and TZZAx* = Ax*. So, by (3.23)

we get
Jotn =" = 772 (o + y A" (T2 = D) As) —° |
= | TP (%0 + yA*(T22 = 1) Ax,) - T 5" ||2
< ||on + ;/A*(qu2 —I)Ax, - x*||
< Jn ="+ 247 (172 - DA
+ 2y (%, — &, A* (T2 — 1) Ax). (3.25)
Then
Jan =% |* < [0 =% | + y (T2 = 1) A, A*A(TE2 — 1) A,
+ 2y (w0, — &, A* (T — 1) Ax). (3.26)
Now, we have
v(T22 = 1) Ax, A*A(T}> — 1) Ax,) < Ly*((T12 = 1) Ay, (T2 — 1) Axxy)
= Ly?|(T22 - DAx,|*. (3.27)

Denoting A :=2y (x, — x* A*( —I)Ax,) and using (2.3), we have

A

2y(x,, - x*,A*(T‘F2 )Ax,,)
{

Il
N

)/A(xn x) (TF2 I)Ax,,)

=2p(A(xn —2") + (T2 = 1) Axy — (T2 = 1) Ay, (T2 — 1) Axy)
=2 (732 - DA", (T2 = 1)) = | (7] - DA |
=zy{§ (752 - Dt - (152 - D
- (T2 - DA (3.28)

Using (3.26), (3.27) and (3.28), we get

ltn = |* < [ =% + ¥ @y = D] (T2 = 1) Ax, |*. (3.29)
From the definition of , we obtain

ot =" < e — "] (3.30)
Now

e 7]

= || (1- a,,)(xn —x*) + oy, [r,, (Sx,, —x*)+(1- r,,)(Tle"un —x*)] ||

Page 17 of 25



Kim and Majee Journal of Inequalities and Applications (2020) 2020:227 Page 18 of 25

< (1= a) o0 — x| + o[ | S0 — &% + (1 = 7) | T T2t — 2% ]
< (1 —a)||on — x| + a7 ]| S — Sa*|| + (1 = 7) | — 2% ]

+ 0t Ty [ Sa* — 2|
< (a1 +culrmoln e + 1wy ]

+ 0Ty || SH* — |

< (1= (1= p)atntn) | n — " || + et | Sx* — x|

o 15%° =%l
< max ||xn x|, ————
(1-p)
Sx* —x*
S--'SmaX{on—x* M} (3.31)
(1-p)
Hence the sequence {x,} is bounded.
Now, we show that
lim [[%,41 — x| = 0.
X—> 00
Let us consider y,, = t,Sx%, + (1 — ©,) T3 T} u,,. Then
Y1 = Yull < T l1S%ns1 = Sxull + [Tus1 = Tl ”an - Ty Tiuy, ”
+ (1= T ) | T T sty = Ty T (3.32)
In addition, we have
| T T tgar = T Ty
<\ TF T wr = Ty Tt | + | T3 T thner — Ty T
= || T;+l T{Hlum—l - Téﬂ—l Tlnun+1 ||
+ ” Tzn+1 Tlnun+l - TngnurHl H + ety — uall
= ” T1n+lun+1 - Tlnuwrl ” + “ Tg’*le’unH - Tzn Tlnuml ”
+ ety — nll. (3.33)

It follows from the definition 77" that

|| T{l+1un+l - TlnunJrl ||
= || (1 - 82+1)M”+1 + 8;+1PC(ﬂ11 + (1 - ﬂl)Tl)MVl+l
- (]- - 5:,)un+l + S;PC(,BII + (1 - ,Bl)Tl)MrHl H

<851 = 8u| (1ttnar Il + | Pc (B + (1 = B1) T ) tnan |).-

Since lim,,_, ;o |8} 8 =0, and {u,}, {Pc(B:I + (1 - B1)T1)u,} are bounded, we get

n+l

lim | 77" wpe1 = T ttpe | = 0. (3.34)

n—+00
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Similarly, we have

” TSH'I T{lunﬂ - T;l Tlnun+1 H

= |62 _35|(” T;lu;ﬁl” + ||PC(ﬂ21+ (1 _,32)T2)Tiqun+1

n+l

from which it follows that

lim |75 T gy = T3 T} thpan || = 0. (3.35)

o> +00
Since

=T (0 + yA*(T)? — 1) Ax,,)
and

tner = T)L (a1 + YA (T2 = 1) Ax),

it follows from Lemma 3.3 that

l2tns1 — tnll
=750 Gonen + v A(T2, = D Axwn) = Tt (s 4 v A7 (T2 - DA |
< | TP (s + yAS (T2 = 1) Axpr) = TS (%0 + yA* (T2 1) Ax,,) |

