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1 Introduction

Throughout the article, we denote the space of all bounded linear operators from a Banach
space X into a Banach space Y by L(X,Y) and if X = Y, we write L(X), the space of all
complex sequences by w, the real numbers R, the complex numbers C, N = {0,1,2,...},
the space of convergent complex sequences to zero by Cy, the space of bounded complex
sequences by £, and all sequences whose its elements are complex by CV. For a sequence
(p) with inf, p,, > 0, Lim (see [1]) defined and studied the sequence space C(p) as follows:

Clp) = {x = (x,) € w: p(Bx) < oo for some B > 0},

22n+1_2 |x |
where p(x) = Z( k=271 7k >

on
n=0

The space C(p) is a Banach space with the Luxemburg norm

™ =inf{ﬂ >0:p(%) < 1}.

If (p,,) is bounded, we can simply write

) ={ereo:y

n=0

2n+1_2
<Zk 21 kal)

2}’1
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Remark 1.1 Taking p, = p, for all n € N, then C(p) is reduced by Lim (see [2]) to ces,, he
defined and determined its dual spaces and characterize some matrix classes.

The multiplication operators and operator ideals theorems give an importance in func-
tional analysis, since it has numerous applications in fixed point theorem, geometry of
Banach spaces, spectral theory and eigenvalue distributions theorem etc. For more details
see [3—14]). On sequence spaces, Mursaleen and Noman (see [15]) investigated the com-
pact operators on some difference sequence spaces, Komal and Gupta (see [16]) studied
the multiplication operators on Orlicz spaces equipped with the Luxemburg norm and
Komal et al. (see [17]) examined the multiplication operators on Cesdro sequence spaces
equipped with the Luxemburg norm. Some of operator ideals in the class of Hilbert spaces
or Banach spaces are generated by numeric sequence spaces. For example the ideal of
compact operators is defined by the space of Kolmogorov numbers and Cy. Pietsch (see
[18]), examined the quasi-ideals generated by £, (0 < p < c0) and the approximation num-
bers. He proved that the ideals of nuclear operators and of Hilbert—Schmidt operators
between Hilbert spaces are defined by ¢; and £; respectively. He showed that the class of
all finite rank operators are dense in the Banach quasi-ideal and the algebra L(¢,), where
(1 < p < 0) is simple Banach space. Pietsch (see [19]), showed that the quasi-Banach op-
erator ideal formed by the sequence of approximation numbers is small. Makarov and
Faried (see [20]) proved that, for any infinite dimensional Banach spaces X, Y and for
any g > p > 0, SZE P(X,Y) is strictly contained in qupp(X, Y). Faried and Bakery (see [21])
introduced the concept of pre-quasi-operator ideal which is more general than the usual
classes of operator ideal, they studied the operator ideals formed by s-numbers, general-
ized Cesdro and Orlicz sequence spaces £, and showed that the operator ideal formed
by approximation numbers and the previous sequence spaces is small under certain con-
ditions. The aim of this article to study the concept of pre-quasi-norm on C(p) which is
more general than the usual norm, and give the conditions on C(p) equipped with the pre-
quasi-norm to be Banach space. We give the necessity and sufficient conditions on C(p)
equipped with the pre-quasi-norm such that the multiplication operator defined on C(p)
is a bounded, approximable, invertible, Fredholm and closed range operator. The com-
ponents of pre-quasi-operator ideal generated by the sequence of s-numbers and C(p) is
strictly contained for different powers are determined. Furthermore, we give the sufficient
conditions on C(p) equipped with a pre-modular such that the pre-quasi-Banach opera-
tor ideal constructed by s-numbers and C(p) is small, simple and its components is closed.
Finally the class of all bounded linear operators, whose sequence of eigenvalues belongs
to C(p) is the same as the pre-quasi-operator ideal formed by the sequence of s-numbers
and C(p).

2 Definitions and preliminaries
The spaces of all finite rank, compact and approximable operators on X are denoted by
F(X), L.(X) and ¥ (X), respectively.

Lemma 2.1 (see [18]) Let T € L(X,Y). If T is not approximable, then there are operators
G € L(X) and B € L(Y) such that BTGey, = e, for all k € N.

Definition 2.2 (see [18]) A Banach space X is called simple if the algebra L(X) contains
one and only one non-trivial closed ideal.
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Theorem 2.3 (see [18]) If X is infinite dimensional Banach space, we have

FOO G W(X) G L(X) G L(X).

Definition 2.4 (see [22]) A bounded linear operator D : X — X is called Fredholm if D

has closed range, dim(ker D) and co-dim(range D) are finite.

