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1 Introduction
Partial differential equations are invariably important in almost all fields of applied math-
ematics and science [1-3]. Particularly, one can observe that partial differential equations
have been utilized in few places to help in the use of ordinary differential equations such
as in the study of waves in liquids, propagation of sound, gravitational attraction and vi-
brations of strings [4]. On the other hand, partial fractional differential equations have
presented adequate interpretations for many physical problems in areas such as fluid me-
chanics, biological populations, viscoelasticity, advection—diffusion, nuclear science and
signals processing [5, 6]. In many cases, like the heat equation, wave equation, Poisson
equation and Laplace equation, the problems remained unsolved due to the nonlinearity
property of these equations. Owing to this limitation, various techniques like numerical
methods for approximating solutions are used to problems modeled by nonlinear partial
differential equations involving initial and boundary conditions [7-12].

Very recently, fractional differential equations (FDEs) have become intensively rich the-
ory and found applications in various fields. These equations, which involve derivatives or
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integrals of fractional order, have resulted in a great interest for many researchers due to
their effective applications in physics, chemistry, chaotic dynamical systems and random
walks with memory in different fields of applied mathematics and engineering. Partic-
ularly emphasis has been put to the topics on existence, uniqueness and stability of so-
lutions of differential equations of fractional order; see [13—25] and the references cited
therein. The corresponding discrete counter part, fractional order difference equations
(FODEs), have appeared as a new research area for mathematicians and scientists. The
study of discrete fractional calculus was initiated by Miller and Ross [26] and then de-
veloped by several other researchers [27—-41]. In the meantime, researchers have adopted
the fact that dealing with FODEs provides a more accurate description than FDEs and
the use of FODEs facilitates applications that require computational and simulation anal-
ysis.

The organization of the remaining part of the paper is outlined as follows: Fundamental
definitions and concepts are introduced in Sect. 2. Section 3 is devoted to the discussion
on existence and uniqueness results for a discrete FBVP (3.1). The main results of this sec-
tion are obtained by using the contraction mapping principle and the Brouwer fixed point
theorem. In Sect. 4, we develop conditions for Hyers—Ulam and Hyers—Ulam—Rassias sta-
bility of the discrete FBVP. The applications are discussed in Sect. 5 which is followed by

our conclusion.

2 Auxiliary preliminaries
Now we present some fundamental definitions and essential lemmas of discrete fractional
calculus that are to be used throughout this paper.

Definition 2.1 (see [31, 32]) Let « > 0. The ath fractional sum of a function W is defined

as
1 X—o
AW = —— Y (x—£-1)@Dw(p),
I'(a)
l=a
forallxe{a+a,a+o+1,...} ;= N, and @ := rl(;(fﬁl)

Definition 2.2 (see [30-32]) Let @ >0 and set i = # — «. The ath fractional Caputo dif-
ference operator is defined as

SAYW(x) = A (A" (x)) = Z(x £ - 1) DAMY(p),

(1)

forallx € N,y and n— 1 <o < n, where n = [a] and [.] is the ceiling of a number.

Lemma 2.3 (see [28, 39]) Let x and a be any numbers for which x'* and x“~V) are defined.
Then Ax@ = gqx@D,

Lemma 2.4 (see [38,39]) Let0<N -1<a <N. Then

N-Lo o (e-N+))

ATBEAT W (x) = W(x) - Z F@+j=D N[A“NY(a)],
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= \.Il(x) + le(a_l) + Bzx(d—Z) + o0+ BNx(‘Y—N)’
for B; e R, wherei=1,2,...,N.

Lemma 2.5 (see [27, 31, 32]) Suppose that o > 0 and V is defined on N,. Then

—a)¥
SN

n-1
AEANW(x) = W(x) - Y
j=0

=Vx)+Co+Crx+---+ Cn_1x(”’1),
for C; e R, wherei=0,1,2,...,n—1.