# T8 (oot A* (172 = 1)) = T8 (5 + y A4° (152 = 1),
< | (®ns1 + ;/A*(Tfjf+ =D Ax) = (% + yA*(T;> - 1)Ax,) |

DL 2T TR (g, 4y A (TE2 = 1) Axy) — (3 + yA*(TE2 = 1) Ay |

n+l

Tnyl

= ”xn+1 =%y — YA A(xp11 — x4) ” +y 1Al ” T/ Axp1 — T,{?Axn “ + 6

Tn+l
1
2 2 2 4 2
< {121 = 21> = 27 1 A%11 = Axull® + ¥ 2 1A * %001 — 4]}

Dl 7T 75 Ay, — s, H} +8,
n+l

+ v IIAll { [A%ni1 — Axyll +

1
< (127 1A1% + 2 1AI*) 2 1% = 2all + VIAI? (%01 = 2l + ¥ [Allo + 8

= (L= v 1A 1 = %all + Y IAIP 12001 = %all + ¥ [ All05 + 8,

= |%ps1 = Xull + ¥ |Allow + 81, (336)
where
w= | TR At - A |
Tn+1
and
o =| LI T oy A (2 = 1)) = (o A° (752 D)
n+
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Hence, using (3.34), (3.35) and (3.36) to (3.32) with the conditions (i) and (ii), we get

lim SUP(||J/n+1 _yn" - ||xn+1 _xn”) =< 0.
n—+00

Thus by Lemma 3.4, we conclude that lim,,_, ;o ||y, — x|l = 0, which implies that

lim %41 — x4l = 0.
H—>+00

. F Fi .
Since T,'x* = x* and T, is firmly nonexpansive, we get

ot =% |* = | T8 (w0 + yA*(T22 ~ 1) Axy) - 2*|°
= || Tf;l (xn + VA*(TanZ —I)Axn) _ T’,Fnlx* ||2
< {un =" 200+ y A" (T32 = 1) Ay, = 27)
T N Yo
— [ (1 = ") = [0 + y A" (T2 = 1) Ay~ 7] )
1
= 5= =2 P v Ly = DA (T2 = D |
~ [t =0 =y A*(T2 = 1) A, |}
1

=+ o [t =52
VA (1) Am | = 2y = A7 (1 - 1A}
1
L = = = =l
2y |G, =) [ (122 - 1A ).
Hence, we obtain
||u,, —x* ||2 < ||x,, —x* ||2 Nty — x| + 2y ||A(u,, —xy,)” || (Tfjf —I)Ax,, || (3.37)
Again,
||xn+1 _x* “2

= ||(1 — o) (% — &) + oz,,[tn(Sx,, —x) + (1= 7,) (T3 T} un —x*)] ||2

= |1 = o) (00 = &%) + 0 (T3 T b — &%) + 0t (S — T3 T} 1t ||2
< =) (n =) + e (T3 Ty - 27) |
+ ZTH(Sx,, =TTty X1 — x*)

<1 —oz,,)”x,, —x*”2 +oz,,|| Ty T u, — x* ||2

+ 21, ”Sx,, - Ty T uy, || ||xn+1 —x* ||
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<(1 —otn)”xy, —x*”2 +ot,,||u,, —x*”2

+ 27, || Sxn = T3 T th | | i1 — %)
Hence, we have

|1 =2 |* < (1= ) |2n — 2%
o (s —a” + v (Ly - D|(T22 - 1)Ax,|)

+21, ||an - T T u, || Hx,ﬂl —x* H,
which gives

an(l _LV)” (T;iz _I)Axn “2 = ||x}’l+1 _xn”(”xn —P” + ||xn+1 -x* ||)

+ 21, ||Sx,, - TY T u, H ||x,,+1 —x* H
Using the condition (iii) in (3.40), we get
lim (72 - s, | =o.
Again,

Jsenss =2 < 0 = e v =" | + g =27

+ 20, | Sy — Ty T th || | 001 — ¥
So, using (3.37) we get

|1 =2 * < (1= ) |20 =% |* + @ (20 =% || = 2t — 2,112

+ 2y | AGun = 20) | [ (757 = 1) Axa )

+21, ||an - T T u, || ||xn+1 —x* H,
which gives

an””n _xn”Z =< ||xn+1 _xn”(”xn _x* || + ”xm—l _x* ”)
+ 20, | Sy — Ty T th | | a1 — ¥

+ 2y [ Al 2| |(T7,2 - 1) A
Using the condition (iii) to (3.44), we get
lim |u, —x,| =0.
n—00
Using (3.45) we get

”xn+1 - un” = ||xn+1 _xn” + ”xn - un” —0 asn— oo

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

Page 21 of 25
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Now

| 75 Tt = | < | T5 Tt = 3| + 119 = il
=T ” Ty Tiu, — an” + |y = thul
< Tull%n = Sxall + T | T3 T 1t = 2| + N1y — 14l

Srn”xn_sxn” +Tn||TgT{’un_un” +tn||un_xn”

+ 1yn — tnll.
Therefore, we have
73770, - | < < f”rn I = Sl + 7 f"rn st — |
e llyn = thll. (3.47)
Since oy 1%y = Yull = 16041 = Xnll, 165 = yull = 0 as n — 0. So,
170 = teull < 1y = %l + 1%n — 4|l > O as m— oo. (3.48)
Hence,
|| 15TV uy — uy “ —0 asn— oo. (3.49)

