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1 Introduction and main results

It is well known that a monic polynomial is uniquely determined by its zeros and a rational
function by its zeros and poles ignoring a constant factor. But it becomes much more com-
plicated to deal with the transcendental meromorphic function case. In 1929, Nevanlinna
proved his famous 5 IM theorem and 4 CM theorem (see e.g. [20, 23]): if meromorphic
functions f(z) and g(z) share five (respectively, four) distinct values in the extended com-
plex plane IM (respectively, CM), then f(z) = g(z) ((respectively, f(z) = T(g(z)), where T
is a Mobius transformation). Here and in what follows, we say that f(z) and g(z) share the
finite value a CM(IM) if f (z) — a and g(z) — a have the same zeros with the same multiplici-
ties (ignoring multiplicities), and we say that f(z) and g(z) share the co CM(IM) if f(z) and
g(2) have the same poles with the same multiplicities (ignoring multiplicities).

To relax those shared conditions in Nevanlinna’s 4 CM theorem, Gundersen provided
an example to show that 4 CM shared values cannot be replaced with 4 IM shared values,
but with 3 CM shared values and 1 IM shared value in [5]. That is, “4 IM # 4 CM” and
“3CM + 1IM = 4 CM” In addition, he showed that “2 CM + 1 IM = 4 CM” in [6] (see
correction in [8]), as well as by Mues in [17]. The problem that “1 CM + 3 IM = 4 CM”
is still open. We recall the following result by Mues in [17], which mainly inspired us to
write this paper.

Theorem A ([17]) Letf and g be nonconstant meromorphic functions sharing four distinct
values a; (j=1,2,3,4) “CM’ Iff # g, then f and g share a; (j=1,2,3,4) CM.
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In Theorem A, f and g share the value a “CM” means that

N(r’fia) —Ng(r,a) =S(r,f), and ﬁ(r’giu) — Ng(r,a) =S(r,9),

where Ng(r, a) is defined to be the reduced counting function of common zeros of f(z) —a
and g(z) — a with the same multiplicities. Similarly, N El)(r, a) used later is defined to be the
reduced counting function of common simple zeros of f(z) — a and g(z) — a.

Applying Theorem A, one can get (see Theorem 4.8 in [23]) the following.

Theorem B ([23]) Letf and g be nonconstant meromorphic functions and a; (j = 1,2,3,4)
be distinct values. If f # g share a; (j=1,2,3,4) IM and ifﬁ(r,j%ﬂj) =S(r,f) (j=1,2), then
f and g share a; (j = 1,2,3,4) CM.

Remark 1.1 Let §(a,f) denote the deficiency of a with respect to f(z), which is defined as

o) NG )
d@f)=lm — e M e

Then we see that the condition ﬁ(r,f_—laj) = S8(r,f) (j = 1,2) in Theorem B means that

8(a;,f) =1 (j = 1,2). And we say that 4 is a Nevanlinna exceptional value of f(z), provided
that 8(a,f) > 0.

To reduce the number of shared values, Rubel and Yang appear to be the first to consider
the unity of the entire function sharing two values with its first derivative in [21]. They
proved that, for a nonconstant entire function f, if f and f’ share values a, b CM, then
f =f'. Mues and Steinmetz [18] improved Rubel and Yang’s result by replacing “2 CM”
with “2 IM” in 1979, and then by replacing “entire function” with “meromorphic function”
in [19] (see also Gundersen [7]). In 2013, Li [15] improved these results by adding some
condition on the poles of the meromorphic function f.

This paper is to consider replacing the “derivative” with “difference operator’, which is
defined as follows:

Ayf(z)=f(z+n)-f(z) and A;‘*lf(z) =Af(z+n) - AYf(2), neN,

where 71 is always a nonzero complex constant. This idea is partly due to the work by
Heittokangas et al. in [12]. They were the first to consider a nonconstant meromorphic
function f(z) sharing values with its shift f(z + 1) and to prove the following.

Theorem C ([12]) Let f(z) be a meromorphic function of finite order, and let n € C. If f(z)
and f(z + n) share three distinct periodic functions a,,a,, as € §(f ) with period n CM, then
f2)=f(z+n) forall z € C.