Lemma 2.6 (see [30, 37]) If o and x are any numbers, then
1 Y (- — 1)) = LD

v al“(x—ozltl)'L .
2 Y+ L—€— 1)) = LIt

Lemma 2.7 (see [29]) Let u € R\{...,-2,-1}. Then

- I(u+1)
T T(p+a+1)

(a+p)

A—ax(l/-)

3 Existence and uniqueness of solutions
In this section, we will discuss the existence and uniqueness of solutions to a discrete
fractional boundary value problem (FBVP) of the form

SAwx) =¥(x+a-1Lwrx+a-1), l<a<2,

Aw(a -2) = A, w(a +L) =B,

(3.1)

forx € [0,L]y, ={0,1,...,L}, A, Bare somereal constants, ¥ : [« =2, + L]y, , xR — Riis
continuous function, § A is the Caputo fractional difference operator (CFDO) and L € Nj.
Now, we state and prove an important theorem which will be helpful to obtain a form of
the solution of (3.1), provided that the solution exists.

Theorem 3.1 Letl<a <2and V¥ :[a - 2,0 + L]y, , — R be given. Then a function w is
a solution to the discrete FBVP

gAfc‘w(x) =Vx+a-1), x€[0,L]n,

Aw(a —2)=A, w(a +L) =B,

(3.2)

ifand only if w(x), for x € [@ — 2,a + L], _, is a solution to the following fractional Taylor’s
difference formula:

X—o

w(x) =p(x) + ﬁ g(x -1 VW +a-1)
(3.3)

L
1
> (e +L--1)* VW +a-1),
I'(a) =
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where p is the unique solution to the discrete FBVP

gAgP(x) =0,
Ap(a—2) =A, pla+L)=B.

(3.4)

Proof Suppose that p is a solution to (3.4). Using Definition 2.1 together with Lemma 2.5
shows that

px)=Co+Cix, x€la-2,a+L]y,, (3.5)
where Cy, C; € R. Applying the operator A to both sides in (3.5), we get
Ap(x) = C;. (3.6)

Using the boundary conditions Ap( — 2) = A and p(« + L) = B in (3.5) and (3.6), then it
turns out that Cy = B—A(x + L) and C; = A. Using Cy and C; in p(x), we are left with

px) =A[x - (a+L)] +B. (3.7)

Let w(x) be a solution to (3.2). In view of Lemma 2.5, we obtain a general solution to (3.2)

in the form
wx) = AW(x+a—-1)+Cy+ Cax,x € [0 — 2,0 + L]y, _,»

where C;, C3 € R. Whence, by Definition 2.1, we have

w(x) = ﬁ ;(x -1 DY +a—-1)+Cy + Ca. (3.8)

Applying the operator A on both sides in (3.8), we get

x—o+1

1 Z (x=0-1)DU +a-1)+Cs. (3.9)
=0

INa-1)

Aw(x) =

By the boundary conditions Aw(« —2) = A and w(« + L) = B, we obtain C, = B—A(x + L) -
ﬁ ZLO(“ +L—0—-1)*DW(l+a-1)and C; = A. Using the values of C,, C3 and p(x) in
w(x), we deduce that

_ LNy _
w(x) = p(x) + ) ;(x £-1) Y +a-1)

. (3.10)

1
—— DN @+L-t-1D)VYl+a-1).
I'(x) =

Conversely, it is easy to show that the solution (3.10) satisfies the discrete FBVP (3.2). The
proof of the theorem is complete. d

Page 4 of 19
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For applications using the contraction mapping principle and the Brouwer fixed point
theorems, the following operator is defined:

(Tw)(x) = p(x) + i(x £ - (Z +a—-1,wl+a- 1))
. (3.11)
1
——— Y (@+L—-€¢-1D)“VV(l+a-1Lwl+a-1)),
I'(x) 52:0:

forx € [@ -2, +L]y,_,. Obviously, w(x) is a solution to (3.1) if it is a fixed point of the oper-
ator 7. For our convenience, we consider the Banach space E with norm ||w|| = max |w(x)|
forxefo—-2,a+ L]y, ,.

