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1 Introduction
In this paper, we consider the following two-dimensional isentropic compressible Boussi-

nesq equations in the Eulerian coordinates:

py +div(pu) =0,
(ou); + div(pu ® u) — wAu + VP = pbe,, (1.1)
O+ (V)0 —kAO =0,

where p = p(x,t), u = (41, uz) (%, £), 6 = O(x, t) are unknown functions denoting the density,
velocity, and temperature of the fluid, respectively, £ > O is time, x € 2 is spatial coordinate.

The pressure P is given by
P=Ap",

with constants A > 0, y > 0. Both « and « are nonnegative parameters denoting the viscos-

ity and thermal diffusivity. The term pfe; with e; = (0, 1) represents the buoyancy force.
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If p and u are regular enough, then (1.1) can be rewritten as follows:

oz + div(pu) =0,
o(us +u-Vu) — uAu+ VP = pe,, (1.2)
0, +u-V)0—kAH=0.

The Boussinesq equations have been widely used in atmospheric sciences, oceanic flu-
ids, and as a model in many geophysical applications [25]. Usually, scholars study the fol-
lowing incompressible Boussinesq equations:

us+u-Vu—uAu+ VP = pbey,
O+ (u-V)8 —kA6 =0, (1.3)
divu =0,

and there is a huge amount of literature on the well-posedness theory of strong and clas-

sical solutions for the two-dimensional Boussinesq equations. First, let us review some

well-posedness results of equations (1.3) in different cases.

(1) Constant viscosity and thermal diffusivity
In 1980, Cannon and DiBenedetto [7] studied the Cauchy problem for the

Boussinesq equations with full dissipation terms (i > 0, ¥ > 0). They found a unique
global-in-time weak solution. Moreover, they improved the regularity of the
solution when the initial data are smooth. In 1997, Chae and Nam [10] considered
inviscid flows (u = k = 0) with external potential force and proved the local
existence and uniqueness of smooth solutions. Furthermore, global existence of
smooth solution is obtained in the case of zero external force with the initial data in
a Sobolev space. For the Holder continuous initial data, similar results can be found
in [9]. In 2004, Sawada and Taniuchi [28] considered equation (1.3) with the term of
acceleration of gravity and established the local existence and uniqueness of mild
solutions in the n-dimensional whole space with nondecaying initial data. In a
two-dimensional space, the local solution can be extended globally in time without
smallness of the initial data. In 2005, when « = 0, Hou and Li [17] proved the global
well-posedness of the Cauchy problem of viscous Boussinesq equations for general
initial data in H™, m > 3. In 2006, Chae [8] proved the global-in-time regularity with
either zero diffusivity or zero viscosity. He also proved that as diffusivity (viscosity)
tends to zero, the solutions of fully viscous equations converge strongly to those of
zero diffusion (viscosity) equations. We refer to [1] for the case of partial viscosity
with the initial data in a Besov space. In 2011, Danchin and Paicu [13] studied the
Boussinesq system with horizontal viscosity in only one equation and constructed
global weak solutions and strong unique solutions with large initial data. In 2017,
Qiu and Yao [27] considered the Cauchy problem of N-dimensional (N > 2)
incompressible density-dependent Boussinesq equations without dissipation terms.
They established local well-posedness results under the framework of Besov spaces,
where the initial density is bounded away from zero. When the initial data permit
vacuum, in 2019, Zhong [46] considered the equations without dissipation term on
the temperature equation (k = 0) in the whole space R2. He showed that there exists
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a unique local strong solution provided the initial density and the initial temperature
decay not too slow at infinity. In the same year, Zhong [45] proved the existence of
global strong solution by using the same initial conditions as those in [46] and the
coefficients are required p >0, k > 0.
(2) Variable viscosity and thermal diffusivity
When p and « depend on the temperature and satisfy the following conditions:

912%{/1(9),/((8)} >0, (1.4)
Lorca and Boldrini [24] proved the global existence of weak solutions and local
existence of a strong solution to the initial boundary value problem in 1999. In 2011,
Wang and Zhang [34] studied the Cauchy problem and proved the global existence
of smooth solution, where they assumed that ©(9) and «(f) are some smooth
functions satisfying

Coll <u®)<C, Ci'<k(®)<Cy 6€R, (15)

for some positive constants. Global regularity for the initial boundary value problem
was given by Sun and Zhang in [32]. In 2013, Li and Xu [20] considered the Cauchy
problem of an inviscid Boussinesq system with temperature-dependent thermal
diffusivity. They proved the global well-posedness of strong solutions for arbitrarily
large initial data in Sobolev spaces. In 2015, Li, Pan, and Zhang [21] considered the
initial boundary value problem of inviscid heat conductive Boussinesq equations
over a bounded domain with smooth boundary. Under slip boundary condition of
velocity and the homogeneous Dirichlet boundary condition for temperature, they
showed that there exists a unique global smooth solution for H? initial data.
Moreover, they also showed that the temperature converges exponentially to zero as
time goes to infinity, and the velocity and vorticity are uniformly bounded in time.
In 2016, Jiu and Liu [19] studied the global well-posedness of anisotropic nonlinear
Boussinesq equations with horizontal temperature-dependent viscosity and vertical
thermal diffusivity in the whole space. They built up a uniqueness criterion which
together with the a priori estimates admits a unique global solution without any
smallness assumptions. In 2018, Zhai and Chen [43] studied the global
well-posedness issue for the Boussinesq system with the temperature-dependent
viscosity in R”, they proved a global solution in R? provided the initial temperature
is exponentially small. Very recently, Ye [40] studied the nonhomogeneous
density-temperature-dependent Boussinesq equations with zero diftusivity over
bounded domains and obtained a blow-up criterion in terms of the gradient of
viscosity for strong solutions with vacuum.

Global well-posedness with fractional partial dissipation can be found in recent works
[2, 14, 30, 39, 41, 44]. For local and global theories of solutions in a three-dimensional
space, we refer to [3, 4, 12, 16, 23, 26, 29, 36, 38] and the references cited therein.

Compared with incompressible Boussinesq equations, there are fewer results on the
two-dimensional compressible Boussinesq equations (1.2). In 2009, Xu [37] considered the
local existence for smooth solutions to the Cauchy problem of the equations with external
force and extended the results in [10] to the compressible case, where © = x = 0 and the

Page 3 of 32



Huang et al. Journal of Inequalities and Applications (2020) 2020:232 Page 4 of 32

initial density is strictly positive. When the initial density need not be positive and may
vanish in an open set, in 2014, Tang and Gao [33] considered the equations with ¥ =0 in
R? and proved the existence of unique local strong solutions for all initial data satisfying
some compatibility conditions. However, the results concerning global existence of strong
or classical solutions of compressible Boussinesq equations with the initial data permitting
vacuum are very limited at present. In this paper, we consider the Dirichlet problem of (1.2)

with the following initial boundary conditions:

(,0; u’e)(x’ t)ltzO = (pO(x): uO(x)!QO(x)): (16)

(u,@)(x, t)|r)$2 =0, (17)
where the flow domain is taken to be the square
Q= {(xl,xz) eR?0<x; <1,0<x; < 1}.

We hope to establish the global existence of classical solutions for (1.2), (1.6)—(1.7) with
constant viscosity and thermal diffusivity in a square domain.

Before stating the main results, we explain the notations and conventions used through-
out this paper.

Notations:

+ The standard Lebesgue and Sobolev spaces are defined as follows:

Lr — LV(Q)’ Ws,r — WS’V(Q), Hs — WS,Z,
WS ={fe W|f=00ndQ},  Hj=W"

o f=fi +u- Vf denotes the material derivative of f.

o [fdx=[,fdxand [] [fdxdt=[] [ fdxdL.

+ The symbol V! with an integer [ > 0 stands for the usual any spatial derivatives of
order /. We define

VA = 0%fillal =k i=1,2}), f=(fi.fo)-

« Positive generic constants are denoted by C, which may change in different places.

