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Remark 1.1 Taking pn = p, for all n � N, then C(p) is reduced by Lim (see [2]) to cesp, he
defined and determined its dual spaces and characterize some matrix classes.

The multiplication operators and operator ideals theorems give an importance in func-
tional analysis, since it has numerous applications in fixed point theorem, geometry of
Banach spaces, spectral theory and eigenvalue distributions theorem etc. For more details
see [3–14]). On sequence spaces, Mursaleen and Noman (see [15]) investigated the com-
pact operators on some difference sequence spaces, Komal and Gupta (see [16]) studied
the multiplication operators on Orlicz spaces equipped with the Luxemburg norm and
Komal et al. (see [17]) examined the multiplication operators on Cesáro sequence spaces
equipped with the Luxemburg norm. Some of operator ideals in the class of Hilbert spaces
or Banach spaces are generated by numeric sequence spaces. For example the ideal of
compact operators is defined by the space of Kolmogorov numbers and C0. Pietsch (see
[18]), examined the quasi-ideals generated by � p (0 < p < � ) and the approximation num-
bers. He proved that the ideals of nuclear operators and of Hilbert–Schmidt operators
between Hilbert spaces are defined by � 1 and � 2 respectively. He showed that the class of
all finite rank operators are dense in the Banach quasi-ideal and the algebra L(� p), where
(1 � p < � ) is simple Banach space. Pietsch (see [19]), showed that the quasi-Banach op-
erator ideal formed by the sequence of approximation numbers is small. Makarov and
Faried (see [20]) proved that, for any infinite dimensional Banach spaces X, Y and for
any q > p > 0, Sapp

� p (X,Y ) is strictly contained in Sapp
� q (X,Y ). Faried and Bakery (see [21])

introduced the concept of pre-quasi-operator ideal which is more general than the usual
classes of operator ideal, they studied the operator ideals formed by s-numbers, general-
ized Cesáro and Orlicz sequence spaces � M , and showed that the operator ideal formed
by approximation numbers and the previous sequence spaces is small under certain con-
ditions. The aim of this article to study the concept of pre-quasi-norm on C(p) which is
more general than the usual norm, and give the conditions on C(p) equipped with the pre-
quasi-norm to be Banach space. We give the necessity and sufficient conditions on C(p)
equipped with the pre-quasi-norm such that the multiplication operator defined on C(p)
is a bounded, approximable, invertible, Fredholm and closed range operator. The com-
ponents of pre-quasi-operator ideal generated by the sequence of s-numbers and C(p) is
strictly contained for different powers are determined. Furthermore, we give the sufficient
conditions on C(p) equipped with a pre-modular such that the pre-quasi-Banach opera-
tor ideal constructed by s-numbers and C(p) is small, simple and its components is closed.
Finally the class of all bounded linear operators, whose sequence of eigenvalues belongs
to C(p) is the same as the pre-quasi-operator ideal formed by the sequence of s-numbers
and C(p).

2 Definitions and preliminaries
The spaces of all finite rank, compact and approximable operators on X are denoted by
F(X), Lc(X) and � (X), respectively.

Lemma 2.1 (see [18]) Let T � L(X,Y ). If T is not approximable, then there are operators
G � L(X) and B � L(Y ) such that BTGek = ek , for all k � N.

Definition 2.2 (see [18]) A Banach space X is called simple if the algebra L(X) contains
one and only one non-trivial closed ideal.
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Theorem 2.3 (see [18]) If X is infinite dimensional Banach space, we have

F(X) � � (X) � Lc(X) � L(X).

Definition 2.4 (see [22]) A bounded linear operator D : X � X is called Fredholm if D
has closed range, dim(kerD) and co-dim(rangeD) are finite.

Definition 2.5 (see [23]) A class of linear sequence spaces X is called a special space of
sequences (sss) if

(1) ei � X for all i � N,
(2) if u = (ui) � w, v = (vi) � X and |ui| � | vi| for every i � N, then u � X “i.e. X is solid”,
(3) if (ui)�i=0 � X , then (u[ i

2 ]
)�i=0 � X , wherever [ i

2 ] means the integral part of i
2 .

Definition 2.6 (see [23]) A subclass of the special space of sequences called a pre-modular
(sss) if there is a function � : X � [0, � [ satisfying the following conditions:

(i) � (u) � 0 for each u � X and � (u) = 0 � u = � , where � is the zero element of X ,
(ii) there exists L � 1 such that � (� u) � L|� |� (u) for all u � X , and for any scalar � ,

(iii) for some K � 1, � (u + v) � K(� (u) + � (v)) for every u, v � X ,
(iv) if |ui| � | vi| for all i � N, then � ((ui)) � � ((vi)),
(v) for some K0 � 1, � ((ui)) � � ((u[ i

2 ]
)) � K0� ((ui)),

(vi) the set of all finite sequences is � -dense in X . This means that, for each
u = (ui)�i=o � X , and for each 	 > 0, there exists s � N such that � ((ui)�i=s) < 	 ,

(vii) there exists a constant 
 > 0 such that � (� , 0, 0, 0, . . .) � 
 |� |� (1, 0, 0, 0, . . .) for any
� � R.