In Theorem C, §(f ) = S(f) U {oo}, where S(f) is the set containing all meromorphic func-
tions a(z) satisfying

T(r,a)=S(r.f), asr—oo,ré¢k,
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where E is an exceptional set of finite logarithmic measure. Theorem C can be read as a
“3 CM” theorem and it has been improved to “2 CM + 1 IM” by Heittokangas et al. [13].
The key theory used in their research consists of the difference counterparts of Nevanlinna
theory of meromorphic functions (see e.g. [3, 10, 11]).

In 2013, Chen and Yi [2] proved the following Theorem D, which was then extended to
Theorem E by Cui and Chen in [4], and to Theorem F by Zhang and Liao in [24].

Theorem D ([2]) Let f(z) be a transcendental meromorphic function such that its order
o(f) is not integer or infinite, and let n be a constant such that f(z + n) # f(z). If f(z) and
A, f(z) share three distinct values a, b, oo CM, then f(z) = A, f (2).

Theorem E ([4]) Let f(z) be a nonconstant meromorphic function of finite order, and let n
be a nonzero finite complex constant. Let a, b be two distinct finite complex constants and
n be a positive integer. If f (z) and Agf(z) share a, b, co CM, then f(z) = Agf(z).

Theorem F ([24]) Let f(z) be a nonconstant entire function of finite order and n be a
nonzero finite complex constant. Let a, b be two distinct finite complex constants. If f(z)
and A,f (z) share a, b CM, then f(z) = A,f(2).

Remark 1.2 We will improve Theorems D—F by the following Theorem 1.1, whose proof
is given with a different method from those in [2, 4, 24].

Theorem 1.1 Let f(z) be a nonconstant entire function of finite order, and let a,, a, be
two distinct finite complex constants. If f (z) and A}f (2) share ay and ay “CM’, then f (z) =
AV (2), and hence f(z) and A}f (z) share ai and a; CM.

Theorem 1.2 Let f(z) be a nonconstant entire function of finite order, and let a,, a; be two
distinct finite complex constants. If f (z) and A}f (z) share a, and ay IM, and

holds, then f(z) = Aﬁf(z), and hence f(z) and A’;f(z) share a1 and a, CM.
As a continuation of Theorem B and Theorem 1.2, we prove the following.

Theorem 1.3 Let f(z) be a nonconstant entire function of finite order, and let a,, a; be two
distinct finite complex constants. If f(z) and A}f(2) share a1 and ay IM, and there exists
some constant A > % such that §(ay,f) + 8(ay,f) = A, then f(z) = Agf(z), and hence f (z) and
AZf(z) share a1 and a, CM.

Other basic concepts and fundamental results of the Nevanlinna theory of meromorphic
functions (see e.g. [14, 23]) may be used directly in what follows.

2 Lemmas

Now we recall two lemmas which are important in the proofs of our theorems. The first
lemma has been used frequently in dealing with value sharing problems related to differ-
ence operators.
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Lemma 2.1 ([11]) Letn € C, n € N, and let f (z) be a meromorphic function of finite order.
Then, for any small periodic function a(z) with period n, with respect to f(z),

m(r, A_Z);) =S(r.f),

where the exceptional set associated with S(r,f) is of at most finite logarithmic measure.

Use the notation Ny (r, ]Tla) (N (r, 7 a)) to denote the counting function of the zeros of

f(z) — a in the disk |z| < r, whose multiplicities < k (> k) and are counted once. Then we
have the following.

Lemma 2.2 ([23]) Let f(z) be a nonconstant meromorphic function, a be an arbitrary com-
plex number, and k he a positive integer Then
(if) N(r,ﬁ) < k+1Nk (r,f_a) + k+1 T(r,f) + O

Lemma 2.3 Suppose that a;,a; € C satisfying a, # as, f(2) is a nonconstant entire function
of finite order sharing ai and a, “CM” with A}f (2). If f (z) # Af (2), then

T(r.f) +S(rf=]221: ( ) ZN(r, - )

Whut is more, iff(z) $ Azf(z) and (1.1) holds, then
) T(r,A%f) = 1)+ S, [);
(11) VbeC\ {al,az} N(r,f 5) = T(r.f)+S(r,f), N(r, ﬁ) =T(r.f) +S(r.f);
(i) N 1) = $0:0), N0, czh7) = S0
(iv) N'(r,a1) + N (r,as) = S(r,f), where N (r,a;) is the reduced counting function of the
multiple common zeros of f — a; and Ajf —a; (i =1,2).