Now, our main results in this paper can be stated as follows.

Theorem 1.1 Let Q be a square domain in R, For any given positive numbers p, M, and
N, suppose that the initial data (po, uo,0o) satisfy

0 <infpp < po < suppo < p,

Vuoll 2 < VM, I16oll,2 < VN, (1.8)
po € H3, (uo,60) € HX N H3,

and some necessary compatibility conditions. Then there exists a positive constant €, de-
pending on p, M, N, u, k, and some other known constants but independent of T, such that
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lloollzr < €0, (1.9)

the initial boundary value problem (1.2), (1.6)—(1.7) admits a unique global classical solu-
tion (p,u,0) in Q x (0, +00) satisfying, for any 0 < T < +00,

0<plxt)<20+1, x€,t>0,

0<peC(0,T;H?), p el>0,T;H"Y),
(u,0) € C([0, T; Hi N H3) N L0, T; H*), (1.10)
(ur,0;) € L°(0, T; HY NH?), /pu, € L™(0, T;L).

Remark 1.1 Cho and Kim [11] considered the full Navier—Stokes equations for viscous
polytropic fluids with nonnegative thermal conductivity in a three-dimensional space.
They proved the existence of unique local strong solutions for all initial data satisfying
some compatibility condition, where the initial density need not be positive and may van-
ishin an open set. Moreover, their results hold for both bounded and unbounded domains.
In this paper, when € is a square domain in R? and the initial data (oo, #o,6) are smooth
enough, it is not difficult to verify that the methods in [11] still work for proving the local
existence of classical solutions to the initial boundary value problem (1.2), (1.6)—(1.7).

Remark 1.2 In Theorem 1.1, we give the global existence of classical solution to the initial
boundary value problem (1.2), (1.6)—(1.7) provided the initial mass ||pgl|;1 is small and
© >0,k >0.In fact, for the three-dimensional case, combining the methods in this paper
and [35], similar results can also be proved in bounded and unbounded domains. However,
the question whether the local classical solution given by Xu in [37] for the inviscid case
and the local strong solution given by Tang and Gao in [33] for the partial dissipation case
can be extended to global-in-time is still open at this moment.

Remark 1.3 In [22], the authors proved the global existence of classical solutions to the
two-dimensional isentropic compressible Navier—Stokes equations when the initial mass
[lpollz1 of the fluid is small. In this paper, we hope to extend the results in [22] to the com-
pressible Boussinesq equations. Compared with compressible Navier—Stokes equations,
we need to deal with the interaction between the density, velocity, and temperature of the
fluid, buoyancy force term pfe,, for example. In [45], Zhong proved the existence of global
strong solution to the incompressible density-dependent Boussinesq equations, where the
divergence-free condition implies the upper bound of the density, plays an important role
in his proof. However, for the compressible case, we do not need the divergence-free con-
dition, and the key ingredient in our proof is to obtain a uniform a priori upper bound for
the density function, by which the force term pfe; can be controlled in the lower-order a
priori estimates of the velocity. On the one hand, similar to the procedure of [22], we are
fortunate to obtain the following inequality under the smallness of || po||;1 =: 719, when the

momentum equation is related to temperature:

2A
y—-1

T 1
sup (Hﬁ””iz + ||p||,y,> +/ wllVul?, ds < mg, (1.11)
0

0<t<T
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which lays the foundation of the time-independent lower-order a priori estimates. With
(1.11) athand, estimates on the first-order derivative of the temperature can be achieved by
careful analysis. It should be pointed out that due to the strong coupling between velocity
and temperature, we cannot take x = 0 as those in [8, 17, 45].

On the other hand, in the process of estimating the first-order derivative of the velocity,
we should control || Vul|;» for some p > 2, which is equivalent to a second-order term. In
this paper, we construct the following decomposition of the velocity # = v + w to overcome
this difficulty, where v solves the elliptic system

uAv=VP, ing,

(1.12)
V|;)Q =0.
Then, from momentum equation (1.2) and (1.12), we can see that w satisfies
Aw = pit + pley, in L,
12 P poeé; (1.13)

Wwlspq = 0.

Hence, by the standard elliptic estimate, we can see that | Vu||;» can be controlled by the
terms of || ./pitll 2, | Vull 2, and || VO|| 2, where the second-order term || /pit|| 2, in our es-
timates, can be absorbed by the left-hand side of the inequality, and the Poincaré inequality
will be used frequently in our estimates. Then, applying the methods in [22, 42], we get
the uniform bound for || Vu||;2. Similar to the proof in [22], together with the Zlotnik in-
equality, we get the uniform upper bound of the density. It is worth mentioning that this
boundedness can be obtained only under the condition of the small initial mass || po|;1,
we have no small requirements for the initial velocity and temperature. At last, compared
with Navier—Stokes equations, we need some higher-order time-dependent estimates on
the temperature, additionally. Then the higher-order regularity estimates for (p, u#,0) can
be proved by standard methods after some modifications. Finally, after all the required a
priori estimates are obtained, by using the continuity argument, we can extend the local
classical solution to a global one.

The rest of the paper is organized as follows: In Sect. 2, we list some elementary in-
equalities which will be used in later analysis. In Sect. 3 and Sect. 4, we show the time-
independent lower-order and time-dependent higher-order a priori estimates, respec-
tively, by which we prove that the classical solution exists globally in time provided the
initial mass ||pgl|;1 of the fluid is small.

2 Preliminaries

In this section, we recall some well-known inequalities, which will be used frequently
throughout this paper. First, we give the following Sobolev—Poincaré inequalities, see in
reference [6].

Lemma 2.1 There exists a positive constant C depending only on Q such that every func-
tion f € HY(Q) satisfies, for 2 < p < 0o,

_ 1 _ 2 1-2 1 2 1-2
W =Flr < Co F-FILIVFILE, Il < CoAIFILIANL (2.1)
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where
- 1
f=—= / fdx.
1€2] Jo

Next, we give some regularity results for the following Lamé system with Dirichlet
boundary condition (see [31]):

LU2uAU+(n+M)VdivU =F, x€%,
U=0, xecdQ.

(2.2)
Suppose that U € H} is a weak solution to the Lamé system, we could denote U = L~'F
due to the uniqueness of solution.

Lemma 2.2 Let r € (1, +00), then there exists some generic constant C > 0 depending only
on [, A, r, and 2 such that
(1) IfFeL’, then

U war ) < ClIF|lLr - (2.3)
(2) If Fe W™, ie, F =divf with f = (f;})ax2, fij € L, then

1Ulwir) < CIf - (2.4)
(3) Moreover, for the endpoint case, if f;; € L* N L™, then VU € BMO(R) and

Ul smow < C(If 2 + If i) (2.5)

where BMO(2) stands for the John—Nirenberg space of mean oscillation whose norm
is defined by

Iflmo = IIf Iz + [Flemoc)»

with

1
Flemo) = sup
x€Q,re(0,d) Q,(x)

/ IF ) - faw| &,
Qr(x)
and
1
Jo.w = A /Qr(x)f(J/) dy.

In the following, we give two critical Sobolev inequalities of logarithmic type, which are
originally due to Brezis and Gallouet [5] and Brezis and Wainger [15].

Lemma 2.3 Let Q € R? be a bounded Lipschitz domain and f € WY1 with q > 2, then it
holds that

I lzoo(@y) < C(1 + IIf I smoe In(e + [If lwia)) (2.6)

with a constant C depending only on q.
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Lemma 2.4 Let Q € R? be a smooth domain and f € L*(s,t; Hy) N L?(s, t; W), with some
q>2and 0 <s<t<oo. Then it holds that

|V||i2(5’t;Lm) = C(l + ”-f”iz(s,t;Hl) ln(e + |V||L2(s,t;W1vq))) (27)
with a constant C depending only on q.

Finally, we give a lemma arising from Zlotnik [47], which will be used to prove a uniform
upper bound for density.