The concept of pre-quasi-operator ideal which is more general than the usual classes of
operator ideal.

Definition 2.7 (see [23]) A function g : � � [0, � ) is said to be a pre-quasi-norm on the
ideal � if the following conditions holds:

(1) For all T � � (X,Y ), g(T) � 0 and g(T) = 0 if and only if T = 0,
(2) there exists a constant M � 1 such that g(� T) � M|� |g(T), for all T � � (X,Y ) and

� � R,
(3) there exists a constant K � 1 such that g(T1 + T2) � K[g(T1) + g(T2)], for all

T1,T2 � � (X,Y ),
(4) there exists a constant C � 1 such that if T � L(X0,X), P � � (X,Y ) and R � L(Y ,Y0)

then g(RPT) � C� R� g(P)� T � , where X0 and Y0 are normed spaces.

Definition 2.8 (see [24]) An s-number function is a map defined on L(X,Y ) which as-
sociate to each operator T � L(X,Y ) a non-negative scalar sequence (sn(T))�n=0 assuming
that the taking after states are verified:

(a) � T � = s0(T) � s1(T) � s2(T) � · · · � 0, for T � L(X,Y ),
(b) sm+n–1(T1 + T2) � sm(T1) + sn(T2) for all T1,T2 � L(X,Y ), m,n � N,
(c) ideal property: sn(RVT) � � R� sn(V )� T � for all T � L(X0,X), V � L(X,Y ) and

R � L(Y ,Y0), where X0 and Y0 are arbitrary Banach spaces,
(d) if G � L(X,Y ) and � � R, we obtain sn(� G) = |� |sn(G),
(e) rank property: if rank(T) � n, then sn(T) = 0 for each T � L(X,Y ),
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(f ) norming property: sr� n(In) = 0 or sr<n(In) = 1, where In represents the unit operator
on the n-dimensional Hilbert space � n

2 .

There are several examples of s-numbers, we mention the following:
(1) The nth approximation number, denoted by 
 n(T), is defined by


 n(T) = inf
�
� T – B� : B � L(X,Y ) and rank(B) � n

�
.

(2) The nth Kolmogorov number, denoted by dn(T), is defined by

dn(T) = inf
dimY � n

sup
� x�� 1

inf
y� Y

� Tx – y� .

Notations 2.9 (see [21])

SE :=
�

SE(X,Y );X and Y are Banach Spaces
�
,

where SE(X,Y ) :=
�

T � L(X,Y ) :
�
si(T)


 �
i=0 � E

�
,

Sapp
E :=

�
Sapp

E (X,Y );X and Y are Banach Spaces
�
,

where Sapp
E (X,Y ) :=

�
T � L(X,Y ) :

�

 i(T)


 �
i=0 � E

�
,

SKol
E :=

�
SKol

E (X,Y );X and Y are Banach Spaces
�
,

where SKol
E (X,Y ) :=

�
T � L(X,Y ) :

�
di(T)


 �
i=0 � E

�
.

Theorem 2.10 (see [25]) Let E� be a pre-modular (sss). Then the linear space F(X,Y ) is
dense in SE� (X,Y ), where g(T) = � (sn(T)�n=0).

Theorem 2.11 (see [21]) The function g(T) = � (si(T))�i=0 is a pre-quasi norm on SE� ,where
E� is a pre-modular (sss).

During this paper, we define en = {0, 0, . . . , 1, 0, 0, . . .} where 1 appears at the nth place
for all n � N, the following well-known inequality (see [26]): |ai + bi|pi � H(|ai|pi + |bi|pi ),
where H = max{1, 2supi pi–1}, 0 � pi � supi pi < � and ai,bi � C for every i � N are used.

3 Main results
We give here the concept of pre-quasi-norm on C(p) which is more general than the usual
norm, and give the conditions on this sequence space equipped with the pre-quasi-norm
to be a Banach space.

Definition 3.1 Let X be special space of sequences (sss). Assume there is a function � :
X � [0, � [ satisfying the following conditions:

(i) � (x) � 0 for each x � X and � (x) = 0 � x = � , where � is the zero element of X ,
(ii) there exists L � 1 such that � (� x) � L|� |� (x) for all x � X , and for any scalar � ,

(iii) for some K � 1, we have � (x + y) � K(� (x) + � (y)) for every x, y � X .

The space X with � is called pre-quasi-normed (sss) and denoted by X� , which gives a
class more general than the quasi-normed space. If the space X is complete with � , then
X� , is called a pre-quasi-Banach (sss).
We express the following two theorems without verification, since they are clear.
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Theorem 3.2 Every quasi-norm (sss) is pre-quasi-norm (sss).

Theorem 3.3 Every pre-modular (sss) is pre-quasi-normed (sss).

Theorem 3.4 If (pn) is an increasing bounded sequence with p0 > 1, then the space (C(p))�

is a pre-modular Banach (sss), where � (x) =
� �

n=0(
� 2n+1–2

k=2n–1 |xk |
2n )pn , for all x � C(p).