Definition 2.5 (see [23]) A class of linear sequence spaces X is called a special space of
sequences (sss) if

(1) e;e X foralli e N,

(2) ifu=(u)ew,v=(v)eXand |u| <|v for every i € N, then u € X “i.e. X is solid’,

(3) if ()75, € X, then (u[%])f-’fo € X, wherever [5] means the integral part of %
Definition 2.6 (see [23]) A subclass of the special space of sequences called a pre-modular
(sss) if there is a function o : X — [0, oo[ satisfying the following conditions:

(i) o(u) >0 for each u € X and o(u) = 0 < u = 6, where 6 is the zero element of X,
(ii) there exists L > 1 such that o(Bu) < L|B|o(u) for all u € X, and for any scalar g,
(iii) for some K > 1, o(u +v) < K(o(u) + o(v)) for every u,v € X,
(iv) if [u;] < |vy| forall i € N, then o((#;)) < o((v1)),
(v) forsome Ko > 1, o((u:)) < 0((u 1)) < Koo((us),
(vi) the set of all finite sequences is o-dense in X. This means that, for each
u = (u;)7°, € X, and for each & > 0, there exists s € N such that o((x4;)7)) < &,
(vil) there exists a constant & > 0 such that 0(5,0,0,0,...) > &|8|0(1,0,0,0,...) for any
B eR.

The concept of pre-quasi-operator ideal which is more general than the usual classes of
operator ideal.

Definition 2.7 (see [23]) A function g: Q — [0,0) is said to be a pre-quasi-norm on the
ideal Q if the following conditions holds:
(1) Forall T € Q(X,Y), g(T) > 0and g(T) =0 ifand only if T =0,
(2) there exists a constant M > 1 such that g(AT) < M|A|g(T), for all T € Q(X,Y) and
reR,
(3) there exists a constant K > 1 such that g(77 + T5) < K[g(T1) + g(T5)], for all
T, To € QX,Y),
(4) there exists a constant C > 1 such thatif T € L(Xy, X), P € Q(X,Y) and Re L(Y, Yy)
then g(RPT) < C||R|lg(P)|| T||, where X, and Y, are normed spaces.

Definition 2.8 (see [24]) An s-number function is a map defined on L(X, Y) which as-
sociate to each operator T € L(X, Y) a non-negative scalar sequence (s,(7))2, assuming
that the taking after states are verified:

@) N7 =s0(T) = 51(T) = 52(T) > --- >0, for T € L(X, Y),

B) Sman-1(T1 + T3) < 8,,(T1) +8,(T>) forall T1, T, € L(X,Y), m,n € N,

(c) ideal property: s,(RVT) < ||R||s, (V)| T|| for all T € L(Xy,X), V € L(X,Y) and

R e L(Y,Yy), where X and Yy are arbitrary Banach spaces,
(d) if Ge L(X,Y) and A € R, we obtain s,(ALG) = |A|s,(G),
(e) rank property: if rank(7T) < n, then s,(7) =0 for each T € L(X, Y),
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(f) norming property: s,>,(I,) = 0 or s,.,(I,) = 1, where I, represents the unit operator
on the n-dimensional Hilbert space €7.

There are several examples of s-numbers, we mention the following:
(1) The nth approximation number, denoted by «,(T), is defined by

au(T) =inf{||T - B|| : B € L(X,Y) and rank(B) < n}.
(2) The nth Kolmogorov number, denoted by d,,(T), is defined by

du(T) = dml]r;ffn Hi‘\ﬂi’u‘g 1 Tx -y

Notations 2.9 (see [21])

Sg = {SE(X, Y); X and Y are Banach Spaces},
where Sp(X,Y) = {T € L(X,Y) : (si(T)) -, € E},

S¢P = {SFP(X, Y); X and Y are Banach Spaces},
where SPP(X,Y) := {T € LX, Y) : (ai(T)) -, € E},

Skel .= {SEOI(X, Y); X and Y are Banach Spaces},

where SU(X, Y) = {T € L(X, Y) : (di(T)) -, € E}.

Theorem 2.10 (see [25]) Let E, be a pre-modular (sss). Then the linear space F(X,Y) is
dense in Sg,(X,Y), where g(T) = p(s,(T);%)-

Theorem 2.11 (see [21]) The function g(T) = o(si(T))55, is a pre-quasi norm on Sg,, where
E, is a pre-modular (sss).

During this paper, we define e, = {0,0,...,1,0,0,...} where 1 appears at the nth place
for all # € N, the following well-known inequality (see [26]): |a; + b;|Pi < H(|a;|Pi + |b;|P?),
where H = max{1,2%i#i71}, 0 < p; < sup; p; < oo and a;, b; € C for every i € N are used.

3 Main results

We give here the concept of pre-quasi-norm on C(p) which is more general than the usual
norm, and give the conditions on this sequence space equipped with the pre-quasi-norm
to be a Banach space.