Lemma 2.5 Lety € WVY(0, T) satisfy the ODE system
¥ () =gy) +b'(t) on[0,T],50) = yo,

where b € W1(0,T), g € C(R), and g(+00) = —00. Assume that there are two constants
Np > 0and Ny > 0 such that, forall0 <t; <t, <T,

b(ts) - b(t1) < No + Ni(t2 - ta). (2.8)
Then

y(2) < max{yo,é*} +Ny<+00 onl0,T],
where £* € R is a constant such that g(§) < —Nj for & > &*.

3 Time-independent lower-order estimates

In this section, we establish some lower-order a priori estimates for the solutions of ini-
tial boundary value problem (1.2), (1.6)—(1.7). We assume that, for any T > 0, (o, %,6) is a
classical solution of (1.2), (1.6)—(1.7) in the solution space (1.10) with the initial data sat-
istying (1.8). In the following Proposition 3.1, we show the time-independent lower-order
estimates of the solutions.

Proposition 3.1 Assume that the initial data satisfy (1.8), and the local strong solution

satisfies
T
sup (16117, + / k|| V02, ds < 2K, sup || Vul7, < 2K, (3.1)
0<t<T 0 0<t<o(T)
1
sup (o [|Vul?) <2m§, 0<p<2p+1,(x1)eQx[0,T], (3.2)
0<t<T

where o (£) £ min{1,t}. Then there exists &y = min{ef, €3, €3, 6}, €2} depending on p, Ky, K,
W, k, and some other known constants, but independent of T such that

T
3 3
sup [10]1% + / k|IVO|?, ds < =K, sup [|Vul?, < ZKo, (3.3)
0<t<T 0 2 0<t<o(T) 2
»y 3 1 3_
sup (ol|Vul?,) < FMr 0=p=-p+l(xt)eQx(oT], (3.4)

0<t<T

provided that my < & is suitably small.
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First, in order to prove Proposition 3.1, we give some basic equality and inequalities,

which lay the foundation of time-independent lower-order a priori estimates.

Lemma 3.2 There exists a positive constant C only depending on the initial data

(po, to, Bo) such that

sup llollzr = lloollgr = mo, (3.5)
0<t<T
2 24 Yy ’ 2 %
sup | [l/oull;, + lolly )+ [ wllVull),ds < mg, (3.6)
0<t<T y-1 0
2 T 2 3
sup ||9(t) ||L2 + KHV@(S) HL2 ds < EKI. (3.7)
0<t<T 0
Moreover, we have
2 T 2
sup ||9(t) ”1—11 + K || Vo(s) ”Hl ds <C, (3.8)
0<t<T 0

provided that there exists a constant €} such that mg < &7.

Proof Integrating (1.2), over 2, (3.5) can be easily obtained. Next, multiplying (1.1), by u,

integrating the resulting equation over €2, and using (1.2);, we have

1d
2dt

:/pGegudx—/VPudx (3.9)

p|u|2dx+u/|Vu|2dx+(u+k)/|divu|2dx

Then multiplying (1.2), by Ap™! yields that

A d
:%/p’dx:/u-Vde. (3.10)

Integrating (3.9) and (3.10) over time interval (0, ¢) and adding the resulting equation to-
gether, we have

1 1 ¢
~lIpull?s + ——llpll}y +/ Wl Vull?, ds
2 y -1 0

1
y -1

t
2 ¥
= Slloollz2lluollzs + lloollzy +/ ol 2161 s lloel s dis
0

N =

1 1 e | 1
< Cp2|[Vugl?amg + Cp" myg +/ (Comg \Vull?, + mg IVO|?,) ds
0

¢ | |
=< / %Hvuﬂiz ds + Cﬁ%Mmg +Cp"'my + CmE Ky
0

f oy 1
5/ B al, ds + g, (3.11)
0
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provided there exists a constant &1, my < &1, such that

1

1 1 1 1
Cpmg < —, CpiMmi +Cp"  my+ Cml Ky < myg.

SIS

In the second inequality of (3.11) we have used the Poincaré inequality and Young’s in-
equality. Hence, (3.6) is proved.

For the temperature equation, multiplying (1.2); by 6, integrating the result over €2, after
integrating by parts, we have

1d ,
o 1012, + VO], = / divut® dx < | Vull 21017, < Vil 2110112 VO | 2
K
< = |IVOI2, + ClIVull2, 1012, (3.12)

Then, integrating the above equation over time interval (0, ¢), we get
t t t
16117, +/ k|IVO |2, ds < [|6o]7, + C/ Vil 2,017, ds <N + CKl/ V)2, ds
0 0 0
1 1 3
<Kj+ Cl(lmg =K+ E[(l = 51(1, (313)
by which (3.7) is proved, provided there exists a constant &5, 7y < €;, such that

1
N<K, Cm}<

N =

Next, applying the operator V to the both sides of temperature equation (1.2); and mul-
tiplying the resulting equation by V6, we get

1d

S Vo2, + x| V26 :—/V(u-ve)-ve dx < |Vul2IVO|%

< ClIVull 2 IV0l2] V26 ,»

< 2V%6[7, + CIVulZN VOl (3.14)

Integrating (3.14) over the time interval (0, £) and using Gronwall’s inequality, one can get
(3.8). Hence, Lemma 3.2 is proved provided that there exists a constant €}, ¢ < min{e;, &3}
such that mg < &7. O

Next, in the following lemma, we prove the uniform upper bound of || Vu|| ;2.

Lemma 3.3 Let (p,u,0) be a classical solution of (1.2), (1.6)-(1.7) on Q x (0, T}, if the
assumption of Proposition 3.1 holds, then

o(T) 3
sup ([Vully+ [ Bl ds < 3K, (3.15)
0<t<o(T) 0 2

(3.16)

i+1
. 3 1
sup (ol Vul%) + / il ds < >m
1

i—1<t<i+l i—1
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provided there exists constant &5 such that my < min{e¥, &3}, where o;(t) = o (t + 1 — i),
1<i<[T]-1,te(i-1,i+1].

Proof From (1.2),, we get
o+ VP = uAu+ pbe,, (3.17)

multiplying (3.17) by ni, n = n(¢) > 0 is a piecewise smooth function. Integrating the re-
sulting equation over €2 yields

T umvmzdwfnmmzdx

d
= / nPdivu dx — / 7' Pdivu dx — f n(Pt+div(Pu))divudx
1
+/nPVu:Vqux—M/nVu:(VuVu)dx+ Eu/ndiVMIVulzdx
1 B .
+§M n'|Vul“dx+ | pbeynitdx
d 7
= / nPdivudx+;1i. (3.18)
Now, we estimate [;, i = 1,2,3,...,7, one by one:

I < |0 [IPN2 1 Vull2 < |0 [IPIZ + [0/ |1 Vull2e < || 6% mo + 0| I Vull?2,  (3.19)
L+ 13 < Cn||Vull7,, (3.20)
where we have used the identities P; + div(Pu) = (1 — y)p? divu.
The terms I4, I5 can be estimated as follows:
L+ 15 < Cnl|Vull?s < Cp(IIVVIZs + IVwI3s)
< C(IIP13; + Vw2 | V2w )
< Cn(p™ mo + (IVulZs + 1VVI%) | V2w )
<Cn(p* 'mo + (IVul}s + I1P12) | V2w )
< Cn(p* 'mo + (IVull2, + 2 'mo) (I1/pitll 2 + [ pOe2ll 2))
< Cn(mo + (IIVull2s +mo) (I/picll 2 + 1 o1l 2 11011 12))
< Cn(mo + (||Vu||L2 +mo) (Iv/pitll 2 + mg ||V9||Lz))
Cn(mo + md) + ~ n||f i), + Cnl| Vi +an Vo2, (3.21)

where in the last inequality we have used the Poincaré inequality.
At last, from terms I, I;, we get