Proof (1-i) let x, y � C(p). Since (pn) is bounded, we have

� (x + y) =
��

n=0

� � 2n+1–2
k=2n–1 |xk + yk |

2n

� pn

� H

�
��

n=0

� � 2n+1–2
k=2n–1 |xk |
2n

� pn

+
��

n=0

� � 2n+1–2
k=2n–1 |yk |
2n

� pn
�

= H
�
� (x) + � (y)



< � ,

then x + y � C(p).
(1-ii) let � � C, x � C(p) and since (pn) is bounded, we have

� (� x) =
��

n=0

� � 2n+1–2
k=2n–1 |� xk |

2n

� pn

� sup
n

|� |pn
��

n=0

� � 2n+1–2
k=2n–1 |xk |
2n

� pn

= sup
n

|� |pn � (x) < � .

Then � x � C(p), from (1-i) and (1-ii) C(p) is a linear space.
Since (pn) is an increasing bounded sequence with p0 > 1, for all m � N we have

� (em) =
��

n=0

� � 2n+1–2
k=2n–1(em)k

2n

� pn

=
�

1
2n0

� pn0
< � ,

where n0 � N is such that 2n0 – 1 � m � 2n0+1 – 2. Hence em � C(p), for all m � N.
(2) Let |xn| � | yn| for all n � N and y � C(p). Hence

� (x) =
��

n=0

� � 2n+1–2
k=2n–1 |xk |
2n

� pn

�
��

n=0

� � 2n+1–2
k=2n–1 |yk |
2n

� pn

= � (y) < � ,

we get x � C(p).
(3) Let (xn) � C(p), we have

� (x[ n
2 ]
) =

��

n=0

� � 2n+1–2
k=2n–1 |x[ k

2 ]
|

2n

� pn

=
��

n=0

� � 22n+1–2
k=22n–1 |x[ k

2 ]
|

22n

� p2n

+
��

n=0

� � 22n+2–2
k=22n+1–1 |x[ k

2 ]
|

22n+1

� p2n+1

�
��

n=0

� � 22n+1–2
k=22n–1 |x[ k

2 ]
|

22n

� pn

+
��

n=0

� � 22n+2–2
k=22n+1–1 |x[ k

2 ]
|

22n+1

� pn
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�
��

n=0

� � 22n+1–2
k=22n–1 |x[ k

2 ]
|

2n

� pn

+
��

n=0

� � 22n+2–2
k=22n+1–1 |x[ k

2 ]
|

2n

� pn

�
�
2H2 + 3H


 ��

n=0

� � 2n+1–2
k=2n–1 |xk |
2n

� pn

,

then (x[ n
2 ]
) � C(p).

(i) Clearly, � (x) � 0 and � (x) = 0 � x = � .
(ii) There is a number L = max{1,supn |� |pn–1} � 1 with � (� x) � L|� |� (x) for all

x � C(p) and � � C.
(iii) We have the inequality � (x + y) � H(� (x) + � (y)) for all x, y � C(p).
(iv) It is clear from (2) that (C(p))� is solid.
(v) It is clear from (3) that K0 � (2H2 + 3H) � 1.

(vi) It is clear that F = C(p).
(vii) There exists a constant 0 < 
 � | � |p0–1 such that � (� , 0, 0, 0, . . .) � 
 |� |� (1, 0, 0, 0, . . .)

for any � 	= 0 and 
 > 0, when � = 0.
Hence the space (C(p))� is pre-modular (sss). To prove that (C(p))� is a pre-modular

Banach (sss), suppose xn = (xn
k )

�
k=0 is aCauchy sequence in (C(p))� , then, for every 	 � (0, 1),

there exists a number n0 � N such that, for all n,m � n0, one has

�
�
xn – xm


=
��

i=0

� � 2i+1–2
j=2i–1 |xn

j – xm
j |

2i

� pi

< 	 supi pi .

Hence, for n,m � n0 and i � N, we get

�
�xn

i – xm
i

�
� < 	 .

So (xm
i ) is a Cauchy sequence in R for fixed i � N, this gives limm�� xm

i = x0i for fixed i � N.
Hence � (xn – x0) < 	 supi pi , for all n � n0. Finally to prove that x0 � C(p), we have

�
�
x0



= �

�
x0 – xn + xn


� H
�
�

�
xn – x0



+ �

�
xn



< � ,

so x0 � C(p). This means that (C(p))� is a pre-modular Banach (sss). �

Corollary 3.5 If 1 < p < � , then (cesp)� is a pre-modular Banach (sss), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )p for all x � cesp.

4 Multiplication operator on pre-quasi-normed (sss)
We define in this section a multiplication operator on C(p) with a pre-quasi-norm and
give the necessity and sufficient conditions on the multiplication operator to be bounded,
approximable, invertible, Fredholm and closed range operator.

Definition 4.1 Let � � CN be a bounded sequence and E� be a pre-quasi-normed (sss),
the multiplication operator is defined as T� : E � E, where T� x = � x = (� kxk)�k=0, for all
x � E. If T� is continuous, we call it a multiplication operator induced by � .
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Theorem 4.2 If � � CN and (pn) is a bounded sequence, then � � � � if and only if T� �

L((C(p))� ), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj |

2i )pi for all x � (C(p))� .