Proof Suppose that f(z) # A7f(2). Since f(z) and A7f(z) share two values a; and a, “CM’,
according to the second fundamental theorem and Lemma 2.1, we can easily derive that

_ 1 — 1
T(r,f)fN(r,f_a1>+N<r,f_a )+S(r,f)

EN{esgg) ElF ) o]

( AJ )+S(r,f)§ <f Anf>+Sr,f)
-1
<T(rf- A’;f) +S(r.f) =m(r,f - A’;f) +S(r,f)

ZI

IA
ZI

AY
< m(r, 7 ) +m(r,f) +S(r.f) < T(r,f) + S(r.f).

Hence we prove the first conclusion.

Page 4 of 16
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Suppose that f(z) # A’;f (z) and (1.1) holds, and we prove conclusions (i)—(iv) step by
step.
Step 1. Notice that f(z) and AZf (z) share the value a; “CM” and (1.1) imply that

N(r, ﬁ) = N(r,ﬁ) + [ﬁ(r, ﬁ) —NE(r,a,»):| =S(r,f). (2.1)
Then, applying the second fundamental theorem again, we have
T(r, A’;f) < ﬁ(r, %) + ﬁ(r, %) + S(r, A:‘f)
W —a ARf —ay
< N(r, ﬁ) +8(r,f) < T(r, A’;f) +S(r.f).
From this and the second equality in the first conclusion, we can see that

T(r, Asf) = T(r,f) + S(r.f).

Step 2. Forall b € C\ {a1, 4}, from the second fundamental theorem, the second equality
in the first conclusion, and conclusion (i), we can derive that

2T(r,f) + S(r,f) = 2T (r, AL)f)
_ 1 — 1 — 1
§N(r,7Agf_al>+N(r,7Agf_a2>+N(r,7Agf_b>+S(r,AZf)
5T(r,f)+ﬁ<r,ﬁ)+5(r,f)

<T(rf)+ T(r, Af}f) +S8(r.f) =2T(r,f) + S(r.f),

which leads to

sz(r, = - b) = T(f) + S(r. /).

Similarly, we can prove that the following equality holds:

N(r, ﬁ) — T(rf) + S(r,f).
Step 3. Set

(Anfy
Agf —a )

Then we get from (2.1) and the lemma of logarithmic derivatives that

h(z) =

T(r,h) =m(r,h) + N(r,h)

(Anfy _ 1 (2.3)
) M) S

Page 5of 16
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It is obvious that /4(z) # 0 since Af;f (2) is not a constant. Hence from (2.1)—(2.3) we can
deduce that

ﬁ(r L ) <ﬁ<r 1 )+ﬁ<r 1)
“(anfy ) =\ A —ay "h

< N(r, ﬁ) + T(r,h) = S(r,f).

Similarly, we can prove that N(r, fl,) =S(r,f).
Step 4. Consider the following function:

"(f — A"
o= U2

S S (2.4)
(f —a)(f - a2)

The condition that f(z) and A}f(z) share two values a; and a; “CM” ensures that g(z) is a
meromorphic function such that all poles of g(z) consist of zeros of f(z) — a; and f(z) — as.

We obtain from Lemma 2.1 and the lemma of logarithmic derivatives that

S =A%) S =A%)
, (f—ﬂl)(f—ﬂz)> +N(r, (f—ﬂl)(f—ﬂz))

(v gmanran) ()

2
(s ]
j=1 /

a, f as f
fm(r, R 'f—ﬂl) +m<r, P .f—d2> +S(r.f)
=S@r,f).

TmQ=mm@+Nm@=mo

Let z; (j=1,2,...) be the multiple common zeros of f — a; and AN —a; (i=1,2),and let
m;; and n;; be the multiplicities of the zero z;; of f —a; and Af’f —a;, respectively. Note that
my, ny; > 2. It follows from expression (2.4) of g(z) that z; (j = 1,2,...) are zeros of g(z) with
multiplicity at least min{rm;, n;;} — 1 > 1. This and (2.5) show that

N'(r,a1) + N (r,as) gﬁ(ré) < T(r,g) = S(r,f). 0

Remark 2.1 Checking the proof of Lemma 2.3 carefully, we can see that all the conclu-
sions of it still hold when 2 “CM” is replaced with 2 IM.

Lemma 2.4 Let f(z) be a nonconstant entire function of finite order, and let a,, a; be two
distinct finite complex constants. If f(z) and A}f (z) share ay and ay IM and (1.1) holds,
then f(z) and A}f (z) share ay and a; “CM’”.