Definition 3.1 Let X be special space of sequences (sss). Assume there is a function o :
X — [0, oo[ satisfying the following conditions:
(i) o(x)> 0 for each x € X and po(x) = 0 & x = 0, where 0 is the zero element of X,
(ii) there exists L > 1 such that o(Ax) < L|A|o(x) for all x € X, and for any scalar 2,
(iii) for some K > 1, we have o(x +y) < K(o(x) + o()) for every x,y € X.

The space X with g is called pre-quasi-normed (sss) and denoted by X, which gives a
class more general than the quasi-normed space. If the space X is complete with o, then
X, is called a pre-quasi-Banach (sss).

We express the following two theorems without verification, since they are clear.
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Theorem 3.2 Every quasi-norm (sss) is pre-quasi-norm (sss).
Theorem 3.3 Every pre-modular (sss) is pre-quasi-normed (sss).

Theorem 3.4 If (p,) is an increasing bounded sequence with po > 1, then the space (C(p)),

ont+l_o
is a pre-modular Banach (sss), where o(x) = Zio(ww,for all x € C(p).

Proof (1-i) let x,y € C(p). Since (p,) is bounded, we have

00 2n+1_2
oy [+ 9\
Q(?C+J’):Z<—Zk2 o Y

n=0

SH<Z(Zi";Z%|xk|> +i< iiniw) )
n=0 n=
= H(o(®) + 0(y)) < o0,

thenx +y e C(p).
(1-ii) let A € C, x € C(p) and since (p,,) is bounded, we have

00 on+l_o on+l_o
Yoieony [Axe N Yo [\
Q(M)=Z<7k = Ssupl)\l’””z =
n

n=0 n=0

=sup [A[P"o(x) < oo.
n

Then Ax € C(p), from (1-i) and (1-ii) C(p) is a linear space.

Since (p,,) is an increasing bounded sequence with pg > 1, for all m € N we have
T e\ (L)
olem) = X(;( o 0 <00,
=

where 7y € N is such that 270 — 1 < m < 2"+ 2 Hence e,, € C(p), for all m € N.
(2) Let |x,| < |yu| for all n € N and y € C(p). Hence

om+l_p 2m+l_p
o) = Z(Zk 2;[1 |xk|) Z(Zk z;n1 |)’k|) - 0(y) < 00,
n=0 n=0

we get x € C(p).
(3) Let (x,) € C(p), we have

o 2n+1_2

~ k=2n-1 Ix[ 11\
o) =D (————
n=0
22r1+1_2 22n+2 2
o0 21 |x | Pon i keo2nil_q |x[ ]| P2n+l
Z + 22n+1
n= n=0
22n+1_2 22n+2_2

o0 o0
k=221 _ 1|x /§<]| Pn k22n+l 1|x[ ]|
oy (Brmtly (el

n=0 n=0
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22n+1 2 22n+2 2

i( k22”1|x )Pn i( k22”*11|x[ ]|)
+ e
n=0

00 erﬁl ) |xk|
< (2H” + 3H) Z( bl ) ,

n=

then (x[%]) e C(p).
(i) Clearly, o(x) > 0and o(x) =0< x=0.
(ii) There is a number L = max{1,sup,, |A[P»"1} > 1 with o(Ax) < L|A|o(x) for all
x € C(p)and 1 € C.
(iii) We have the inequality o(x + y) < H(o(x) + o(y)) for all x,y € C(p).
(iv) Itis clear from (2) that (C(p)), is solid.
(v) Itis clear from (3) that Ky > (2H? + 3H) > 1.
(vi) Itis clear that F = C(p).
(vii) There exists a constant 0 < £ < |A|P0~! such that o(1,0,0,0,...) > £|1|e(1,0,0,0,...)
forany A #0 and £ >0, when A = 0.
Hence the space (C(p)), is pre-modular (sss). To prove that (C(p)), is a pre-modular
Banach (sss), suppose x” = (x7)72, is a Cauchy sequence in (C(p)),, then, for every e € (0,1),

there exists a number 1y € N such that, for all #, m > ng, one has

2i+1_2

o0 n m .
i X, — X pi
ot ) =35I o,
2i

i=0

Hence, for n,m > np and i € N, we get
|xf = x| <.

So (x7") is a Cauchy sequence in R for fixed i € N, this gives lim,;,_, oo ¥ = x? for fixed i € N.
Hence o(x" — x°) < &%, for all n > ny. Finally to prove that x° € C(p), we have

0(x°) =o(x* - " + ") < H(o(x" - 2°) + 0(x")) < 00,
so x° € C(p). This means that (C(p)), is a pre-modular Banach (sss). a

Corollary 3.5 If 1 < p < 00, then (ces,), is a pre-modular Banach (sss), where o(x) =
S22l

Yo O(Lﬁ)pfor all x € ces,,.