1 .
Is+I; <Cln'[IIVull?, + anlﬁullfz + Cn/pezdx
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1 .
<Cly'|IVulf, + Eﬂll«/ﬁullfz +Cnllpll 21101174

1 . 1
<Cln'[IVul?, + Znnﬁuniz +Cnmg V02,

(3.22)
Then, inserting (3.19)—(3.22) into (3.18), we have
1d 1
- v 2 - -2
2dt/w7| ul“dx + 5 / nplil” dx
d . ’ 2
=7 nPdivudx + C|n'|mo + Cn(mo + mg)
1
+ C(|n'[+ ) IVuls + Cn(IVuligs + mg 1V0172). (3.23)

In order to prove (3.15), taking = 1 and integrating (3.23) over (0,t), for 0 <t < o (T),
we get

a(T)
fu|Vu|2dx+f /,o|it|2dxds
0

< 1l Vuolfs + IPI2 1 Vatll 2 + [1Poll 2 | Vatoll2 + C(mo + mg) + Crm

1
4
0

1 1
+ C(Kymg + Kymg)

1 1 1 1 1
<uM + C(VKam§ +~VMmg +mg +mo +my + mg + Koymg + Kimg ),

(3.24)
where we have used (3.1) and (3.6). Then we have

o 13
sup /M|Vu|2dx+/ /plit|2dxds51(2+—1<2= -Ks,
0=t=o(T) 0 2

provided there exists a constant &3, my < €3, such that

(3.25)

1 11
uM < Ky, C(VEKamg +NMm +m§ +mg + mj

1 1 1 1
5 +mg + Komg + Kymg) < ~ K.

In order to prove (3.16), taking 1 = o; in (3.23), integrating (3.23) over (i — 1,£), we get
t
o; / w|Vul® dx + / /G,-,olz'4|2dxds
i-1

1 t
2 7 4
< oillPllp2IVull 2 + C(mg + mg + mg ) + C/ oillVul ;. ds
i-1

1 [t
+Cm§/ oi| V|7, ds
i

-1

B

1 2 2
< 50’5/L||VM||L2 + C(mo +mgy+m

t
g)+C sup a,-IIVbtlliz/ IVullj, ds
i1

i-1<t<i+1

1 T
+Cmg/ VO3, ds
0

< l . \v4 2 C 2 % %I< C V4 2 %
= 2@“” M”LZ + (Wlo +my +my +m, 1) + sup ol u”LZWIQ
i-1<t<i+1

Page 12 of 32
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1 1 3 1
< Eaiunwu; + C(mo + my + mg +m§ + miKy). (3.26)
Then we have
i+1 3 1
sup ai/u|Vu|2dx+f /a,-pmlzdxdsf -m§, (3.27)
i—1<t<i+1 i-1 2

provided there exists a constant &4, 71y < €4, such that

1 3 1 3 1
C(mo + my +m§ +m§ + miKy) < Emg
Hence, if we take &5 = min{es, 4}, mo < min{e}, €5}, then Lemma 3.3 is proved. O

In the following Lemma 3.4, we give the bound for fttlz a2 Vb't||i2 ds, which will be used
to prove the uniform upper bound of p. It should be noted that the constants C on the
right-hand side of (3.28) and (3.29) are independent of time.

Lemma 3.4 Let (p,u,0) be a classical solution of (1.2), (1.6)-(1.7) on Q x (0, T}, if the
assumption of Proposition 3.1 holds, then

1
sup (o?|l/pitl?,) < Cmg, (3.28)
0<t<T
iy 1
/ o?||Virl?, ds < Cmo(ty — t1) + Cmg (3.29)
1

forany t,,t; € (0, T], provided my, < min{e7, e} }.

Proof Operating ni¢/ (3; + div(u-)) to (1.2)jz, summing with respect to j, and integrating the
resulting equation over 2, we obtain

d
G [ neti s’ [ pia s
= —277/11/(8th + div(uajP)) dx + ZMU‘/ﬂj(atAu" + diV(uAuj))dx

+2n / uf(at(peez)f' + div(u(p@eg)j)) dx

=Y T (3.30)

It follows from integration by parts and using equation (1.2); that
Ji=-2n / itj(Bth + 9div(uP) — div(Paju)) dx
=2 f divie(P; + div(uP)) dx — 21 / (Pou) - Vir dx
<Cp / oY |diviz||divue|? dx + Cn / o7 |Vu||Vii| dx

wn .
= 7 IVillg + CnllVul, (3.31)
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Jo=2un / z'/[Azltj + Bi(divuaiu/ - 0;u - Vu/) - div(8,'u8iu/)] dx
=-2un / |Vitj|2dx —2un / aiitj(divuaiui —oiu - Vuj) dx +2un / Vit d;udd dx
< —unlIViell7, + CnllVulja
< —unlIViel 7, + Cn(mo + (I Vel 72 + mo) (Il /pill72 + Wlo% IVel7)), (3:32)
where ||Vu||i4 can be estimated as follows:

IVulty < IVvI% + VWit < 1PIE + 19wl | V2w,
< C(5Y Tmg + (IVull®s + 19vI1%) | V2w]) )
< C(5*  mo + (1Vul, + 1P1%) | V2w],)

< C(mo + (IVullzs + mo) (I/pitl 7> + I p6esl72) )

1
< C(mo + (IVullzs + mo) (I/pitll 2 + mg IVO175)). (3.33)

Similarly, we get

Js=2n / it (3, (pOer) + div(u(pbe,))) dx = 2 / iti(the; + puV@eiz) dx

< Cn(lléel sl ol al6ell 2 + el all 1l el 4 1 VOl 4)

< Cn(IVill2pdmg (- V6ll2 + | V26] o) + Vil 25 md 1 Vasl 21V )

< Cn(||vu||Lzm§ IVl 21IVO ]l + | V20 2) + IVl pmd |Vl N
Vil 7, + Com} IVull2 V012 | V26 2, (3.34)

el
=4

where we have used (1.2);, (1.2)3, and the Poincaré inequality. Then, substituting the esti-
mates /1, J», /3 and (3.33) into (3.30), we arrive at

d .12 M o2
— ul“dx+ —||Vu
dt/npl P+ Vi,
1
< |n’|fp|it|2dx+ CnlIVull?, + Co(IIVull2y + mo) (I/pitl?s + m |VO2,)
1
+ Cmg |Vl 32 11V01 12| V360 ;2 + Cim. (3.35)

In order to prove (3.28), taking n = o in (3.35), integrating (3.35) over (i — 1,¢), and
taking (3.16) into consideration, we get

t
2 <12 2 <12
o2l /Bl + / po? Vi, ds
1

i—

t t 1
< / 0.0 ||/pitl 7 ds + C/ o (IIVull32 + mo) (Il/picl 7> + mg I VO1l3,) ds
i-1 i-1

Page 14 of 32
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t
' C/ P |Vl 19012 | V0 1 s + C o + )
i-1

1 ¢ . 1
=Cmy +C( sup il Vall?, + mo) / oi(I/pislZs + mZ V6112 ds
-1

i-1<t<i+l

t
+Cmd sup ol Vul% Vol f 01| V6 o ds + Clm + mo)
i~1<t<i+l i-1

1 1 1 1 5
< Cmg + C(m§ + mo)(m§ +mi) + C(mg +m§ + my)
< Cmé, (3.36)

which proves (3.28).
Furthermore, from (3.35), we can see that if we take n = o2, then integrate (3.35) over
(t1,t2) € [0, T], we have