Theorem 3.2 Assume the following.
(Hy1) There exists a constant K > 0 such that |V (x, w) — W(x,w;)| < K|w — wy| for each
xe€la-2,a+L]n, , and all w,w, € E.
Then the discrete FBVP (3.1) has a unique solution on E provided that

2l + L +1) 1 (3.12)
Ta+DIL+1) K ’

Proof Let w,w; € E. Then, for each x € [@ — 2, + L], _,, we have
|(Tw)(x) — (Tw1) (%)

S )Z(x -1

x|[Wt+a-1,wl+a-1)-V(+a-1,w(l+a-1)|

L
Z(a+L £—1)«V
=0

x|[W+a-1,wl+a-1)-W(+a-1,w(l+a-1)]

X—o

L
K
mZ(a +L—0— 1)(”_1)‘w(£+a— D—wl+oa- 1)’.
=0

It follows that

1 Tw — Tw |

Kllw— w1 K|w—wi| -

-w ) -m (@-1)

<Y - S TR N N L - 1)
(@) = I'(«) =

<K||w—w1|| I'x+1) +K||w—w1|| Mo+L+1)
') al(x —a +1) I'(x) al'(L+1)

<|: 2N (e + L + 1) ]KH il
S| Ta+)r@+n [ M

Page 5 of 19
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which implies that 7T is a contraction. By the contraction mapping principle, 7 has a unique

fixed point which is a unique solution to the discrete FBVP (3.1). The proof is complete. [J

Theorem 3.3 Assume that V : [ — 2,a + L]y, , x R — R is continuous and M >
MaXye[g-24+1] |[P(X)|, Where p is the unique solution of the discrete FBVP (3.4). Let Q =
max{|W(x,w)|:x € [« - 2,0 +L]y,_,,w € E, |w| <2M}. Then the discrete FBVP (3.1) has a

solution provided

_MP@+1)M(L+1)

~ 2l(e+L+1) (3.13)

Proof Let M >0 and we define the set S = {w(x) € E: ||w|| < 2M]}. To prove this theorem,
we only need to show that 7' maps S in S. For w(x) € S, we have

’(Tw x)’ x)+m2(x -1 Dy (E+a—1,w(€+a—1))

Z((x+L -1 DY ra-1,wl+a-1))

F(a

xX—o

L 1) _ _
§}p(x)‘+r(a)§(x £-1) "I/(€+a Lwl+a 1))|

Z(Ol+L =DV (Cra—1,wl +a-1))

F(a)
Q x—o L
<M+ s {;(x — -1y ;(a +L—€- 1)<a-1>}

<M+ Q |: C(x+1) +F(a+L+1):|’
Moa+1) | Tx+1-a) I'(L+1)

IMNoa+L+1)

ITwll <M + 2Qm

From (3.13), we have || Tw|| < 2M, which implies that 7 maps S in S. Thus, T has at least
one fixed point which is a solution to the BVP (3.1) according to the Brouwer fixed point

theorem. O

4 Stability analysis
In this section, the stability analysis is presented for the following discrete FBVP:

RAw(x) =W(x+a-Lwx+a-1), l<a<2,

Aw(a —2)=A, w(a +L) =B,

(4.1)

for x € [0,L]y,, where A*A% is the Riemann-Liouville fractional difference operator
(RLFDO). We now investigate the solution of (4.1), provided that the solution exists.
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Theorem 4.1 Let 1 <a <2 and ¥ : [ — 2, + L]y, , = R be given. A solution to the
discrete FBVP

gLAfc‘w(x) =V(x+a-1), x€l0,L]y,

(4.2)
Aw(a-2)=A, w(a + L) =B,
has the form
w(x) = q(x) + Z x—0 -1 DU +a-1)
£=0
o B (4.3)
F—Z(O{+L -1V +a-1),
+ a1 (a— +
where u(x) = aiLil) [BT (o) (x L+21 ) = 2@ ] such that = m and q
is the unique solution to the discrete FBVP
RLAot
2q(x) = (4.4)

Agla-2)=4, qla+L)=B,
where - A% is the RLEDO.