Now, we show that

lim sup{Sp — p,x, — p) <0,

n—00

where p is the unique solution of the variational inequality (3.24). Since {x,,} is bounded,
there exists a subsequence {%n;} of {x,,} such that Xy, — X asj — 00 and

limsup(Sp — p,x, — p) = lim (Sp — p, %, — p).
]‘)OO

n— 00

Since [|x, — uyll — 0 as n — 00, u,; — x. Now, following similar steps to Theorem 3.1, we
can show thatx € ' N S. Hence

lim (Sp - p,x,, —p) = (Sp—p, % - p) <0. (3.50)

Jj—00
Finally, we show that x, — p and n — oco. From (2.1) and (3.23), we have

[E Y —P||2 = ||(1 —a,)(x, —p) + an[fnsxn +(1- '(,,,)TSIT{IM,,, _p] HZ

= /(1 = @)@y = p) + (1 = T)(TE T 14 — ) + @y Tu(Sx — )|
I*

= H(l — )%y = p) + (1 - Tn)(T;T{qun _p)

+ 20, T, (Sx, — Dy Xn+1 _p>
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< (1 =)oy —pIP + e~ 0| T3 T~
+ 20, T, (Sxy — Py Xns1 — P)

< (1=t + (1 = 1)°) 1% = PII* + 2004 T (Sx = SP2ns1 = p)
+ 200, T, (Sp — Py Xps1 — D)

< (1 - an + au(1 = 7)°) 120 = pI1? + 200,71 S% = Spll |1 - |
+ 20, T, (Sp — pr Xne1 — D)

< (L= ap + a1 = 1,)*) lxn — pII
+ T8 = SpI? + [ws1 = PIP] + 2070 (Sp = e — )

< (1-ay +@u(1 = 1,)” + @70 %0 = pII* + €Tyl i1 — pII?
+ 20, T, (Sp — Py Xpi1 — P)

= (1- a1y —au1,(1 = p = 7)) % = pII> + @ Tullnsr - pII?

+ 2(1,,‘[,,(5]9 —PrXn+l —P>

From the above inequality, it follows that

aT,(1—p—1,)
%1 = pII* < <1 - M) %, — plII>

1-ow,T1,

AyTy
+2

(Sp—p,Xps1 — p). (3.51)

1-o,1,

Considering a,, = ||, —pl|?, b, = ant=p=tn) qpnd ¢, = 221 (Sp— p, X1 —P), We get dyyg <

1-oyty 1-ayty

(1-by)ay, + cy. Hence, from Lemma 3.5, we conclude that {x,} converges strongly to p. [

The following consequence is a strong convergence theorem for computing a common
solution of an equilibrium problem and a hierarchical fixed point problem in a real Hilbert
space.

Corollary 3.7 Let Hy be a Hilbert spaces. Let C be nonempty closed and convex subset
of Hy. Let Fy : C x C — R and be a bifunction satisfying Assumption A. Let S: C — C
be a contraction mapping with coefficient p > 0 and {T;}N, : C — H, be k;-strictly pseu-
docontractive nonself-mappings. Assume that EP(F,C) NS # (. Define a sequence {x,} as
follows:

X0 € C,
Uy =Tt (x,), n>1, (3.52)

K1 = (1 — )% + 00y (T,8%, + (1 - Tn)ij\l[Tnfl s Tlnun):

where T!' = (1-8.)I + 8. Pc(B: +(1-B)T1),0 < k; < Bi < 1,and 8! € (0,1) fori=1,2,...,N.
Let {a,} and {t,} be two real sequences in (0,1). Suppose the following conditions (i)—(iv)
of Theorem 3.6 are satisfied. Then the sequence {x,} converges strongly to p € EP(F,C) NS,
which is the unique solution of the following variational inequality:

(p-Sp,p—y) <0, YyeEPE,C)NS. (3.53)
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Proof Taking A = 0 in Theorem 3.6, the conclusion of Corollary 3.7 is followed. O

4 Conclusions

In this paper, we have introduced a modified Krasnoselski-Mann type iterative method
for approximating a common solution of a split mixed equilibrium problem and a hier-
archical fixed point problem of a finite collection of k-strictly pseudocontractive nonself-
mappings.

Our main results improve and extend the corresponding results of Moudafi and Mainge
[24], Moudafi [22] and Kazmi et al. [13] from single nonexpansive self-mapping to a fi-
nite collection of k;-strictly pseudocontractive nonself-mappings. Also, we have studied
our iterative algorithm by giving an explicit formula for selecting the step size so that the
implementation of the proposed algorithm does not require any prior information of op-
erator norm. We also have established strong convergence results for a special class of
hierarchical fixed point and split mixed equilibrium problem.

In [5], Ceng and Petrusel have introduced a cyclic algorithm for HFPP of a finite collec-
tion of nonexpansive nonself-mappings in Banach spaces. Whether we can extend Theo-
rems 3.1 and 3.6 to Banach spaces will be an issue of future research.
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