2
o’ Vpier) | + f po®|Vidl2, ds

f

t
< 02‘}\//_)1'4@1)”; +/ oo’'|l/pitl?, ds

2]

t 1
+ C/ o (IVully, + mo) (II/pil 7> + mg [ VO|7,) ds
1

¢ 1 1
+ cf o’mg |Vul 7, V02| V>0 | o ds + Cmg + Cmo(t, — 1)
i-1

1 1 ty
< C(mg + ma‘) + C(l +0i1t1pTo||Vu||i2 + m(,)/t a||ﬁit||%z ds
<t< 1

t 1
; c( sup o || Vul, + mo) md |02, ds

0<t<T 151

1

5 2

+C sup o||Vu||§21<1/ mg | V0|, ds + Cmo(tz — 1)
0<t<T t

1 1

1 5]
<Cm§ +C(1+m +m0)/ o lly/pill?, ds
t1

1 1 5
+ C(még + mo)mg + Cm§ Ky + Cmg(ty — 1)

1

1 )
<Cmg + C(1+m§ +mp) / o |l/pill2, ds + Cmo(ts — 1), (3.37)
t1

where we have used (3.1), (3.6), and (3.28).
In order to estimate the second term on the right-hand side of the above inequality,
taking n = o in (3.23), integrating (3.23) over (¢, t2) € [0, T], we get

2
G/M|Vu|2dx+f /op|i¢|2dxds
t

1
< o | Vu(t) |2 + o WP 2 IVl g2 + Cimo + m) (82 — 1) + Com

-1

t t 1
+c/ o||Vu||,‘f2ds+C/ mg | VO|[7, ds
i i-1

Page 15 of 32
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1
< EO'[,L”VM”IZ‘Z + C(Wl() + Wl%)(tz - tl)
1 1

1 1 t
+C(mg +m§ +m¢) +C sup a||Vu||§2/ V|2, ds
0<t<T i-1

1
< EGMIIWIIEZ +C(mo + m3)(t2 — 1)

T 1
+C(mg +m§ +mg) +C sup o||Vul},mg

0<t<T
Lt : Ly s
< 2oulqulle +C(mo + my)(t, — t1) + C(mg +m§ +m§ +mg), (3.38)
which deduces
ty 1
G/M|Vu|2dx+/ /op|i¢|2dxdsSCmo(tz—t1)+Cm§. (3.39)
51

Then, inserting (3.39) into (3.37), (3.29) can be obtained. This completes the proof of
Lemma 2.3. |

Inspired by the methods in references [18, 42], in the following lemma, we use the Zlot-
nik inequality to prove the uniform upper bound of the density p.

Lemma 3.5 Under the condition of Proposition 3.1, it holds that

p+1, (3.40)

N W

p=
provided there exist constants €3, €5, and e} such that my < min{e}, 3,5, €5, €x}.

Proof For any given (x,£) € Q2 x [0, T]. Denote X(s; x, t) is the solution to the initial value
problem

24X (s;%,t) = u(X(s;%t),8), 0<s<t,
X(t;x,t) = x.

It is easy to verify that
d .
%p(X(s; X, t),s) + p(X(s; X, t),s)dlvu(X(s; x, t),s) =0
due to (1.2);. This gives
Y'(s) = g(s) + b'(s), (3.41)

where

Y(s) = p(X(s:2,8),5),  gls) = _Ap X5 x,0),5)

m
b(s) = — /‘S p(X(s;x, t),S) (% + divw(X(s;x, t),s)) ds,
0

and C(t) = udivv - P.
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Next, we use Lemma 2.5 to prove the uniform upper bound of density

12}

b(ty) - blt1) = /

t

C(t f2
p—()“ ds + / | odivw|l oo ds := K; + Ky (3.42)
w o0 t

In the following, we estimate the terms on the right-hand side of equation (3.42) one by
one. In order to estimate C(¢), from equation (1.12), we have

V(udive = P) — uV x (V x v) =0. (3.43)

Since (V x (V x v)) = (32(8,% — 8v1), —91(81v — 9,v")) and the boundary condition (1.7)

implies

v =0,02=0, x=0,1,

(3.44)
=q'=0, x,=0,1.

Then we have (V x (V xv))-n=0a.e.on 922 and div(V x (V x v)) = 0. Multiplying (3.43)
by V(udivv — P) and integrating the resulting equation over 2, we arrive at

” V(udivy — P) HLQ =0,
which implies that there exists C(£) such that
C(t) = pudivv - P. (3.45)
Using (1.12), we have ||Vv||;2 < C||P||;2. Integrating (3.45) over the square domain, we get
C(e) = C(IVvl2 + IPN2) < CIPl,2 < C5™% . (3.46)

Then we have

1
2| pC(t C_ZVZJrl 2 1
K= f £et) H ds< =20, - t) < —(L-t) (3.47)
t J72 (P8 " 4pn

provided there exists a constant &3, m < €3, such that

In order to estimate K3, we consider the following three cases:
(1) 0= <t =<o(T).

o(T) 1 2
VW LI VW s ds

t
I(z = / ||,Od1VW||Loo ds < C/

tf 0

o(T) 1 2
< C/ (Va2 + 11PN 2) ® (1 Vill 2 + VO]l 2) ° ds
0

IA

o(T) 1 1 1 1 . 1
C/ 0 2(a2||Vullz + 02 ||Pl2)* (o I Vill7, + o [ VOII72)° ds
0
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A
@)
—_
3
Sy
[=)\
+
koY
L]
b
3
S i
SN—
W=
TN
o\q
3
Q
p‘w
&
N~
%]

1

1 a(T) 3
)? (/ o |\Vitl|?, ds + 1) ) (3.48)
0

where we have used Lemma 3.3. It remains to estimate the term on the right-hand

1
2
0

side of inequality (3.48). To do this, we take n = o in (3.35) and integrate over
(0,0(T)), then we have

a(T)
/op|it|2dx+f o || Vitl?, ds
0

o(T) a(T)
5c+/ |a’|/p|it|2dxds+C/ oI Vul2, ds
0 0

a(T) 1
+C/ o (IVull32 + mo) (Il/picl 7> + mg VO[3, ds
0
a(T) 1
+ c/ omg |Vul32[IV012]| V36|, ds + Comy
0

1 1 5
<C(1+K+mg)+C(mf +mo)(K + 1)+ C(mg + my)
<C. (3.49)
From (3.48) and (3.49), we can see that

L 2y-1
K<Cml®+5 7 m

ol

=

Sy

2 (3.50)

| =

)

provided there exists a constant ¢} such that m < gj.
2 o(I)st1<t,<T.
ty

1
Ko o(- )+ | lpdivwie ds
i

3}

1 o
< o n) e [ Idivwl ds
4“ 151

IVWI IV W4 ds

1
<—(t—-t)+ C,52/
4/"“ 51
1 - f2 2 . 4
< —(t-t)+Cp / (I1Vull 2 + 1PNl 2) ® (IIViell 2 + VOl 12)® ds
51

=

1
< —(tz—t1)+cl32</
4“’ t

o
x ( / (IVil2 + ||ve||§2)ds>
f

1

17}

(IVulZ: + 1PI7) dS>
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=

1 _ e
< @(tz—t1)+Cp2(m6* + 07 m(ty - 1))

ty %
X (/ (IVill3, + IIWIIfz)dS)

f

1 1 2 3
=< 4—(t2—t1)+Cm(§2 </ ||Vi¢||i2 ds + 1)
m

51

1 1 ty %
+Cm (ty —11)3 (f IVic|?, ds + 1)

t1

2 1 1
(tz—t1)+C/ ||Vz'4||%2ds+C(m(‘)L +m012)

151

1

<
4

=

1 1
+ CWlo(tz - tl) + Cmg‘ (tz - t1)§

1 3

1 1 3 1
< (1f2—1f1)+C(mo+m(‘})(t2—t1)+C(W15L +m§ +m§ +m(}2), (3.51)

£~

where in the last inequality we have used (3.29). Then we get
1 1_
Ky < —(t-t)+p (3.52)
2 8

provided there exists a constant &%, my < &, such that

i 1 i 8 3 B
C(m0+m0)§@, C(mg +m§ +m§ +m)?) <

0.

@[

B)0<ti<o(l)<t,<T.