Proof Let g be a solution to (4.4) defined on [« — 2, + L]y,_,. Using Definition 2.1 and

Lemma 2.4, we get

q(x) = Cux®™V 4+ Cox*2, (4.5)
for some C,, Cs € R. Applying the operator A on both sides in (4.5), we get

Au(x) = Cala — D2 + Cs(a — 2)x 4.,

Using the boundary conditions Ag(a — 2) = A and g(« + L) = B, we deduce that

BI(L +2) [ ﬁF(a)]_ AB BB ()T (L +2)

d Cs=BA-
Ta+L+1)|  L+2 and  C5=p

4 L+2 T@+L+1)

Substituting the values of C, and Cs in g, we obtain

(a-1)
qlx) = BTE+2) Vg (A _l@ri+2) 2)B> |:x(“‘2) . i| (4.6)

Ma+L+1) Ma+L+1) L+2

Assume that w is a solution to (4.2). From Lemma 2.4, we obtain a general solution for
(4.2) as

X—o

1
w(x) = @ Z(x =1 DY +a—1) + Cex® D + Ca@?, (4.7)
=0

Page 7 of 19
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for some Cq, C; € R. Applying the operator A on both sides in (4.7), we get

x—a+1

Aw(x) = 1)22“ -1 DU +a-1)

+ Cela — D@2 4 Gy = 2)x @,

In view of Aw(« — 2) = A and w( + L) = B, we get the value of Cg and C; as follows:

L
Ce= e +2) [1+ﬂF(a):|<B_ . Z(OZ+L—K—1)(O’_1)\IJ(K+04—1))

Ma+L+1) L+2 I'(a) =
Ap
L+2
and
B BT (c)T'(L +2) 1 < -ty
Cr=PBA- FW+L+1){B—FW);}a+L -1V +a - 1@

Substituting the values of Cg, C; and ¢ into (4.7), we obtain w in the form

xX—a

w(x) = q(x) + ﬁ ZXz():(x -1 VY +a-1)

~

x

L
D e+ L)W +a-1).
=0

’—J

(o)

The definitions of Ulam stability for fractional difference equation are introduced in the
sequel on the basis of [32, 37].

Definition 4.2 If, for every function v € E of

’gLAfc‘v(x) - \Il(x +a-1,vix+o— 1))‘ <€, x€]0,L]n,, (4.9)
where € > 0, there exists a solution w € E of (4.1) and positive constant §; > 0 such that

’V(x) - w(x)’ <616, x€la-2,a+L]n,, (4.10)
then the discrete FBVP (4.1) is said to be Hyers—Ulam stable.
Definition 4.3 If, for every function v € E of

|§LAgv(x) - \Il(x +oa—1vix+a-— 1))| <ePx+a-1), x€l0,Lln, (4.11)
where € > 0, there is a solution w € E of (4.1) and positive constant §; > 0 such that

’V(x) - w(x)’ <8edx+a-1), xecla-2,a+L]n,, (4.12)

then the discrete FBVP (4.1) is said to be Hyers—Ulam—Rassias stable.
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Remark 4.4 A function v € E is a solution to (4.9) if and only if there exists g: [@ — 2, +
L] — R satisfying

(Hy) lgx+a -1)] <€, x € [0,bln,,

(H3) A% (x)=V(x+a—1,vx+a—1) +gx+a—1),x€[0,b]y,

A similar remark can be formulated for inequality (4.11).

Lemma 4.5 Ifv solves (4.9), then

v(x) — qx)—mZx -1 Dy (K+oz—1,v(£+oc—1))
(%) Jo-
;l(z)Z( 1)\IJ(E+01—1,V(E+oz—1))
- elMa+L+1)

T+ 1)IL+1)

Proof If v solves the inequality (4.9), then from Remark 4.4 and Lemma 2.4, the solution
to (Hs) satisfies

X—o

v(x)—q(x)+%2(x -1+ - Lyl +a-1))

F( )Z( L—Z—1)(“_1)\D(£+a—1,v(£+oz—l))

Z(x -1 Vgt + - 1).