Proof It is easy to find that f(z) and A}f(z) share a; “CM’, since f(z) and A}f(z) share the
value a; IM and (1.1) holds.
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From the second fundamental theorem and (1.1), we have

— 1 — 1
T(rf) §N(r,f_ﬂ1) +N(r,f_a2> +S(r.f)

(2.6)
= ﬁ(r, L) +8(r,.f).
az

Let k = 1. Then (ii) in Lemma 2.2 can be rewritten as

N(r,f _1@) - 1§, (r, 1ﬂ ) . %T(r, 1)+ 0Q). 2.7)

(2.6) and (2.7) give

1) <N () #5001,

a

And due to

_ 1 — 1
Nl)(r’f—@) §N<r’f—a2) <T(f)+Sr.[),

the above inequality implies

T(r,f):ﬁl)(r, L )+S(r,f):ﬁ(r, )+S(r,f), (2.8)
f-a

1
f-a
and thus

— 1
N(z(f,m) :S(V,f).

Similarly, the following equality holds:
n AT 1 n AT 1 n
T(V,AJ):NI) r,m +S(V,AJ)=N r,m +S(r,Ar}'f).
Then, by (i) in Lemma 2.3, we can derive that
— 1 — 1
T(r,f):Nl) I",w +S(r,f):N r,m +S(r,f), (29)

and thus

1
Nelr,——) =Sr.f). .
<z<r Agf—a2> (r.f) (2.10)
By (iv) in Lemma 2.3, one can easily see that

NEe(r,a3) - NP (r,a2) < N (r,a) = S(r, f). (2.11)

Page 7 of 16
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It follows from (2.8), (2.10), and (2.11) that

N(r,f _1@) — Ng(r,a»)

N (i ) NP +50)

(2.12)
<zv< ! ) (ﬁ L)~ ! >+5( £
r, - r,— - r, ————— r,
- f—&lz D f—(lz @ Agf—(lz
=S(r,f).
Since f(z) and A}f(z) share a, IM, from (2.12) we obtain that
N(r,—— )~ Ni(r,a2) = S) 2.13
r,———— | = Ne(r,a3) = S(r,f). .
Ay';f —ay E % ( )
Thus, f(z) and A}f(z) share the value a; “CM”. a

Remark 2.2 We can find that (2.8), (2.12), and (2.13) used in the proof of Theorem 1.1
still hold when 2 IM is replaced with 2 “CM”.

Lemma 2.5 ([3]) Let f(z) be a meromorphic function of finite order p, € be a positive con-
stant, n1 and ny be two distinct nonzero complex constants. Then there exists a subset
E C (1, +00) of finite logarithmic measure such that, for all z satisfying |z| =r ¢ [0,1] UE
and as r — oo sufficiently large,

eey | fz+m)
exp{-r” }<f(Z+772)

< exp{r’o_1+g}.

Lemma 2.6 ([1,9]) Let f(z) be a meromorphic function with finite order p. Then, for any
given ¢ > 0, there exists a set E C (1,+00) of finite linear measure such that, for all z satis-
fying |z| =r ¢ [0,1] U E and r sufficiently large,

exp{—r’””} < [f(z)| < exp{r‘”g}.

Lemma 2.7 ([23]) Suppose that f(z) is a nonconstant meromorphic function in |z| < R and
a; (j=1,2,...,q) are q distinct finite complex numbers. Then

I | 1 1
m(r,jzlf_a]) =j21:m(r,f_aj>+0(l)

holds for 0 <r < R.

3 Proof of Theorem 1.1
Suppose that f(z) # A7f(2). Since f(z) is a nonconstant entire function sharing 4; and a,
“CM” with ATf(2),

AMf(D) -

O —a P (2)e™ (3.1)

Page 8 of 16
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and

AYf(2) - az

O p2(2)e, (3.2)

where p;(z) are meromorphic functions such that p(p;) < o(f) (j = 1,2), and 41 (2), g2(2) are
polynomials such that degpl ) < p(f), degg2(2) < p(f).