4 Multiplication operator on pre-quasi-normed (sss)

We define in this section a multiplication operator on C(p) with a pre-quasi-norm and

give the necessity and sufficient conditions on the multiplication operator to be bounded,

approximable, invertible, Fredholm and closed range operator.

Definition 4.1 Let 8 € C be a bounded sequence and E, be a pre-quasi-normed (sss),
the multiplication operator is defined as Ty : E — E, where Tgx = Bx = (Brxr)zo, for all
x € E.If Ty is continuous, we call it a multiplication operator induced by 8.
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Theorem 4.2 If B € CN and (pn) is a bounded sequence, then B € L« if and only if Ty €

L((C(p)),), where o(x) _Zf"o(zf i1 Ty for all x € (C(p)),

Proof Let € £. Then there exists C > 0 such that |8,| < C, foralln € N. For x € (C(p)),,
since (p,,) is a bounded sequence, we have

o(Tpx) = 0(Bx) = 0 ((Bex)o) = o (1Bl 1%kl ) o)
= YE2IBlGIN & T2 Clal\ P
=;<4’2 ; . 1) 52(4’221 ') <Ao(),

where A = sup, C?7, this implies that T € L((C(p)),).
Conversely, let Tg € L((C(p)),). To show that B € £u. For, if B ¢ £, then, for every
n € N, there exists some i, € N such that g;, > n. Now

2itl_o ) ) )
> i1 1Bjllei, )i\ ;| \Pio Pig ‘
o(Tge;,) = 0(Be;,) = Z(#) _ (|§ig|> S (%) = P p(e;,),

i=0

where iy € N be such that 20 — 1 <, <20*! — 2. This shows that T} is not a bounded
operator. So, § must be a bounded sequence. g

Theorem 4.3 Let f € CN and (C(p))o be a pre-quasi-normed (sss), where o(x) =

2 il
Zfo(%/)m Jorallx € (C(p)),. |Bul =1, for all n € N if and only if Ty is an isometry.

Proof Let |B,| =1, for all » € N. Then

> f’;:f|ﬁ,||x,| g
o(Tpx) = 0(Bx) = o ((Bexi)o) Z
i=0
S0 Sravd AN
=D ()=o),

i=0

for allx € (C(p)),. Hence Tj is an isometry.
Conversely, let Tg be an isometry and |8,| < 1 for all # € N. Then

522 1B |\ P
o(Tsx) = 0(Bx) = o ((Brx)20) = Z(M)

i=0
= Z]T;l 1 1%1
< Z( 9i > = Q(x)
i=0
Also if |8,| > 1, then we get o(Bx) > o(x). In both cases, we get a contradiction. Hence,
|8, =1, for all » € N. 0

Theorem 4.4 Let 8 € CN, (p,) be a bounded sequence and Tg € L((C(p)),), Where o(x) =

Yo O(L)plfor all x € (C(p))o. Then Tg € W((C(p)),) if and only if (B,)seo € Co.

Page 7 of 17
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Proof Let Ty be an approximable operator. Hence T} is compact operator. We have to
show that (8,)5°, € Co. For if this is not true, then there exists § > 0 such that B; = {r e N:
|Br| = &} is an infinite set. Let dy,d,...,d,,... be in Bs. Then {eg4, : d, € Bs} is an infinite
bounded set in (C(p)),. We have

o(Tpeq, — Tpea,,) = 0(Bea, — Bea,,) = 0((Br((ea,)k — (€p,)k)) rep)

2i

< Y22 1Bi((ea,); — () \ 7
-Z( j )

° (z,.i";i:l 18((ea,); — (€p, )| )p,-
2i
i=0

- (i) i ( S h ((ea,) = (e, ) )m

n 2

i=0

= (inf8" )elea, — ea,),

for all d,, d,,, € Bs. This proves {eg, : d, € Bs} is a bounded sequence, which cannot have a
convergent subsequence under T. This shows that T cannot be a compact, hence is not
approximable operator, which is a contradiction. Hence, lim,,_, o, 8, = 0.

Conversely, suppose lim,_, o B, = 0. Then, for every § > 0, the set B; = {n e N: | 8,,| > 4}
is finite. Then

((C®),)p, = {x =) € (Cp), :n € Bs}

is a finite dimensional space for each § > 0. Therefore, Ts|((C(p)),)s; is a finite rank oper-
ator. For each n € N, define g, : N — C by

m» Bl;
(ﬁn)m: IB e "

0, otherwise.