F( )
Hence,
v(x) — g(x) — Zx Z—l)("“l)\ll(£+oe—1,v(£+a—1))
-0
() &
—F—XO:( a+L—€-1)VW(Cra-1,vl+a-1))

ﬁ D x—t-1)* Vgt +a-1)
£=0

LNy _
—r(a)g(’“ -1 Vgt +a-1)|

€ Cx+1)
T TMNa)al(x+1-«)
elMla+L+1)

ST@rOr@ 1)’ -
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Theorem 4.6 Suppose that the hypothesis (Hy) together with the inequality (4.9) is satis-
fied. Then the discrete FBVP (4.1) is Hyers—Ulam stable provided that

Mo+ DI +1)

K . 413
S T (@+L+1) (4.13)

Proof With the help of solution (4.8) and Lemma 4.5, for x € [« — 2,« + L]n,_,, we have

|v(x)—w(x)|
< v(x)—q(x)—ﬁ _ = €-1)*DW(+a—1,wl+a-1))
=0
?Ex)Z( FL-L-1)" DUt —1,w(l +a—1))
< |v(x) - q(x)—% (x—E—1)(“’1)\P(£+a—1,v(£+o¢—1))

_F(_ @Dy (¢ +a-1,v¢+a-1))

L

Z

Zx £—1)@D
-0

x| W(l+a-1vl+a-1)-W(l+a-1Lwl+a-1))

|u(x>L
Z +L—¢-1)@D

=0

X |\11(E+a—1,v(£+ot—1))—\Il(£+ot—1,w(£+a—1))|.
It follows that

EF(Ol +L+ 1)
|v(x) - wx)| < T+ DL+ D)

xX—a

+%;(x—€—l)("”|v(£+a—1)—w(£+a—1)|
K|u
['(a)

- el(a+L+1) I(||v—w||[ Fx+1) ]

ST@+D)IL+1) | T@ |alx+l-a)
K||v—w|||u(x)|I:F(oz+L+1):|

T T al'(L+1)

Z( +L—C-1) Dyl +a—-1)-wl+a-1)

Therefore, we are left with

elMNa+L+1) 2KT(x + L +1)

W=wl= e DresD  Tas DL+ D)

lv—wl.
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T(a+L+1)
M D@2k @D > 0

Thus, Eq. (4.1) is Hyers—Ulam stable. O

From the above inequalities, we have ||v — w| < ¢, where §; =

We assume the following.
(Hs) Let ® € [0 — 2,0 + L]y, , — R* be an increasing function, and there exists a con-
stant A > 0 such that

F(e )§ x=l-1) Vol +a-1)<redw+a—1), xe[0,Lly,.
o
=0

Lemma 4.7 Ifv solves (4.11), then

X—o

v(x) — gq(x) — ﬁ Z(x — -1 DY+ a1l +a - 1))
=0

L
(—Za+L £ -1) 1)\Il(€+01—1 V(€+oz—1))

'1

<AeP(x+oa-1).

Proof From inequality (4.11), for x € [@ — 2, + L]n,_,, we can find a function OLA"‘ (x) =
Uax+a—-Lvix+a—-1)+gx+a—1)and |glx+ o —1)] <eP(x+a —1). It follows that

xX—a

v(x) — q(x) - %) (x—@—1)(“_1)\Il(ﬁ+a—1,v(£+a—1))
=0

F(—XO: + L=Vl ra-1,v(¢+a-1))

X—o

= ﬁ D x—t-1)* Vgt +a-1)
£=0

FL Z(x—Z —1)le D lg(t + o = 1)

< ﬁ Lzzo:(x -1 VoU+a-1)

<AredP(x+a-1). a

Theorem 4.8 If the hypotheses (Hy), (Hy) and the inequality (4.13) are satisfied, then a
discrete FBVP (4.1) is Hyers—Ulam—Rassias stable.

Proof With the help of Lemma 2.6, Lemma 4.7 and solution (4.8), we obtain

lv—=w| < 8e®P(x+a-1);

where 8, = F(Ml;\lf((f‘:ll))_l;(é;&bl) > 0. Thus (4.1) is Hyers—Ulam—Rassias stable. O

Page 11 of 19
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5 Applications

Some suitable examples are presented to validate the theoretical results and numerical
solutions to the discrete FBVP (3.1) and (4.1) with different applications by using Caputo
and Riemann-Liouville fractional difference operators. Computational aspects regarding

numerical values and diagrams are executed with MATLAB.