Proof Let � � � � . Then there exists C > 0 such that |� n| � C, for all n � N. For x � (C(p))� ,
since (pn) is a bounded sequence, we have

� (T� x) = � (� x) = �
�
(� kxk)�k=0



= �

��
|� k ||xk |


 �
k=0




=
��

i=0

� � 2i+1–2
j=2i–1 |� j||xj|

2i

� pi

�
��

i=0

� � 2i+1–2
j=2i–1 C|xj|

2i

� pi

� A� (x),

where A = supn Cpn , this implies that T� � L((C(p))� ).
Conversely, let T� � L((C(p))� ). To show that � � � � . For, if � /� � � , then, for every

n � N, there exists some in � N such that � in > n. Now

� (T� ein ) = � (� ein ) =
��

i=0

� � 2i+1–2
j=2i–1 |� j|(ein )j

2i

� pi

=
�

|� in |
2i0

� pi0
>

�
n
2i0

� pi0
= npi0 � (ein ),

where i0 � N be such that 2i0 – 1 � in � 2i0+1 – 2. This shows that T� is not a bounded
operator. So, � must be a bounded sequence. �

Theorem 4.3 Let � � CN and (C(p))� be a pre-quasi-normed (sss), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi , for all x � (C(p))� . |� n| = 1, for all n � N if and only if T� is an isometry.

Proof Let |� n| = 1, for all n � N. Then

� (T� x) = � (� x) = �
�
(� kxk)�k=0



=

��

i=0

� � 2i+1–2
j=2i–1 |� j||xj|

2i

� pi

=
��

i=0

� � 2i+1–2
j=2i–1 |xj|

2i

� pi

= � (x),

for all x � (C(p))� . Hence T� is an isometry.
Conversely, let T� be an isometry and |� n| < 1 for all n � N. Then

� (T� x) = � (� x) = �
�
(� kxk)�k=0



=

��

i=0

� � 2i+1–2
j=2i–1 |� j||xj|

2i

� pi

<
��

i=0

� � 2i+1–2
j=2i–1 |xj|

2i

� pi

= � (x).

Also if |� n| > 1, then we get � (� x) > � (x). In both cases, we get a contradiction. Hence,
|� n| = 1, for all n � N. �

Theorem 4.4 Let � � CN, (pn) be a bounded sequence and T� � L((C(p))� ), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for all x � (C(p))� . Then T� � � ((C(p))� ) if and only if (� n)�n=0 � C0.
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Proof Let T� be an approximable operator. Hence T� is compact operator. We have to
show that (� n)�n=0 � C0. For if this is not true, then there exists � > 0 such that B� = {r � N :
|� r| � � } is an infinite set. Let d1,d2, . . . ,dn, . . . be in B� . Then {edn : dn � B� } is an infinite
bounded set in (C(p))� . We have

� (T� edn – T� edm ) = � (� edn – � edm ) = �
��

� k
�
(edn )k – (epm )k



 �
k=0




=
��

i=0

� � 2i+1–2
j=2i–1 |� j((edn )j – (epm )j)|

2i

� pi

�
��

i=0

� � 2i+1–2
j=2i–1 |� ((edn )j – (epm )j)|

2i

� pi

�
�
inf

n
� pn

� ��

i=0

� � 2i+1–2
j=2i–1 |((edn )j – (epm )j)|

2i

� pi

=
�
inf

n
� pn

�
� (edn – edm ),

for all dn,dm � B� . This proves {edn : dn � B� } is a bounded sequence, which cannot have a
convergent subsequence under T� . This shows that T� cannot be a compact, hence is not
approximable operator, which is a contradiction. Hence, limn�� � n = 0.
Conversely, suppose limn�� � n = 0. Then, for every � > 0, the set B� = {n � N : |� n| � � }

is finite. Then

��
C(p)



�



B�

=
�

x = (xn) �
�
C(p)



� : n � B�

�

is a finite dimensional space for each � > 0. Therefore, T� |((C(p))� )B� is a finite rank oper-
ator. For each n � N, define � n : N � C by

(� n)m =

�
�

�
� m, m � B 1

n
,

0, otherwise.

Clearly, T� n is a finite rank operator as the space ((C(p))� )B 1
n
is finite dimensional for each

n � N. Now, by using (pn) is a bounded sequence, we have

�
�
(T� – T� n )x



= �

���
� m – (� n)m



xm


 �
m=0




=
��

i=0,i� B 1
n

� � 2i+1–2
j=2i–1 |(� j – (� n)j)xj|

2i

� pi

+
��

i=0,i /� B 1
n

� � 2i+1–2
j=2i–1 |(� j – (� n)j)xj|

2i

� pi
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=
��

i=0,i� B 1
n

�
� 2i+1–2

j=2i–1,j /� B 1
n

|� jxj|

2i

� pi

+
��

i=0,i /� B 1
n

�
� 2i+1–2

j=2i–1,j /� B 1
n

|� jxj|

2i

� pi

<
�
1
n

� infn pn ��

i=0

� � 2i+1–2
j=2i–1 |xj|

2i

� pi

=
�
1
n

� infn pn

� (x).