Clearly, Tp, is a finite rank operator as the space ((C(p)),)s, is finite dimensional for each

n € N. Now, by using (p,,) is a bounded sequence, we have

o((Ts = T5,)%) = (((Br = (Bu)) %))

m=0

<228 (B \ P
2( 2l )

B1

X \

i

) Z (Zf”;h(ﬂ (ﬂn),-)x,|>pf

tOléBl
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9i+l_9 oi+l_o

o Z} 2 1jéBy 1B\ pi 00 Z, 20 LjéB1 1Bixil\ »
i=0,ieB i=0,i¢B |

2! 2!

1 infnpni 2,2;;:12 WINE 1\ "
<= =) =(- x).
n parS 2! n °

This proves that || Ts — T, || < (%)i“f””” and that Tp is a limit of finite rank operators and

hence, T is an approximable operator. d

Theorem 4.5 Let 8 € CV, (p,) be a bounded sequence and Ts € L((C(p))o), where o(x) =

Zzull
Y (A — )Plforallxe (C(p))o- Then Ty € L((C(p)),) if and only if (B4)52, € Co.

Proof 1t is easy so omitted. O

Corollary 4.6 Let (p,) be a bounded sequence, we have

L((CWw),) £ L((C®),).

ZZHI 2| |
j=21-1 %

where o(x) = Z?O(Qi)l’lfor all x € C(p).

Proof Since the identity operator  on (C(p)), is a multiplication operator induced by the
sequence 8 =(1,1,...), we have I ¢ L.((C(p)),) and I € L((C(p)),)- O

ZzHll
Theorem 4.7 Let (C(p)), be a pre-quasi-Banach (sss), where o(x) = Y o(——— 2 )p for

allx € C(p) and T € L((C(p)),). Then B is bounded away from zero on N\ker(ﬂ) := ker(B)°
if and only if Tg has closed range.

Proof Let B be bounded away from zero on ker(8). Then there exists € > 0 such that
|Bn| = €, for all n € ker(B)°. We have to prove that range (T}) is closed. Let f be a limit
point of range (7). Then there exists a sequence Tgx, in (C(p)),, for all n € N such that
lim,_, o Tpx, =f. Clearly, the sequence Tgx, is a Cauchy sequence. Now, since g is non-

decreasing, we have

Q(Tﬁxn - Tﬁxm)

2i+1_2 .
IR —oi_1 |Bj(n); = B \
= Q((ﬁj(xn)j - ﬁj(xm)j)jzo) _ 2(21 2i-1 |Pj ’;i i — Bj\Xm)j )

i=0

YR 1B k) = B\ P
> ( 2 )

i=0,ieker(B)°¢

21’

. i (Zfszm,(xn) ﬂ,(xm),)
)

i=0,i¢ker(B)¢
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2 - 2
i=0,icker(B) i

i} i (Zfii:f|ﬁ,<xn),—ﬂ,(xm)j|)lf’i i(Zfi;:f|ﬂ;(yn),—ﬂ,(ym)j|)fﬂt
=0

. i(Z}"’;ﬁ; 1€0); — €G]

bi
> ) =0(e(n—ym),

i=0

Xk k e ker(B)S,
0, k ¢ ker(B)°.

(yn)k =

This proves that (y,) is a Cauchy sequence in (C(p)),. But (C(p)), is complete. Therefore,
there exists x € (C(p)), such that lim,_, ¥, = #. In view of the continuity of T, hence
lim,—, oo Tgyn = Tpx. But lim,,_, oo Tpx, = lim,—, o Ty, = f. Therefore, Tgx = f. Hence f €
range(Tg). This proves that T has closed range.

Conversely, suppose that T has closed range. Then T is bounded away from zero
on ((C(p))olker(pyc- That is, there exists € > 0 such that o(Tpx) > o(ex), for all x €
((C®))o)xer(p)c- Let D = {k € ker(B)° : | Bx| < €}. If D # ¢, then, for ny € D, since g is non-
decreasing, we have

(Tpeny) = 0((Bileny k) poo) = @ ((1Bel | (en )| )oop) =

i=0

i ( Y27 |ﬂ,||(en0), )Pz

2i+17

< Z(Zj2i12f|(e"0)j| )pi = Q(Eeno)y

i=0

which is a contradiction. Hence, D = ¢ so that |B¢| > ¢, for all k € ker(8)°. This proves the
theorem. O

Theorem 4.8 Let B € CN and (C(p)o be a pre-quasi-Banach (sss), where o(x) =

i+1
Y22 il

> 0(%1/)“ for all x € C(p). There exist a >0 and A > 0 such that a < B8, < A; for

alln e N ifand only if Tg € L((C(p)),) is invertible.