5.1 Steady-state heat equation

Consider the mathematical model of heat flow in a rod made out of a heat—conducting
material, subject to an external heat source along its length and some boundary conditions
at each end. Let w(x, t) denote the temperature distribution at the real position x varying
only with any real time ¢, where a < x < b along some finite length of the rod. The general
form of the one dimensional non-homogeneous heat equation with heat generation [4] is

given as
we(x, 1) = (k(x)wy (e, t))x + (1), (5.1)
where k(x) is the coefficient of heat conduction, which may vary with x, and ¥ (x,¢) is

the heat source (or sink). Equation (5.1) is often called the diffusion equation. The heat

equation (5.1) reduces to

Wi (%, £) = kwyy(x, ) + Y (x, 8), (5.2)
subject to the initial condition

w(x,0) = w(x), (5.3)
and the Neumann-Dirichlet boundary conditions

wy(a,t) = A(t), and w(b,t) = B(t), (5.4)
where the rod is assumed to be insulated at one end and the temperature is specified at
the other end. In general, we expect the temperature distribution to change with time.
However, if ¥ (x, ), A(¢) and B(¢) are all time independent, Egs. (5.2), (5.3) and (5.4) are
called initial boundary value problems.

Now we are interested in computing the steady-state solution to the above problem and

by setting w; = 0 in (5.2), we obtain the steady-state heat equation in x as the following

ordinary differential equation:

w(x)=W(x), a<x<b,

w(a) = A, w(b) = B,

(5.5)

where W(x) = —@, a, b, A and B are real valued constants. The above steady-state heat
equation with Neumann-Dirichlet boundary conditions (5.5) is transformed to the dis-
crete FBVPs (3.2) and (4.2).
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Example 5.1 Suppose that W(x) =x®, L =1, A = 0 and B = 0 where we have different
fractional orders « like @ = 1.1, @ = 1.4, « = 1.7 and « = 2. Then the discrete fractional
order steady-state boundary value problems (3.2) and (4.2) become

SAYw(x) = (x +a - 1), xe[0,1]y,,

Aw(a -2)=0, w(a +1) =0,

(5.6)

where §A% = SA% or §A% = B A%, The solutions of (5.6) can be formulated for different
values of o by using the procedure discussed in the previous sections. Indeed, by using
Definition 2.1 and Lemma 2.7 in (3.3) and (4.3) we obtain

— > ==+ -1 = A (x+a - 1)@
I'(x) =

_ T _ 1)(@+8)
“TEra eI
'(9) F'x+a)

FrO+a) I'(x-8)

1 X—
— — ¢ —1)eDp _1)® -
o) ;w Y D +a—1)

Similarly, we find

_T(9 T@a+l)
"TO+a) T@-7)"

L
1

—_— Z(a +L—0-1) D +a-1)®

') =

If A% = S A then the analytical solution to (5.6) has the form

reo) 'x+a) ING)! I'2a +1)
w(x) = p(x) + T [ ] [ ]

O+a)|Tx-8) | TO+a)| Ta-7)

where p(x) is defined in Theorem 3.1. If $ A% = XL A% then the analytical solution to (5.6) is

w(x) = qx) + r'(9) |:F(x+a)]+u() r'(9) |:1"(2a+1)}

FO+a)| Tx-8) TO+a)| T@=7)

where g and u are defined as in Theorem 4.1. For the values of the fractional orders « €
(1,2] and x € [0, 1], the solutions with respect to the Riemann-Liouville operator exhibit
better results than the Caputo difference operator, as seen in Fig. 1(a) and Fig. 1(b) and as
shown in Table 1 and Table 2. When « = 2, the graphs of both solutions are provided in
Fig. 1(c). Note that both curves are overlapping. In three dimensions the solution surfacing
over different values of & and x are shown in Fig. 2.