If p1(z)en@ =p2(z)e‘72 then we get from (3 1) and (3.2) that f(z) = A:;f(z). Next, we
suppose that p;(2)e?1® = py(z)e?2@. From (3.1) and (3.2), we have

_ (@ —a)(1 - pa(z)e?)
T p1(2)en®@ — py(z)en@

f(z) - (3.3)

Since p(p;) < p(f) (j = 1,2), we can deduce from (3.3) that almost all (except at most S(r,f))
zeros of f(z) — a; are zeros of g(z) := 1 — py(2)e”@. Hence

N(r,f —lal) < ﬁ(r, lee@) +S(r,f) < T(r,e®) + S(r,f). (3.4)

Next, we discuss two cases.
Case 1: deg q2(z) < p(f). It follows from (3.4) that

NGVE

Therefore, Lemma 2.3 is valid now. Let us consider the following two functions:

m>=ﬂnﬂ

F(z) = M G(2) _f-a

M T (3.5)

Notice that f(z) and AJf(z) share two values a; and a4, “CM’, and we see that F(z) and
G(z) are meromorphic functions sharing 0 and co “CM”. By (3.5), (ii) in Lemma 2.3, and
the Valiron—Mokhon’ko theorem (see e.g. [16, 22]), we have

T(r,F)=T(r,ALf) +S(r, A0f) = T(r.f) + S(r.f),

(3.6)
T(r,G)=T(r.f)+S(r.f).
Let
F// G//
9(2) = Ak (3.7)

and we get, by applying the lemma of logarithmic derivatives,
F// G//
m(r,p) < m(r, /) + m(r, —/) +0(1)
F G (3.8)

= S(r,F’) + S(r, G’) =S(r,f).

Clearly, (3.7) shows that the poles of ¢(z) are simple, and they can only come from the
zeros of F'(z) and G'(z) as well as the poles of F(z) and G(z).

Page9of 16
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In the following, suppose that z; is a pole of F(z) and G(z) with the same multiplicity &,
which comes from the zero z; of f — a; and Agf — ay with the same multiplicity k. And
suppose that the following two expansions hold in the neighborhood of z — zj:

A_g A_gi1
F(z) = + +e,
& (z-z)¢  (z-2z)*!
B_ B_
G(Z) _ k + k+1 foen,

(z—2z)k  (z—z)k!

a simple computation shows that

~ F// G//
Y P @
k+1 (k=1)A_gs1
== O(z -
( P + A +0(z zz))
3.9
( k+1+(k—1)B_k+1+O(Z z)> (39)
Z—2 kB,k >
k-1(A_1 Boa
= - O - F)
X ( A . )" (z - 22)
which implies that z; is not the pole of ¢(z).
To consider the zeros of F'(z) and G'(z), we derive from (3.5) that
(a1 — ar)(AZf) —a)f
P 2w { , g-azef ”2){ . (3.10)
(A%f - a2) (f —a2)

Now (iv) in Lemma 2.3 and (3.10) imply that

N(r, %) sﬁ(n (A;nf)/) =S(r.f), ﬁ(n é) sﬁ<r,%) = S(r,f). (3.11)

Then, by (2.12),(2.13),(3.5),(3.7), and (3.11), we can deduce that

N(r,¢)
- ﬁ(r, l) R ﬁ(r, Gi) N, F) + N(r, G) — INg(r, ) + S(r, ) 512
- ﬁ(n ﬁ) " ﬁ(n J%@) —ONE(r,as) + S(r,f) = S(r,f)-
Thus (3.8) and (3.12) give immediately
T(r,0) = m(r, @) + N(r,¢) = S(1.f). (3.13)

If p(z) #£ 0, suppose that z} is a simple common pole of F(z) and G(z), which comes from
the simple common zero z; of f — a4, and A}f — a,.Then (3.9) implies that 23 is a zero of
¢(z) with the multiplicity at least 1, which means that

N;)(r, ar) < N<r, é) < T(r,p)=S(r.f). (3.14)
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Combining (2.8), (2.11), and (2.12) shows that

NP (r,a2) = Ne(r,a2) + S(r.f)
(3.15)

— 1
:N(r,f_@) +8(r.f)=T(r,f)+ S(r.f).

Thus clearly T(r,f) < S(r,f) follows immediately from (3.14) and (3.15). That is impossi-
ble.
Now, we have proved that ¢(z) =0, that is,

F// _ G//
F = E.

Taking integration of this identity twice, we can derive that
F=aG+8, (3.16)

where « (#0) and 8 are constants.

Next, we discuss two subcases.