Proof Let the condition be true. Define n € C by 5, = ﬁ%, Then by Theorem 4.2, Tg
and T, are bounded linear operators. Also T3.T;, = T,.Tg = I. Hence, Ty is the inverse
of T,,. Conversely, let T be invertible. Then range(T) = ((C(p)),)n. Therefore, range(7s)
is closed. Hence, by Theorem 4.7, there exists a > 0 such that |8,| > 4, for all n € ker(8)°.
Now ker(B) = ¢; otherwise B, = 0, for some 1 € N, in which case e, € ker(Tg) whichisa
contradiction, since ker(Tp) is trivial. Hence, | 8,,| > a, for all n € N. Since T} is bounded, so
by Theorem 4.2, there exists A > 0 such that |8,| < A, for all # € N. Thus, we have proved
thata < |B,| <A, foralln e N. O

ZZH,I
Theorem 4.9 Let (C(p)), be a pre-quasi-Banach (sss), where o(x) = y_ oo (——— 2 Yi for

all x € C(p) and Tp € L((C(p)),). Then Ty is a Fredholm operator if and only lf
(i) ker(B) is a finite subset of N.
(ii) |Bul = €, forall n € ker(B)°.



Bakery and Mohamed Journal of Inequalities and Applications (2020) 2020:219 Page 11 of 17

Proof Let Ty be Fredholm. If ker(8) is an infinite subset of N, then e, € ker(T}), for all
n € ker(B). Bute,’s are linearly independent, which shows that ker(7) is an infinite dimen-
sional which is a contradiction. Hence, ker(8) must be a finite subset of N. The condition
(i) comes from Theorem 4.7. Conversely, If the conditions (i) and (ii) are true, then we
prove that T is Fredholm. By Theorem 4.7, the condition (ii) implies that T has closed
range. The condition (i) implies that ker(7s) and (range(7))¢ are finite dimensional. This
proves that T is Fredholm. O

5 Completeness and closedness of the pre-quasi-ideal components
We give here the sufficient conditions on C(p) such that the components of pre-quasi-

operator ideal Sc(,) are complete.

Theorem 5.1 If X, Y are Banach spaces and (p,) is an increasing bounded sequence

22”3 ‘2| |
with po > 1, then (S(c(p)),, &), where o(x) = Yo (E— 21 Yi for all x € C(p) and g(T) =

0((s,(1))32,) is a pre-quasi-Banach operator ideal.

Proof Since (C(p)), is a pre-modular (sss) by Theorem 3.4, then from Theorem 2.11, the
function g(T') = 0((sx(7));2,) is a pre-quasi-norm on S(c(y)), - Let (7;) be a Cauchy sequence
in Sicp), (X, Y), since L(X, Y) 2 S(c(), (X, Y), we get

0 2" - mT T .
g(T,.—T,.):Z(Z“ -1 5n )) > (I1T; - T;11)"

on
n=0

then (7})jen is a Cauchy sequence in L(X, Y). While the space L(X,Y) is a Banach space,
there exists T e L(X,Y) with lim;_, o | T; = T|| = 0 and while (s,(7}))32, € (C(p)), for each
i € N, using definition (2.6) conditions (iii), (iv) and o being continuous at 6, we get

g(T) = i(M)pl i( j= 21_251(T T, + Tm)>17l

i=0 i=

2l+12 2+12 (T)p
m)l

2i-1 2i-1
ery(Z +f<z(—’ 4
) )
i N Tw =T ad i S(Tm)
<I(E<—121 ) E( 12 ! ) <§,
=0

we have (s,(T));2, € (C(p))o, then T € S(c(p), (X, Y).
We give here the sufficient conditions on C(p) such that the components of pre-quasi-

(T Tm )

operator ideal Sc(,) are closed. g

Theorem 5.2 If X, Y are normed spaces, (p,) is an increasing bounded sequence with

22”11-2 I
po > 1, then (Scp)),Q) is a pre-quasi-closed operator ideal, where o(x) = Yoo(—E 22 )

forall x € C(p) and g(T) = o((s,(T))52,)-

Proof Since C(p) is a pre-modular (sss) by Theorem 3.4, from Theorem 2.11, the function
&(T) = 0((s4(T));20) is a pre-quasi-norm on S(c()),- Let T € Sicp), (X, Y) for all m e N
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and limy, 00 g(Ty — T) = 0, since L(X, Y) 2 S(c(p), (X, Y), we get

00 2n+1;2 . T _ T Pn
AT—ID=§:(Zmﬂ-” ( ”) > (IT - ;)"

on
n=0

then (7))jen is a convergent sequence in L(X,Y). While (s,(T}));2, € (C(p)), for each
j € N, hence using definition (2.6) conditions (iii), (iv) and ¢ is continuous at 6, we ob-

tain
> ST\ & ST = T+ Ty) \ P
20— 1 20— 1 m
Y e
1= 1=
i+1 i+1
o Y22 (T = T,) \ i 0 5 s (Tom)\pi
j=2'-1 [ m j=2'-1 [ [\
<K K -z
= Z;( 2 > ’ %;( 2 )
Y2 I T~ T ,w*@ua)m
<1<Z<—> + KK, Z( ) <s,
we have (s,(T));2, € (C(p))o, then T € S(c(p), (X, Y). O

6 Smallness and simpleness of the pre-quasi-Banach operator ideal

We give here the sufficient conditions on C(p) such that the pre-quasi-operator ideal
formed by the sequence of s-numbers and this sequence space is strictly contained for
different powers.