Combining case (1) and case (2), we can easily obtain

a(T) ty 1 1
K, = / lpdivw|| oo ds + / lodivw| o ds < — (£, — 1) + — p. (3.53)
a o (T) 2 4

Taking (3.42), (3.47), (3.50), (3.52), and (3.53) into consideration, we have
1 1_
|b(t2) - b(t1)| < ;(tz —t)+ 5P, (3.54)

rovided there exist constants &3, ¢, and ¢! as mentioned above such that m <
37 €4 5
: * ok o¥ ok o%
min{ey, €7, 65,63, €5, €5}

Then we can choose Ny, N; as follows:

1_ 1
No==p, Ny =—.
2 2

Choosing £* = p + 1, we can see that

y+1

gé)= & < L -N; foré& >¢".
W W




Huang et al. Journal of Inequalities and Applications (2020) 2020:232 Page 20 of 32

Using Lemma 2.5, we obtain

1 3
sup pllzes <max{po,&*} + No <max{p,p+1)+No<p+1+-p=>p+1.
te[0,T] 2 2

This completes the proof of Lemma 3.5. d

Combining Lemmas 3.2-3.5, if we take my < min{ey, ¢}, 5,63, €4, %}, then Proposi-
tion 3.1 is proved.

4 Time-dependent higher-order estimates

For completeness of our proof, we give the time-dependent higher-order estimates of the
solution (p, u,0) in what follows. First, we prove the second-order a priori estimates in
Lemma 4.1 for # and Lemma 4.2 for (p, 6), respectively, which can be derived in a similar
manner as those obtained in [18, 22] after some modifications. In the rest of this paper,

the constant C may depend on time 7.

Lemma 4.1 Let (p,u,0) be a strong solution of (1.2), (1.6)—(1.7) on Q x (0, T, under the
condition of Theorem 1.1, it holds that

T
sup ||/pill7, +/ IVil|7, ds < C(T), (4.1)
0<t<T 0
SupT(”vP”U’ +llull2) < C(T). (4.2)
0<t=<

Proof Taking n = 1 in (3.35), integrating (3.35) over (0,0 (T)], we get

(T) -
ullVidl2, ds

wpﬂﬂM&+f
T

0<t<o( 0
i o 2 22 3 2
< C(l +mg + mo) + C/ (||Vu||L2 + mo)(||ﬁu||L2 +mg ||V9||L2)ds
0
oo 2 2
+ c/ mg | Vul 7, 1IV0 2| V36| 2 ds
0
<C, (4.3)

from which, combining (3.28) and (3.29), we obtain

T
Swnﬁﬁ@+/lwwéﬁ§dﬂ- (4.4)

0<t<T 0

Next, applying the operator V to (1.1); and multiplying the resulting equation by
p|VplP2Vp, p > 2, we obtain

d
E/|V,0|1’dx:(1—p)/|V,0|1’divudx—p/|V,o|p_2V,o(Vu~V,0)dx

—p/ o|VplP~2Vp - V(divu) dx
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< c/ IVolP|Vu|dx + c/ Vol | V2u| dx
< CIVul= Vol + CIVoIL [V2ul . (4.5)
Then we have
d 2
E”vp”p < C(IVull=lIVollr + || V2u ), (4.6)
where the terms on the right-hand side can be estimated as follows:

IVullze < C(IVWlzee + [ VVIlz)

IVwlize + [ V2w, + [ VVIIx)

IA

C(

=C(

< C(IIVillz2 + IVOl2 + [ VVIsmo In(e + [ V?v] ) + 1)
C(IVill2 + (1Pl + IPll2) In(e + | V?v]|,) +1)
c

IA

| Vie|| 2 + ln(e + ||Vp||Lp) + 1) 4.7)
and

[V2ulp = €AV + 192wl ) < CAUVPI + il + 1812r)

<C(IVpllw + IVl 2). (4-8)
Inserting (4.7) and (4.8) into (4.6), we have
d .
%(”VPHLP +e) < C(IVirll2 +e)In(e + [Volle) IVl
+C(IVitl2 +€) IVl +e). (4.9)

Both sides of (4.9) divided by ||V p||,, + e lead to

%m(nv,onw +e) < C(IVill2 + ) In(e+ |Vpollp) + C(IVidll 2 +e). (4.10)

Then, by using Gronwall’s inequality and (4.4), it holds that

sup [[Vollr < C(T). (4.11)
0<t<T

Moreover, from (4.4), we have
Il < Cllpaell2 + IVPI L2 + 161,2) < C(llpill2 + IVolly +1) < C(T).  (4.12)
This completes the proof of Lemma 4.1. O

Lemma 4.2 Let (p,u,0) be a classical solution of (1.2), (1.6)—(1.7) on Q2 x (0, T], under the
condition of Theorem 1.1, the following estimates hold:

T
sup |/l + [ Vil ds < C(T), (4.13)
0

0<t<T

Page 21 of 32
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sup (Il + | Plo) I}2) < C(D), (4.14)
<t<

T
osupT(HV29 |2+ 116:1%,) +/ | V6|7, ds < C(T). (4.15)
<t< 0

Proof Inequality (4.13) follows directly from the following simple fact:

/,o|ut|2dx§/p|it|2dx+/p|u-Vu|2dx

< C+|pulpzllullsVul?s < C, (4.16)

and
T T T 2
/ IV}, ds < / Ilwtilizd“/ [V Vi, ds
0 0 0

T T
§C+/ A ||v2u||j2ds+/ IVul) %, ds
0 0

<C, (4.17)

where in the last inequality we have used Sobolev embedding inequalities and Lemma 4.1.
Next, we prove (4.14). Since P satisfies

P;+u-VP+yPdivu =0, (4.18)

which together with (1.2); yields that

20+ 19P12.)
< C(IV2ul w19 ol | V2l + 19 [ 902 + [ 2] oI VPI [ 9P
IVl [ V2P + | Va5 V2P )
< C(|9%u] 1Vl Vol 5V + 19l | V20
|2l |Vl LIVPI 92 s + 1Vl [VR] 2 + [ 9] 2 92P) 1)
< C(IVulls + |Vl 2 + [ V2P + 19ulie | V2 + 19l [ V2P 22)
< CVul + C(1Vul + 1) (|92 + [V2P]2)

< C(IVidll2 +1) + C(IVirll2 +In(e + 1V plle) + 1) (| V202 + [ V2P ,), (4.19)

where in the last inequality we have used (4.7). From the following standard L2-estimate,
for elliptic system (1.12) and (1.13), we obtain

[Voul o = IVl 2+ [VPw] o) = C(IV2P] o + [V (i) 2 + 1V6112)

< C(|V?p|| 2 + IVl 2 + 1).

Then, combining (4.19), Lemma 4.1, and Gronwall’s inequality, we have (4.14).

Page 22 of 32
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In order to estimate the second-order derivative of temperature, we apply the operator

V2 on both sides of equation (1.2);, then we have

1d

L vl vk Vo

:—/VZ(M-V)GVZde
:—/(V2u~V)szedx—/(wV3)9V29dx—2/(Vu~V2)9V29dx

< [Vl 219813 | 26 o + Nl | V0] 12| V20 2+ 19 als|[7260] 2| 726)
<C(Iv6] V201 2+ [9%6] V28] 1+ | V26] | V20 )

< SVl + cu+ V1), (420

from which, after integration over time interval (0,£) and together with (1.2);, (4.15) is

proved. 0

Lemma 4.3 Let (p,u,0) be a classical solution of (1.2), (1.6)—(1.7) on Q2 x (0, T], under the
condition of Theorem 1.1, the following estimates hold:

T
prWm+W%M+/(MA§HMMQﬂ§dﬂ, (4.21)
0<t<T 0

T
swnvm@+]n¢mm;msaﬂ. (4.22)
0<t<T 0

Proof First, from (4.18) and Lemma 4.1, we obtain

1Pl z2 < C(llullzoo VPl 2 + V] 2) < C. (4.23)
Furthermore, differentiating (4.18) yields