Example 5.2 Suppose that W(x) = x©, L =4, A = 0 and B = 1 where we have different
fractional orders o like = 1.1, = 1.4, « = 1.7 and o = 2. Then the discrete fractional
order steady-state boundary value problems (3.2) and (4.2) become

SAYW(x) = (x +a —1)O,  xe[0,4]y,,

Ax(a—2)=0, x(o+4)=1,

(5.7)
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Figure 1 Steady-state solutions curves for x using (a) CFDO, (b) RLFDO and (c) comparison of steady-state
solutions at & = 2 of Example 5.1

Table 1 Steady-state solutions to fractional order a € (1,2] varying x € [0, 1] using CFDO

o X

0 0.2 04 0.6 038 1
1.1 -12.6308 379.5102 398.6517 265.5418 108.0197 -12.6308
14 -21.9303 1752079 196.3280 1326556 47.8625 -21.9303
17 -11.8009 94.3783 110.9082 784466 303342 -11.8009
2 0 60.3317 72.2430 54.8485 26.3561 0
Table 2 Steady-state solutions to fractional order a € (1,2] varying x € [0, 1] using RLFDO
o X

0 0.2 04 0.6 0.8 1
1.1 -11.6531 380.3625 399.3875 266.1692 108.5459 -12.1991
14 -17.0644 179.7338 2004577 136.3639 51.1397 —-19.0852
1.7 -9.3400 96.8351 113.2805 80.6855 324082 -9.9130
2 0 60.3317 72.2430 54.8485 26.3561 0

where §A% is either § A% or 5 A%. By using a similar method to Example 5.1, we obtain the

steady-state solutions to this problem. If A% = § A% then the analytical solution to (5.7) is

W) = pla) + I'(7) |:F(x+a):|

(7)) [T +4)
I'7+a)|[ T'(x-6) [ }

" T7+a)| T@-2)

where p is defined in Theorem 3.1. If jA% = 8- A% then the analytical solution to (5.7) is

w(x) = q(x) + @) |:F(x+a)]+u(x)

(7)) [TQa+4)
F7+a)| Tx-6) [ }

Ir'7+a)| T'(la-2)

Page 14 of 19
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(a) Solution using CFDO

(b) Solution using RLFDO

Figure 2 Surface plots of corresponding steady-state solutions to different values of & and x using (@) CFDO
and (b) RLFDO of Example 5.1

Solutions curves using CFDO

—_—a=11

a=14 ——a=17 =——a=2

Solutions curves using RLFDO

—a=11 =——q=14 ——a=17 =——a=2

Figure 3 Steady-state solutions curve varies x using (@) CFDO and (b) RLFDO of Example 5.2

Table 3 Steady-state solutions to fractional order a € (1,2] varying x € [0,4] using CFDO

o X
0.8 1.6 24 32 4
1.1 2.8703 6.4278 04364 44414 1.9626 2.8703
14 94796 11.6840 7.7750 10.6799 87377 94796
1.7 13.0258 14.4482 11.8027 13.9575 124130 13.0258
2 1.0000 1.9489 0.1038 1.7332 04891 1.0000
Table 4 Steady-state solutions to fractional order « € (1,2] varying x € [0,4] using RLFDO
o X
0.8 1.6 24 32 4
1.1 24241 6.0714 0.1503 4.2122 1.7813 2.7303
14 5.8591 85303 5.1595 85738 7.1033 82826
1.7 7.8519 9.3432 7.1890 9.9419 9.0286 10.2804
2 1.0000 1.2822 —-1.2295 -0.2668 -2.1776 -2.3333

where g and u are defined as in Theorem 4.1. For the values of the fractional orders « €

(1,2] and x € [0, 4], it is realized that the solutions with respect to the Riemann-Liouville

operator exhibit better results than the Caputo difference operator, as seen in Fig. 3(a)

and Fig. 3(b) and as shown in Table 3 and Table 4. As we see in Fig. 3, the trajectories of

both solutions do not overlap for fractional orders « € (1,2] with x increasing. In three

dimensions, the solution surfaces over different values of o and x are shown in Fig. 4.

Page 15 0f 19
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(a) Solution using CFDO (b) Solution using RLFDO

16

14 15.