Theorem 6.1 Let X, Y be infinite dimensional Banach spaces and for any 1 < p, < q, for
all n e N, it is true that

ScpX,Y) & Sc(X,Y) S LIX, Y).

Proof Let the conditions be satisfied, if T € S¢(,)(X,Y), then (s;(T)) € C(p). We have
= 212 21_251(T) 4 & Z, 2L_ZSJ(T) pi

hence T € S¢()(X, Y). Next, if we take (s,(T)) <o such that

2i+1_2 )
D s(T) =2 +1) 7,

j=2i-1
one can find T € L(X,Y) with
2i+l_p

> Z} 2! SI(T ‘ e 1
()

i=0 i=
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and

2i+l_

- ijgi_fsj(T) g ™ 1 i
Z(T) :Z<m) < 00.

i=0 i=0

Hence T does not belong to Sc(,) (X, Y) and T € S¢g)(X, Y).
It is easy to verify that Sc()(X,Y) C L(X,Y). Next, if we take (s,(T))]‘.’j0 such that
i+ . _1
ij:ztj sj(T) = 2/(i + 1) %. One can find T € L(X,Y) such that T does not belong to
Sc(X,Y). This completes the proof. O

Corollary 6.2 For any infinite dimensional Banach spaces X, Y and 1 < p < q < oo, then
Seesy (X, ¥) G Sees, (X, ¥) S L(X, ),

. . s . . . app
In this part, we give the conditions for which the pre-quasi-Banach operator ideal Scw
is small.

Theorem 6.3 If (p,) is an increasing bounded sequence with py > 1, then the pre-quasi-
Banach operator ideal S¢y, is small.

.
Proof Let (p,) be an increasing bounded sequence with py > 1, take € = (37~ 27%) *ivi ,

By using Theorems 3.3 and 3.4. Then (Sacp(g), g), where

2i+1_

1[ ST s\ i
g‘T’i[Z(T) }

i=0

is a pre-quasi-Banach operator ideal. Let X and Y be any two Banach spaces. Suppose
that Sg’(g) (X,Y) = L(X,Y), then there exists a constant C > 0 such that g(T) < C||T|| for
all T € L(X,Y). Suppose that X and Y be infinite dimensional Banach spaces. Hence by
Dvoretzky’s theorem (see [27]) for n € N, we have quotient spaces X/N,, and subspaces M,
of Y which can be mapped onto ¢4 by isomorphisms H, and A,, such that || H, | ||1H,|| <2
and [|A,|||lA;1]| < 2. Let I, be the identity map on ¢4, Q, be the quotient map from X
onto X/N, and J, be the natural embedding map from M, into Y. Let y; be the Bernstein
numbers (see [28]) then

1= y(l,) = v(AnA LHLH?Y) < 1Ay (A, L H,) | H, |
= Aully; Und, L H) | H Y| < 1ALl (04, LH,) | H

= 1Al (1A T Ha Q) [H | < 1Ay (1A 1, Ha Q) | H

’

for 0 <i <n. Now

2i+1_2 ’ 2i+1_2 4
327 < Y 27 Aoy (A, L HALQu) | Hy |
j=2i-1 j=2i-1

2i+l_o
= 1< 427 ) (A, LH.Q) | H, '
j=2i-1
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2i+172 Di
= 15(||An||HH;1||)""(2-" Zaj(JnAgllanQn)> :

j=2i-1

Therefore,

L 1 ” .2”1_2 1 pi ﬁ
(n+ )07 < LA [H | D o( 27 D 00nd; 1HaQu)

i=0 j=2i-1
1 1 1| < R P s
= i+ D)W 5L||An||||H;1||;[Z(2—I > a,(angllanQn)> }
i=0 ]'=21'_1

1 1
= (e D < LIA 1 [g(h47 1H, Q)
1 1
=+ Vs < LA [H | ol LH, Q|
1 T -1 -1
= —(n+ D < LCIA I [H; 747 1 01H,Qul
= LA |H A 1L 1

1 1
= —(n+1)%wiri <4LC,
€

for some L > 1. Since # is an arbitrary, this gives a contradiction. Thus X and Y both
cannot be infinite dimensional when Sacp(i) (X,Y) =L(X,Y). This finishes the proof. 0

We express the accompanying theorem without verifications, these can be set up utiliz-

ing a standard procedure.