VP;+u-VVP+Vu-VP+ yVPdivu + yPVdivu = 0, (4.24)
from which, together with Lemma 4.1 and Lemma 4.2, one gets

VP2 < C(lulloe | V2P 2 + IV ull 2l VPl s + [ VPu 2) < C. (4.25)
The combination of (4.23) and (4.25) implies

sup [IPllzn < C. (4.26)
0<t<T

Note that P satisfies

Py +u; - VP +u- VP, + yPdivu, + y Pydivu = 0, (4.27)
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from which, together with (4.26) and Lemma 4.2, we have
T T )
/ 1P 12, ds < / C(llell sl VPl s + Vel gl Pellga + [ Vagell2) " ds < C. - (4.28)
0 0

Next, we differentiate (1.2), with respect to ¢, then multiplying the resulting equation
by uy, one gets after integration by parts that

1d
37 (M|Vut|2)dx+/puftdx

d( 1
:E(—E//Oz|u¢|2dx—/,Otu.Vu-utdx+/Ptdivutdx+/pt0utdx>

1
+ifpttlutlzdx+/(ptu'Vu)t'utdx—/,ouwaundx

—/pqut-u”dx—/Pttdivutdx—/ptﬁeg~utdx

—/,oﬁtez U dx + f p6ey - uy dx
d 8
= —L L;. 4.29
Lo+ Zl ; (4.29)
The terms on the right-hand side of equation (4.29) can be estimated as follows:

1
LO:—E/,otluﬁzdx—/ptu-Vu~utdx+/Ptdivutdx+/pt9utdx

< Cllullze Iv/pucll 21 Vaellzz + llocl o leellzoe [ Vaellallsell 2 + 1Pl 21| Ve | 12
+ Vol lullzoe 101lee llutell 2 + 1Vl 2 | pllzoo 161122 ll2se2)
2
= H2 tll2 tll[2 g H2 tllr2 tilz2 tllr2
< Clull 2 | puell 21V uell 2 + 1l oell n Nuall 3y [ Vasell 2 + 1 Pell 2 | Vit |
+1Voll2lluellz + Va2 Nl 2)
2 2 2 2 4 2 2 2
<8IVl s + Clulliallv/prclfa + loelFn el + 1P + 1V RN + Vul})

<8 Vucl2, + C, (4.30)

where we have used Lemma 4.1, Lemma 4.2, (4.21), and the Poincaré inequality.

1 1
L= E/Pttlutlzdx:_i/(ptu+put)'V|’4t|2dx

2
< C(lloellalluellzoe lowell o 1 Vatell 2 + Notell7a | Vel 2)

< C(L+IVuel o) 1 Vasel 72, (4.31)
Ly, = /(p,u -Vu); - usdx = f(,o”u ~Vu+ psuty - Vu+ psie - V) - g dx

2
< C(lloall2llulzoe [ Varll palletell o + N oell 2 Vaell Nl N 7
+ 1ol g2 ol oo 1V ate | 2 24 | 4)

< C(llpeell22 + 1 Vuel?2) < C(1+ [ Varell22), (4.32)
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Ls +L4=—/put . Vu-uttdx—/,oqut Uy dx
< IWoualp2 w4l Vaell e + |/l 2 |4l oo [ Vi || 2
1
= 2 ||\/ﬁ“tt||i2 + C||Vut||§2, (4.33)

Ls=- / Pudivi dx < [Pyl + Vsl < C + [Vatelas (4.34)

Lo+ L;+Lg= —/,ott@ez - Updx — / pi0ies - updx + / pOes - Uy dx
< Noeellz2101lzoo el 2 + 1ol L4162 |2t |l 2 + ||«/5Mtt||L2||9t||L2

1
< = lIvouallZs + (loal?s + 1V uel 2 + 16:172). (4.35)

At last, integrating (4.29) over time (0, T') and inserting estimates (4.30)—(4.35), we have

T T
/u|w|2dx+/ /puftdxds§C+/ C(1+ 1Vuel22) IV s |12, dis, (4.36)
0 0

from which, together with Gronwall’s inequality, (4.22) is obtained immediately. This com-
pletes the proof of Lemma 4.3. d

Lemma 4.4 Let (p,u,0) be a classical solution of (1.2), (1.6)—(1.7) on Q2 x (0, T, under the
condition of Theorem 1.1, the following estimates hold:

osupT(nana +IPll3) < C(T), (4.37)
<t<

T
sup [Vl + f (Va2 + 1Vl %) ds < C(T). (4.38)
<t< 0

T

OsupT(||V9t||22 +[V30)%) +/ (V2635 + 1641%) ds < C(T). (4.39)
<t< 0

Proof 1t follows from Lemma 4.3 that

[VGoin)||,» < IVpucliz + I0Vuel 2 + IV pu - Vatll2 +1lp Ve - Vatl 2 + [ o - V2|
< IVollzaluelis + Va2 + Vol allulloe | Vall o
2
+ IVallZs + llull oo | V2] 2

<G, (4.40)
which together with Lemma 4.1 gives

sup || pily < C. (4.41)

0<t<T

The standard H! estimate for elliptic system (3.17) yields

|V2ul;p < C(llpitl i + VPl + llpBeall) < C. (4.42)
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Then, as a consequence of (4.2) and (4.42), we have

sup ||Vl < C. (4.43)

0<t<T

Moreover, the standard L?-estimate for elliptic system (3.17) and Lemma 4.3 yields that

IV2us 2 < Clpsall 2 + N petell 2 + llpeta - Vil 2 + || oy - Vel g2 + | pre - Vg 2
+ VP2 + sl + | pbeesll )
< Cllouacliz2 + Il ol ol o + Nl oell 2 latlloo IVl o + Nl 2l V]
+ lallzoe IV ueli 2 + VP2 + 1ol 210114 + 16:122)

< C(Hputt”LZ + 1102 + 1), (4.44)

which together with (4.22) implies

T
f Ve ||2,1 ds < C. (4.45)
0

On the other hand, applying the standard H2-estimate for elliptic system (3.17) again
leads to
[V2ul o = C(Ioitl 2 + 1 VPl + llpOe2 ] 12)

=C(] Vz(put)”Lz + || V2 (ou - W)||L2 + ||V3P||L2 +1), (4.46)

where

| V(o) | 2 < C([| V2 oue] 1o + 1V 0 Vasell2 + | Vae] )
< C([| V2ol pallmelizoe + IV ol allVateliza + || V0| 12)
<C(|IV?p| 2N Vuellznr + IVl IV sl + | V02 1)

= ClIVate|lp, (4.47)

and

V(o - V)|, < C(|V2ou- Vi o + | V- V] o + |- V20
+IVpVu-Vul 2 + |Vou- Vul,,)
<C(|Vou- Vu| s + || V?u- Vul  + |u-VPul
+IVoVu - Vul 2+ ||Vou-Vul,,)
< C(|V?0| 2 ullz I Vallze + [ V2] allValizs + e | VP01
+ IVolls I VullZs + 11V ol o llell oo | V2] 4)

<C. (4.48)
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In order to estimate the third term on the right-hand side of (4.46), applying V3 to (4.18)
and integrating the resulting equation over €2, we obtain
d 2
2 |vip,
< (V- P s+ [V 9P|+ [V 92 ¢ | V)
< C([V2u] IV Pl + 1Vatlloe [ V2P o+ | V0] [ V2P o+ [ V2] 12)

(
(
(IV°P[ 2 + [V 2)
(
(

<C
< C([V2P[ 2 + [ V2(ein)] 2 + | V*(pOe2) | 12)
< C([VPP| o+ [V2oue) | o + [V - Vi) 12 + 1)
< C(| VP + | V2ol 2 el + || V0] 2 + Vol ol Vit 0

+ ||V2u . VuHL2 + ||u . V3u||L2 + ||Vu-V2uHL2 + 1)
<C(| V2P| o + IVuelnr + IV ol [ Vatellgn + || V20 ol Vil 4
+ lull g || V20 o + 1Vsll o | V20 5 + 1)