This proves that � T� – T� n � � ( 1n )
infn pn and that T� is a limit of finite rank operators and

hence, T� is an approximable operator. �

Theorem 4.5 Let � � CN, (pn) be a bounded sequence and T� � L((C(p))� ), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for all x � (C(p))� . Then T� � Lc((C(p))� ) if and only if (� n)�n=0 � C0.

Proof It is easy so omitted. �

Corollary 4.6 Let (pn) be a bounded sequence, we have

Lc
��

C(p)



�



� L

��
C(p)



�



,

where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for all x � C(p).

Proof Since the identity operator I on (C(p))� is a multiplication operator induced by the
sequence � = (1, 1, . . .), we have I /� Lc((C(p))� ) and I � L((C(p))� ). �

Theorem 4.7 Let (C(p))� be a pre-quasi-Banach (sss), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for
all x � C(p) and T� � L((C(p))� ).Then � is bounded away from zero on N\ ker(� ) := ker(� )c

if and only if T� has closed range.

Proof Let � be bounded away from zero on ker(� )c. Then there exists � > 0 such that
|� n| � � , for all n � ker(� )c. We have to prove that range (T� ) is closed. Let f be a limit
point of range (T� ). Then there exists a sequence T� xn in (C(p))� , for all n � N such that
limn�� T� xn = f . Clearly, the sequence T� xn is a Cauchy sequence. Now, since � is non-
decreasing, we have

� (T� xn – T� xm)

= �
��

� j(xn)j – � j(xm)j

 �

j=0



=

��

i=0

� � 2i+1–2
j=2i–1 |� j(xn)j – � j(xm)j|

2i

� pi

=
��

i=0,i� ker(� )c

� � 2i+1–2
j=2i–1 |� j(xn)j – � j(xm)j|

2i

� pi

+
��

i=0,i /� ker(� )c

� � 2i+1–2
j=2i–1 |� j(xn)j – � j(xm)j|

2i

� pi
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�
��

i=0,i� ker(� )c

� � 2i+1–2
j=2i–1 |� j(xn)j – � j(xm)j|

2i

� pi

=
��

i=0

� � 2i+1–2
j=2i–1 |� j(yn)j – � j(ym)j|

2i

� pi

>
��

i=0

� � 2i+1–2
j=2i–1 |� (yn)j – � (ym)j|

2i

� pi

= �
�
� (yn – ym)



,

where

(yn)k =

�
�

�
(xn)k , k � ker(� )c,

0, k /� ker(� )c.

This proves that (yn) is a Cauchy sequence in (C(p))� . But (C(p))� is complete. Therefore,
there exists x � (C(p))� such that limn�� yn = x. In view of the continuity of T� , hence
limn�� T� yn = T� x. But limn�� T� xn = limn�� T� yn = f . Therefore, T� x = f . Hence f �
range(T� ). This proves that T� has closed range.
Conversely, suppose that T� has closed range. Then T� is bounded away from zero

on ((C(p))� )ker(� )c . That is, there exists � > 0 such that � (T� x) � � (� x), for all x �
((C(p))� )ker(� )c . Let D = {k � ker(� )c : |� k | < � }. If D 	= � , then, for n0 � D, since � is non-
decreasing, we have

� (T� en0 ) = �
��

� k(en0 )k


 �

k=0) = �
��

|� k |
�
�(en0 )k

�
�
 �

k=0



=

��

i=0

� � 2i+1–2
j=2i–1 |� j||(en0 )j|

2i

� pi

<
��

i=0

� � 2i+1–2
j=2i–1 � |(en0 )j|

2i

� pi

= � (� en0 ),

which is a contradiction. Hence, D = � so that |� k | � � , for all k � ker(� )c. This proves the
theorem. �

Theorem 4.8 Let � � CN and (C(p))� be a pre-quasi-Banach (sss), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for all x � C(p). There exist a > 0 and A > 0 such that a < � n < A; for
all n � N if and only if T� � L((C(p))� ) is invertible.

Proof Let the condition be true. Define � � CN by � n = 1
� n
. Then by Theorem 4.2, T�

and T� are bounded linear operators. Also T� .T� = T� .T� = I . Hence, T� is the inverse
of T� . Conversely, let T� be invertible. Then range(T� ) = ((C(p))� )N. Therefore, range(T� )
is closed. Hence, by Theorem 4.7, there exists a > 0 such that |� n| � a, for all n � ker(� )c.
Now ker(� ) = � ; otherwise � n0 = 0, for some n0 � N, in which case en0 � ker(T� ) which is a
contradiction, since ker(T� ) is trivial. Hence, |� n| � a, for all n � N. SinceT� is bounded, so
by Theorem 4.2, there exists A > 0 such that |� n| � A, for all n � N. Thus, we have proved
that a � | � n| � A, for all n � N. �

Theorem 4.9 Let (C(p))� be a pre-quasi-Banach (sss), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for
all x � C(p) and T� � L((C(p))� ). Then T� is a Fredholm operator if and only if:

(i) ker(� ) is a finite subset of N.
(ii) |� n| � � , for all n � ker(� )c.
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Proof Let T� be Fredholm. If ker(� ) is an infinite subset of N, then en � ker(T� ), for all
n � ker(� ). But en ’s are linearly independent, which shows that ker(T� ) is an infinite dimen-
sional which is a contradiction. Hence, ker(� ) must be a finite subset of N. The condition
(ii) comes from Theorem 4.7. Conversely, If the conditions (i) and (ii) are true, then we
prove that T� is Fredholm. By Theorem 4.7, the condition (ii) implies that T� has closed
range. The condition (i) implies that ker(T� ) and (range(T� ))c are finite dimensional. This
proves that T� is Fredholm. �

5 Completeness and closedness of the pre-quasi-ideal components
We give here the sufficient conditions on C(p) such that the components of pre-quasi-
operator ideal SC(p) are complete.

Theorem 5.1 If X, Y are Banach spaces and (pn) is an increasing bounded sequence

with p0 > 1, then (S(C(p))� , g), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for all x � C(p) and g(T) =
� ((sn(T))�n=0) is a pre-quasi-Banach operator ideal.

Proof Since (C(p))� is a pre-modular (sss) by Theorem 3.4, then from Theorem 2.11, the
function g(T) = � ((sn(T))�n=0) is a pre-quasi-normon S(C(p))� . Let (Ti) be aCauchy sequence
in S(C(p))� (X,Y ), since L(X,Y ) 
 S(C(p))� (X,Y ), we get

g(Ti – Tj) =
��

n=0

� � 2n+1–2
m=2n–1 sm(Ti – Tj)

2n

� pn

�
�
� Ti – Tj�


 p0 ,

then (Tj)j� N is a Cauchy sequence in L(X,Y ). While the space L(X,Y ) is a Banach space,
there exists T � L(X,Y ) with limi�� � Ti – T � = 0 and while (sn(Ti))�n=0 � (C(p))� for each
i � N, using definition (2.6) conditions (iii), (iv) and � being continuous at � , we get

g(T) =
��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� pi

=
��

i=0

� � 2i+1–2
j=2i–1 sj(T – Tm + Tm)

2i

� pi

� K
��

i=0

� � 2i+1–2
j=2i–1 s[ j

2 ]
(T – Tm)

2i

� pi

+ K
��

i=0

� � 2i+1–2
j=2i–1 s[ j

2 ]
(Tm)

2i

� pi

� K
��

i=0

� � 2i+1–2
j=2i–1 � Tm – T �

2i

� pi

+ KK0

��

i=0

� � 2i+1–2
j=2i–1 sj(Tm)

2i

� pi

< 	 ,

we have (sn(T))�n=0 � (C(p))� , then T � S(C(p))� (X,Y ).
We give here the sufficient conditions on C(p) such that the components of pre-quasi-

operator ideal SC(p) are closed. �

Theorem 5.2 If X, Y are normed spaces, (pn) is an increasing bounded sequence with

p0 > 1, then (S(C(p))� , g) is a pre-quasi-closed operator ideal, where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj |

2i )pi

for all x � C(p) and g(T) = � ((sn(T))�n=0).

Proof Since C(p) is a pre-modular (sss) by Theorem 3.4, from Theorem 2.11, the function
g(T) = � ((sn(T))�n=0) is a pre-quasi-norm on S(C(p))� . Let Tm � S(C(p))� (X,Y ) for all m � N
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and limm�� g(Tm – T) = 0, since L(X,Y ) 
 S(C(p))� (X,Y ), we get

g(T – Tj) =
��

n=0

� � 2n+1–2
m=2n–1 sm(T – Tj)

2n

� pn

�
�
� T – Tj�


 p0 ,

then (Tj)j� N is a convergent sequence in L(X,Y ). While (sn(Tj))�n=0 � (C(p))� for each
j � N, hence using definition (2.6) conditions (iii), (iv) and � is continuous at � , we ob-
tain

g(T) =
��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� pi

=
��

i=0

� � 2i+1–2
j=2i–1 sj(T – Tm + Tm)

2i

� pi

� K
��

i=0

� � 2i+1–2
j=2i–1 s[ j

2 ]
(T – Tm)

2i

� pi

+ K
��

i=0

� � 2i+1–2
j=2i–1 s[ j

2 ]
(Tm)

2i

� pi

� K
��

i=0

� � 2i+1–2
j=2i–1 � Tm – T �

2i

� pi

+ KK0

��

i=0

� � 2i+1–2
j=2i–1 sj(Tm)

2i

� pi

< 	 ,

we have (sn(T))�n=0 � (C(p))� , then T � S(C(p))� (X,Y ). �

6 Smallness and simpleness of the pre-quasi-Banach operator ideal
We give here the sufficient conditions on C(p) such that the pre-quasi-operator ideal
formed by the sequence of s-numbers and this sequence space is strictly contained for
different powers.

Theorem 6.1 Let X, Y be infinite dimensional Banach spaces and for any 1 < pn < qn for
all n � N, it is true that

SC(p)(X,Y ) � SC(q)(X,Y ) � L(X,Y ).