Theorem 6.4 If (p,) is an increasing bounded sequence with py > 1, then the pre-quasi-

Banach operator ideal Sg?[l?) is small.

Corollary 6.5 If1 < p < 00, then the quasi-Banach operator ideal Sﬁepg, is small.

Kol

cosy iS small.

Corollary 6.6 If1 < p < 00, then the quasi-Banach operator ideal S

The following question arises naturally: for which C(p), the pre-quasi-Banach ideal is

simple?

Theorem 6.7 For any infinite dimensional Banach spaces X, Y, and for any bounded se-

quences (py), (qn) with 1 <p, < q, foralln e N,

L(Scig), Sc) = ¥ (Scig) Scp))-

Proof Suppose that there exists T € L(Sc(;), Sc(y)) which is not approximable. According
to Lemma 2.1, we can find A € L(Sc(g), Sc(g)) and B € L(Sc(), Sc()) with BTAIx = I. Then
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it follows for all kK € N that

9i+l_o

00 . 00 +1_o
Z‘:T—l Sj(lk) i 2i_ S}(Ik) %
Mellscy, :Z<’T> < IBTA |k llsc, Z( - ) :

i=0 i=0
This contradicts Theorem (6.1). Hence T € W(Sc(y), Sc)), which finishes the proof. [0

Corollary 6.8 For any infinite dimensional Banach spaces X and Y. If 1 < p < q, then
L(Scesq’ Scesp) = LC(Scesqy Scesp)'

Theorem 6.9 If (p,) is an increasing bounded sequence with py > 1, then the pre-quasi-
Banach space Sc(y) is simple.

Proof Suppose that the closed ideal Lc(Sc(,)) contains an operator T which is not ap-
proximable. According to Lemma 2.1, we can find A, B € L(Sc(,)) with BTAI; = I;. This
means that Isc, € Lc(Sc)). Consequently L(Sc)) = Le(Sc)). Therefore W(Sc(y)) is the
only non-trivial closed ideal in L(S¢(y)).

We give here the sufficient conditions such that the pre-quasi-ideal S(c()), is approx-
imable. O

Theorem 6.10 Take any infinite dimensional Banach spaces X and Y. If (p,) is an
increasing bounded sequence with py > 1, then F(X,Y) = S(cy)),(X,Y), where p(x) =

i+1
Y2
Zf:o(%“)”l for all x € C(p) and the converse is not necessarily true.

Proof Since (C(p)), is a pre-modular (sss), then from Theorem 2.10, we have F(X,Y) =
Sy, X, Y). Conversely since I, € S(c(1)), the condition is not satisfied, which is a counter
example. This finishes the proof. d

7 Eigenvalues of s-type operators
We give here the sufficient conditions on C(p) such that the pre-quasi-operator ideal
formed by the sequence of s-numbers and this sequence space is equal the class of all

bounded linear operators whose sequence of eigenvalues belongs to this sequence space.
Notations 7.1

Sp:={Sk(X,Y); X and Y are Banach Spaces},
where

SEXY) = {T e LX,Y): (Au(T)) -, € Eand

|| T - )L,,(T)I” is not invertible for all n € N}.

Theorem 7.2 Take any infinite dimensional Banach spaces X and Y . If (p,,) is an increasing
bounded sequence with py > 1, then

S (X Y) = Scip) (X, Y).
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Proof Let T € Sc,)(X, Y), then (s,(T));2, € C(p). Since (p,) is an increasing bounded se-
quence with p, > 1 for all n € N, we have

Qi+l _

00 2" 2 (T i 00
Z(#)I’ > Z[SQHI_Q(T)]M'

i=0 i=0

Hence (s,(T));2y € £(p,), 50 lim,_, o 5,(T) = 0. Suppose | T —s,(T)I| is invertible for all
neN,then ||T —s,(T)I||! exists and is bounded for all # € N. This shows lim,_, || T —
so(T)I||7! = || T||7* exists and is bounded. Since (Sc(y),g) is a pre-quasi-operator ideal, we
have

I=TT" €Scy(X,Y) = (saD),,€Cp) = lim s5,(1)=0.

But lim,,_,  5,(I) = 1. This is a contradiction, then ||T - s,(T)I| is not invertible for all
n € N. Therefore the sequence (s,(7))}2, is the eigenvalues of T'.

Conversely, let T € Sé(p)(X, Y), then (A,,(T))52, € C(p) and || T —1,(T)I|| = 0 foralln € N.
This gives T = 1,(T)I for all n € N, then s,(T) = 5,(A,(T)I) = |1,(T)| for all n € N. Hence
(54(T))2o € C(p), so T € Scy)(X, Y). This finishes the proof. O
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