Figure 4 Surface plots of corresponding steady-state solutions to different values of & and x using (a) CFDO
and (b) RLFDO of Example 5.2

5.2 Simple gravity pendulum
In [4], the following differential equation, which represents the motion of a simple pendu-
lum, is considered:

d2

d—xv: + %sin(w(x)) =0, (5.8)
where g is the acceleration due to the gravitational constant, y is the length of the pendu-
lum and w is the angular displacement.

Example 5.3 Let us consider the parameters A = 0, B = 1, L = 1 with fractional order « =
1.3. Then the discrete fractional order boundary value problems (3.1) and (4.1) for the
simple pendulum become

sABW(x) = U(x+0.3,wx +0.3), x€0 1]y,
Aw(-0.7) =0, w(2.3) =1,

(5.9)

where §A% = FA% or A% = (P AL and W(x + 0.3, w(x + 0.3)) = —£ sin(w(x + 0.3)). For
the values of ¢ = 9.8 m/s?, y = 60 m, we choose K = £ =0.1633. If jA}® = § A}, in this
case, inequality (3.12) takes the form

|: 2 (e + L + 1)

ST 1 ~07513<1.
Wa+DF@+D} <

Therefore, from Theorem 3.2, we conclude that the boundary value problem (5.9) has a
unique solution. Furthermore, if jAl = 8- Al3, we obtain

Mo+ 1L +1)

~ 0.2174.
2N + L +1)

If K = 0.1633 < 0.2174 and the inequality
’gLA}C'Sv(x) - W(x +0.3,v(x + 0.3))’ <e€, x€[0,1]y,,

holds, then the boundary value problem (5.9) is Hyers—Ulam stable by Theorem 4.6.

Page 16 of 19
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5.3 Temperature distribution equation

In [8, 10, 16], the authors considered the following mathematical model, which describes
the temperature distribution in lumped system of combined convection-radiation in a
slab made of materials with variable thermal conductivity:

Dw(x) —nqwt(x) =0, l<a<2,x€]0,1],
w'(0) =0, w(l) =1,

(5.10)

T-T, t
T;-Tq VpcalSh

The parameter n = (T - T,)&, where V, S, p, ¢, Ty, T,, ¢, and h are the volume, surface

and x =

where w = are dimensionless temperature and time, respectively.

area, density, specific heat, the initial temperature, temperature of the convection environ-
ment, specific heat at temperature T, and heat transfer coefficient of the lumped system,
respectively.

Example 5.4 Supposethata =1.4,L =1,1 =4 x 10719 and M = 250 with W (x, w) = nw*(x).
Then we obtain the discrete fractional order heat transfer boundary value problem (5.10)
and it takes the form

SAM*w(x) = nwH(x +0.4), x€l0,1],
AW(=0.6)=0,  w(2.4)=1.

(5.11)

The main result of (5.11) is discussed in Sect. 2. The Banach space is
E = {w(x)[[-0.6,2.4]n o, — R, lw] < 500}.

We note that

MD (o +1)I'(L+1)
2w+ L +1)

=250(0.2083) =~ 52.0833.

It is clear that |W(x, w)| < 25 < 52.0833, whenever w € [-500,500]. Therefore by Theo-
rem 3.3, we conclude that the boundary value problem (5.11) has at least one solution.

6 Conclusion
This work made a study of a discrete fractional boundary value problem with the Ca-
puto and Riemann-Liouville difference operators. The existence and uniqueness of so-
lutions and various types of Hyers—Ulam stability are discussed for the addressed prob-
lem based on the properties of fractional operators, the contraction mapping principle
and the Brouwer fixed point theorem. Theoretical results are complemented with suit-
able examples accompanied by numerical solutions for different values of « and x. The
discrete FBVP appearing in mathematical models of engineering applications is solved via
the Riemann-Liouville and Caputo difference operators. Subsequently, the dynamics ex-
hibited by RLFDO and CFDO for the proposed models is illustrated through diagrams.
Furthermore, the occurrence of overlapping or non-overlapping cases is presented in the
graphical representations.

Results obtained in the present paper can be considered as a contribution to the devel-
oping field of discrete fractional boundary value problems describing mathematical and
physical applications.
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