Proof Let the conditions be satisfied, if T � SC(p)(X,Y ), then (sj(T)) � C(p). We have

��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� qi

<
��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� pi

< � ,

hence T � SC(q)(X,Y ). Next, if we take (sj(T))�j=0 such that

2i+1–2�

j=2i–1

sj(T) = 2i(i + 1)–
1
pi ,

one can find T � L(X,Y ) with

��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� pi

=
��

i=0

1
i + 1

= �



Bakery and Mohamed Journal of Inequalities and Applications        (2020) 2020:219 Page 13 of 17

and

��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� qi

=
��

i=0

�
1

i + 1

� qi
pi
< � .

Hence T does not belong to SC(p)(X,Y ) and T � SC(q)(X,Y ).
It is easy to verify that SC(q)(X,Y ) � L(X,Y ). Next, if we take (sj(T))�j=0 such that

� 2i+1–2
j=2i–1 sj(T) = 2i(i + 1)–

1
qi . One can find T � L(X,Y ) such that T does not belong to

SC(q)(X,Y ). This completes the proof. �

Corollary 6.2 For any infinite dimensional Banach spaces X, Y and 1 < p < q < � , then

Scesp (X,Y ) � Scesq (X,Y ) � L(X,Y ).

In this part, we give the conditions for which the pre-quasi-Banach operator ideal Sapp
C(p)

is small.

Theorem 6.3 If (pn) is an increasing bounded sequence with p0 > 1, then the pre-quasi-
Banach operator ideal Sapp

C(p) is small.

Proof Let (pn) be an increasing bounded sequence with p0 > 1, take � = (
� �

i=0 2
–ipi )

1
supi pi .

By using Theorems 3.3 and 3.4. Then (Sapp
C(p), g), where

g(T) =
1
�

�
��

i=0

� � 2i+1–2
j=2i–1 sj(T)

2i

� pi
� 1

supi pi

is a pre-quasi-Banach operator ideal. Let X and Y be any two Banach spaces. Suppose
that Sapp

C(p)(X,Y ) = L(X,Y ), then there exists a constant C > 0 such that g(T) � C� T � for
all T � L(X,Y ). Suppose that X and Y be infinite dimensional Banach spaces. Hence by
Dvoretzky’s theorem (see [27]) for n � N, we have quotient spaces X/Nn and subspaces Mn

of Y which can be mapped onto � n
2 by isomorphisms Hn and An such that � Hn�� H–1

n � � 2
and � An�� A–1

n � � 2. Let In be the identity map on � n
2 , Qn be the quotient map from X

onto X/Nn and Jn be the natural embedding map from Mn into Y . Let � j be the Bernstein
numbers (see [28]) then

1 = � j(In) = � j
�
AnA–1

n InHnH–1
n



� � An� � j

�
A–1

n InHn

 �� H–1

n
�
�

= � An� � j
�
JnA–1

n InHn

 �� H–1

n
�
� � � An� dj

�
JnA–1

n InHn

 �� H–1

n
�
�

= � An� dj
�
JnA–1

n InHnQn

 �� H–1

n
�
� � � An� 
 j

�
JnA–1

n InHnQn

 �� H–1

n
�
� ,

for 0 � i � n. Now

2i+1–2�

j=2i–1

2–i �
2i+1–2�

j=2i–1

2–i� An� 
 j
�
JnA–1

n InHnQn

 �� H–1

n
�
�

� 1 � � An� 2–i
2i+1–2�

j=2i–1


 j
�
JnA–1

n InHnQn

 �� H–1

n
�
�
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� 1 �
�
� An�

�
� H–1

n
�
� 
 pi

�

2–i
2i+1–2�

j=2i–1


 j
�
JnA–1

n InHnQn


� pi

.

Therefore,

(n + 1)
1

supi pi � L� An�
�
� H–1

n
�
�

� n�

i=0

�

2–i
2i+1–2�

j=2i–1


 j
�
JnA–1

n InHnQn


� pi � 1

supi pi

�
1
�
(n + 1)

1
supi pi � L� An�

�
� H–1

n
�
� 1

�

� n�

i=0

�

2–i
2i+1–2�

j=2i–1


 j
�
JnA–1

n InHnQn


� pi � 1

supi pi

�
1
�
(n + 1)

1
supi pi � L� An�

�
� H–1

n
�
� g

�
JnA–1

n InHnQn



�
1
�
(n + 1)

1
supi pi � LC� An�

�
� H–1

n
�
�
�
� JnA–1

n InHnQn
�
�

�
1
�
(n + 1)

1
supi pi � LC� An�

�
� H–1

n
�
�
�
� JnA–1

n
�
� � In�� HnQn�

= LC� An�
�
� H–1

n
�
�
�
� A–1

n
�
� � In�� Hn�

�
1
�
(n + 1)

1
supi pi � 4LC,

for some L � 1. Since n is an arbitrary, this gives a contradiction. Thus X and Y both
cannot be infinite dimensional when Sapp

C(p)(X,Y ) = L(X,Y ). This finishes the proof. �

We express the accompanying theorem without verifications, these can be set up utiliz-
ing a standard procedure.