Case 1.1: a; is not a Nevanlinna exceptional value of f(z). The condition that f(z) and
A7f(z) share the value a; “CM” ensures that there exists z3 such that f(z3) = AZf (z3) = aq,
and then from (3.5), F(z3) = G(z3) = 0. Therefore 8 = 0, and (3.16) becomes

F=aG. (3.17)
Since f(z) # A}f(2), we see that & # 1. Thus, 1 must be a Picard exceptional value of F(z)

and G(z), we can deduce easily from (3.17) that 1, o are Picard exceptional values of F(z),

and 1, % are Picard exceptional values of G(z). This fact and (3.5) show that

f —a; 1
G= 4=
f-as
That is,
a | —ay
Fe , (3.18)
oa—-1
which means that =% is a Picard exceptional value of f(z). Obviously, 52 # a,,a;.

On the other hand, by (ii) in Lemma 2.3, the following equality holds:

N(r,f_a%) =T(r,f)+S(r.f).

a-1
This contradicts (3.18).
Case 1.2: a; is a Nevanlinna exceptional value of f(z). Since f(z) and A’;f (z) share a;

“CM’ a is also a Nevanlinna exceptional value of A7f, and thus 0 is a Nevanlinna excep-
tional value of F(z) and G(z). From (3.5) and (3.16), we see that 0, 1, 8, « + and 0, 1, —g,
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% are Nevanlinna exceptional values of F(z) and G(z), respectively. As f(z) # A,’;f (2), we

geta #1.Hence B =1, a + 8 =0. And now (3.16) is of the form
F=-G+1. (3.19)

From (3.19), we know that F(z) and G(z) share % CM, which implies that f(z) and A7f(2)
share another value 2a; — a, (# a1,a;) CM. Then

W(n}%@) +ﬁ<r,m)
e
< T(rf = &) = m(rf - &)
<o(n 2 ) et < 10450,

This and (3.15) yield N(r,f 2ﬂ1 - )) S(r,f). On the other hand, by (i) in Theorem 2.3, the
following equality holds:

1
N(r’m) = T(r,f) +S(r.f)-

This is a contradiction.

Case 2: deg q»(z) = p(f). If deg q1(z) < p(f), then we can deduce similar contradictions as
in Case 1. Thus, degqi(z) = p(f). Suppose that deg g1 (z) = deg g2(z) = p(f) = d. Obviously,
d > 1. Otherwise, we get a contradiction from (3.3 that

p(f) < max{p(p1), p(p2)}.
Set

q1(z) = Ayt +Ag 2%+ + Ay
and

q2(2) = Baz® + Bg_12* 1 + -+ + By,

then A;B; #0.Denote A = rie, By = r2e", A, + By = r3¢", where 6; € [-7,7),/ = 1,2,3.
From (3.1) and (3.2), we have

AY apre” —aipre® + (a1 — az)pipae™ P (3.20)
f-a (@2 —a1)(1 - paen2) ' '

Notice that

n

AMf = ANf —a) = Y (-1YC)(f(z+ (n—j)m) —a)), j=1,2.

Jj=0

Page 12 of 16
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Set ¢ = max{p(p1), p(p2)} and ¢ = min{%, %}, then applying Lemma 2.5 we see that there
exists a subset E; C (1, +00) of finite logarithmic measure such that, for all z satisfying
|z| = r ¢ [0,1] U E; and as r — oo sufficiently large,

rd—1+s } < Aﬁf

Ad-1+¢ .
<expir , j=12. (3.21)
f—dj { }

exp{—

By Lemma 2.6, for ¢ given above, there exists a set E; C (1, +00) of finite linear measure
such that, for all z satisfying |z| = r ¢ [0, 1] U E; and r sufficiently large,

exp{-r?*} < |p;(2)| <exp{r®*}, j=1,2. (3.22)

Case 2.1: ry > max{ry, r3} := ry. For the point ¢; = —6,/d € [-7,7), we see that, for all

z = |z|e"t = re'1,
A = st = max{rzrd, r3rd} > max{ReAdzd,Re(Ad + Bd)zd}. (3.23)

Then we deduce from (3.20)—(3.22) that, for all z = re! satisfying |z| = r ¢ [0, 1] UE; UE,
and r sufficiently large,

|as| exp{rlrd(l + 0(1)) - r9+9}

n

<|apre® | = + arpre” — (ay — ay)p1pre™

(a2 - 611)(1 —Pzeqz)f

AV
a

(ay —a1)(1 —Pzeqz)f -

—a;

=

+ |a1p2e®| + (a1 — ax)p1p2e™ |

1

< (|a1| + |a2|)(1 + exp{r‘”a}) exp{rd_“s} + |aq] exp{rgrd(l + 0(1)) + 79”}
+ (la1] + |as) exp{rgr/’l(l +0(1)) +2r°*}

<exp{rar’(1+0(1))}.