= C(HVSPHH + Vil + 1), (4.49)
which, together with Gronwall’s inequality (4.45), implies that

sup V3P|, <C. (4.50)

0<t<T

Taking (4.45)—(4.50) into consideration, we have

T
f IVl ds < C. (451)
0

It is easy to check that similar arguments work for p by using (4.51).
At last, in order to estimate the third-order derivative of temperature, differentiating
(1.2); with respect to ¢, we get

Qtt + Uy - VO —u- V@t — KA@t =0. (4‘52)

Then, multiplying (4.52) by 6, and then integrating the resulting equation over €2, after
integration by parts, we obtain

K d
VB + 16l = - / e - V60, dx— / - V0,0, dx

IA

||9tt||iz+/|M:'V9|2dx+/lu~vet|2dx

IA

2 2 2 2 2
[0ull72 + Notell7all VOl La + Nlelzoo IV O 2

IA

161172 + C(IVat 2 IVOIT 0 + Nl 1VE: 172 )

IA
Nl= N= N= N

166l + C(1+ el 72 1VONI7), (4.53)
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from which, together with Gronwall’s inequality, we have

T
sup [[VOI1% + / 10,12 ds < C(T).
0

0<t<T
Now, we apply the operator V3 on both sides of equation (1.2);, then we have

1d
e A PRI R

=_/v3(u-V)9v39dx

= -/(v3u.v)9v39dx—/(u.V4)9V39dx—3/(v2u-v2)9V39dx

-3 /(w - V?)0V>0 dx

< C(IV2ul 21V | V0 o+ Nl [ 946 2 [ V20 2+ [ V0] 2| V20 s

[ Vall= | V302,
1 1
<C(|V20|%|v*0) 2 + [V*0] 2| V0] o + [ V20] | V20 2 + | V20 2)

K
<51Vl + v |v6]),

from which, after integration over (0, T), (4.39) is proved. Hence, the proof of Lemma 4.4

is completed.

Lemma 4.5 Let (p,u,0) be a classical solution of (1.2), (1.6)—(1.7) on Q2 x (0, T, under the

condition of Theorem 1.1, the following estimates hold:

T
sup (¥l + [9ul}) + | 1w ds <
<t< 0

T
sup (V6,12 + ] v*0]2,) + / 1V6,]12, ds < C(T).
0

0<t<T
Proof First, differentiating (1.2), with respect to ¢ twice, one can get
Pl + pu - Vg — Ay

= 2div(pu)uy + div(ou)su, — 2(pu); - Vi, — (gt + 20:14;) - Ve

— Py - Viu— VPy + pyles +20,0i3 + pOyes.

(4.54)

(4.55)

O

(4.56)

(4.57)

(4.58)

Multiplying (4.58) by u, and then integrating the resulting equation over €2, after integra-

tion by parts, we obtain

1d

EE/P|utt|2dx+/M|vutt|2dx

= —4/ OUly - Vit dx — /(,ou)t . (V(ut “Uy) + 2V, - Mz;) dx
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- /(pttu +2psuy) - Vo - iy dx — / Pl - VU - Uy dx + /Pttdivutt dx

+ /(pné’ez + 2003 + pOer) dx

=Y M. (4.59)

Next, we estimate each term M;, i = 1,2, 3,4, 5, as follows:

M = —4/ putty - Vg dx < Cllu|| g0 ||«/5Mtt||L2 I Vaag |l 2

<8I Vugl?s + Cl/punll?s. (4.60)

It follows from Lemma 4.2, Lemma 4.3, and Lemma 4.4 that

M, = —/(pu)t (Ve uy) + 2V, - uy) dx
= C(||Ptu||L4 + ||Put||L4)(||VMt||L2 lloaeell o + ||Mt||L4||VMtt||L2)

1 1
= C(”Pt”Hl + ||Mt||H1)(||”tt||L22||V’4tt||L22 + [|ae || g2 ||Vutt||L2)

<8I Vuul;, + C, (4.61)
Ms = —/(pnu +2pu;) - Ve - uy dx
= C(||Ptt||L2||M||L°° + ”/Ot”L4||ut||L4)||Vu”L4||utt”L4

1 1 1 1
< C(lloall2 el + ol g e | IV sl 22 ) N Vot g s | 2 1| Vil

< 81IVuullz2 + Cllpul}a, (4.62)
My + Ms = —/putt -Vu - ugdx + /Pttdivutt dx

= C(||«/,<_)Mtt||L2 I Vaell pallassell o + 1Peel 12 ||Vutt||L2)

1 1
= C(“x/ﬁutt”Lz IVl ||utt||L22 ||V14tt||L22 + ||Ptt||L2||Vutt||L2)

< 8||Vutt”i2 + C(”x/ﬁutt”iz + ||Ptt||iz)y (4.63)

M = / (pubey + 2p,6,e5 + pOyer) dx
< C(lpuli2l01lz00 + ol 2 10N 2 + Lol oo 162l 12)
<C

(||Ptt||L2 + [0l 2 + 1)~ (4.64)
Substituting (4.60)—(4.64) into (4.59) and choosing § suitably small, we get

d
E/munﬁdmfmwmzdx

= C(”«/ﬁ”tt”iz + ||,0tt||i2 + ”Ptt”iz + 16 ll2 + 1)~ (4.65)
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Then, integrating inequality (4.65) over (0, T'), together with (4.21) and Gronwall’s inequal-
ity, yields that

T
sup /p|utt|2dx+/ /|Vun|2dxds§C(T). (4.66)
0

0<t<T

Then (4.56) follows from (4.22) and (4.44).
Next, differentiating (1.2); with respect to ¢ twice, we get

Qm - KAGt,g = —Uy * Vo - 2ut . V9t —-Uu- V@tt. (4‘67)

Multiplying (4.67) by 6, and then integrating the resulting equation over €, after integra-
tion by parts, we have

d
VT, 16721172 + 1| V6|17

= —/[(M . V)G]ttett dx
= - /(un -Vo + 2ut . V@t +Uu- V@tt)e,gt dx
= C(||Mtt||L4||V9||L2||9tt||L4 + [l a1 VOl 12110 ll 12 + ||V14||L2||9tt||i4)

1 1 1 1 1 1 1 1
= C(||Mrt||L22||VMtt||L22 ||9tt||L22 ||V9tt||L22 + ||Mt||L22||VMt||L22 VOl 2 ||9tr||L22 ||V9tt||L22
+ 116211 VOrel2)

= C(Hvutt”Lz VOl 2 + | Ve || 2 IV O 2 [l Vel 12 + ||9tt||L2||V'9tt||L2)

K
=< §||V9tt||i2 + C(l + ||Vutt||i2 + ”9tt||L2)r (4.68)

where in the last inequality we have used (4.22) and (4.39). Then, integrating inequality
(4.68) over (0, T), together with (4.56) and Gronwall’s inequality, yields that

T
sup [16ll% + f V0%, ds < C(T). (4.69)
0

0<t<T

Furthermore, the standard L2-estimate for elliptic system (4.52) and Lemma 4.3 yields that

V26| 2 < C(I16se 2 + sz - VOl + Nl Vil 12)

< C(L+ Nlucll 2 VOl + llaellzoo V6 12)
=

C
C(L+ IVuell 2| V20 12 + VOl 2)
C

IA

! (4.70)

where we have used (4.22), (4.39), (4.69). Hence, combining (1.2), (4.70), and Lemma 4.4,
by using elliptic estimate, we have

[V*0] 2 = CIV26] o + [Vie- V20 1o + - V20 10) = €,

by which we finish the proof of Lemma 4.5. O

Page 30 of 32



Huang et al. Journal of Inequalities and Applications (2020) 2020:232 Page 31 of 32

Finally, by using the continuity argument, we can extend the local classical solution to a
global one, and thus Theorem 1.1 is proved.
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