Theorem 6.4 If (pn) is an increasing bounded sequence with p0 > 1, then the pre-quasi-
Banach operator ideal SKol

C(p) is small.

Corollary 6.5 If 1 < p < � , then the quasi-Banach operator ideal Sapp
cesp is small.

Corollary 6.6 If 1 < p < � , then the quasi-Banach operator ideal SKol
cesp is small.

The following question arises naturally: for which C(p), the pre-quasi-Banach ideal is
simple?

Theorem 6.7 For any infinite dimensional Banach spaces X, Y , and for any bounded se-
quences (pn), (qn) with 1 < pn < qn for all n � N,

L(SC(q),SC(p)) = � (SC(q),SC(p)).

Proof Suppose that there exists T � L(SC(q),SC(p)) which is not approximable. According
to Lemma 2.1, we can find A � L(SC(q),SC(q)) and B � L(SC(p),SC(p)) with BTAIk = Ik . Then
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it follows for all k � N that

� Ik � SC(p) =
��

i=0

� � 2i+1–2
j=2i–1 sj(Ik)

2i

� pi

� � BTA�� Ik � SC(q) �
��

i=0

� � 2i+1–2
j=2i–1 sj(Ik)

2i

� qi

.

This contradicts Theorem (6.1). Hence T � � (SC(q),SC(p)), which finishes the proof. �

Corollary 6.8 For any infinite dimensional Banach spaces X and Y . If 1 < p < q, then

L(Scesq ,Scesp ) = LC(Scesq ,Scesp ).

Theorem 6.9 If (pn) is an increasing bounded sequence with p0 > 1, then the pre-quasi-
Banach space SC(p) is simple.

Proof Suppose that the closed ideal LC(SC(p)) contains an operator T which is not ap-
proximable. According to Lemma 2.1, we can find A,B � L(SC(p)) with BTAIk = Ik . This
means that ISC(p) � LC(SC(p)). Consequently L(SC(p)) = LC(SC(p)). Therefore � (SC(p)) is the
only non-trivial closed ideal in L(SC(p)).
We give here the sufficient conditions such that the pre-quasi-ideal S(C(p))� is approx-

imable. �

Theorem 6.10 Take any infinite dimensional Banach spaces X and Y . If (pn) is an
increasing bounded sequence with p0 > 1, then F(X,Y ) = S(C(p))� (X,Y ), where � (x) =
� �

i=0(
� 2i+1–2

j=2i–1
|xj|

2i )pi for all x � C(p) and the converse is not necessarily true.

Proof Since (C(p))� is a pre-modular (sss), then from Theorem 2.10, we have F(X,Y ) =
S(C(p))� (X,Y ). Conversely since I4 � S(C(1))� the condition is not satisfied, which is a counter
example. This finishes the proof. �

7 Eigenvalues of s-type operators
We give here the sufficient conditions on C(p) such that the pre-quasi-operator ideal
formed by the sequence of s-numbers and this sequence space is equal the class of all
bounded linear operators whose sequence of eigenvalues belongs to this sequence space.

Notations 7.1

S�
E :=

�
S�

E(X,Y );X and Y are Banach Spaces
�
,

where

S�
E(X,Y ) :=

�
T � L(X,Y ) :

�
� n(T)


 �
n=0 � E and

�
� T – � n(T)I

�
� is not invertible for all n � N

�
.

Theorem 7.2 Take any infinite dimensional Banach spaces X and Y . If (pn) is an increasing
bounded sequence with p0 > 1, then

S�
C(p)(X,Y ) = SC(p)(X,Y ).
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Proof Let T � SC(p)(X,Y ), then (sn(T))�n=0 � C(p). Since (pn) is an increasing bounded se-
quence with pn > 1 for all n � N, we have

��

i=0

� � 2i+1–2
j=2i–1 xj(T)

2i

� pi

�
��

i=0

�
s2i+1–2(T)

� pi .

Hence (sn(T))�n=0 � � (pn), so limn�� sn(T) = 0. Suppose � T – sn(T)I� is invertible for all
n � N, then � T – sn(T)I� –1 exists and is bounded for all n � N. This shows limn�� � T –
sn(T)I� –1 = � T � –1 exists and is bounded. Since (SC(p), g) is a pre-quasi-operator ideal, we
have

I = TT–1 � SC(p)(X,Y ) �
�
sn(I)


 �
n=0 � C(p) � lim

n��
sn(I) = 0.

But limn�� sn(I) = 1. This is a contradiction, then � T – sn(T)I� is not invertible for all
n � N. Therefore the sequence (sn(T))�n=0 is the eigenvalues of T .
Conversely, let T � S�

C(p)(X,Y ), then (� n(T))�n=0 � C(p) and � T – � n(T)I� = 0 for all n � N.
This gives T = � n(T)I for all n � N, then sn(T) = sn(� n(T)I) = |� n(T)| for all n � N. Hence
(sn(T))�n=0 � C(p), so T � SC(p)(X,Y ). This finishes the proof. �
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