However, from (3.23) we see that this is impossible.
Case 2.2: ry > max{rq, r3}. Rewrite (3.20) as the form

Aﬁf B azpleql _ alpzqu + (al _ ﬂz)P1P23q1+q2
f-a (az —a1)(1 - prent) '

With this and reasoning as in Case 2.1, we can deduce a similar contradiction.

Case 2.3: r3 > max{ry, r.}. Reasoning as in Case 2.1, we can deduce a similar contradiction
again.

Case 2.4: 11 = 15 = r3. Since Ay = 1€, By = rye%2, Ay + By = r3€'%3, 01, 65, and 63 must be
distinct and satisfy

16— 6] € (0,27}, 1<j<k<3.
Thus, for ¢; = —6,/d and z = re¥!, we have

Ay = > max{r1 cos(0y + dgs)r?, ri cos(0, + dgz)z)rd}

= max{Reded,Re(Ad + Bd)zd}.

With this and arguing as in Case 2.1, we can also deduce a similar contradiction.

Page 13 0of 16
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Thus, we finally prove that f(z) = AZf (2)

Remark 3.1 From Lemma 2.4 and Theorem 1.1, we can get Theorem 1.2 immediately.

And we omit it.

4 Proof of Theorem 1.3
We begin our proof by supposing that f (z) # A}f(z). We get immediately from Lemma 2.1
that

T(r, Af) = m(r, A%) < m(r, Af”nf

) el f) = T(f) + 1),

which also gives S(r, A%f) < S(r.f).
Since f(z) and AJf(z) share two values a; and a, IM, we get by applying the second

fundamental theorem that

T(rf)<N(r,f ) <f >+S(rf)
-N(ny = ) ( ) S0 <27(8) + (0.
And hence
T(r, ALf) = S T(,) + SO @1

Using Lemma 2.1 and Lemma 2.7, one can easily prove that

m(”f—lal)m(%%az)
=m<r,1%al +f_1a2>+0(1) (4.2)
<n(r. AJ) Q= & fiz>+o(”<’”(”:,f>+5(rf)

The assumption 8(as,f) + 8(asz,f) > X means that

N(r, L) +N<r, L) < @=WT0f) +Strf). (4.3)
f-a f-a

We get by combining (4.2) and (4.3) that

1 1 1
m(r,A—gf> zZT(r,f)—N(r,jTal) _N(r’f—az) +0(1) wa
> AT (r,f) + S(r.f).
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On the other hand, we can derive by using Lemma 2.7 and the lemma of logarithmic
derivatives that

<—><f><>

@y (Anf)/ (Anf)/ 1 '

Sm(r, A Anf p Anf a2)+m(r’(Agf)/)+O(1)

<m ( (Anf)'> +S8(r,f).

Noting that f(z) shares two values a; and a, IM with A7f(z), we can derive that
N 1 N 1

(V’ Aﬁf—al) * (r, Agf—az)

SN( S J) T(rf - ALf) = m{rf - %) (4.6)
AY

< m(r, 7 ) +m(r.f) < T(r,f) + S(r.f).

Furthermore, from (4.6) we know

1 1
N(r’iAgf—a1>+N(r’7Agf—a2)
<N 1 N 1 N 1
< (r’iAgf—a1>+ (r’iAgf—az)+ (r’—(Agf)/) (4.7)
=10 +N (5 ) 500

Hence (4.5) and (4.7) lead to

m(r, @) +2T(r, A}f) + O(1)

1 1 1
:m(r,m) + T(r, 7Agf—zz1> + T(r, 7Agf—a2)
=< T(T,f) + T<I", (A,l’;f)/> +S(}’,f)

T(r.f)+ T(r, Af;f) +S(r.f).

Since A > %, we can conclude easily from the above inequality and (4.4) that

T(r, AWf) < T(rf) - m(r, L) +5(r.f)

ALf
<(L=DTC) + S0 < S TC) +S01),

which contradicts (4.1). Hence f(z) = A}f(2).
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